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Abstract. Many applicationsof scienti�c computingrely on sparsematrix computations,thus ef�cient im-

plementationsof sparsematrix kernelsarecrucial for the overall ef�ciency of theseapplications.Due to the low
compute-to-memoryratio andirregular memoryaccesspatterns,theperformanceof sparsematrix kernelsis often
far away from thepeakperformanceonmodernprocessors.Alternative matrix representationshave beenproposed,
wherethematrix � is split into ��� and ��� , sothat ��� containsall denseblocksof aspeci�edform in thematrix,and

��� containstheremainingentries.This facilitatesusingdensematrix kernelson theentriesof ��� , producingbetter
memoryperformance.We studythe problemof �nding a maximumnumberof nonoverlappingrectangulardense
blocksin asparsematrix. Weshow thatthemaximumnonoverlappingdenseblocksproblemis NP-completeby are-
ductionfrom themaximumindependentsetproblemoncubicplanargraphs.Wealsoproposea 	�

� -approximation
algorithmfor 	���	 blocksthatrunsin lineartime in thenumberof nonzerosin thematrix. Wediscussalternatives
to rectangularblockssuchasdiagonalblocksandcrossblocksandpresentcomplexity analysisandapproximation
algorithms.

Key words. Memoryperformance,memory-ef�cient datastructures,high-performancecomputing,sparsema-
trices,independentsets,NP-completeness,approximationalgorithms

AMS subject classi�cations. 65F50,65Y20,05C50,05C69,68Q17,68W25

1. Intr oduction. Sparsematriceslie at theheartof many computation-intensiveappli-
cationssuchas�nite-elementsimulations,decisionsupportsystemsin managementscience,
power systemsanalysis,circuit simulations,andinformationretrieval. The performanceof
theseapplicationsreliesdirectly on theperformanceof theemployedsparsematrix kernels.
Thepoormemoryperformanceof sparsematrixoperationsonmodernprocessorsis arguably
themostcrucialproblemin high performancecomputing.To overcomethis memorybottle-
neck,alternative,memory-friendlydatastructuresfor sparsematriceshavebeeninvestigated.
Onecommonapproachis to exploit thespecialsubstructuresin asparsematrix,suchassmall
densematrices,to decreasethenumberof extra loadoperations.In this paper, we studythe
problemof �nding a maximumnumberof nonoverlappingsubstructuresin a sparsematrix,
with theobjectiveof improving theeffectivenessof sparsematrix datastructuresthatexploit
denseblocks.

Conventionaldatastructuresfor sparsematriceshave two components:an array that
stores�oating-point entriesof the matrix and arraysthat storethe nonzerostructure(i.e.,
pointersto the locationsof the numericalentries). Exploiting sparsityinvariably requires
using pointers,but pointersoften lead to poor memoryperformance.One reasonfor the
poor memoryperformanceis that pointerscausean irregular memoryaccesspatternand
thuspoorspatiallocality. Anotherimportantreason,which is oftenoverlooked,is theextra
load operations. Eachoperationon a nonzeroentry requiresloading the location of that
nonzerobeforeloadingtheactual�oating point number. For instance,sparsematrix vector
multiplication,which is oneof themostimportantkernelsin numericalalgorithms,requires
threeloadoperationsfor eachmultiply-and-addoperation.And it hasbeenobservedthatthis
overheadis usuallymorecostlythanthe�oating pointoperations[9].
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FIG. 1.1. Matrix splitting.

Recentstudieshave investigatedimproving memoryperformanceof sparsematrix op-
erationsby reducingthenumberof extra load operations[9, 11, 13, 15]. Bik andWijshoff
proposealgorithmsto detectparticularsparsitystructuresof a matrix, suchasbandedand
blocked forms [4]. Toledo[13] studiessplitting thematrix as

�! "� �#�%$ � ���

, where
� �#�

includes&%')( blocksof thematrix (two nonzerosin consecutivepositionson thesamerow),
and

�
���

coverstheremainingnonzeros,asillustratedin Fig. 1.1. Notice that it is suf�cient
to storeonepointer for eachblock in

�
�#�

. P�narandHeathstudythe reorderingproblem
to increasethesizesof theseblocks[11]. They proposea graphmodelto reducethematrix
orderingproblemto the traveling salespersonproblem. Vuducet al. studyvariousblock-
ing techniquesto decreaseload operationsand improve cacheutilization [15]. Signi�cant
speedupsin largeexperimentalsetshavebeenobserved,whichmotivatessearchingfor larger
blocks in the matrix for betterperformance.The splitting operationcanbe generalizedto
exploit varioussubstructures.For instance,onecansplit thematrix into

�* +�-,
$

�/.

, where
�

,

containsall speci�edsubstructures,and
�

.

containstheremainingentries.For aspeci�ed
substructure,havingmoreentriesin

�
,

meritsfewerloadoperations,thusbettermemoryper-
formance.This calls for ef�cient algorithmsto �nd a maximumnumberof nonoverlapping
substructuresin asparsematrix. A greedyalgorithmis suf�cient to �nd a maximumnumber
of nonoverlapping01'32 densematriceswhen 0

 

& or 2

 

& . However, this problemis
muchharderwhen 05462879( .

We studythe problemof �nding a maximumnumberof nonoverlappingsubstructures
of a sparsematrix, which we call themaximumnonoverlappingsubstructuresproblem.We
focuson 0:';2 denseblocksasa substructure,sincethey arecommonin sparsematrices
arisingin variousapplications,andtheir usagecaneffectively decreasethenumberof extra
loadoperations.We call this problemthemaximumnonoverlappingdenseblocksproblem.
In Section2, we de�ne theproblemformally andinvestigateits relationto themaximumin-
dependentsetproblem.We de�ne aclassof graphsfor which theindependentsetproblemis
equivalentto themaximumnonoverlappingdenseblocksproblem.In Section3, we usethis
relationto prove that the maximumnonoverlappingdenseblocksproblemis NP-complete.
Our proof usesa reductionfrom the maximumindependentset problemon cubic planar
graphsandadoptsorthogonaldrawingsof planargraphs.Section4 presentsanapproxima-
tion algorithmfor theproblem. Sinceour techniqueswill potentiallybeusedat application
run-time,we are interestedin fastandeffective heuristicsfor the preprocessingcost to be
amortizedover thespeedupsin subsequentsparsematrix operations.Our algorithmsrequire
only lineartime andspace,andgeneratesolutionswhosesizesarewithin (=<?> of theoptimal
for (@'A( blocks. In Section5, we discussalternative patternsto rectangularblocks. We
show how the problemsof �nding rectangularanddiagonalblockscan be transformedto
eachotherto concludethat�nding themaximumnumberof nonoverlappingdiagonalblocks
is NP-hard.We show how to usetheapproximationalgorithmfor rectangulardenseblocks
to obtaina linear 2/3-approximationalgorithmfor diagonalblocks. We alsodiscusscross
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blocksandtheir variations.We presentsomeopenproblemsin Section6 andconcludewith
Section7.

