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QR FACTORIZATIONS USING A RESTRICTED SET OF ROTATIONS

DIANNE P. OLEARY AND STEPHENS. BULLOCK

Dedicated to Alan George on the occasion of his 60th birthday

Abstract. Any matrix —of dimension ( ) canbereducedo uppertriangularform by multiplying
by a sequencef appropriatelychoserrotationmatrices.In this work, we addresghe question
of whethersuchafactorizationexistswhenthe setof allowed rotationplaness restricted We introducethe rotation
graphasatool to devise eliminationorderingsin QR factorizations.Propertiesof this graphcharacterizesetsof
rotationplanesthataresufcient (or sufcient underpermutationandidentify rotationplanesto addto completea
de cient set. We alsodevise a constructre way to determineall feasiblerotationsequencefor performingthe QR
factorizationusingarestrictedsetof rotationplanes.We presen@pplicationgo quantumcircuit designandparallel
QR factorization.
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1. Intr oduction. The QR factorizationof amatrix  of dimension ( ) is
akey tool in mary matrix computationsincluding nding abasisfor therangeor null space
of amatrix andsolvinglinearleastsquaregproblems.The unitary or real orthogonalmatrix

is usuallycomputedin oneof threeways: Givensrotations,Householdere ections, or
Gram-Schmidbrthogonalizatiori8]. We focusin this paperon Givensrotations.

The Givens-basedlecompositioris also an essentiatool in quantumcomputing. A
guantumcomputationappliesa unitary matrix to a vector[5], andquantum(logic) circuits
are a notationalshorthandor factorizationsof suchunitary matricesinto more basicones,
correspondingo gates. Thesegatesare either tensorproductsof unitary matrices
with identity matriceglone-qubitoperatorspr tensorof unitarymatriceswith identity
matriceqtwo-qubitoperators.)t is alsocommonto implementGivensrotationsusingcircuit
blocksthatincludeupto controls( ), with thenumberof gatesproportional
to thenumberof controls.

A (real) Givensrotation is a matrix thatis equalto the identity exceptthat four
entriesaremodi ed: and for someangle
Forming modi es onlyrows and of amatrix,andanappropriatechoiceof forces
someentryin the th row of the productto be zero. The extensionto the complex caseis
straightforvard.

The usualGivensQR algorithmreduces to uppertriangularform by applying

Givensrotationsin the order

where is usedto zeroouttheentryin row andcolumn of theproduct.
Thereare mary differentrotation sequencethat accomplishthis samegoal, however.
For example,for a matrix, we could construct by applyingthe rotationsindicated
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above

or by applyingthis sequencef rotations:

Both sequenceproduceanuppertriangular usingthe minimal numberof rotations.
However, performancecan vary basedon the choice of orderingof Givensrotations.
Moreover, somerotationplanesmightnotbeavailable.
Commerciakcomputershave memoryhierarchieginvolving registers,cachelevels,
main memory disks, etc.), so somepairs of rows arefasterto accesghanothers.
Thus,in orderto obtainoptimal performancethe choiceof rotationsmustdepend
onthelayoutof thematrixin memory
For parallelor grid computingwith memorydistributedamongprocessorghechoi-
ce of rotationsshouldminimize the amountof processocommunicationandthis
againdepend®n how the matrix is distributedamongprocessors.
In quantuncircuit design applyingarotationfor whichthebinaryrepresentationsf
and differin asinglebit canbeaccomplishedby a singlefully-controlled
one-qubitrotation (a particularGivensrotation)andhencecostsa small numberof
gatesAll otherrotationsrequirea permutatiorof databeforetherotationis applied
andthusshouldbe avoided.
Sincemary atomsandionshave morethantwo hyper ne enegy levelsfor theelec-
tron into which quantumdatamight be encodedthereis alsointerestin quantum
multi-level logics (qudits.) However, selectionrulesapplyto thesehyper ne levels,
meaningthat somebut not all choicesof Givensrotation planescanbe accessed
usinglaserpulses.
Thereforejt is importantto determinewhethera givensetof rotationplanes canbe
usedto reducea matrix to uppertriangularform usinga minimal numberof rotations. We
will call suchasetof rotationplanescomplete. In this papemwe provide aconstructve answer
to thefollowing question:
Given a set of allowed rotation planes , is therean algorithmto
reduceary matrix to uppertriangularform using
rotationsin thoseplanes?
In otherwords,is the setof allowedrotationplanescomplete?
In the next sectionwe answetthis questionandthenin Section3 weiillustratetheappli-
cationof ourresult.

