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CROUT VERSIONS OF ILU FACTORIZATION WITH PIVOTING FOR SPARSE
SYMMETRIC MATRICES
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Abstract. TheCroutvariantof ILU preconditioner(ILUC) developedrecentlyhasbeenshown to begenerally
advantageousover ILU with Threshold(ILUT), a conventionalrow-basedILU preconditioner. This paperexplores
pivoting strategiesfor sparsesymmetricmatricesto improve the robustnessof ILUC. We integratetwo symmetry-
preservingpivotingstrategies,thediagonalpivotingandtheBunch-Kaufmanpivoting, into ILUC withoutsigni�cant
overheads. The performancesof the pivoting methodsare comparedwith ILUC and ILUTP ([20]) on a set of
problems,includinga few arisingfrom saddle-point(KKT) problems.
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1. Intr oduction. IncompleteLU (ILU) factorizationbasedpreconditionerscombined
with Krylov subspaceprojectionprocessesareoften consideredthe best“generalpurpose”
iterativesolversavailable.SuchILU factorizationsnormallyperformaGaussianelimination
algorithmwhile droppingsome�ll-ins. However, somevariantsof theGaussianelimination
algorithmmaybemoresuitablethanothersfor solvinga givenproblem.For example,when
dealingwith sparsematrices,thetraditionalKIJ version[12, p 99] is impracticalsinceall re-
mainingrowsaremodi�ed ateachstep� . In thiscase,anothervariantof Gaussianelimination
namelytheIKJ version,which implementsadelayed-updateversionfor thematrixelements,
is preferred.AlthoughtheIKJ versionof Gaussianeliminationis widely usedfor implement-
ing ILU factorizations(see,e.g.,ILUT in SPARSKIT [20]), it hasan inherentdisadvantage:
its requirementto accessto the entriesof a row of a matrix in a topologicalorderduring
thefactorization.Dueto the�ll-ins introducedduringthefactorizationof a sparsematrix, a
searchis neededat eachstepin orderto locatea pivot with thesmallestindex [21]. These
searchesoften result in high computationalcosts,especiallywhenthe numberof nonzero
entriesin � and/orthe factorsis large. A strategy to reducethecostof thesesearchesis to
constructa binarytreefor thecurrentrow andutilize binarysearches[22]. Recently, a more
ef�cient alternative, termedILUC andbasedon the Crout versionof Gaussianelimination,
hasbeendeveloped[17].

In theCroutversionof Gaussianelimination,the � -th columnof � ( ����� 	�
 � ) andthe � -
th row of � ( �
��
 ��� 	 ) arecalculatedat the � -th step. Unlike the IKJ version,all elements
that will be usedto update����� 	�
 � and �
��
 ��� 	 at the � -th stepin the Crout versionhave al-
readybeencalculated,i.e., the�ll-ins will not interferewith therow updatesat the � -th step.
Therefore,searchingfor thenext pivot in theCroutversionis avoided.A special(“bi-index”)
datastructurewasdevelopedfor ILUC to addresstwo implementationdif�culties in sparse
matrix operations(seeSection3 for details),following earlierwork by Eisenstatet al. [11]
in the context of the Yale SparseMatrix Package(YSMP), andJonesandPlassmann[16].
Besidesef�ciency, anotheradvantageof ILUC is that it also enablessomemore rigorous
droppingstrategies(e.g.[3, 2]) which resultin improvedrobustness.However, therearestill
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many situationswheresparselinear systemsaredif�cult to solve by iterative methodswith
the ILUC preconditioning,especiallywhenthecoef�cient matricesarevery ill-conditioned
and/orhighly inde�nite. In suchsituations,pivoting techniquescanbe usedto further im-
prove robustness.Nevertheless,a pivoting methodthat is both ef�cient andeffective must
be carefully designedto �t within the datastructureusedby the incompletefactorization
algorithm,whichmaynotbea trivial task.

In thispaper, symmetry-preservingpivotingstrategiesthataresuitablefor thedatastruc-
ture usedin ILUC are explored and implementedfor symmetricmatrices. We begin our
discussionwith areview of relatedpivotingtechniquesin Section2. Wethendiscussin detail
ILUC with pivoting methodsin Section3. Finally, we comparetheperformancesof thepiv-
oting methodswith ILUC andILUTP ([20]) on somegeneralsymmetricmatricesin Section
4 andsomeKKT matricesin Section5.