This problemhasonly recentlystartedto draw the attentionof the sparsematrix com-
munity, but hasbeenstudiedunderdifferentnamesasacombinatorialoptimizationproblem.
Fowler et al. [6] studythis problemasa geometricembeddingproblemandprove it is NP-
Completeby reductionfrom the3-satis�ability problem(3SAT)1. Bermanetal. [3] discussa
similar problemastheoptimaltile salvageproblem.In theoptimaltile salvageproblem,we
aregivenan B CD')B C regionof theplanetiled with unit squares,someof whichhavebeen
removed. Thetaskis to �nd a maximumnumberof functionalnonoverlapping01'@2 tiled
rectangles.Thedifferencebetweenour problemandtheoptimaltile salvageproblemis that
in thetile salvageproblemthetiles areallowedto be in any orientation( 0E'82 or 2A'30 ),
whereasin our casethe orientationis �x ed (only 0F';2 ). The NP-completenessproof of
thetile salvageproblemby Bermanet al. is basedon the�e xibility in theorientationof the
denseblock,andthusis not applicableto our problem.Bermanet al. describea polynomial
time approximationscheme,which for all G9HJI , K

 MLON

&P<

B

G�QSRUTWVYX , where V is the
optimal solutionvalue,givesan

N

&�Z[K\X -approximation.Their algorithmis basedon maxi-
mum planar ] -matching,which runsin

LON

C

�#^`_

X steps,andcanbe appliedto �nd square
blockswherethetwo problemscoincide.Baker [2] alsohasanalgorithmfor squareblocks,
which runsin

LONba=c

C8X -time and
LONedfc

C8X spaceandproducesa
Nbg

Zh&iX�<

g

-approximation.
HochbaumandMaass[8] alsodescribeanalgorithmfor squareblocksthatgivesa

Nbg

Zj&PX6<

g

-
approximation,but runs in

LON

0

�

g

�

C

c\k

X time to �nd 0l'm0 blockson an Cn'oC grid.
Arikati et al. [1] studythis problemasthe two-dimensionalpatternmatchingproblem,and
describeanapproximationalgorithmthatrunsin

LON

CpQqTrC8X timeandproducessolutionsthat
areonly

LON

&P<ts QqRuTvQSRUTwC8X away from anoptimalsolution.They describeanotheralgorithm
that runsin

LONbg

C8X , andproducessolutionsthat arewithin
Nbg

Zh&iX�<

g

of the optimal. For
our purposes,we needalgorithmsthatarevery fastanddo not requireauxiliary datastruc-
tures.Thegreedyapproximationalgorithmsweproposeareverysimple,space-ef�cient, and
requireonly a singlepassthroughthematrix.

2. Preliminaries. In this sectionwe de�ne theproblemsformally, andpresentde�ni-
tionsandsomepreliminaryresultsthatwill beusedin thefollowing sections.

2.1. ProblemDe�nition. We investigatetheproblemof �nding amaximumnumberof
nonoverlappingmatrix substructuresof prescribedform andorientation.

DEFINITION 2.1. An 09'w2 patternis a I - &�09'w2 matrix x . Anorientedx -substructureof
a matrix

�

is an 0y'O2 submatrix
�

�

in
�

sothat
�

�
Nez

4|{fX/}

 

I if x

N~z

4•{fX

 

& for &�€

z

€•0 ,
and &‚€;{ƒ€[2 . Two substructures

�
�

and
�

�

overlapif they share nonzero entryin
�

�

with
coordinates

N~z
�

4•{

�

X in
�

�

and
Nez

�

4•{

�

X in
�

�

and x

Nez
�

4|{

�

X

 

x

Nez
�

4|{

�

X

 

& .
Given a particularpattern x , we de�ne the maximumnonoverlapping x -substructures

(MNS) problemasfollows.
Given an V„'•C matrix

�

and integer … , does
�

contain … disjoint
x -substructures?

In this paper, we mostlyfocuson denseblocksdueto their simplicity andtheir effectiveness
in speedingupsparsematrixoperations.A denseblock of amatrix is asubmatrixof speci�ed
size,all of whoseentriesarenonzero,i.e., it is a x -substructurewhere x is theall & s matrix.
Weassociateadenseblockwith its upperleft entry. Two blocksoverlapif they shareamatrix
entry. Formally,

Givenan V†'8C matrix
�" yNb‡fˆŠ‰

X , wesay ‹

ˆŠ‰

is an 0M'32 denseblock
in

�

iff
‡

c
Œ

}

 

I for all
g

and • such that
z

€

g•Ž•z
$

0‘€’V and

1This hasbeenpointedto usby a reviewer afterthecompletionof thiswork.
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{ƒ€“•

Ž

{

$

25€“C . Two 0D')2 blocks ‹

ˆŠ‰

and ‹

c
Œ overlapiff ”

g

Z

z

”

Ž

0

and ” ••Z@{•”

Ž

2 .
Wede�ne the maximumnonoverlappingdenseblocks(MNDB) problem,whichrestricts

theMNS problemto denseblocksasfollows.
Givenan V–'—C matrix

�

, positiveintegers 0 and 2 thatde�ne theblock
size, and a positiveinteger … , does

�

contain … disjoint 0l'm2 dense
blocks?

2.2. Intersection Graphs. Althoughit is easyto �nd all speci�edpatternsin a matrix,
whatweseekis asubsetof nonoverlappingblocks.In thissense,theMNS problemis related
to the maximumindependentset (MIS) problem,which is de�ned as �nding a maximum
cardinalitysubsetof vertices̃ of a graph ™ suchthatno two verticesin ˜ areadjacent.We
revealtherelationbetweentheindependentsetandthenonoverlappingblocksproblemsusing
intersectiongraphsde�ned below.

DEFINITION 2.2. A graph ™ is an intersectiongraphof the x -substructuresof a matrix
�

if there is a bijection š betweenthe verticesof ™ and the substructuresof
�

, such that
there is anedge in ™ betweenš

N|›œ�

X and š

Nb›i�

X if andonly if
›œ�

and
›i�

overlapin
�

.
We use ™

N~�

4�0;4�2•X to refer to the intersectiongraphof dense0M'52 blocksin matrix
�

. A maximumindependentseton ™

N~�

4�0;4�2•X givesamaximumnumberof nonoverlapping
blocks in

�

. Thus the MNDB problemcan be reducedto the maximumindependentset
problem,which is notevenconstantfactorapproximable.However, MNDB is notashardas
thegeneralMIS problem,andsomeblock intersectiongraphshave specialstructures,which
canbeexploitedfor ef�cient solutions.For instance,agreedyalgorithmis suf�cient to �nd a
maximumnumberof nonoverlapping&-'@2 and 01'm& blocks,sincetheseproblemsreduce
to a family of disjointmaximumindependentsetproblemson interval graphs.

We will now de�ne the classof graphsthat constituteblock intersectiongraphs. An
intersectiongraphof a setof (O'8( denseblocksis aninducedsubgraphof thesocalled ž -
grid which consistsof theusual2 dimensionalgrid, anddiagonalsfor eachgrid square.In
general,theintersectiongraphof a setof 0E'@2 denseblocksis aninducedsubgraphof the

žƒŸ�  grid. Below, we �rst de�ne an ž—Ÿ�  grid, andthenrestrictthede�nition to de�ne the
graphclassž8¡�Ÿ�  thatrepresentgraphsthatcanbeintersectiongraphsfor matrices.