2. Necessanand Suf cient Conditions for Completenes®f a Setof Rotations. The
key to thesolutionof our problemis the rotation graph, anundirectedgraphof  nodeswith
a connectionbetweennode andnode if arotationis allowedin plane . A sample
rotation graphis givenin Figure 2.1. Thereare 4 edgesand therefore4 allowed rotation
planes.

A feasible rotation sequence for step of atriangularizatiorwill beasequencef
allowedrotationplanesthatcanbe usedto reducethe elementsn rows through of
column to zero.

Oneotherde nition is useful. Considerdeletingthe nodesof a tree one-by-onewith
theroot deletedlast, in ary orderthatleavesa connectedreeat eachstage. From suchan
admissible node ordering, the list of edges in the orderin which node wasdeleted
de nesanadmissible edge ordering. For example,form atreefrom the graphin Figure2.1



ETNA

Kent State University
etna@mcs.kent.edu

22 D. O'LEARY AND S.S.BULLOCK

FIG. 2.1. A sample rotation graph.

by removing theedge androotingthegraphat nodel. Thenthethreeadmissibleedge
orderingsare

Notice that theseare exactly the threefeasiblerotation sequences$ ) for the rotation
planescorrespondingo thethreeedgeghatwe kept.

Oneinterestingrotationgraphis the star graph, with node connectedy anedgeto
eachothernode.Thereare admissibleedgeorderingsontheresultingtreerootedat

, correspondingo feasiblerotationsequencethatput zerosin columnl of amatrix
usingrotations , in ary order, followed by the rotation Lltis
easyto seethatthis setof rotationplanesis complete sinceit canbe usedto reduce
ary ( ) matrix to uppertriangularform.

A secondnterestingrotationgraphis the chain. Thereareconstrainton the nodenum-
beringfor the chain,though.If therotationgraphis the chain1-2—-3,thenwe canintroduce
zerosin the rst columnusingtherotations(2,3)and(1,2),andthenin thesecondtolumnus-
ing therotation(2,3), sotheserotationplanesarecomplete.If therotationgraphis the chain
3-1-2,thenwe canintroducezerosin the rst columnusingtherotations(1,3) and(1,2)in
eitherorder But thenthereare no rotationsthat canbe usedto zerothe elementin row 3,
column2 of the matrix, sothis setof rotationplanesis not completeandis not sufcient for
triangularization.

Theseexampleslead us to understandhat thereis a correspondencbetweenfeasible
rotation sequenceand admissibleedgeorderingsof treesderived from the rotationgraph.
We summarizehis relationin thefollowing result.

LEMMA 2.1. Supposethatan -node rotation graph is connected after removal of nodes

through
a. Then there exists an admissible node ordering on the remaining nodes.
b. An ordering of the edges of a spanning tree of the -node graph, rooted at node

, is admissible if and only if the corresponding rotation sequence at step  of the reduction
of a matrix to upper triangular form is feasible.

Proof. a. Createary spanningtreerootedat . An admissiblenodeorderingcanbe
createdby adepth rst searchdeletingchildrenbeforeparents.

b. Supposewne have an admissibleorderingof the edgesof a spanningtree rootedat
node , andconsiderthe sequencef rotationscorrespondingo this ordering,wherewe use
rotation to eliminatethe elementin row of the matrix whennode of the graphis
deleted.Considerthe rst edge in thelist. Oneof its nodessay , the onefurtherfrom

, doesnot appeataterin thelist, sinceit is beingdeleted.In the matrix, we canzerothe
elementin row , knowing thatnoneof our later rotationswill usethis row andthat either
or we will have alateropportunityto zerotheelementin row , whenits turnfor node
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deletioncomes We repeathisargumenion eachof the edgesn ourlist throughthelast
edge,which usesrotation to eliminatethe lastnodeotherthan . Thusanadmissible
edgeorderinginducesafeasiblerotationsequence.

Corverselyif we have afeasiblerotationsequencethenit de nesaneliminationorder
for the nodesof therotationgraph,with  eliminatedlast. Theserotationsform a spanning
treerootedat by directingeachedgetowardthenodethatis noteliminated. d

Now we canstatethe criterionfor determiningcompletenesef a setof allowedrotation
planesrelatedto the notionof reachablesets[ 7, p.97].

THEOREM 2.2. A set of allowed rotation planes with is complete
if and only if for every node there exists a path in the rotation graph from node  to node
that passes through no node numbered lower than .

Proof. Supposewne have anode for which sucha pathdoesnot exist. Whennodes

areeliminated theremainingrotationgraphwill bedisconnectedif wetry to do
eliminationin column , wewill beableatbestto eliminateall but oneof thenonzerosn the
disconnectegbiece,but thereis no rotationthatwill eliminatethatlastnonzero.Therefore,
this setof allowedrotationplaness not complete.