2. Related Pivoting Techniques. For many linear systemsthat arisefrom real appli-
cations,the ILU factorizationmay encountereithera zeroor a small pivot. In casea zero
pivot occurs,onestrategy to avoid abreak-down of thefactorizationprocessis to replacethe
zeropivot with a very smallelement,which leadsto thesecondcase.However, this remedy
works only in very limited cases.Indeed,small pivotscancausean exponentialgrowth of
theentriesin the factorsandtheresultingILU processcaneventualybreakdown dueto an
over�ow or under�ow condition. Even whenthis doesnot happen,the producedL andU
factorsaregenerallyof poorquality andwill not leadto convergencein theiterationphase.

A commonsolutionto ensurea moderategrowth in the factorsis to usepivoting tech-
niques.However, pivotingtechniquesareoftenin con�ict with theunderlyingdatastructures
of thefactorizations.For example,for a symmetricmatrix,acolumnpartialpivotingmethod
suchastheILUTP algorithmof SPARSKIT [20], will destroy symmetry. Pivoting methods
thatpreserve symmetryaredesirable.Theeliminationin ILUC is symmetric,i.e., at step � ,
the � th row of � andthe � th columnof � arecomputed.Moreover, thebi-index datastructure
usedto implementILUC is alsosymmetric.Thus,thesymmetriceliminationprocessandthe
symmetricdatastructureareidealto incorporatesymmetry-preservingpivotingmethodsinto
ILUC.

In this paper, we exploresymmetry-preservingpivoting methodsthat canbe integrated
into the existing ILUC processwithout signi�cant overheads.Our goal is to improve the
robustnessof ILUC for symmetricsystemswhile preservingsymmetry. For this reason,we
usea revised versionof ILUC (termedILDUC) to computethe factorization�����
���

insteadof ������� . In ILDUC, � and ��� are unit lower triangularmatrices,and � is
diagonal.

Onesimplepivoting methodthat preservessymmetryis to selectthe largestdiagonal
entry asthe next pivot andinterchangethe correspondingrow andcolumnsimultaneously.
This method,referredto as ����� diagonalpivoting in the restof thepaper, works well for
many symmetricmatricesaccordingto our tests.However, it fails for amatrix assimpleas
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In 1971,BunchandParlettproposeda pivoting methodbasedon Kahan's generalizedpivot
to include &'�(& principalsubmatrices[4]. They alsoprovedthat theboundof this method,
in termsof thegrowth of elementsin thereducedmatrices,is almostasgoodasthatof the
Gaussianeliminationwith completepivoting. However, this methodrequiressearchingthe
entire reducedmatrix at eachstepduring the factorization,which makesit impracticalfor
large sparsematrices. In 1977, Bunch and Kaufmanproposeda partial pivoting method,
now known asthe Bunch-Kaufmanpivoting method,wherea �)�*� or &��+& pivot canbe
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determinedby searchingatmosttwo columnsof thereducedmatrixateachstep[6]. In 1998,
Ashcraftet al. proposedtwo alternativesof theBunch-Kaufmanalgorithm,providing better
accuracy by boundingthe triangularfactors[1]. In 2000, Higham proved the stability of
theBunch-Kaufmanpivotingmethod[15]. Becauseof theef�ciency andeffectivenessof the
Bunch-Kaufmanpivotingmethod,it hasbeenusedin LINPACK andLAPACK to solvedense
symmetricinde�nite linearsystems.In contrastto thesemethods,which dynamicallyselect
pivots, strategiessuchasweightedmatchinghave beenintroducedto approximatea static
pivoting order in direct solvers [9, 10], and have beenrecentlyalso explored for iterative
methods[13].

In this paper, we show that theBunch-Kaufmanpivoting methodcanbeintegratedinto
ILDUC to solvesparsesymmetricinde�nite linearsystems.For thesakeof completeness,we
providesomedetailsof theBunch-Kaufmanpivoting algorithm.Let �-,

�/. denotethematrix
at step � . To decidethenext pivot,
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In thenext section,wepresentthemethodsthatintegratethe ����� diagonalpivotingand
theBunch-Kaufmanpivotingalgorithmsinto theexistingILDUC processwithoutsigni�cant
overhead.

3. ILDUC with Pivoting for SparseSymmetric Matrices. Algorithm 3.1 shows the
ILDUC processto calculatethefactorization�p�q�M�r� , modi�ed from theILUC algorithm
proposedin [17].