DEFINITION 2.3. An V¢'jC£žƒŸ�  grid is a graphwith vertex set ¤ andedgeset ¥ , so
that ¦

¤

 Y§©¨
ˆŠ‰�ª

&‚€

z

€“V«Z;0

$

&U¬©&�€o{ƒ€[C­Z52

$

&œ®

¦

¥

 p§fNe¨œˆŠ‰

4

¨

c
Œ

X

ª
¨œˆŠ‰

4

¨

c
Œ°¯

¤O¬9”

z

Z

g

”

Ž

0†±U²´³y” {-Zm•6”

Ž

2°®

In an žƒŸ�  grid, vertex
¨œˆŠ‰

correspondsto theblock ‹

ˆŠ‰

in thematrix, andedgescorre-
spondto all possibleoverlapsbetweenblocks. However, not all inducedsubgraphsof the

žƒŸ�  grid areintersectiongraphsof a matrix. For example,if ‹

ˆŠ‰

and ‹

ˆ
^

Ÿ/µ

‰

areblocksin
the matrix, then ‹

ˆ
^��

µ

‰

4�¶©¶�¶©4�‹

ˆ
^

Ÿ/·

�

µ

‰

shouldalsobe in the intersectiongraphto ensurethe
intersectiongraphrepresentsall blocks. Therefore,we de�ne a graphclass ž8¡

Ÿ�  , which
addsa closurepropertyto an ž

Ÿ�  grid to coversuchcases.
DEFINITION 2.4. A graph ™

 YN

¤v4�¥¸X is in thegraphclassž8¡
Ÿ�  if andonly if it is an

inducedsubgraphof an ž
Ÿ�  grid andhastheclosurepropertysothat

¨
ˆ¹‰

¯

¤hº¼»°½

z

€

g¾Ž[z
$

054•{ƒ€[•

Ž

{

$

0;¬�¿

¨U.ÁÀ
ª

›

€

g¾Ž9›
$

0!±œ²´³ÃÂr€[•

Ž

•

$

2
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FIG. 2.1. Planarorthogonaldrawing

The closurepropertyenforcesthat thereis a vertex in the graphfor eachdenseblock
in the matrix. Beingan inducedsubgraphof an ž)Ÿ�  grid guaranteesthat thereis an edge
for eachoverlap. The graphsin this classare exactly the intersectiongraphsof the 0l'

2 blocks in a matrix, thus �nding a maximumindependentset of a graphin this classis
equivalentto solving the MNDB problemof the correspondingdensematrix blocks. This
claim is formalizedby thefollowing lemma.

LEMMA 2.1. Aninstanceof theMNDBproblemfor �nding 0Y'%2 nonoverlappingdense
blocksin a matrix

�

is equivalentto an instanceof MIS for a graphin ž8¡
Ÿr  .

Proof. We show a one-to-onecorrespondencebetweenintersectiongraphs,andgraphs
in ž8¡

Ÿ�  . Eachdenseblock ‹

ˆŠ‰

correspondsto thevertex
¨

ˆŠ‰

in ™

N~�

4�0;4�2•X . By de�nition
of theclassž8¡

Ÿr  , ™

Nb�

4�0;4�2•X

¯

ž8¡
Ÿr  , andthusany instanceof anMNDB problemcan

bereducedto anindependentsetproblemin a graphin ž5¡
Ÿ�  .

Givenagraph™ in ž5¡
Ÿ�  , de�ne

�Ä YNb‡
ˆŠ‰

X , sothat
‡

ˆŠ‰

is anonzeroif f
g

€

zvŽ9g
$

0

and •�€•{

Ž

•

$

2 for somevertex
¨

c
Œ in ™ . Observe that any denseblock in
�

mustbe
representedby a vertex in ™ dueto theclosureproperty. Also, for any two adjacentvertices
in ™ , correspondingblocksintersectin

�

, andno otherblocksoverlap,dueto thede�nition
of edgesin žƒŸ�  . Thus,amaximumcardinalitysubsetof nonoverlappingblocksin matrix

�

correspondsto a maximumindependentsetin ™

¯

ž8¡°Ÿ�  .
Thefollowing lemmashowsthatremovingasubsetof theverticesalongwith theirneigh-

borspreservesthecharacteristicsof thegraph,providing thebasisfor greedyapproximation
algorithmsaswill bepresentedin Section4.

LEMMA 2.2. Let ™

 •N

¤w46¥¸X be a graph in ž5¡�Ÿ�  , ÅÇÆ"¤ a subsetof vertices,and
C

N

ÅwX

 p§iÈ

”

NeÈ

4

¨

X

¯

¥—4

¨

¯

Å°4

È

<

¯

År® betheneighborhoodof Å in ™ . Thenthegraph ™¸É

inducedby ¤+Ê

N

ÅjËÌC

N

ÅwX�X is still in ž8¡�Ÿ�  .
Proof. Removing a vertex andits neighborsin ™ correspondsto removing all nonzeros

in a block in thecorrespondingmatrix. Theremaininggraphis theintersectiongraphof the
resultingmatrix.

2.3. Planar Graphs and Orthogonal Drawings. A graph ™ is planar if andonly if
thereis an embeddingof ™ on the spheresuchthat no two edgeshave a point in common
besidespossiblycommonendpoints. ™ is cubicplanar if everyvertex hasdegree> .

An orthogonaldrawingof a graph ™ is anembeddingof ™ ontoa 2-dimensionalrect-
angulargrid suchthat every vertex is mappedto a grid point andevery edgeis mappedto
a continuouspathof grid line segmentsconnectingthe endpointsof the edge. When ™ is
planar, theedgepathsdo not cross.An exampleof orthogonalembeddingof a planargraph
is illustratedin Fig. 2.1. No two edgessharea grid point, andno edgepathcango through
a vertex unlessthis vertex is an endpoint of the edgecorrespondingto the pathand is an
endpoint of thepathitself. Kant [10] showedthatevery planargraph ™ with 2 verticesand
maximumdegree> canbedrawn orthogonallyonan

LON

2•XÍ'

LON

2•X grid in polynomialtime.
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FIG. 3.1. Transformationto preserveclosureproperties

TheNP-completenessproof in thenext sectionusesa reductionfrom themaximumin-
dependentset(MIS) problemoncubicplanargraphsandadoptsorthogonaldrawings.

3. Complexity. ThissectionprovesthattheMNDB problemis NP-completeusingare-
ductionfrom theindependentsetproblemoncubicplanargraphs,which is NP-complete[7].
ThesameresulthasbeenreportedbyFowleretal. [6], byusingareductionfrom3-satis�ability.
Thetechniqueusedhereis signi�cantly differentthanFowler etal.'s. In thissection,wewill
use ž8¡ to refer to ž8¡

���

for simplicity. The next lemmaexplainshow we canretaininde-
pendentsetcharacteristicsof theproblemaftertransformations.

LEMMA 3.1. Let ™

 YN

¤v4�¥¸X bea graph,and
È

4

¨

betwoadjacentverticesin ™ , sothat
all neighborsof

È

besides
¨

are alsoneighborsof
¨

. Let ™ÎÉ

 ÏN

¤¸É~4�¥-ÉÐX bethegraph ™ after
vertex

¨

is removed.Thesizeof themaximumindependentsetin ™ is equalto thesizeof the
maximumindependentsetin ™¸É .

Proof. If vertex
¨

is in a maximumindependentset ˜ , thennoneof its neighborsarein
˜ . Thus ˜=É

 

˜/Ë

§©¨

®WÊ

§©È

® is anindependentsetin ™ andin ™-É , and ” ˜=É•”

 

” ˜Ñ” .
Thefollowing corollarywill beusedin our NP-completenessproof, asthestructuresin

Fig. 3.1(a)arisein ourconstruction.
COROLLARY 3.2. Let ™

¯

ž8¡ contain the graph ] in Fig. 3.1(a) as an induced
subgraphso that all verticesexceptfor possibly

¨f�

4

¨œ�

and
¨œÒ

haveall of their neighbors in
] . Thenany instance( ™ , … ) of MIS is equivalentto the instance( ™ÎÉ , … ) of MIS for the
graph ™-É

 

™+Ê

§iÓÔ�

4

ÓÍ�

® .
Proof. By Lemma3.1, we can remove

Ó/�

from the graphsinceall neighborsof �

�

areneighborsof
Ó/�

aswell. The reducedgraphis illustratedin Fig. 3.1(b). Again using
Lemma3.1, we can remove

ÓÔ�

sinceit coversall neighborsof �

�

. Furthermore,we can
apply the sametransformationin reverseorder to addvertices

Ó��

and
ÓÍ�

to the graphin
Fig. 3.1(c).

