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FINDING NONOVERLAPPING SUBSTRUCTURES OF A SPARSE MATRIX

ALl PINAR AND VIRGINIA VASSILEVSKA

Dedicatedo Alan Geoige on the occasionof his 60thbirthday

Abstract. Mary applicationsof scienti c computingrely on sparsematrix computationsthus ef cient im-
plementation®f sparsematrix kernelsare crucial for the overall ef ciency of theseapplications.Due to the low
compute-to-memoryatio andirregular memoryaccesgatternsthe performanceof sparsematrix kernelsis often
far away from the peakperformancen modernprocessorsAlternative matrix representationSave beenproposed,
wherethematrix issplitinto and ,sothat containsall denseblocksof aspeci edformin thematrix,and

containgheremainingentries.This facilitatesusingdensematrix kernelsonthe entriesof ~ , producingbetter
memoryperformance We studythe problemof nding a maximumnumberof nonorerlappingrectanguladense
blocksin asparsemnatrix. We shav thatthemaximumnonoverlappingdenseblocksproblemis NP-completéy are-
ductionfrom the maximumindependensetproblemon cubicplanargraphs We alsoproposea  -approximation
algorithmfor blocksthatrunsin lineartime in the numberof nonzerosn the matrix. We discussalternatves
to rectangulablockssuchasdiagonalblocksandcrossblocksandpresentompleity analysisandapproximation
algorithms.

Keywords. Memory performancememory-eftient datastructureshigh-performanceomputing sparsema-
trices,independensets NP-completenesspproximatioralgorithms

AMS subjectclassi cations. 65F50,65Y20,05C50,05C69,68Q17,68W25

1. Intr oduction. Sparsematricedlie atthe heartof mary computation-intensie appli-
cationssuchas nite-elementsimulationsdecisionsupportsystemsn managementcience,
power systemsanalysis circuit simulations,andinformationretrieval. The performanceof
theseapplicationgreliesdirectly on the performanceof the employed sparsematrix kernels.
Thepoormemoryperformancef sparsanatrix operationn modernprocessorss arguably
themostcrucial problemin high performanceomputing.To overcomethis memorybottle-
neck,alternatve, memory-friendlydatastructuregor sparsanatriceshave beeninvestigated.
Onecommonapproachs to exploit the specialsubstructures a sparsematrix, suchassmall
densematricesto decreas¢he numberof extraload operations.In this paper we studythe
problemof nding a maximumnumberof nonoverlappingsubstructureg a sparsematrix,
with the objective of improving the effectivenesof sparseanatrix datastructureghatexploit
denseblocks.

Corventionaldatastructuresfor sparsematriceshave two components:an array that
stores oating-point entriesof the matrix and arraysthat storethe nonzerostructure(i.e.,
pointersto the locationsof the numericalentries). Exploiting sparsityinvariably requires
using pointers,but pointersoften lead to poor memoryperformance. One reasonfor the
poor memory performances that pointerscausean irregular memory accessatternand
thuspoor spatiallocality. Anotherimportantreasonwhich is often overlooked, is the extra
load operations. Each operationon a nonzeroentry requiresloading the location of that
nonzerobeforeloadingthe actual oating point number For instance sparsematrix vector
multiplication, which is oneof the mostimportantkernelsin numericalalgorithms requires
threeloadoperationgor eachmultiply-and-addbperation.And it hasbeenobsenedthatthis
overheads usuallymorecostlythanthe oating pointoperationg9].
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FiG. 1.1. Matrix splitting

Recentstudieshave investigatedmproving memoryperformanceof sparsematrix op-
erationsby reducingthe numberof extra load operationd9, 11, 13, 15]. Bik andWijshoff
proposealgorithmsto detectparticularsparsitystructuresof a matrix, suchasbandedand
blockedforms[4]. Toledo[13] studiessplitting the matrix as , Where
includes blocksof thematrix (two nonzerosn consecutie positionson the samerow),
and coverstheremainingnonzerosasillustratedin Fig. 1.1. Noticethatit is sufcient
to storeone pointerfor eachblock in . P narandHeathstudythe reorderingproblem
to increasethe sizesof theseblocks[11]. They proposea graphmodelto reducethe matrix
orderingproblemto the traveling salespersoproblem. Vuducet al. studyvariousblock-
ing techniquedo decreasdoad operationsandimprove cacheutilization [15). Signi cant
speedupi largeexperimentaketshave beenobsened,which motivatessearchindor larger
blocksin the matrix for betterperformance.The splitting operationcan be generalizedo
exploit varioussubstructured-or instancepnecansplit thematrixinto , Where

containsall speci edsubstructuressnd  containgheremainingentries.For aspeci ed
substructurehaving moreentriesin ~ meritsfewerloadoperationsthusbettermemoryper
formance.This callsfor ef cient algorithmsto nd a maximumnumberof nonoverlapping
substructured asparseamnatrix. A greedyalgorithmis sufcient to nd amaximumnumber
of nonoverlapping densematriceswhen or . However, this problemis
muchhardernwhen