ALGORITHM 3.1. ILDUC - Croutversionof IncompleteLDU factorization
1. s

�
�ut

���

A

�'�v��wyx

2. For �'�F��wzx Do :
3. Initialize row { : {z7f� �%�

"

A

{4�/5l7f� 	\�|t}��
 �/5l7f� 	

4. For ~�•

>

�

d

•

d

�•€‚��tƒxZsU„=�6;�… �

"‡†

Do :
5. {4�/587S� 	)�u{4�/587S� 	�€ˆ„=�/;c‰�sŠ;‹‰MŒ<;=
 �6587f� 	

6. EndDo
7. Initialize column • : •Ž7f� ���

"

A

••�/587S� 	•�qt}�/587S� 	}
 �

8. For ~�•
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9. • �/587S� 	 �|• �/587S� 	 €VŒ ;@� ‰�s ; ‰�„ �/5l7f� 	�
 ;

10. EndDo
11. Apply a droppingrule to row {

12. Apply a droppingrule to column •

13. Œ‘��
 �‡�u{�RysŠ�

A

Œ‘�6�’�F�

14. „“�B
 �U�q•URysŠ�

A

„=���%�K�

15. For ~”•

>

�%Cq�

d

•

d

x

A

„•;@�•… �

"

tŠxZs?Œ‘�/;�… �

"}†

Do:
16. sŠ;8�usƒ;‘€ˆ„•;@�•‰�sŠ��‰MŒ‘�/;

17. EndDo
18. EndDo

Onepropertyof theCroutversionof LU is thatonly previously calculatedelementsare
usedto updatethe � -th columnof � andthe � -th row of � atstep � . For sparsematrices,this
meansnew �ll-ins will not interferewith theupdatesof the � -th columnof � andthe � -th
row of � . Therefore,theupdatesto the � -th row of � (resp.,the � -th columnof � ) canbe
madein any order, i.e., thevariable• canbechosenin any orderin Line 4 (resp.,in Line 8).
Thisavoidstheexpensivesearchesin thestandardILUT. However, aspointedout in [17], two
implementationdif�culties regardingsparsematrixoperationshaveto beaddressed.The�rst
dif�culty lies in Lines5 and9 in Algorithm 3.1. At step � , only thesectionJh�?C‚�%wyx–Q of the

• -th row of � is neededto calculatethe � -th row of � . Similarly, only thesectionJh�?C*��wyx–Q

of the • -th columnof � is neededto calculatethe � -th columnof � . Accessingentirerows
of � or columnsof � andthenextractingthedesiredpartis anexpensiveoption.Thesecond
dif�culty lies in lines4 and8 in Algorithm 3.1. � is storedcolumn-wise,but thenonzerosin
the � -th row of � mustbeaccessed.Similarly, � is storedrow-wise,but thenonzerosin the

� -th columnof � mustbeaccessed.
A carefullydesignedbi-index datastructurewasusedin [17] to addressthesedif�culties,

inspiredfrom earlywork by Eisenstatetal. [11] andJonesandPlassmann[16]. Thebi-index
datastructureconsistsof four arraysof size x : ��—‹•hDy˜”™ , �M„=•L˜”™ , ��—‹•šDy˜�™ , and �%„=•L˜”™ . At step

� , �M—‹•šDy˜”™6J=•LQ , �

d

•

d

�•€u� , pointsto the �rst entry with the row index greaterthan � in
the • -th columnof � . In this way, the section �

�/5l7f� 	�
 ; canbe ef�ciently accessed,which
addressesthe�rst dif�culty . It is worthpointingout thattheelementsin acolumnof � needs
to besortedby their indicesto achieve this. However, in contrastwith thesearchesneeded
in the standardILUT, this sortingis muchmoreef�cient for two reasons.First, the sort is
performedonly after a large numberof elementsin a columnaredropped,unlike in ILUT,
wheresearchingis performedon all of theelements.Second,a fastsortingalgorithmsuch
asQuick Sortcanbeeasilyapplied,unlike in ILUT wheresomeoverheadin performingthe
search(e.g.,when building the binary searchtrees). To addressthe seconddif�culty , the
array �
„“•›˜”™ is usedto maintainlinkedlistsof elementsin the • -th row of � , where•

H

� . The
linkedlists areupdatedin sucha way thatthelinkedlist of theelementsin the � -th row of �

is guaranteedto bereadyat step � . This linkedlist will beusedto updatethe � -th row of � .
��—‹•šDy˜”™ and �%„=•L˜”™ areformedin a similarly way.

In the following, we discusshow we integratepivoting methodsto the bi-index data
structureusedin ILDUC for sparsesymmetricmatrices.Onecritical issueis that the new
methodswith pivotingshouldhavea similar costandcomplexity asthatof ILDUC.