The following lemmadescribeshow edgesof a graphcanbe replacedby even length
paths,while preservingindependentsetcharacteristics.

LEMMA 3.3. Let ™

 DN

¤w46¥¸X be a graphand Õ

 ­Ne¨uˆ

4

¨i‰

X

¯

¥ bean edge. Let ™¸Ö�µ

c

be the graph ™ with the edge Õ substitutedby a simplepath
¨=ˆ

4

Ó
�

4

Ó
�

4�¶�¶©¶�4

Ó
�

c

4

¨i‰

where
g

¯;×

^

and
Ó

ˆ

are new verticesnot in theoriginal graph. Thenthere existsan independent
setof size … in ™ iff thereexistsan independentsetof size …

$
g

in ™
Ö�µ

c .
Proof. We presenttheproof for

gƒ 

& , andtheresultfollowsby induction.
Suf�ciency: Let ˜ beanindependentsetin ™ , theneither

¨uˆ

}

¯

˜ or
¨P‰

}

¯

˜ . Without lossof
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FIG. 3.2. Enlargementoperation onFig. 2.1(right) for Ø�Ù5Ú .

generality, assume
¨Uˆ

}

¯

˜ , then ˜=É

 

˜/Ë

§iÓ �

® is anindependentsetin ™ÎÖ�µ

c .
Necessity:Let ˜=É beanindependentsetin ™¸Ö�µ

c . If
Ó �

¯

˜=É , then
¨œˆ

}

¯

˜=É , and ˜

 

˜=ÉÛÊ

§©Ó �

®

is anindependentsetin ™ . Symmetrically, if
Ó �

¯

˜uÉ , then
¨i‰

}

¯

˜=É , and ˜

 

˜=É=Ê

§©Ó �

® is an
independentsetin ™ . If

Ó
�

4

Ó
�

}

¯

˜uÉ , then ˜

 

˜=É is anindependentsetin ™ .
We �rst analyzethe complexity for (j'Ü( blocks for clarity of presentation,and then

extendour resultto 0J'¾2 blocksfor 0;4�2879( .
THEOREM 3.4. ProblemMNDB is NP-completefor (Ã'j( blocks.
Proof. MNDB is clearlyin NP sinceit is equivalentto aspecialcaseof MIS.
To show NP-hardness,we usea reductionfrom the independentsetproblemon cubic

planargraphs,which is NP-complete[7]. We �rst embeda cubicplanargraphorthogonally
ontoagrid asdiscussedin Section2.3. Thenwetransformtheembeddedgraphsothatit is in

ž8¡ . Our transformationspreserve independentsetcharacteristicssothatanindependentset
in thetransformedgraphcanbetranslatedto anindependentsetin theoriginalgraph.Finally
we useLemma2.1 to relatethe independentsetproblemon a graphin ž8¡ , to the MNDB
problem.

Our transformationsarelocal. We �rst enlarge the grid to make room for thesetrans-
formationsby inserting

g

new grid pointsbetweenadjacentpoints in theoriginal grid. An
exampleis illustratedin Fig. 3.2 for

g9 

& . After the enlargement,eachedgeis now re-
placedby a pathof

g

vertices(which we distinguishfrom the original verticesby calling
themmarks). Two adjacentverticesin theoriginal grapharenow at a distance

g
$

& , which
generatesa

g

<U(O'

g

<U( areaaroundeachvertex for local transformations.This enlargement
guaranteesthatdifferenttransformationsdo not interferewith eachother. In this proof, it is
suf�cient to use

gƒ 

&iIUI .
Our transformationsconsistof 2 steps. The �rst stepguaranteesthat the transformed

graphis in ž8¡ , to satisfy De�nition 2.4. The secondstepensuresthat eachedgein the
original graphis replacedby anevenlengthpathafter theorthogonalembeddingandtrans-
formations.Together, thesestepstransformtheindependentsetproblemon thecubicplanar
graphto an independentsetproblemon a graphin ž5¡ , andwe canthenconcludetheNP-
completenessof theMNDB problemusingLemma2.1.

Sincetheunderlyinggraphis cubic, its orthogonalembeddingcanbedecomposedinto
paths,bends(illustratedin Fig. 3.3 (left)), and T- junctions(illustratedin Fig. 3.4 (left)).
Bendsaremarksfor whichanedgechangesdirection,andT-junctionsaretheactualvertices
of thecubicplanargraph.While bendsandT-junctionsrequiretransformationsto convertthe
embeddedgraphinto agraphin ž8¡ , pathswill not causesuchproblems.

Considera bend
¨œˆŠ‰

connectedto two othermarks
¨uˆ

·

�
‰

and
¨Uˆ¹‰

^��

. In a graphin ž5¡ ,
theremustbe an edgebetween

¨Uˆ

·

�
‰

and
¨œˆŠ‰

^U�

. We canremove
¨œˆŠ‰

, andconnect
¨Uˆ

·

�
‰

and
¨œˆ¹‰

^U�

asin Fig. 3.3(right).
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vij vij+1

vi-1j vi-1j

vij+1

FIG. 3.3. Bendtransformation

ijv

ij�1v ij+1v

i�1jv

ijv

FIG. 3.4. T-junctiontransformation

Now considera T-junction with vertex
¨uˆ¹‰

at the center, asillustratedin Fig. 3.4. The
neighborhoodof

¨UˆŠ‰

consistsof (up to a rotation)
¨Uˆ¹‰

·

�

,
¨œˆ¹‰

^��

, and
¨Uˆ

·

�
‰

, noneof which is
a vertex in theoriginal graph.As in thecaseof a bend,theproblemis theabsenceof edges
between

¨œˆŠ‰

·

�

and
¨œˆ

·

�
‰

, andbetween
¨Uˆ

·

�
‰

and
¨œˆŠ‰

^��

, for which the associatedblocks
overlap.Also,

¨Uˆ¹‰

mustbea vertex of theoriginal graph,andcannotbeeliminated.We can
makethetransformationillustratedin Fig.3.4. However, theresultinggraphis still notin ž5¡ ,
sinceit hasmissingverticesanddoesnot satisfytheclosureproperty. We useCorollary 3.2
to addverticesto thegraphasdepictedin Fig. 3.1 (in reverseorder, from (c) to (a)), sothat
theresultinggraphis in ž8¡ .

By Lemma3.3, we needeachpathreplacingan edgeof theplanargraphto have even
length. Becauseof the extra spacewe createdfor our local transformations,for eachedge
goingthroughanoddnumberof marksthereis a straightline segmentgoingthroughat least
7 marks.Wereplacethis7 vertex segmentwith an8 vertex segment,asillustratedin Fig. 3.5,
to guaranteethateachedgeis replacedwith anevenlengthpath.

Thesepolynomial time transformationsreducethe independentset problemfor cubic
planargraphsto an independentsetproblemin a graphin class ž8¡ . By Lemma2.1, the
independentsetproblemon a graphin ž8¡ is equivalentto a MNDB problemin a matrix,
thusconcludingourproof.