We studythe problemof nding a maximumnumberof nonoverlappingsubstructures
of a sparsematrix, which we call the maximumnonoverlappingsubstructuesproblem. We
focuson denseblocksasa substructuresincethey arecommonin sparsematrices
arisingin variousapplicationsandtheir usagecaneffectively decreas¢he numberof extra
load operations.We call this problemthe maximunmnonoverlappingdenseblocks problem.
In Section2, we de ne the problemformally andinvestigatets relationto the maximumin-
dependensetproblem.We de ne aclassof graphsfor which theindependensetproblemis
equivalentto the maximumnonoverlappingdenseblocksproblem.In Section3, we usethis
relationto prove thatthe maximumnonoverlappingdenseblocks problemis NP-complete.
Our proof usesa reductionfrom the maximumindependenset problemon cubic planar
graphsandadoptsorthogonaldrawings of planargraphs.Section4 presentsan approxima-
tion algorithmfor the problem. Sinceour techniqueswill potentiallybe usedat application
run-time, we areinterestedn fastand effective heuristicsfor the preprocessingostto be
amortizedover the speedupi subsequendparsematrix operationsOur algorithmsrequire
only lineartime andspaceandgeneratesolutionswhosesizesarewithin of the optimal
for blocks. In Section5, we discussalternatve patternsto rectangulamblocks. We
shav how the problemsof nding rectangularand diagonalblocks can be transformedo
eachotherto concludethat nding the maximumnumberof nonoverlappingdiagonalblocks
is NP-hard.We shav how to usethe approximationalgorithmfor rectanguladenseblocks
to obtaina linear 2/3-approximatioralgorithmfor diagonalblocks. We also discusscross
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blocksandtheir variations.We presensomeopenproblemsin Section6 andconcludewith
Section?.

This problemhasonly recentlystartedto draw the attentionof the sparsematrix com-
munity, but hasbeenstudiedunderdifferentnamesasa combinatoriabptimizationproblem.
Fowler et al. [6] studythis problemasa geometricembeddingoroblemandprove it is NP-
Completeby reductionfrom the 3-satis ability problem(3SAT)*. Bermanetal. [3] discussa
similar problemasthe optimaltile salhageproblem.In the optimaltile salvageproblem,we
aregivenan ~ region of the planetiled with unit squaressomeof which have been
removed. Thetaskis to nd a maximumnumberof functionalnonoverlapping tiled
rectanglesThe differencebetweenour problemandthe optimaltile salvageproblemis that
in thetile salhageproblemthetiles areallowedto bein any orientation( or ),
whereasn our casethe orientationis x ed (only ). The NP-completenesproof of
thetile sahageproblemby Bermanetal. is basedon the e xibility in the orientationof the
denseblock, andthusis not applicableto our problem.Bermanetal. describea polynomial
time approximationscheme which for all , , Wwhere isthe
optimal solutionvalue,givesan -approximation.Their algorithmis basedon maxi-
mumplanar -matching,which runsin steps,andcanbe appliedto nd square
blockswherethetwo problemscoincide. Baker [2] alsohasan algorithmfor squareblocks,
which runsin -time and spaceandproducesa -approximation.
HochbaunmandMaasq 8] alsodescribeanalgorithmfor squareblocksthatgivesa -
approximation,but runsin timeto nd blockson an grid.
Arikati etal. [1] studythis problemasthe two-dimensionapatternmatchingproblem,and
describeanapproximatioralgorithmthatrunsin timeandproducesolutionsthat
areonly away from anoptimal solution. They describeanotheralgorithm
thatrunsin , and producessolutionsthat are within of the optimal. For
our purposesye needalgorithmsthat arevery fastanddo not requireauxiliary datastruc-
tures.Thegreedyapproximatioralgorithmswe proposearevery simple,space-etient, and
requireonly a singlepassthroughthe matrix.

2. Preliminaries. In this sectionwe de ne the problemsformally, and presentde ni-
tionsandsomepreliminaryresultsthatwill be usedin thefollowing sections.

2.1. ProblemDe nition. We investigatehe problemof nding a maximumnumberof
nonoverlappingmatrix substructuresf prescribedorm andorientation.

DEFINITION 2.1. An patternsa - matrix . Anoriented -substructuref
amatrix isan submatrix in  sothat if for ,
and . Twosubstructues and  overlapif they shae nonzeo entryin  with
coorinates in and in and

Given a particularpattern , we de ne the maximumnonoverlapping -substructues
(MNS) problemasfollows.
Givenan matrix andinteger , does contain  disjoint
-substructues?
In this paper we mostly focuson denseblocks dueto their simplicity andtheir effectiveness
in speedingip sparsenatrixoperationsA denseblodk of amatrix is a submatrixof speci ed
size,all of whoseentriesarenonzeroj.e.,it isa -substructurevhere istheall smatrix.
We associata denseblockwith its upperleft entry. Two blocksoverlapif they shareamatrix
entry. Formally,
Givenan matrix ,wesay isan denseblock
in iff forall and sud that and

1This hasbeenpointedto usby areviewer afterthe completionof this work.
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. Two blocks and overlapiff
and .
We de ne the maximurmonoverlappingdenseblocks(MNDB) problem whichrestricts
the MNS problemto denséeblocksasfollows.

Givenan matrix , positiveintegers and thatde netheblock
size and a positiveinteger , does contain  disjoint dense
blocks?

2.2. Intersection Graphs. Althoughit is easyto nd all speci ed patterndn a matrix,
whatwe seekis asubsebf nonoverlappingblocks.In this sensethe MNS problemis related
to the maximumindependenset (MIS) problem,which is de ned as nding a maximum
cardinalitysubsebf vertices of agraph suchthatnotwo verticesin areadjacentWe
revealtherelationbetweertheindependensetandthenonoverlappingolocksproblemausing
intersectiongraphsde ned below.