3.1. The �œ�•� DiagonalPivoting. For the �œ�•� diagonalpivoting,weneedto locatethe
largestdiagonalelementin absolutevalueateachstep.For sparsematrices,astraightforward
linearsearchwould leadto acomputationalcostof •)J=x

b

Q , which is notacceptableespecially
when x is large. Alternatively, we build a binaryheapfor thediagonalelementsin orderto
locatethelargestdiagonalentryef�ciently . Thebinaryheapis formedandmaintainedsothat
eachnodeis greaterthanor equalto its childrenin absolutevalue. Therefore,theroot node
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is always the largestdiagonalentry in absolutevalue. Algorithm 3.2 summarizesILDUC
with �)�ž� diagonalpivoting (termedILDUC-DP). Note that for a symmetricmatrix � the
factorizationis Ÿ��ŽŸ��( q�
�\�M� , soonly � needsto becalculatedin thealgorithm.

ALGORITHM 3.2. ILDUC-DP - Incomplete�M�\��� with ���V� diagonalpivoting
1. s����ut����

A

�'�v��wyx

2. Initialize abinaryheapfor s}�

A

�'�K�

A�¡”¡�¡6A

x

3. For �'�F��wzx Do :
4. Locatethelargestdiagonals

G in absolutevaluefrom therootnodeof theheap
5. Interchangecolumn D andcolumn � if Dr… �u�

6. Removetheroot nodefrom theheapandreordertheheap
7. Initialize column • : • 7f� � �

"

A

• �/587S� 	 �qt �/587S� 	}
 �

8. For ~�•

>

�

d

•

d

�•€‚��tƒxZsU„ �6; …�

"‡†

Do :
9. ••�/587S� 	'�q••�/587S� 	)€e„=�/;‹‰�sƒ;c‰�„=�6587f� 	�
 ;

10. EndDo
11. Apply a droppingrule to column •

12. „“�B
 �U�q•UR4s��

A

„=�6���K�

13. For ~�•

>

��Cq�

d

•

d

x

A

„•;@�•… �

"}†

Do:
14. sŠ;8�qsŠ;‘€ˆ„•;¢��‰�s��•‰�„•;¢�

15. Reordertheheapfor s�;

16. EndDo
17. EndDo

In the above algorithm, the cost of initializing the binary heapis •)J“x–Q (a bottom-up
approach).The total costof removing the root nodeandreorderingtheheapis •)J=x%£¥¤ƒ¦
x–Q .
Thetotalcostof maintainingtheheapisatmost •)J“§rx%£¢¤z¦¨x–Q (where§ª©�©�x is thedropping
parameterde�ning themaximumnumberof �ll-ins allowedin eachcolumn)sincewhenever
a diagonalelementis modi�ed (line 15) the heaphasto be reordered.Therefore,the total
costis boundedby •)J=§�x%£¥¤ƒ¦
x–Q .

3.2. TheBunch-Kaufman DiagonalPivoting. In theBunch-Kaufmanpivotingmethod,
to determinethenext pivot ateachsteponly requiressearchingfor atmosttwo columnsin the
reducedmatrix. This is feasiblefor a sparsesymmetricmatrix asthenumberof nonzeroen-
triesin eachcolumnis verysmall.Algorithm 3.3describesILDUC with theBunch-Kaufman
pivoting(termedILDUC-BKP). SinceILDUC usesadelayed-updatestrategy, noticethatthe
two columnsmustbeupdatedbeforeproceedingwith thesearchin thealgorithm.

ALGORITHM 3.3. ILDUC-BKP - Incomplete�
�•��� with theBunch-Kaufmanpivoting
method

1. For �'�F��wzx Do :
2. Loadandupdatet‡�6587f� 	�
 � . Let

0

�

>¥>

t}�/587S� 	�
 �

>¢> «

and
>

t

G

�

>

�

0

.
3. If

>

t
���

>�H‚I

0

Then
4. Let ˜Ž�K� .
5. Else
6. Loadandupdatet

�/587S� 	}


G . Let

W

�q1)2y3

a’¬

­

G

>

t

a�G

>

.
7. If

>

t
�6�

>

W

H®I

0¯b

Then
8. ˜Ž�K�

9. ElseIf t

GfG

H®I

W

Then
10. ˜Ž�K� ; interchangethe � -th andthe D -th rowsandcolumns.
11. Else
12. ˜Ž� & ; interchangethe Jh�’C|�PQ -th andthe D -th rowsandcolumns.
13. EndIf
14. EndIf
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15. PerformILDUC eliminationprocessusingthe ˜��i˜ pivot
16. EndDo

3.3. Implementation. Similarly to ILUTP in SPARSKIT [20], ILDUC-DPandILDUC-
BKP useapermutationarrayalongwith areversepermutationarrayto hold thenew ordering
of the variables. This strategy ensuresthat during the elimination the matrix elementsare
keptin their original labeling.