Ourproof is a templatefor theNP-completenessproofsof alternativesubstructures.Be-
low, we generalizeour resultfor arbitrary 01'j2 blocks. In Section5, we will usethesame
templateto proveNP-completenessof theMNS problemfor crossanddiagonalblocks.

THEOREM 3.5. ProblemMNDB is NP-completefor 0J'Ì2 blocksfor 0;4�2;7“( .
Proof. We giveareductionfrom MIS oncubicplanargraphs.Without lossof generality,

we assume2*7•Ýƒ±œÞ

§

054�>Û® . Givena cubic planargraph ™¸ß

 •N

¤àßÍ46¥ÔßvX , we �rst embed
the graphonto an ” ¤ÑßÔ”•'[” ¤´ß/” grid andthenenlarge this grid by

go 

&iIUI to get ™

.

. This
allows our local transformationsto be mutually disjoint. For clarity of presentation,in this
proofweuse

¨•Nez

4•{=X to referto
¨UˆŠ‰

. In ™

.

, we transformeachT-junctionthathastwo vertical
edgesto a T-junctionwith two horizontaledges,asillustratedin Fig. 3.6(a). Thenby using
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FIG. 3.5. Odd-to-evenlengthtransformationto preserveindependentsetcharacteristics.

(a) (b)

FIG. 3.6. Transformationson á
� . (a) replacea T-junction with two vertical edgeswith anotherwith two

horizontaledges.(b) adda horizontaledge to each pathin áwâ .

thetransformationin Fig. 3.6(b), wemakesurethateachpathreplacinganedgein ™
ß hasat

leastonehorizontaledgeaway from bendsandT-junctions.
In thenext step,wemap ™

.

to alarger
d

0@V:'

d

2`C grid ™-ã , sothat
¨•Nez

4|{fX onthesmall
grid is mappedto

¨•Nez\Ned

0ÄZ)(uX\4

d

{

N

2‚Z@&iX6X onthelargergrid. Thissecondenlargementallows
us to control theoverlaps,andthusde�ne thepathsof thegraph. For eachhorizontaledge

Ne¨•Nez

4|{fX�4

¨•Nez

4|{

$

&PX�X in theenlarged ™

.

, weaddvertices
¨ÑN~z
N~d

0äZ5(UX

$

0ÏZo&u4

N~d

{

$

&iX

N

2ƒZ

&iX6X ,
¨•Nez\Ned

0YZÌ(uX

$

(

N

0YZ8&iX�4

N~d

{

$

(uX

N

2¸Z8&PX�X , and
¨ÑN~z
N~d

0YZj(UX

$
N

0YZ8&iX�4

N~d

{

$

>=X

N

2¸Z8&PX�X ,
asillustratedin Fig. 3.7(a). A similar transformationis illustratedin Fig. 3.8 (a) for vertical
edges. We usedifferent transformationsfor horizontaland vertical edges,since 0 might
be 2. To avoid problemsdueto bends,we usethe mirror imagesof the transformationin
Figs.3.7(a)and3.8(a),asillustratedin, respectively, Figs.3.7(b) and3.8(b).

Duetoourtransformationin ™

.

, weonlyhaveT-junctionswith twohorizontaledges.For
a T-junctionwith a “downward” verticaledge,we canusetransformationin Fig. 3.8(a) and
mirror imagesof transformationsin Figs.3.7(a),asillustratedin Fig. 3.9(a). For aT-junction
with an “upward” vertical edge,we usethe transformationsin Figs. 3.8(b) and 3.7(a), as
illustratedin Fig.3.9(b). Dueto ourinitial enlargementto obtain™

.

, all thesetransformations
will bemutuallydisjoint.

We de�ne the edgesetof ™
ã , so that it is an inducedsubgraphof ž)Ÿr  . The closure

propertyis satis�ed by construction,thus ™
ã is in ž8¡�Ÿ�  . The reductionwill be complete

whenwe guaranteethateachedgein theoriginal 3-planargraph ™Îß is replacedby aneven-
lengthpathin ™

ã . If an edgein ™-ß is replacedby an odd-lengthpath in ™
ã , we replace

a horizontaledgetransformationin Fig. 3.7(a) with theonein Fig. 3.10, which insertsfour
vertices,insteadof three. We canchoosethis edgeto be far from a bendor a T-junction to
avoid unwantedoverlaps.

4. Approximation Algorithms. In this section,we discussapproximationalgorithms
for themaximumnonoverlappingdenseblocksproblem.This problemhasbeenstudiedun-
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(a)

x,y

x+m�1,y+n�1

x+2(m�1),y+2(n�1)

x+m�1,y+3(n�1)

x,y+4(n�1)

x,y+4(n�1)

x,y

(b)

x�m+1,y+3(n�1)

x�2(m�1),y+2(n�1)

x�m+1,y+n�1

FIG. 3.7. Replacinghorizontaledgesin á�� with (a) regular transformationand(b) its mirror image. Dark
nodesare for original vertices,andshadednodescorrespondto auxiliary verticesto replaceanedgebetweenthem.
Dark edgescorrespondto edgesin ávå , andrectanglesarealsodrawnto illustrateoverlaps.

x+2m�1,y+2(n�1)

x+2m�1,y�2(n�1)

x+m,y�n+1
x+m�1,y�n+1

x+2m�2,y�2(n�1)

(b) (c)

x+4m�3,y

x+3m�2,y�n+1x+2m�1,y�2(n�1)

x+4m�2,y

x,y

(a)

x+3m�1,y�n+1

x+2m,y�2(n�1)

x+1,y

x+4m�2,y

x,y

x+4m�2,y
x+3m�1,y+n�1

x+2m,y+2(n�1)

x+m,y+n�1

x,y

x+1,y

FIG. 3.8. Two transformationsto replacevertical edgesin á
� . (a) Theregular vertical edge transformation,

(b) its mirror image and (c) version only usedfor an upward edge of a T-junction. Dark nodesare for original
vertices,andshadednodescorrespondto auxiliaryverticesto replaceanedgebetweenthem.Dark edgescorrespond
to edgesin á

å , andrectanglesarealsodrawnto illustrateoverlaps.
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FIG. 3.9. TransformingT-junctions(a) with anupward edge, (b) with a downward edge.

x�2(m�1),y+2(n�1)+1x�2(m�1),y+2(n�1)

x,y+4(n�1)

x�m+1,y+3(n�1)+1x�m+1,y+n�1

x,y

FIG. 3.10. Evento oddlengthtransformation.
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derdifferentnamesin the literature.Theoptimal tile salvageproblemis de�ned asfollows.
Givena B C:' B C region in theplanetiled with unit squares,someof which aredisfunc-
tional, �nd a maximumnumberof functional 0æ';2 rectangles(in any orientation). This
problemis equivalentto MNDB for squaredenseblocks.Bermanet al. [3] describea poly-
nomial time approximationschemefor theoptimal tile salvageproblem,i.e. for any G¾HpI ,

K

 •LON

&P<

B

G�QSRUTWVpX , an
N

&%ZAK\X -approximationalgorithmrunningin time polynomialin C

andexponentialin G . Here V is the optimal solutionvalue. Their algorithm is basedon
maximumplanar ] -matchingwhich runsin

LON

C

�#^`_

X stepsfor G8HÏI . Baker [2] alsohas
an algorithmfor squaredenseblocks,which runsin

LON~aÛc

C5X -time and
LON~d=c

C8X spaceand
producesa

N|g

Z+&PX6<

g

-approximation.HochbaumandMaassalsodescribeanalgorithmfor
squareblocksthatgivesan

N|g

Z[&PX6<

g

-approximation,but runsin
LON

0

�

g

�

C

c k

X time to �nd
0p'Ô0 blocksonan CY'%C grid [8]. While thesealgorithmsareasymptoticallyef�cient, their
practicalitywill belimited for our purposes.We needalgorithmsthatareextremelyfastand
requirevery limited extra memory, sinceour methodswill beusedin a preprocessingphase,
whichmayappearaslateastheapplicationruntime,andtheir runtimesneedto beamortized
by thespeedupin subsequentoperations.