DEFINITION 2.2. Agraph is anintersectiongraphofthe -substructuesof a matrix

if there is a bijection betweerthe verticesof andthe substructuesof , sud that

therisanedgein between and if andonlyif and overlapin
We use to referto the intersectiongraphof dense blocksin matrix
. A maximumindependenseton givesamaximumnumberof nonoverlapping

blocksin . Thusthe MNDB problemcan be reducedto the maximumindependenset
problem,whichis notevenconstanfactorapproximable However, MNDB is notashardas
thegeneralMIS problem,andsomeblock intersectiorgraphshave specialstructuresyhich
canbeexploitedfor ef cient solutions.For instancea greedyalgorithmis sufcient to nd a
maximumnumberof nonoverlapping and blocks,sincetheseproblemsreduce
to afamily of disjointmaximumindependensetproblemson intenval graphs.

We will now de ne the classof graphsthat constituteblock intersectiongraphs. An
intersectiorgraphof a setof denseblocksis aninducedsubgraptof thesocalled -
grid which consistsof the usual2 dimensionalgrid, anddiagonalsfor eachgrid square.In
generaltheintersectiorgraphof a setof denseblocksis aninducedsubgraptof the

grid. Below, we rst de ne an grid, andthenrestrictthe de nition to de ne the
graphclass thatrepresengraphshatcanbeintersectiorgraphsfor matrices.

DEFINITION 2.3. An grid is agraphwith vertexset andedgeset , so
that

In an grid, vertex  correspondso theblock  in the matrix, andedgescorre-
spondto all possibleoverlapsbetweenblocks. However, not all inducedsubgraphof the
grid areintersectiongraphsof a matrix. For example,if and areblocksin
the matrix, then shouldalsobein the intersectiongraphto ensurethe
intersectiongraphrepresentsll blocks. Therefore,we de ne a graphclass , which
addsa closurepropertyto an grid to cover suchcases.
DEFINITION 2.4. A graph isin thegraphclass if andonlyif it isan
inducedsubgaphof an grid andhastheclosure propertysothat
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FiG. 2.1. Planar orthogonaldrawing

The closurepropertyenforcesthat thereis a vertex in the graphfor eachdenseblock
in the matrix. Being aninducedsubgraphof an grid guaranteeshatthereis anedge
for eachoverlap. The graphsin this classare exactly the intersectiongraphsof the

blocksin a matrix, thus nding a maximumindependentsetof a graphin this classis
equialentto solving the MNDB problemof the correspondinglensematrix blocks. This
claimis formalizedby the following lemma.

LEMMA 2.1. Aninstanceofthe MNDB problemfor nding nonoverlappingdense
blocksin a matrix is equivalento aninstanceof MIS for a graphin

Proof. We shav a one-to-onecorrespondencbetweenintersectiongraphs,andgraphs
in . Eachdenseblock  correspondso thevertex  in . By de nition
of theclass , , andthusary instanceof an MNDB problemcan
bereducedo anindependensetproblemin agraphin

Givenagraph in ,de ne ,sothat isanonzeraff
and for somevertex in . Obsenrethatary denseblockin  mustbe
representetly avertexin  dueto the closureproperty Also, for ary two adjacentvertices
in , correspondingplocksintersectin , andno otherblocksoverlap,dueto the de nition
of edgesn . Thus,amaximumcardinalitysubsebf nonoverlappingblocksin matrix
corresponds$o a maximumindependensetin O

Thefollowing lemmashavsthatremaoving asubsebf thevemcesalongwnh theirneigh-
borspreseresthe characteristicef the graph,providing the basisfor greedyapproximation
algorithmsaswill bepresentedn Section4.

LEMMA 2.2. Let bea graphin , a subsetof vertices,and

betheneighborhoodf in . Thenthegraph
inducedby is still in

Proof. Remwing a vertex andits neighborsn  correspondso removing all nonzeros
in a blockin the correspondingnatrix. The remaininggraphis the intersectiongraphof the
resultingmatrix. d

2.3. Planar Graphs and Orthogonal Drawings. A graph is planarif andonly if
thereis anembeddingof  on the spheresuchthat no two edgeshave a pointin common
besidegpossiblycommonendpoints. is cubicplanarif everyvertex hasdegree .

An orthogonaldrawing of agraph is anembeddingpf  ontoa 2-dimensionatect-
angulargrid suchthat every vertex is mappedto a grid point and every edgeis mappedto
a continuouspathof grid line sggmentsconnectingthe end pointsof the edge. When is
planar the edgepathsdo not cross.An exampleof orthogonalembeddingf a planargraph
is illustratedin Fig. 2.1 No two edgessharea grid point, andno edgepathcango through
a vertex unlessthis vertex is an end point of the edgecorrespondingo the pathandis an
endpoint of the pathitself. Kant[10] shovedthatevery planargraph with  verticesand
maximumdegree canbedravn orthogonallyonan grid in polynomialtime.
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FiG. 3.1. Transformatiorto preserveclosue properties

The NP-completenegsroof in the next sectionusesa reductionfrom the maximumin-
dependenset(MIS) problemon cubicplanargraphsandadoptsorthogonaldrawings.

3. Complexity. ThissectionprovesthattheMNDB problemis NP-completaisingare-
ductionfrom theindependensetproblemon cubicplanargraphswhichis NP-completd 7].
Thesameresulthasbeerreportedoy Fowler etal. [6], by usingareductionfrom 3-satis ability.
Thetechniqueusedhereis signi cantly differentthanFowler etal.'s. In this sectionwe will
use to referto for simplicity. The next lemmaexplainshow we canretaininde-
pendensetcharacteristicsf the problemaftertransformations.