For ILDUC with pivoting,new strategiesareneededto addressthetwo implementation
dif�culties mentionedearlier in this sectiondue to pivoting. First, we needto ef�ciently
access� �/587S� 	�
 ; for any ••©°� to calculatethe � -th columnof � . In the implementationof
ILUC, recall that an x -sizearray �M—‹•šDy˜�™ is maintainedso that ��—‹•hDy˜”™6J=•LQ alwayspoints to
the �rst elementwith a row index greaterthan � in column • . This also requiresthat the
elementsin a columnof � be storedin theorderof increasingrow indices. However, with
pivoting enabled,at thetime whenthe • -th columnis calculated,theorderof theelementsis
unknown asthey mayberepositionedlaterdueto pivoting. Thus,this methodwill not work
with pivoting. Our new strategy to handlethis issueis asfollows. Observe thatthepositions
of elementsin section�M;•� ��±‘7/
 ; , •M©‚� , will notbechangedafterstep��€n� . Weuse�M—‹•šDy˜�™6J“•LQ

to recordthenumberof nonzeroelementsin section��;•� �P±‘7/
 ; . Sincethenonzeroelementsin
�

;•� 	�
 ; arestoredcompactlyin a linearbuffer, wealwaysstorethenonzeroelementsin section
�

;•� ��±‘7/
 ; in the �rst �M—‹•šDy˜”™6J=•LQ positionsin the buffer. In this way, the nonzeroelementsin
�

�”� 	}
 ; are continuouslystored(althoughthey may be in any order) startingfrom position
�M—‹•šDy˜”™6J=•LQ¨C²� in the linear buffer, which canbe ef�ciently accessed.After �

��� 	�
 ; is used
to calculatethe � -th columnof � , we needto ensurethe above propertyfor the next step.
Speci�cally, we needto scanthelinearbuffer startingfrom position �M—‹•šDy˜”™6J=•LQ–Cq� to access
thenonzeroelementsin ����� 	�
 ; . If ����
 ; is zero,we do nothing. Otherwise,it canbelocated
during the scan. We thenswap ����
 ; with the elementsstoredat position �M—‹•šDy˜”™6J=•LQ andlet

�M—‹•šDy˜”™6J=•LQUwB�K��—‹•hDy˜”™6J=•LQlC � . Thus,at step �-C � , thenonzeroelementsin section���/587S� 	}
 ;

areguaranteedto bestoredcontinuouslystartingatposition �M—‹•šDy˜”™6J=•LQ aswell.
Second,we needto accesssomerowsof � but it is storedcolumn-wise.In ILUC, recall

that a x -sizearray �M„=•L˜”™ is carefully designedandmaintainedsuchthat all elementsin the
� -th row of � areguaranteedto form a linkedlist whenneededat the � -th step.This linked
list is embeddedin �M„=•L˜”™ . However, whenpivotingis allowed,theavailability of only the � -th
row of � is not enough.For any ³�E � , the ³ -th row maybeinterchangedwith the � -th row
at step � dueto pivoting. Therefore,we needto maintaina linkedlist for eachrow of � with
a row index greaterthanor equalto � .

We canalsousestrategiessuchaspreorderingandequilibrationto further improve the
stability of ourmethods.We applytheReverseCuthill-McKee(RCM) algorithmto preorder
thematrices[7] in our implementation.A matrix is equilibratedif all its rows andcolumns
have thesamelengthin somenorm. We usethemethodproposedby Bunchin [5] to equili-
bratea symmetricmatrix sothat its rows/columnsarenormalizedunderthemax-norm.It is
worth pointingout that for sparsesymmetricmatricesthetwo dif�culties in ILDUC exist in
theequilibrationmethodaswell. We addressthemby usingthesamebi-index datastructure
in our implementation.

4. Experiments. In thissection,wecomparetheperformancesof ILDUC, ILDUC with
���e� pivoting (ILDUC-DP), andILDUC with theBunch-Kaufmanpivoting (ILDUC-BKP).
Thecomputationalcodeswerewrittenin C,andtheexperimentswereconductedona1.7GHz
Pentium4 PCwith 1GBof mainmemory. All codeswerecompiledwith the-O3optimization
option.