Arikati et al. [1] studythis problemasthe two-dimensionalpatternmatchingproblem,
and describean approximationschemeinspiredby the Lipton-Tarjan methodof comput-
ing approximateindependentsetsin graphs. Their algorithmruns in

LON

CYQSTwC8X time and
producessolutionsthat are only

LON

&P<´s QSRUTvQSRUTwC5X away from an optimal solution. They
describeanotheralgorithmthat usesthe shifting strategy of Baker [2] andHochbaumand
Maas[8]. Their algorithmdecomposesthe matrix into supercolumnsof width 25Zp& , and
thenfor each

z

, I8€

z

€

g

, theproblemis separatedinto disconnectedsubproblemsby re-
moving supercolumnswith numberscongruentto

z

ÝORf³

Neç
$

&iX . Eachsubproblemcanbe
solvedoptimally in linear time, by algorithmsthat �nd a maximumindependentsetin tree-
width boundedgraphs[5, 12]. Arikati et al. show thatusingthis they canobtaina solution
which is within

c

c

^�� of theoptimal.

The specialcasefor
g“ 

( of the Arikati et al. algorithmwasalsopointedout to us
by oneof the reviewers. The algorithmcanbe summarizedas follows. Given an input ˜

to
N

(t4�(UX�Z MNDB, constructthreenew instances̃�è=46˜

�

46˜

�

suchthat instancẽ
‰

containsall
blocksfrom ˜ exceptthosewith upperrow index {;ÝORÛ³Ü> . Eachinstancẽ

‰

canthenbe
solved optimally in linear time. Consideran optimal solution é to ˜ . Every subsetof é

includedin ˜

‰

is a solution to ˜

‰

, and sinceeachblock from é is removed from exactly
oneof the threenew instances,someinstancẽ

‰

mustincludeat least (u<œ> of theblocksin
é . Thereforereturningthemaximumof theoptimumsolutionsto ˜

è
4�˜

�

4�˜

�

givesat leasta
(u<œ>tZ approximation.This elegantalgorithmgivesthesamerunningtime andapproximation
ratio asthe algorithmpresentedin this paper. Nevertheless,our (=<?>´Z approximationalgo-
rithm canbeimplementedto useslightly lessextraspacesinceit only needsto maintainone
independentsetinsteadof three.

We begin by presentinga simplelinear time &?<œ( -approximationto theMNDB problem
with (/'Ã( blockswhichcanbegeneralizedfor all x -substructureswepresent.Thealgorithm
proceedsby �nding theleftmostblockin thetopmostrow, addingit to thecurrentindependent
set,andthenrepeatingthe sameoperationafter removing this vertex andall its neighbors.
At mosttwo of the verticescanbe independentamongthoseremoved from the graph,and
so we have a &?<œ( -approximationalgorithm. In this sectionwe show how to improve this
approximationresultby looking at an extendedneighborhoodof the leftmostvertex in the
uppermostrow. Our algorithmis basedon choosinga setof verticesin theneighborhoodof
the leftmostvertex in theuppermostrow, so that thesizeof this setis no lessthan (=<?> of a
maximumindependentsetin theinducedsubgraphof thoseverticesremovedfrom thegraph.
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FIG. 4.1. Decisiontreefor algorithmMNDB-APX.ê correspondsto theleftmostvertex in theuppermostrow,
andtheneighboringverticesin the ë -grid aremarkedin Fig. 4.2. We take theleft branch if thelabelvertex is in ì ,
andtheright branch otherwise. Weproceeduntil wereach a leaf, which containstheset í that will beaddedin the
independentset.

?

?

??

???

? ?

?

?

v98v

1u 4v 5v 6v 7v 2u

3vv2v1v

?

?

FIG. 4.2. Vertex neighborhoodconsidered for each call to BinTreeDecision.Thepositionsê©î are usedin the
decisiontree, while thepositionsïuî areonlyusedin theanalysis.

Thisgeneratesa�nal solutionthatis (u<?> of theoptimal,sinceall greedydecisionsareat least
(u<œ> of thelocal optimal. By Lemma2.2, thegraphafterremoving a vertex alongwith all its
neighborsstill hastheintersectiongraphcharacteristicsof theoriginalby Lemma2.2.

We presentthepseudocodeof our algorithmbelow. Thealgorithmis basedon thepro-
cedureBinTreeDecision, which is depictedasa binarydecisiontreein Fig. 4.1. In this tree,
internalnodesindicateconditions,andthe leaveslist the verticesaddedto the independent
set.Ouralgorithmtraversesthis decisiontreefrom theroot to a leaf, takingtheleft branchif
the labelvertex is in ¤ , andtheright branchotherwise.For instance,at theroot of thetree,
we will take the left branch

¨Uð

is in the graph,andthe right branchif it is not. The leaves
containthesetsÅ thatwill beaddedin theindependentset.

LEMMA 4.1. AlgorithmMNDB-APXruns in linear timein thenumberof blocksin the
matrix.

Proof. Eachiterationof the algorithmrequiresa traversalof the binary decisiontree
from theroot to a leaf,whichtakesatmost8 steps,thus

LON

&PX time. Also at leastonevertex is
removedfrom thegraphat eachiteration.Thusthetime for thedecisionprocessis linear in
thenumberof verticesin thegraph.Theonly otheroperationthataffectsthecostis �nding
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the leftmostvertex in the uppermostrow. In a preprocessingsteponecango throughthe
matrix in a left to right fashionandstorepointersto theblockssothat

¨ ˆ¹‰

appearsbefore
¨

c
Œ

if f
zÎŽ"g

or
z‚ yg

and {

Ž

• . After this it takesconstanttime to �nd the currentleftmost
vertex on theuppermostrow.

Algorithm MNDB-APX
˜ÎñMò

while ¤y}

 

ò

¨

ñ leftmostvertex on theuppermostrow
Åoñ BinTreeDecision(

¨

)
˜ÃñM˜%ËjÅ

remove Å andits neighborhoodfrom ™

endwhile
return ˜

LEMMA 4.2. Thesizeof the maximalindependentsetreturnedby Algorithm MNDB-
APXis nosmallerthan (u<œ> of thesizeof maximumindependentsetontheintersectiongraph.