LEMMA 3.1. Let beagraph,and betwo adjacentverticesin , sothat
all neighbosof besides arealsoneighbosof . Let bethegraph after
vertex is removed. Thesizeof themaximunindependensetin  is equalto the sizeof the
maximunindependensetin

Proof. If vertex isin a maximumindependenset , thennoneof its neighborsarein

. Thus isanindependensetin andin , and . g

Thefollowing corollarywill be usedin our NP-completenesgroof, asthe structuresn

Fig. 3.1(a) arisein our construction.

COROLLARY 3.2. Let containthe graph  in Fig. 3.1(a) as an induced

subgaphsothatall verticesexceptfor possibly and haveall of their neighbosin

. Thenanyinstance( , ) of MISis equivalentto theinstance( , ) of MIS for the
graph .

Proof. By Lemma3.1, we canremove  from the graphsinceall neighborsof
are neighborsof aswell. Thereducedgraphis illustratedin Fig. 3.1(b). Again using
Lemma3.1, we canremove  sinceit coversall neighborsof . Furthermorewe can
apply the sametransformationin reverseorderto addvertices and  to the graphin
Fig. 3.1(c). O

The following lemmadescribeshow edgesof a graphcanbe replacedby evenlength
pathswhile preservingndependensetcharacteristics.

LEMMA 3.3. Let be a graphand beanedg. Let
bethegraph with theedge substitutedby a simplepath whee

and arenew verticesnotin theoriginal graph. Thenthere existsan independent
setofsize in iff there existsanindependensetof size in

Proof. We presenthe prooffor , andtheresultfollows by induction.

Sufciency: Let beanindependensetin , theneither or . Withoutlossof
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FiG. 3.2. Enlargementopemtion on Fig. 2.1 (right) for

generalityassume ,then is anindependensetin
Necessitylet beanindependensetin f , then , and
is anindependensetin . Symmetricallyif , then , and isan
independensetin . If , then isanindependensetin . |

We rst analyzethe compleity for blocksfor clarity of presentationandthen
extendourresultto blocksfor

THEOREM 3.4. ProblemMNDB is NP-completdor blocks.

Proof. MNDB is clearlyin NP sinceit is equivalentto a specialcaseof MIS.

To shav NP-hardnessye usea reductionfrom the independensetproblemon cubic
planargraphswhich is NP-completd7]. We rst embeda cubic planargraphorthogonally
ontoagrid asdiscussedh Section2.3. Thenwe transformtheembeddedraphsothatit isin

. Ourtransformationgpresere independensetcharacteristicsothatanindependenset
in thetransformedyraphcanbetranslatedo anindependensetin theoriginal graph.Finally
we useLemma?2.1 to relatethe independensetproblemon a graphin , to the MNDB
problem.

Our transformationsrelocal. We rst enlarge the grid to make room for thesetrans-
formationsby inserting new grid pointsbetweenadjacentpointsin the original grid. An
exampleis illustratedin Fig. 3.2 for . After the enlagement,eachedgeis now re-
placedby a pathof vertices(which we distinguishfrom the original verticesby calling
themmarkg. Two adjacenterticesin the original grapharenow ata distance , which
generates areaaroundeachvertex for local transformationsThis enlagement
guaranteethatdifferenttransformationslo not interferewith eachother In this proof, it is
sufcient to use

Our transformationsonsistof 2 steps. The rst stepguaranteeshat the transformed
graphis in , to satisfy De nition 2.4. The secondstepensureghat eachedgein the
original graphis replacedby an evenlengthpathafterthe orthogonalembeddingandtrans-
formations.Togetherthesestepstransformtheindependensetproblemon the cubicplanar
graphto anindependensetproblemon a graphin , andwe canthenconcludethe NP-
completenessf the MNDB problemusingLemma2.1

Sincethe underlyinggraphis cubic, its orthogonalembeddingcanbe decomposeihto
paths,bends(illustratedin Fig. 3.3 (left)), and T- junctions(illustratedin Fig. 3.4 (left)).
Bendsaremarksfor which anedgechangedlirection,andT-junctionsaretheactualvertices
of thecubicplanargraph.While bendsandT-junctionsrequiretransformations$o corvertthe

embeddedjraphinto agraphin , pathswill notcausesuchproblems.
Considerabend  connectedo two othermarks and . Inagraphin ,
theremustbe an edgebetween and . We canremove , andconnect and

asin Fig. 3.3 (right).
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FIG. 3.4. Tjunctiontransformation

Now considera T-junctionwith vertex  at the center asillustratedin Fig. 3.4. The

neighborhoof  consistsof (up to arotation) , ,and , honeof whichis
avertex in the original graph. As in the caseof a bend,the problemis the absencef edges
between and , and between and , for which the associatedlocks

overlap.Also,  mustbea vertex of the original graph,andcannotbe eliminated.We can
malkethetransformatiorillustratedin Fig. 3.4. However, theresultinggraphis still notin -~
sinceit hasmissingverticesanddoesnot satisfythe closureproperty We useCorollary 3.2
to addverticesto the graphasdepictedin Fig. 3.1 (in reverseorder, from (c) to (a)), sothat
theresultinggraphis in

By Lemma3.3, we needeachpathreplacingan edgeof the planargraphto have even
length. Becauseof the extra spacewe createdfor our local transformationsfor eachedge
goingthroughanodd numberof marksthereis a straightline segmentgoingthroughat least
7 marks.We replacethis 7 vertex sggmentwith an8 vertex sgment,asillustratedin Fig. 3.5,
to guaranteghateachedgeis replacedvith anevenlengthpath.