We testedILDUC, ILDUC-DP, andILDUC-BKP on 11 symmetricinde�nite matrices
selectedfrom theDavis collection[8]. Somegenericinformationon thesematricesis given
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in Table4.1, where x is the matrix sizeand x‘xZ{ is the total numberof nonzerosin a full
matrix. In thetests,arti�cial right-handsidesweregenerated,andGMRES(60)wasusedto
solve thesystemsusinga zeroinitial guess.The iterationswerestoppedwhenthe residual
norm wasreducedby 8 ordersof magnitudeor whenthe maximumiterationcountof 300
wasreached.Thedualcriteriondroppingstrategy wasusedfor all preconditioners,i.e., any
elementof column � whosemagnitudewaslessthanatolerancé<‰

>¢>

�•�/587S� 	�
 �

>¢>

7 wasdropped;
andonly “L�l” largestelementswerekept.Theparameter“L�l” wasselectedasamultipleof
theratio 	y	zµ

	

, theaveragenumberof nonzeroelementspercolumnin theoriginalmatrix. We
useda parameteŕ to determinethedroppingtoleranceanda parameter¶ to setthevalueof
“L�l”: �M—‹•›„‘�®¶•‰

	y	yµ

	

. Nevertheless,evenunderthesamecontrolparameters,thenumberof
�ll-ins maybeverydifferentfrom methodto method.To bettercomparethepreconditioners,
we usedan indicatorcalleda �ll-f actor, i.e., the valueof x‘xZ{cJ·��C �gCu���8QfR4x‘xZ{cJ·�ŽQ , to
representthe sparsityof the ILU factors. A goodmethodshouldyield convergencefor a
small �ll-f actor.

TABLE 4.1
SymmetricInde�nite MatricesfromtheDavisCollection

Matrix x x‘xZ{ Source
aug3dcqp 35543 128115 3D PDE
bloweya 30004 150009 Cahn-Hilliardproblem
bratu3d 27792 173796 3D Bratuproblem
dixmaanl 60000 299998 Dixon-Maany optimizationexample
mario001 38434 206156 Discretization
mario002 389874 2101242 Discretization
olesnik0 88263 744216 StrazpodRalskemminemodel
sit100 10262 61046 StrazpodRalskemminemodel
stokes64 12546 140034 Stokesequation
tuma1 22967 87760 Mine model
tuma2 12992 49365 Mine model

Table4.2 shows the resultsof the threepreconditionerson the 11 matrices,wherethe
RCM orderingandequilibrationwereapplied.To ensurethepreconditionerswerecompara-
ble,we �x edthedroppingtoleranceto ´o�

"

$

"z"

� andarti�cially selecteda �ll-in parameter
¶ for eachpreconditionersuchthattheresulting�ll-f actorsweresimilar for eachmatrix. For
references,we also testedthe linear systemswith ILUTP undersimilar �ll-in parameters.
SinceILUTP doesnot takeadvantageof symmetryandtheILUTP codeweusedwaswritten
in FORTRAN, we only comparedtheconvergenceandignoretheexecutiontime for ILUTP.
In thetable,thevaluesin the“�ll” �eld arethe�ll-f actors.Thesymbol“-” in the“�ll” �eld
indicatesthat thepreconditionerfaileddueto a zeropivot encounteredduringILU. “its” de-
notesthenumberof iterationsfor GMRES(60)to convergence.A symbol“-” in the“its” �eld
indicatesthatconvergencewasnotobtainedin 300iterations.“sec.” denotesthetotal time in
secondsusedfor eachmethod(Preconditioningtime +GMRES(60)time).

Fromthetable,it is clearthatILUTP wasnotrobustandILDUC failedin mostcasesdue
to zeropivotsencountered.ILDUC with theBunch-Kaufmanis betterthanILDUC with di-
agonalpivoting in general.Next weoffer a few additionalcommentson theseperformances.

1. aug3dcqp,stokes64: For thesetwo matrices,with a similar amountof �ll-ins al-
lowed (e.g. �

$ ¸

��x‘xZ{ , �

$ ¹

Tyx‘xZ{ , and �

$º¸

"

x‘xZ{ for aug3dcqprespectively), all three
ILDUC-basedmethodsconverged. The numberof iterationsrequiredfor conver-
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TABLE 4.2
PerformancesonSymmetricInde�nite Matrices: »�¼o½�¾ ½/½�¿