Proof. Theproof is basedon caseby caseanalysis.We show thatBinTreeDecision(
¨

)
of Fig. 4.1 alwaysreturnsan independentset Å suchthat C

N

ÅvX containsno independentset
largerthan &u¶ óO” ÅÔ” , where C

N

ÅvX denotestheneighborhoodof Å , i.e., thesetof verticesin Å

or adjacentto avertex in Å . Below weexaminethebinarysearchtreecaseby case:
ôiõ�ö

÷ƒø ù)úÜû

ôuü , and ô andits neighborsform a cliquewith MIS size1.
ôiõ

÷ƒø

ôUý%ö

÷ƒø By theclosurepropertyôPþ�ö

÷ƒø , andwe have thefollowing:
ô©ÿ�ö

÷ƒø ù¾úÜû

ôuü , and ô andits neighborsform a cliquewith MIS size1.
ô©ÿ

÷ƒø

ô��

÷—ø ù)úÜû

ô��#ô���ü , and
���

ù�� hasMIS sizeat most3.
ô

�
ö

÷—ø By the closureproperty 	

ý)ö

÷oø . In this case,if oneof ô�
 or ô��

is not in ø , then ù@ú+û

ôPõ��•ôiÿ�ü , sincetheir neighborhoodhasMIS
sizeatmost3. Otherwise,ô

�
�Áô




÷—ø :
ô�
�ö

÷—ø This implies 	

þ
ö

÷—ø and:
ôœý��-ö

÷ƒø ù)ú[û

ôPõ��•ôiÿ�ü and
���

ù�� hasMIS sizeat most3.
ôœý��

÷ƒø ù)ú[û

ô��Áô����Áô�
��•ôUý���ü , and
���

ù�� hasMIS sizeat most6.
ô�


÷—ø

ô��

÷ƒø ù)ú[û

ô��Áô���ü , and
���

ù�� hasMIS sizeat most3.
ô

�
ö

÷ƒø ù)ú[û

ô��Áô



ü , and
���

ù�� hasMIS sizeat most3.
ôUý

÷ƒø

ô
þ

÷ƒø ù¾úÜû

ô��#ô
þ

ü , and
���

ù�� hasMIS sizeatmost3.
ôiþ�ö

÷ƒø By theclosurepropertyô
���

÷—ø , and
ô



ö

÷—ø ùAú•û

ôUý�ü , ôUý andits neighborsform a clique,andthe MIS is of
size1.

ô�


÷—ø

ô
�

÷—ø ù¾úÜû

ô��#ô
�

ü , and
���

ù�� hasMIS sizeat most3.
ô

�
ö

÷—ø By the closureproperty 	

ý)ö

÷oø , andif oneof ô�� or ô�
 is not
in ø , then ùmúYû

ô
ý

�Áô
õ

ü , and
���

ù�� hasa MIS sizeat most3.
Otherwiseif ô

�
�Áô




÷;ø , then ùAú•û

ô��Áô�
��#ô
�

�#ô



ü , and
���

ù��

hasMIS sizeatmost6.

THEOREM 4.3. AlgorithmMNDB-APXis a linear time, (u<?> -approximationalgorithm
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FIG. 5.1. Matrix rotations.(a) theoriginal matrix, (b) afterRotation1, (c) afterRotation2.

for theMNDBproblem.
Proof. Followsdirectly from Lemma4.1andLemma4.2.
A generalizationof our 2/3-approximationalgorithmfor largerblocksis still underin-

vestigation.We expecttheruntimeandtheapproximationratio to dependon theblocksize.

5. Alter nativeSubstructures. Wehavesofar focusedourdiscussionson�nding dense
rectangularblocksin a matrix. In this section,we will discussgeneralizationsof our results
to alternativesubstructuresthatmightbeexploitedto improvememoryperformance.Wewill
�rst discussdiagonalblocks. Thenwe will introducea crosssubstructureandits variants,
andprovethattheMNS problemis NP-completefor �nding thesesubstructures.

5.1. Diagonal Blocks. In many applications,nonzerosof the sparsematrix are lined
aroundthemaindiagonalin the form of long diagonals.This makesdiagonalblocksa nice
alternative to rectangularblocks. We de�ne a diagonalblock asfollows. Givenan V†'8C

matrix
�* •N~‡•Nez

4•{=X6X , we say �

N~z

4|{fX is an 0J'¾2 diagonalblock in
�

if f

½

g

4�•#¬

z

€••

ŽÜz
$

0;¬vIO€

g¾Ž

2�¬

‡•N

•

$
g

4•{

$
g

X/}

 

It¶

To �nd diagonalblocksin a sparsematrix, we canrotatethepositionsof thematrix en-
triesto transformdiagonalblocksto rectangularblocksandviceversa,sothatour resultsfor
rectangularblockscanbeappliedto diagonalblocks.Our rotationsaredepictedin Fig. 5.1,
andde�ned asfollows.

Rotation1: Givenan Vn'ÃC matrix
�

, its rotatedmatrix
���

is an
N

V

$

CÇZ8&iX�'ÃC matrix
sothat

¦

���ÍN~z
$

C­Zj{¸Z•&u4|{fX

 +�ÎNez

4|{fX for
z� 

It4©&U4©¶�¶�¶�V Z[& and{

 

It4©&U4©¶�¶�¶6CyZ[& .
¦

All otherentriesof
���

are0.
Rotation2: Givenan Vn'ÃC matrix

�

, its rotatedmatrix
�

�

is an
N

V

$

CÇZ8&iX�'ÃC matrix
sothat

¦

�
�

N~z
$

{u4|{fX

 9�ÎNez

4|{fX for
z� 

It4©&U4©¶�¶�¶�V Z[& and {

 

It4©&U4©¶�¶�¶6CyZ[& .
¦

All otherentriesof
�

�

are0.
THEOREM 5.1. Givenmatrix

�

, let
�

�

and
�

�

beits rotatedmatricesunderRotation1
andRotation2, respectively. �

Nez

4|{fX is a diagonalblock in
�

, if andonly if �

N~z
$

CÄZ¸{wZ@&U4•{fX

is a rectangularblock in
�

�

, and �

Nez

4|{fX is a rectangularblock in
�

, if andonly if �

Nez
$

{u4•{=X

is a diagonalblock in
�

�

Proof. By de�nition �

N~z

4•{fX is a diagonalblock in
�

if andonly if for all
g

4�• : IÌ€

g5Ž

0;¬vIÎ€“•

Ž

2 ,
�¸Nez

$
g

4•{

$

•|X/}

 

I . This translatesto
�

�
N~z

$
g

$

C­Zj{�Z5•ÑZÜ&u4|{

$

•bX/}

 

I

with Rotation1, and
�

�
N~z

$
g

$

{

$

•#4•{

$

•|X-}

 

I . Necessityfollows from thede�nition of
a diagonalblock, andsuf�ciency follows from thefact that theonly nonzerosin

�
�

and
�

�

arethosede�ned by nonzerosin
�

.
COROLLARY 5.2. AlgorithmMNDB-APX,composedwith Rotation1, is a linear time
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(a) (b) (c)

FIG. 5.2. (a) Crossblock, (b) diagonalcrossblock, (c) jaggedcrossblock

(u<œ> -approximationalgorithmfor theproblemof �nding a maximumnumberof nonoverlap-
pingdiagonalblocks.

COROLLARY 5.3. Givena matrix
�

anda positiveinteger … , decidingif
�

hasat least
… nonoverlappingdiagonalblocksis NP-complete.

5.2. CrossBlocks. Variousregularsubstructuresin a sparsematrix canbeexploitedto
improve memoryperformanceof sparsematrix computations.Onepossibility is the cross
blocksdepictedin Fig. 5.2(a). We will identify a crossblock with its center, that is, we say

�

Nez

4•{=X is acrossblock in amatrix
�

if
�

hasnonzerosatpositions
Nez

4•{=X ,
Nez

4|{/Zm&iX ,
Nez

Zm&U4•{fX ,
Nez

4|{

$

&PX , and
N~z

$

&U4•{fX . Below, weprovethat�nding amaximumnumberof nonoverlapping
crossblocksis NP-completeby usingour proofof Theorem3.4asa template.