Thesepolynomial time transformationgeducethe independenset problemfor cubic
planargraphsto anindependensetproblemin a graphin class . By Lemma2.], the
independenset problemon a graphin is equivalentto a MNDB problemin a matrix,
thusconcludingour proof. O

Our proofis atemplatefor the NP-completenesgsroofsof alternatve substructuresBe-
low, we generalizeour resultfor arbitrary blocks. In Section5, we will usethesame
templateto prove NP-completenessf the MNS problemfor crossanddiagonalblocks.

THEOREM 3.5. ProblemMNDB is NP-completdor blocksfor

Proof. We give areductionfrom MIS on cubicplanargraphs Withoutlossof generality
we assume . Givena cubic planargraph , we rst embed
the graphonto an grid andthenenlage this grid by toget . This
allows our local transformationgo be mutually disjoint. For clarity of presentationin this
proofwe use toreferto .In ,wetransformeachT-junctionthathastwo vertical
edgedo a T-junction with two horizontaledgesasillustratedin Fig. 3.6(@). Thenby using
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FiG. 3.5. Odd-to-@enlengthtransformatiorto preservandependensetcharacteristics.

D

D
—

D

D

i

|

(a) (b)

FiG. 3.6. Transformationon . (a) replacea T-junction with two vertical edges with anotherwith two
horizontaledges. (b) adda horizontaledge to eac pathin

thetransformatiorin Fig. 3.6(b), we make surethateachpathreplacinganedgein hasat
leastonehorizontaledgeaway from bendsandT-junctions.

Inthenext stepwemap toalarger grid ,sothat onthesmall
gridis mappedo onthelargergrid. Thisseconcenlagemengllows
usto control the overlaps,andthusde ne the pathsof the graph. For eachhorizontaledge

intheenlaged ,weaddvertices
, ,and ,
asillustratedin Fig. 3.7(a). A similar transformatioris illustratedin Fig. 3.8 (a) for vertica
edges. We usedifferenttransformationgor horizontaland vertical edges,since  might
be 2. To avoid problemsdueto bends,we usethe mirror imagesof the transformationin
Figs.3.7(a) and3.8(a), asillustratedin, respectiely, Figs. 3.7(b) and3.8b).

Duetoourtransformationin , weonly have T-junctionswith two horizontaledges For
a T-junctionwith a “downward” vertical edge ,we canusetransformatiorin Fig. 3.8@a) and
mirrorimagesof transformationén Figs.3.7(a), asillustratedin Fig. 3.9(a). For a T-junction
with an “upward” vertical edge,we usethe transformationsn Figs. 3.8(b) and 3.7(a), as
illustratedin Fig. 3.9(b). Dueto ourinitial enlagementoobtain , all theseransformations
will be mutuallydisjoint.

We de ne the edgesetof , sothatit is aninducedsubgraphof . Theclosure
propertyis satis ed by constructionthus isin . Thereductionwill be complete
whenwe guarante¢hateachedgein the original 3-planargraph  is replacedoy aneven-
lengthpathin . If anedgein is replacedby an odd-lengthpathin ~ , we replace

a horizontaledgetransformatiorin Fig. 3.7(a) with the onein Fig. 3.1Q which insertsfour
vertices,insteadof three. We canchoosethis edgeto be far from a bendor a T-junctionto
avoid unwantedoverlaps. O

4. Approximation Algorithms. In this section,we discussapproximationalgorithms
for the maximumnonoverlappingdenseblocksproblem. This problemhasbeenstudiedun-
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(a) (b)
FiG. 3.7. Replacinghorizontaledgsin with (a) regular transformationand (b) its mirror image. Dark
nodesare for original vertices,andshadechodescorrespondo auxiliary verticesto replacean edge betweerthem.

Dark edgescorrespondo edgesin , andrectanglesare alsodrawnto illustrate overlaps.
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FiG. 3.8. Twotransformationgo replaceverticaledgesin . (a) Theregular vertical edge transformation,
(b) its mirror image and (c) version only usedfor an upwand edg of a T-junction. Dark nodesare for original
verticesandshadechodescorrespondo auxiliary verticesto replacean edge betweenthem.Dark edgescorrespond

to edgesin , andrectanglesare alsodrawnto illustrate overlaps.
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FiG. 3.9. TransformingT-junctions(a) with an upwad edg, (b) with a downwad edge.

x 2(m 1),y+2(n 1) X 2(m 1),y+2(n 1)+1
xm+ly+n1
X m+1,y+3(n 1)+1
~p y+3(n 1)
X,y -

L X,y+4(n 1)

FiG. 3.10. Evento oddlengthtransformation.
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derdifferentnamesn theliterature. The optimaltile sahageproblemis de ned asfollows.
Givena ~ regionin the planetiled with unit squaressomeof which aredisfunc-
tional, nd a maximumnumberof functional rectangleqin ary orientation). This
problemis equivalentto MNDB for squaredenseblocks. Bermanetal. [ 3] describea poly-
nomialtime approximationrschemeor the optimaltile salvageproblem,i.e. for ary ,

, an -approximatioralgorithmrunningin time polynomialin
andexponentialin . Here is the optimal solutionvalue. Their algorithmis basedon
maximumplanar -matchingwhich runsin stepsfor . Baker[2] alsohas
an algorithmfor squaredenseblocks,which runsin -time and spaceand
producesa -approximation.Hochbaumand Maassalsodescribean algorithmfor
squareblocksthatgivesan -approximationput runsin timeto nd

blocksonan grid [8]. While thesealgorithmsareasymptoticallyef cient, their

practicalitywill belimited for our purposesWe needalgorithmsthatareextremelyfastand
requirevery limited extra memory sinceour methodswill beusedin a preprocessinghase,
which mayappeaiaslate astheapplicationruntime,andtheir runtimesneedto be amortized
by the speedupn subsequenperations.