Matrix ILDUC ILDUC-DP ILDUC-BKP ILUTP
Name �ll its sec. �ll its sec. �ll its sec. �ll its
aug3dcqp 1.51 57 2.10 1.48 51 3.41 1.50 52 3.10 2.22 -
bloweya - - - 1.16 20 0.95 1.00 4 0.15 1.13 7
bratu3d - - - 1.55 152 8.57 1.57 75 4.10 1.62 41
dixmaanl 1.44 20 1.02 1.59 - - 1.43 7 0.47 1.79 -
mario001 - - - 2.00 82 6.27 2.02 60 5.64 2.17 -
mario002 - - - 2.01 266 208.78 2.02 205 157.84 2.18 -
olesnik0 - - - 2.02 156 30.65 2.02 165 31.83 2.07 -
sit100 - - - 1.47 71 0.72 1.42 70 0.71 1.46 -
stokes64 2.08 144 1.52 2.08 124 2.22 2.08 143 3.12 2.17 -
tuma1 - - - 1.79 230 9.98 1.82 71 2.68 1.99 -
tuma2 - - - 1.45 - - 1.42 254 3.49 1.44 -

gencewassimilar for all methods(ILDUC-DP requiredslightly fewer iterationsto
convergefor matrix stokes64). As expected,thecostof ILDUC with pivoting is of
the sameorderas that of ILDUC. Even with larger �ll-in factors,ILUTP did not
converge.

2. bloweya, bratu3d: For thesetwo matrices,ILDUC-DP, ILDUC-BKP and ILUTP
converged,but ILDUC faileddueto zeropivotsencountered.Nevertheless,ILDUC-
BKP andILUTP hadbetterperformancesthanILDUC-DP.

3. mario001,mario002,tuma1: For thesematrices,ILDUC-DP andILDUC-BKP both
converged,but ILDUC andILUTP failed. ILDUC-BKP hadbetterperformances
than ILDUC-DP. With a similar or even lessamountof �ll-ins, ILDUC-BKP re-
quiredmuchfewer iterationsto converge. For example,for matrix tuma1, ILDUC-
DPrequired230iterationsto convergewith a �ll-f actorof �

$

OyÀ , while ILDUC-BKP
only required71 iterationswith a �ll-f actorof �

$

TŠ& . Table4.3 comparesILDUC-
DP andILDUC-BKP with various�ll-in factorson matrix tuma1. Fromthe table,
we seethat ILDUC-BKP is moreef�cient thanILDUC-DP. Figure4.1 (a) and(b)
comparethepreconditioningcostandthetotal costof thetwo methodsrespectively.
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FIG. 4.1. Comparisonon thepreconditioningtimeandthetotal timefor matrix tuma1
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TABLE 4.3
Matrix tuma1. »�¼o½�¾ ½/½�¿ .

Preconditioner GMRES(60) Total
Method �ll sec. its sec. sec.
ILDUC-DP 1.79 0.27 230 10.18 10.45
ILDUC-BKP 1.82 0.14 71 2.84 2.98
ILDUC-DP 2.10 0.31 118 5.37 5.68
ILDUC-BKP 2.11 0.16 56 2.38 2.54
ILDUC-DP 2.39 0.36 69 2.98 3.34
ILDUC-BKP 2.40 0.20 41 1.44 1.64
ILDUC-DP 2.67 0.40 52 2.26 2.66
ILDUC-BKP 2.68 0.23 36 1.19 1.42
ILDUC-DP 2.96 0.45 45 1.80 2.25
ILDUC-BKP 2.94 0.26 31 0.97 1.23

4. olesnik0,sit100: ILDUC andILUTP failedon thesetwo matrices,but ILDUC-DP
andILDUC-BKP convergedandhadsimilarperformances.

5. dixmaanl: ILDUC-DP andILUTP failedon thismatrix. ILDUC-BKP hadaslightly
betterperformancethanILDUC.

6. tuma2: ILDUC-BKP wastheonlypreconditioningmethodthatconvergedfor matrix
tuma2.

5. Experiments with KKT Matrices. In this section,we test the preconditionerson
14 KKT matrices(in referenceto the Karush-Kuhn-Tucker �rst-order necessaryoptimality
conditionsfor the solution of generalnonlinearprogrammingproblems[14]) as shown in
Table5.1. KKT matriceshavetheform:

�u�

!•Á Â’Ã

Â

"Ä#

and are often generatedfrom equality and inequality constrainednonlinearprogramming,
sparseoptimal control,andmixed �nite-elementdiscretizationsof partial differentialequa-
tions [14]. The 14 KKT matriceswere provided by Little [18] and Haws [14]. Matrices
P2088andP14480werepermutedfrom their original form [19] in order to obtaina more
narrow bandwidthfor the

Á

part. The experimentswereconductedon a 866MHzPentium
III PCwith 1GB of mainmemory.