THEOREM 5.4. Givena matrix
�

anda positiveinteger … , decidingif
�

hasat least …

nonoverlappingcrossblocksis NP-complete.
Proof. This problemcanbe reducedto the independentsetproblem,andthus it is in

NP. For theNP-completenessproofwe usea reductionfrom theindependentsetproblemon
cubicplanargraphs.First we embedthecubicplanargraphontoa grid andthenenlargethe
grid aswe did for theproof of Theorem3.4. We canreplaceeachvertex on this grid with a
crosspatternin thematrix. Formally, for an V†';C grid, we de�ne a (uV

$

&Ã';(UC

$

&

matrix,wheregrid point
Nez

4|{fX is replacedby acrosscenteredat
N

(

z
$

&u4�(©{

$

&PX in thematrix.
�

doesnot have any othernonzerosbesidesthosein crossblockscorrespondingto vertex
points.Thereareno crossblocksin

�

, besidesthoserepresentinggrid points.Also observe
thatunlike thecasefor rectangularblocks,bendsandT-junctionsdonotcauseany problems,
sincethecrossesto theleft andbelow thecornervertex of abenddonotoverlap.

The only problemis to make sureeachedgein ™ is replacedby an even lengthpath,
for which we usethetransformationin Fig. 5.3. This transformationreplacesa chainof odd
lengthwith a chainof evenlengthto guaranteeeachedgein ™ is replacedwith evenlength
paths.

Wecanusematrix rotationsto reducetheproblemsof �nding otherblocksin Fig. 5.2(b)
and (c) to the problemof �nding crossblocks as in Fig. 5.2(a). For instance,Rotation1
transformsjaggedcrosses,whichareillustratedin Fig. 5.2(c) to regularcrosses,and �

Nez

4|{fX is
a diagonalcrossblock in an V‘'@C matrix, if f �

Nez
$

CDZ8{ÎZ9&u4|{fX is a jaggedcrossblock
(Fig. 5.2(c)) in its rotatedmatrix. Similar transformationscanbe usedto transformcross
blocksto otherjaggedblocks,andviceversa.

Rotation3, asde�ned below anddepictedin Fig. 5.4, transformsdiagonalcrossblocks
of Fig. 5.2(b) to regularcrossblocks.
Rotation3: Givenan V•'�C matrix

�

, its rotatedmatrix
�

�

is an
N

V

$

C[ZÎ&PX='

N

V

$

C[ZÎ&PX

matrixsothat
¦

�
�

N~z

Z){

$

C!Zo&U4

z
$

{fX

 +�ÎNez

4|{fX for
z° 

It4�&u4�¶©¶�¶6VlZo& and{

 

I´4�&U4©¶�¶©¶#C Zo& .
¦

All otherentriesof
�

�

are0.
Thesetransformationscanbeusedto prove NP-completenessof decidingif therearea

speci�ednumberof nonoverlappingjaggedanddiagonalcrossblocksin amatrix. Forbrevity,
we arenot giving thedetailshere. As anapproximationsolution,thegreedyalgorithmthat



ETNA
Kent State University 
etna@mcs.kent.edu

122 A. PINAR AND V. VASSILEVSKA

��

�

�

�

�

�

�

 

   

 

   

 

   

 

���

�

�

�

�

�

�

��

�

�

�

�

�

�

   

       

     

 

     

       

   

���

�

�

�

�

�

�

FIG. 5.3. Odd-to even-lengthpathtransformationfor crossblocks.
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FIG. 5.4. Matrix Rotations.(a) theoriginal matrix, (b) afterRotation3.

choosestheleftmostblock in theuppermostrow will yield a &P<œ(tZ approximationalgorithm
for �nding crossblocksandall its variations.

6. Open Problems. This work studiesa new problemfor the sparsematrix computa-
tionscommunity, andbringsforth many openproblems.Oneinterestingfamily of problems
is thedesignof heuristicsfor largerblocksanddifferentsubstructures,anddevelopingbetter
approximationalgorithms.As wediscussedin Section4, it maybepossibleto generalizeour

(u<œ> -approximationalgorithmfor largerblocks,wheretheruntimecomplexity is likely to de-
pendontheblocksize.Anotheropenproblemis whetheronecanimprovetheapproximation
ratioby lookingata largerneighborhoodof theleftmostvertex of theuppermostrow. Finally,
onemaysearchfor differentheuristicsto applyto differentdensesubstructureproblems.For
instance,althoughthegreedyleft-uppermostblock heuristicstill givesa &?<œ( -approximation,
theneighborhoodstructureof thecrossblock is fairly differentfrom thatof the rectangular
block,andthusour (=<?> -approximationalgorithmcannotbeapplieddirectly.

Anotherapproachto reducingmemoryindirectionis selectively replacingstructuralze-
rosof thematrix with numericalzeros.Doing this would improvememoryperformanceand
mayresultin signi�cant speedups,eventhoughthenumberof �oating point operationsmay
increase[15]. This techniquecalls for anotherinterestingcombinatorialproblem. In this
case,we needto chooseblocksto make sureall nonzerosarecovered,andwe try to do this
by usingasfew blocksaspossible.We call this problemtheminimumblock cover problem
andde�ne it asfollows.

Givena sparsematrix
�

, andanorientedsubstructure ! , placea minimum
numberof substructureson

�

, sothatall its nonzerosare covered.
Fowler et al. [6] provedthat this problemis NP-complete.Nevertheless,goodapproxi-
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mationalgorithmsfor coveringsparsematriceswouldbevaluable.
Finally, in this paperwe considered�nding only onespeci�ed structurein the matrix.

However, it is possibleto split amatrix into threeor morematrices(e.g.,
�* +�

�

,

$ �

�

,

$ � .

),
so that eachmatrix containsa differentsubstructure.Vuducdid someempirical work on
splitting into multiplematrices[14]. In suchadecomposition,theobjectiveis minimizingthe
total numberof blocksin all matrices.Clearly, this problemis muchharder, andevengood
approximationalgorithms(provablyor practically)wouldbevaluable.

7. Conclusion. Westudiedtheproblemof �nding maximumnumberof nonoverlapping
substructuresin asparsematrix,whichwecalledthemaximumnonoverlappingsubstructures
problem.Suchsubstructurescanbeexploitedto improvememoryperformanceof sparsema-
trix operationsby reducingthenumberof memoryindirections.We focusedon 0 '—2 dense
blocksasa substructure(maximumnonoverlappingdenseblocksproblem)dueto their fre-
quency in sparsematricesarisingin variousapplications,andto theireffectivenessin decreas-
ing extra load operations.We investigatedthe relationbetweenthe maximumindependent
setproblemandthe maximumnonoverlappingsubstructuresproblem,andde�ned a class
of graphswherethe independentsetproblemis equivalentto themaximumnonoverlapping
denseblocksproblem.We usedthis relationto provetheNP-completenessof themaximum
nonoverlappingdenseblocksproblem. Our proof useda reductionfrom the maximumin-
dependentsetproblemon cubic planargraphsandadoptedorthogonaldrawings of planar
graphs.We discussedgeneralizationsof our resultsto alternativesubstructuresandobserved
therelationbetweendiagonalandrectangularblocksto show thatthetwo MNS problemsare
equivalentandonecanbereducedto theotherby amatrix transformation.Wealsodiscussed
crossblocksandprovedthattheMNS problemis NP-completefor crossblocks.

Wepresentedanapproximationalgorithmfor themaximumnonoverlappingdenseblocks
problemfor (—'5( blocks. Our algorithmrequiresonly linear time andspace,generatesso-
lutionswhosesizesarewithin (u<œ> of theoptimal,andcanbeusedto approximateMNS on
diagonalblocksaswell.

Acknowledgments. We aregratefulto thethreeanonymousrefereesfor their valuable
commentson theearlierversionof thispaper.
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