Arikati etal. [1] studythis problemasthe two-dimensionapatternmatchingproblem,
and describean approximationschemeinspired by the Lipton-Tarjan methodof comput-
ing approximatendependensetsin graphs. Their algorithmrunsin time and
producessolutionsthat are only away from an optimal solution. They
describeanotheralgorithmthat usesthe shifting strategyy of Baker [2] and Hochbaumand
Maas[8]. Their algorithmdecomposeshe matrix into supercolumn®f width , and
thenfor each , , the problemis separatednto disconnectegdubproblemsy re-
moving supercolumnsvith numberscongruento . Eachsubproblentanbe
solvedoptimally in lineartime, by algorithmsthat nd a maximumindependensetin tree-
width boundedgraphg[5, 12]. Arikati etal. shov thatusingthis they canobtaina solution
whichis within — of theoptimal.

The specialcasefor of the Arikati et al. algorithmwasalso pointedout to us
by one of the reviewers. The algorithm canbe summarizedasfollows. Givenan input
to MNDB, constructthreenew instances suchthatinstance containsall
blocksfrom exceptthosewith upperrow index . Eachinstance canthenbe
solved optimally in lineartime. Consideran optimal solution to . Every subsetof
includedin  is a solutionto , andsinceeachblock from is removed from exactly
oneof the threenew instancessomeinstance mustincludeat least of the blocksin

. Thereforereturningthe maximumof the optimumsolutionsto givesat leasta
approximationThis elegantalgorithmgivesthe samerunningtime andapproximation
ratio asthe algorithm presentedn this paper Neverthelesspur approximationalgo-

rithm canbeimplementedo useslightly lessextra spacesinceit only needg¢o maintainone
independensetinsteadof three.

We begin by presentinga simplelineartime  -approximatiorto the MNDB problem
with blockswhich canbegeneralizedor all -substructuresve presentThealgorithm
proceeddy nding theleftmostblockin thetopmostrow, addingit to thecurrentindependent
set,andthenrepeatingthe sameoperationafter remaoving this vertex andall its neighbors.
At mosttwo of the verticescanbe independenamongthoseremoved from the graph,and
sowe havea  -approximationalgorithm. In this sectionwe shov how to improve this
approximationresultby looking at an extendedneighborhoof the leftmostvertex in the
uppermostow. Our algorithmis basedon choosinga setof verticesin the neighborhoof
theleftmostvertex in the uppermostow, sothatthe size of this setis no lessthan of a
maximumindependensetin theinducedsubgraplof thoseverticesremovedfrom thegraph.
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FiG. 4.1. Decisiontreefor algorithmMNDB-APX. correspondso theleftmostvertes in the uppermostow;
andtheneighboringverticesin the -grid are marledin Fig. 4.2. We take theleft brandh if thelabel vertexisin
andtheright branc otherwise We proceeduntil weread a leaf, which containstheset thatwill beaddedin the
independenset.
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F1G. 4.2. \ertex neighborhoodconsideed for ead call to BinTreeDecision.Thepositions  are usedin the
decisiontreg while the positions  are only usedin theanalysis.

Thisgeneratea nal solutionthatis of theoptimal,sinceall greedydecisionsareatleast
of thelocal optimal. By Lemmaz2.2, thegraphafterremoving a vertex alongwith all its
neighborsstill hastheintersectiorgraphcharacteristicef theoriginal by Lemma2.2.

We presenthe pseudocodef our algorithmbelown. The algorithmis basedon the pro-
cedureBinTreeDecisionwhichis depictedasa binarydecisiontreein Fig. 4.1 In thistree,
internalnodesindicateconditions,andthe leaveslist the verticesaddedto the independent
set.Our algorithmtraverseghis decisiontreefrom therootto aleaf, takingtheleft branchif
thelabelvertexisin , andtheright branchotherwise.For instanceat the root of the tree,
we will take theleft branch is in the graph,andthe right branchif it is not. Theleaves
containthesets thatwill beaddedn theindependenset.

LEMMA 4.1. Algorithm MNDB-APXrunsin linear timein the numberof blocksin the
matrix.

Proof. Eachiteration of the algorithmrequiresa traversalof the binary decisiontree
from therootto aleaf, whichtakesat most8 stepsthus time. Also atleastonevertex is
removedfrom the graphat eachiteration. Thusthetime for the decisionprocesss linearin
the numberof verticesin the graph. The only otheroperationthat affectsthe costis nding
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the leftmostvertex in the uppermostow. In a preprocessingtepone cango throughthe
matrix in aleft to right fashionandstorepointersto the blockssothat  appeardefore

iff or and . After this it takesconstantime to nd the currentleftmost
vertex ontheuppermostow. a

Algorithm MNDB-APX

while
leftmostvertex onthe uppermostow
BinTreeDecisiof )

remove andits neighborhoodrom
endwhile

return

LEMMA 4.2. Thesizeof the maximalindependensetreturnedby Algorithm MNDB-
APXisnosmallerthan  ofthesizeof maximunindependengetontheintersectiongraph.