Table5.2 summariesthe resultsof ILDUC, ILDUC-DP, ILDUC-BKP, and ILUTP on
thesematrices.Equilibrationwasapplied. Fromthe table,we make the following observa-
tions. First, ILDUC-BKP hasthebestoverall performanceon thesematrices.ILUTP solved
6 problems,ILDUC solved 7 problems,ILDUC-DP solved 8 problems,and ILDUC-BKP
solved12problems.Second,asexpected,thecostof ILDUC-BKP is of thesameorderasthat
of ILDUC. This is evidencedin matricesCHOI-L, LCAV-S1,STIFF5,MASS04,MASS05
andMASS06,wherethe numberof iterationsfor the two methodswere identicalor very
close.Third, ILDUC-DP is thebestmethodfor matricesP2088andP14880.Especiallyfor
P14880,ILDUC-DP is theonly preconditionerthat converged. However, for matricessuch
asCHOI-L, LCAV-S1,STIFF4andMASS05,ILDUC-DP did not convergeor requiredsig-
ni�cantly moreiterationsto converge. Finally, althoughILUTP hadtheworstperformance
on thesematricesand it did not take advantageof symmetry, it was the only methodthat
convergedfor matrixTRAJ33.
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TABLE 5.1
KKT Matrices

Matrix x x‘xZ{ Source
P2088 2088 15480 Magnetostaticproblem(2D coarsediscretization)
P14880 14880 113880 Magnetostaticproblem(2D �ne discretization)
CHOI 9225 168094 Particlesin �uid simulator(5 descendingparticles)
CHOI-L 22128 417156 Particlesin �uid simulator(5 descendingparticles)
LCAV-S1 14531 169972 Full Navier-Stokesequationsin L shapedcavity
OPT 9800 72660 Optimizationproblem
STIFF4 8496 41318 Stiffnessproblem
STIFF5 33410 177256 Stiffnessproblem
MASS04 8496 56818 Massproblem
MASS05 33410 241012 Massproblem
MASS06 33794 257220 Massproblem
TRAJ27 17148 235141 Sparseoptimalcontrolproblem
TRAJ33 20006 496945 Sparseoptimalcontrolproblem
LNTS09 17990 95295 Sparseoptimalcontrolproblem

TABLE 5.2
PerformancesonKKT Matrices: ÅŽ¼oÆ�¾ Ç , »•¼�½�¾ ½�¿

Matrix ILDUC ILDUC-DP ILDUC-BKP ILUTP
Name �ll its sec. �ll its sec. �ll its sec. �ll its
P2088 2.66 - - 2.63 33 0.17 2.66 201 1.06 2.66 -
P14880 2.63 - - 2.62 97 4.38 2.63 - - 2.64 -
CHOI - - - 2.51 41 1.84 2.40 20 1.12 2.33 20
CHOI-L 2.28 20 2.16 2.50 40 5.12 2.28 20 2.88 1.76 20
LCAV-S1 1.78 23 0.95 2.27 41 2.24 1.78 23 1.18 2.08 -
OPT 2.68 - - 2.69 - - 2.68 - - 2.89 -
STIFF4 2.29 41 0.67 2.28 79 1.32 2.28 58 1.14 2.32 68
STIFF5 2.22 75 7.60 2.16 - - 2.22 76 8.10 2.22 -
MASS04 2.20 5 0.12 2.19 13 0.26 2.19 5 0.15 2.18 10
MASS05 2.33 7 0.74 2.27 180 20.79 2.33 7 0.91 2.41 -
MASS06 2.29 11 1.11 2.25 - - 2.29 11 1.31 2.41 -
TRAJ27 0.89 - - 1.29 - - 0.90 120 7.10 0.90 -
TRAJ33 0.88 - - 1.08 - - 0.89 - - 0.84 96
LNTS09 - - - - - - 0.85 15 0.48 0.97 55

6. Conclusion. Wehaveexploredtwosymmetry-preservingpivotingmethodsandshown
how to integratetheminto a Croutversionof theILU factorization.As expected,this imple-
mentationresultsin betterquality symmetricincompletefactorizationfor symmetricmatri-
ces. The overheadassociatedwith this implementationis not signi�cant. In addition, the
pivoting methodshave beendemonstratedto �t theunderlyingdatastructureusedin ILUC.
Ourexperimentsshow thattheBunch-Kaufmanpivotingmethodcanbeef�ciently andeffec-
tively integratedwith a sparsesymmetriciterativesolver.
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