Supposeéhesepathsdo exist. Thenat eachstage ( ) of the elimination,
therotationgraphis connectecandthusby Lemma?2.1, an admissibleedgeorderinganda
feasiblerotationsequencexists. Thereforethe setof rotationplaness complete. d

COROLLARY 2.3. A set of allowed rotation planes with is com-
plete if and only if the rotation graph as well as each of the graphs formed by deleting nodes

through , for , are connected.

Proof. Thisconnectednegwopertyis necessargndsufcient for the existenceof a path
in the rotationgraphfrom node to node that passeghroughno nodenumberedower
than . d

Oneobviousresultis perhapswvorth stating.

COROLLARY 2.4. The minimal number of allowed rotation planes that can be used to

reduce a general matrix to upper triangular form is
Proof. Sinceaconnectedraphon nodesnusthaveatleast edgesthestatement
follows from Corollary 2.3. d

Thusthe stargraphandthe chaingraphwith nodenumbersdecreasinglongeachpath
from give minimal setsof allowablerotationplanes.

Finally, we generalizeéhe conceptof a completesetof rotationsby allowing reorderings
of the rows and columnsof the matrix to be triangularized. We will call a setof allowed
rotation planespermutation-complete if thereexists a permutationmatrix  suchthatary

matrix  canbe factoredas where is uppertriangular

is a permutationmatrix, and is the productof at most rotationsin the

allowed rotationplanes. (Equivalently, we could requirethatan matrix  ( )

canbefactorednto a permutatiorof anuppertriangularmatrix using such
rotations.)

Realizingthatpermutation®f correspondo renumberingsf thenodesof therotation
graph,we characterizgpermutation-completenegsthe next theorem.

THEOREM 2.5. A set of allowed rotation planes is permutation-complete if and only if
the rotation graph is connected.

Proof. Supposehat the rotation graphis connected.As in the proof of Lemma?2.1,
choosea spanningtree of the graphand createan admissiblenodeorderingby depth- rst
searchdeletingchildren before parents. With this numberingof the nodesof the rotation
graph,Theorem2.2tells usthatthe setof allowedrotationplaness complete.

Corverselyif therotationgraphis not connectedthereis norenumberinghatcreatesa
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pathbetweemodesin the disjoint pieces sowe concludefrom Theorem?2.2 thatthis setof
allowedrotationplaneds not permutation-complete. [

3. ThreeExamples. We apply our algorithmsto two problemsin constructinghe se-
guenceof gatedo implementaquantuncircuitandto QRfactorizatiorof amatrixdistributed
amongparallelprocessorsi-or easenf notation,we numbertherowsandcolumnsof an
matrixfrom to , ratherthanfrom to , sincethis makesthegraphconnectvity more
clear

3.1. DesigningQuantum Cir cuits for 3 Qubits. In quantumcomputingwith 3 qubits,
we transforma statevectorof length by multiplication by a unitary matrix. Dueto
the axiomsof quantummechanicsa data-statef a threequantum-bitquantumcomputeris
describeddy a vectorin the Kronecler productspace , where istheone-
qubit statespacespannedy vectors(or kets) and . The practicalimplicationis that
the mosteasilyimplementedunitary maps,which correspondo physicalprocessefocal to
asinglequantum-bitarematricesof the form , , and ,
where isa unitary matrixand is the identity matrix. In orderto apply an
arbitraryunitarymatrix, we wouldlik e to designour quantuncircuitsby factoringthe unitary
matrix into a productof matricesdravn from this collectionof tensorproducts put they are

notsufcient. Indeed thesetof all matricesof theform is tendimensionabnd
cannotcontainall unitarymatrices. However, it is possibleto obtainall unitarymatrices
by interleaving two-qubit operatorstensorsof the form and for  varying
over unitarymatriceq 6].

Insteadof addingtwo-qubitoperatorsyve augmenthis collectionwith controlled oper
ations.Thesimplestof theseis . All areequialentto replacingcertaincopiesof in

thetensorproductmatricesby identity matrices.Physically  is appliedto the targetqubit
if andonly if the control qubitscarrya x edlogical state,usuallychosento have all qubits
equalto one.Controlledgatesnaybeimplementedisinga numberof two-qubitgateghatis
linearin the numberof controls[5, Fig.6]. Not all Givensrotationsof an eightdimensional
vector spaceare doubly-controlledgates,but every wherethe binary expansionsof
and differin asinglebit is.