Proof. The proofis basedon caseby caseanalysis.We show thatBinTreeDecisioff )
of Fig. 4.1 alwaysreturnsanindependenset suchthat containsno independenset
largerthan , where denotegheneighborhoodf | i.e.,thesetof verticesin
or adjacento avertexin . Below we examinethebinarysearchreecaseby case:

,and andits neighbordorm acliquewith MIS size1l.

By theclosureproperty , andwe have thefollowing:
,and andits neighbordorm acliquewith MIS size1l.

, and hasMIS sizeat most3.
By the closureproperty . In this case,if oneof or
isnotin , then , sincetheir neighborhoochasMIS
sizeatmost3. Otherwise, :
Thisimplies and:
and hasMIS sizeat most3.
, and hasMIS sizeat most6.
, and hasMIS sizeat most3.
, and hasMIS sizeat most3.
,and hasMIS sizeatmost3.
By theclosureproperty ,and
,  andits neighborsform a clique, andthe MIS is of
sizel.
,and hasMIS sizeat most3.
By the closureproperty , andif oneof or isnot
in , then ,and hasa MIS sizeat most3.
Otherwiseif , then ,and

hasMIS sizeat most6.

THEOREM 4.3. Algorithm MNDB-APXis a linear time, -approximationalgorithm
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(@) (b) ()

FIG. 5.1. Matrix rotations.(a) the original matrix, (b) after Rotation1, (c) after Rotation2.

for the MNDB problem.

Proof. Follows directly from Lemma4.1andLemma4.2. d

A generalizatiorof our 2/3-approximatioralgorithmfor larger blocksis still underin-
vestigation We expecttheruntimeandthe approximatiorratio to dependntheblock size.

5. Alter native Substructures. We have sofarfocusedour discussion®n nding dense
rectangulablocksin a matrix. In this section,we will discusggeneralizationsf our results
to alternatve substructurethatmightbeexploitedto improve memoryperformanceWe will

rst discussdiagonalblocks. Thenwe will introducea crosssubstructureandits variants,
andprovethatthe MNS problemis NP-completdor nding thesesubstructures.

5.1. Diagonal Blocks. In mary applications,nonzerosof the sparsematrix are lined
aroundthe maindiagonalin the form of long diagonals.This makesdiagonalblocksa nice
alternatve to rectangulaiblocks. We de ne a diagonalblock asfollows. Givenan
matrix , We say isan diagonablockin iff

To nd diagonalblocksin a sparsematrix, we canrotatethe positionsof the matrix en-
triesto transformdiagonalblocksto rectangulablocksandvice versasothatour resultsfor
rectangulablockscanbe appliedto diagonalblocks. Our rotationsaredepictedin Fig. 5.1,
andde ned asfollows.

Rotationl: Givenan matrix , its rotatedmatrix isan matrix
sothat
for and
All otherentriesof are0.
Rotation2: Givenan matrix , its rotatedmatrix isan matrix
sothat
for and

All otherentriesof areO.
THEOREM 5.1. Givenmatrix ,let and beits rotatedmatricesunderRotationl

andRotation2, respectively isadiagonalblockin ,if andonlyif
is arectangularblockin  , and is arectangulamblockin , if andonlyif
is a diagonalblodkin
Proof. By de nition is adiagonalblockin if andonly if for all
, . Thistranslateso
with Rotation1, and . Necessityfollows from the de nition of

adiagonalblock, andsufciency follows from the factthatthe only nonzerosn and
arethosede ned by nonzerosn . d
COROLLARY 5.2. Algorithm MNDB-APX,composedvith Rotationl, is a linear time
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(a) (b) (©)
Fic. 5.2. (a) Crossblock, (b) diagonal crossblock, (c) jagged crossblodk

-approximationalgorithmfor the problemof nding a maximumnumberof nonoverlap-
ping diagonalblodks.
COROLLARY 5.3. Givenamatrix anda positiveinteger , decidingif hasat least
nonoverlappingdiagonalblodksis NP-complete

5.2. CrossBlocks. Variousregularsubstructures a sparsematrix canbe exploitedto
improve memoryperformanceof sparsematrix computations.One possibility is the cross
blocksdepictedin Fig. 5.2(a). We will identify a crossblock with its center thatis, we say

isacrossblockin amatrix if hasnonzerostpositions , , ,
,and . Below, we provethat nding amaximumnumberof nonoverlapping
crossblocksis NP-completeby usingour proof of Theorem3.4 asatemplate.

THEOREM 5.4, Givenamatrix anda positiveinteger , decidingif hasat least
nonoverlappingcrossblocksis NP-complete

Proof. This problemcanbe reducedto the independenset problem,andthusit is in
NP. For the NP-completenessroof we usea reductionfrom theindependensetproblemon
cubicplanargraphs.First we embedthe cubic planargraphonto a grid andthenenlagethe
grid aswe did for the proof of Theorem3.4. We canreplaceeachvertex on this grid with a
crosspatternin the matrix. Formally, for an grid, we de ne a
matrix, wheregrid point is replacedvy acrosscenteredat in thematrix.

doesnot have any othernonzerosbesideshosein crossblocks correspondingo vertex
points. Thereareno crossblocksin , besideshoserepresentingyrid points. Also obsene
thatunlike the casefor rectangulablocks,bendsandT-junctionsdo not causeary problems,
sincethecrossedo theleft andbelaw the cornervertex of abenddo not overlap.

The only problemis to make sureeachedgein s replacedby an even lengthpath,
for which we usethetransformatiorin Fig. 5.3. This transformatiorreplacesa chainof odd
lengthwith a chainof evenlengthto guaranteeachedgein is replacedwith evenlength
paths. [

We canusematrix rotationsto reducethe problemsof nding otherblocksin Fig. 5.2 (b)
and (c) to the problemof nding crossblocksasin Fig. 5.2(a). For instance,Rotation1
transformgaggedcrosseswhichareillustratedin Fig. 5.2(c) to regularcrossesand is
adiagonalcrossblockin an matrix, iff is ajaggedcrossblock
(Fig. 5.2(c)) in its rotatedmatrix. Similar transformationsan be usedto transformcross
blocksto otherjaggedblocks,andvice versa.

Rotation3, asde ned below anddepictedin Fig. 5.4, transformsdiagonalcrossblocks
of Fig. 5.2(b) to regularcrossblocks.

Rotation3: Givenan matrix ,itsrotatedmatrix  isan
matrix sothat
for and
All otherentriesof are0.

Thesetransformationganbe usedto prove NP-completenessf decidingif therearea
speci ednumberof nonoverlappingaggedanddiagonakrossblocksin amatrix. For brevity,
we arenot giving the detailshere. As an approximatiorsolution, the greedyalgorithmthat
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FIG. 5.3. Odd-to even-lengthpathtransformatiorfor crossblodks.

@) (b)

FIG. 5.4. Matrix Rotations.(a) theoriginal matrix, (b) after Rotation3.

choosegheleftmostblockin the uppermostrow will yield a approximatioralgorithm
for nding crossblocksandall its variations.

6. Open Problems. This work studiesa new problemfor the sparsematrix computa-
tions community andbringsforth mary openproblems.Oneinterestingfamily of problems
is thedesignof heuristicsfor largerblocksanddifferentsubstructuresanddevelopingbetter
approximatioralgorithms.As we discussedh Section4, it maybepossibleto generalizeour

-approximatioralgorithmfor largerblocks,wherethe runtimecomplexity is likely to de-
pendontheblock size. Anotheropenproblemis whetheronecanimprovetheapproximation
ratioby looking atalargerneighborhooaf theleftmostvertex of theuppermostow. Finally,
onemaysearcHor differentheuristicsto applyto differentdensesubstructurgroblems.For
instancealthoughthe greedyleft-uppermosblock heuristicstill givesa  -approximation,
the neighborhoodstructureof the crossblock is fairly differentfrom that of the rectangular
block,andthusour  -approximatioralgorithmcannotbe applieddirectly.

Anotherapproacho reducingmemoryindirectionis selectively replacingstructuralze-
ros of the matrix with numericalzeros.Doing this would improve memoryperformanceind
may resultin signi cant speedupsgventhoughthe numberof oating pointoperationsnay
increase15]. This techniquecalls for anotherinterestingcombinatorialproblem. In this
casewe needto chooseblocksto make sureall nonzerosarecovered,andwe try to do this
by usingasfew blocksaspossible.We call this problemthe minimumblodk cover problem
andde ne it asfollows.

Givenaspaisematrix , andanorientedsubstructue , placea minimum
numberof substructueson , sothatall its nonzeosare covered.

Fowler et al. [6] provedthatthis problemis NP-complete Neverthelessgoodapproxi-
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mationalgorithmsfor coveringsparsematricesvould be valuable.

Finally, in this paperwe considerednding only one speci ed structurein the matrix.
However, it is possibleto split amatrixinto threeor morematricege.g., ),
so that eachmatrix containsa different substructure.Vuduc did someempirical work on
splitting into multiple matriceq 14]. In suchadecompositionthe objectiveis minimizingthe
total numberof blocksin all matrices.Clearly, this problemis muchhardey andevengood
approximatioralgorithms(provably or practically)would bevaluable.

7. Conclusion. We studiedtheproblemof nding maximumnumberof nonoverlapping
substructures asparsenatrix, which we calledthe maximummonoverlappingsubstructues
problem.Suchsubstructuresanbe exploitedto improve memoryperformancef sparsena-
trix operationsy reducingthe numberof memoryindirections.We focusedon dense
blocksasa substructurédmaximumnonoverlappingdenseblocks problem)dueto their fre-
gueng in sparsamatricesarisingin variousapplicationsandto their effectivenessn decreas-
ing extra load operations.We investigatedhe relation betweenthe maximumindependent
setproblemandthe maximumnonoverlappingsubstructure@roblem,and de ned a class
of graphswherethe independensetproblemis equivalentto the maximumnonoverlapping
denseblocksproblem.We usedthis relationto prove the NP-completenessf the maximum
nonoverlappingdenseblocks problem. Our proof useda reductionfrom the maximumin-
dependenset problemon cubic planargraphsand adoptedorthogonaldrawings of planar
graphs.We discussedieneralizationsf our resultsto alternative substructureandobsened
therelationbetweerdiagonalandrectangulablocksto show thatthetwo MNS problemsare
equialentandonecanbereducedo the otherby a matrix transformationWe alsodiscussed
crossblocksandprovedthatthe MNS problemis NP-completdor crossblocks.

We presente@napproximatioralgorithmfor themaximumnonoverlappingdenseblocks
problemfor blocks. Our algorithmrequiresonly linear time andspace generateso-
lutionswhosesizesarewithin of the optimal,andcanbe usedto approximateMNS on
diagonalblocksaswell.

Acknowledgments. We aregratefulto the threeanorymousrefereedor their valuable
commenton theearlierversionof this paper
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