Early paperson quanturnrcircuit design(e.g.,[5]) usedthetraditionalchoiceof rotations.
For example to reducethe rst columnof an matrix to uppertriangularform, we apply
therotationsin theorder

Only therotations , and satisfytheconstrainthatthe binaryrepresentationsf
theindices and differin asinglebit.

Thereare12 allowedrotationplanesthat satisfythe constraint correspondindo the 12
edgeof therotationgraphof Figure3.1 Sincethisis aconnectedyraphonthe8 nodesand
sincedeletingnodesin numericalorder preseresconnectvity, this setof rotationplanesis
complete We canderive mary eliminationstratgiesthatuseonly theallowedrotations.For
example for , forming thespanningreeby breakingthe edged2,6),(6,7),(3,2),(4,5),
and(3,7)andprocessindighesnumberedhodesrst givestherotationsequence

andthis constructiorcanbe extendedo hypercubeotationgraphsof ary size.

Onesuchstratgy hasbeendescribedn [10], optimizing the useof the tensorproduct
structure A constructiorfor qudits,with a statespaceof dimension  ( ) insteadof
is givenin [3, 2].
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FIG. 3.1. The 3-qubit rotation graph (Section 3.1). Also, the allowed rotation planes for a hypercube (Section 3.2)

3.2. Parallel QR Factorization. If aQRfactorizatioristo becomputednahypercube
multiprocessqmwherethe matrixis distributedasonerow perprocessarthentheallowedro-
tationplanestheonescorrespondingo communicatioronly amongneighboringprocessors,
areexactly thosecorrespondingo the edgesof a hypercubeasillustratedin Figure 3.1 for

processors.

If a block of rows is distributed on eachprocessarthenthe hypercuberotationsare
sufcient to addto the rotationslocal to eachprocessoin orderto form a completeset of
rotationplanes.

Onesucheliminationstratey wasdevelopedoy ChuandGeoge[4]. In additionto using
only theallowedrotations,it is importantto minimizethe heightof the spanningreeandthe
degreeof thenodeswithin it, sincethis determineshetime neededor thedecomposition.

3.3. DesigningQuantum Cir cuits for Qudits. Thealkaliof Rbisbeinginvestigated
for its usein quantumcomputing. The 8 hyper ne levels of its groundstatecan be used
to encodequantuminformationasa qudit with bits. (In the Dirac notation,the state-
spaceof suchaquditisisomorphido  with spanningets .) For physical
reasonspnly the 8 rotationplanescorrespondingo the edgesof the graphof Figure 3.2 are
allowed[9, 1].

If we areconstrainedo the orderinggivenin the graph,this setof rotationplanesis not
complete;for example,thereis no pathfrom 5 to 7 thatdoesnot passthroughO. Therefore,
in orderto do thereduction,we must,for instanceaddthe ability to do swaps, permutations
of two rowsin orderto positionthemfor the allowedrotationplanes.Thesepermutationsre
themseles(trivial) rotations. Countingpermutations54 rotationsare requiredto reducea
generamatrix matrix to uppertriangularform.

In this application however, orderingis notimportant,sothe critical propertyis permu-
tation-completenessTherule (Corollary 2.3) is to deletethe nodesin an orderthatensures
thattheremaininggraphateachstageis connectedSo,for example,7 mustbedeletecbefore
0, and3 mustbe deletedbefore2. Oncea nodeis deletedfrom the cycle (0-5-2-4-1-6) then
theorderingontheremainingnodesmustbe suchthatwe deletefrom oneor bothendsof the
resultingchainof 5 nodes.

The minimum numberof rotationsrequiredis . Oneorderingthatrequires
only 28 allowedrotations(gates)s 7,0,6,5,3,2,4,1andhereis oneminimal feasiblerotation
sequence:
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FIG. 3.2. The qudit rotation graph.

Stepl: Reducecolumn? to asinglenonzerdby therotationsequence

Step2: ReducecolumnO to 2 nonzerosy therotationsequence

Step3: Reducecolumn6 to 3 nonzerosy therotationsequence

Step4: Reducecolumnb5 to 4 nonzerody therotationsequence

Step5: Reducecolumn3 to 5 nonzerosy therotationsequence

Step6: Reducecolumn2 to 6 nonzerody therotationsequence

Step7: Reducecolumn4 to 7 nonzerody therotationsequence

4. Conclusions. We have developedthe rotationgraphasa tool to devise elimination
orderingsin GivensQR factorizations.Propertiesof this graphcharacterizesetsof rotation
planesthat are complete(or permutation-completednd identify rotation planesto add to
completeanincompleteset. Throughspanningrees we alsohave a constructve way to de-
termineall feasiblerotationsequencefor performingthe QR factorization.This construction
couldbeautomatedor quantuncircuit design.
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