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Abstract. Any matrix � of dimension����� ( �
	�� ) canbereducedto uppertriangularform by multiplying
by a sequenceof ����
���������������� appropriatelychosenrotationmatrices.In this work, we addressthequestion
of whethersuchafactorizationexistswhenthesetof allowedrotationplanesis restricted.Weintroducetherotation
graphasa tool to devise eliminationorderingsin QR factorizations.Propertiesof this graphcharacterizesetsof
rotationplanesthataresuf�cient (or suf�cient underpermutation)andidentify rotationplanesto addto completea
de�cient set.We alsodevisea constructive way to determineall feasiblerotationsequencesfor performingtheQR
factorizationusinga restrictedsetof rotationplanes.Wepresentapplicationsto quantumcircuit designandparallel
QR factorization.
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1. Intr oduction. TheQR factorizationof a matrix � of dimension���! ( �#"$ ) is
a key tool in many matrix computations,including�nding a basisfor therangeor null space
of a matrix andsolving linear leastsquaresproblems.Theunitaryor realorthogonalmatrix%

is usuallycomputedin oneof threeways: Givensrotations,Householderre�ections, or
Gram-Schmidtorthogonalization[8]. We focusin this paperonGivensrotations.

The Givens-baseddecompositionis also an essentialtool in quantumcomputing. A
quantumcomputationappliesa unitary matrix to a vector[5], andquantum(logic) circuits
area notationalshorthandfor factorizationsof suchunitary matricesinto morebasicones,
correspondingto gates. Thesegatesare either tensorproductsof &'�(& unitary matrices
with identitymatrices(one-qubitoperators)or tensorsof )*��) unitarymatriceswith identity
matrices(two-qubitoperators.)It is alsocommonto implementGivensrotationsusingcircuit
blocksthatincludeupto +-,/. controls( �102 '03&54 ), with thenumberof gatesproportional
to thenumberof controls.

A (real) Givensrotation 687:9 is a matrix that is equalto the identity except that four
entriesaremodi�ed: ;<7=7>02;?9@9�0$ACBEDGF and ;<7:9�0H,I;?9�7J0KD�L�M�F for someangleNPOQFRO3&5S .
Forming 6T7:9U� modi�es only rows V and W of a matrix,andanappropriatechoiceof F forces
someentry in the W th row of the productto be zero. The extensionto the complex caseis
straightforward.

TheusualGivensQR algorithmreduces� to uppertriangularform by applying �X !,
 ZY[ R\3.^]�_<& Givensrotationsin theorder

6*`badcade�fCgCgUg 6*`bahcahi�f 6*`�ejcejklfUgCgCg 6*`�e�ce�i*fCgUgCgmf 6*`=nocnGp noqra?fUgCgUg 6 `�nocnsp i f
where6t`=uvc7w9 is usedto zeroout theentryin row W andcolumn x of theproduct.

Therearemany different rotationsequencesthat accomplishthis samegoal, however.
For example,for a )��zy matrix, we could construct

%
by applyingthe rotationsindicated
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above

6 `bahcahe f 6 `|adcahk f 6 `bahca@} f 6 `�ejcejk f 6 `�ejce�} f 6 `�k�ckh}
or by applyingthis sequenceof rotations:

6*`bahckh}~f 6*`bahcejk�f 6*`|adcahe�f 6*`�e�ckh}~f 6*`�ejcejk�f 6*`�kjck�}lg
Bothsequencesproduceanuppertriangular� usingtheminimal numberof rotations.

However, performancecan vary basedon the choiceof orderingof Givensrotations.
Moreover, somerotationplanesmightnotbeavailable.� Commercialcomputershave memoryhierarchies(involving registers,cachelevels,

main memory, disks,etc.), so somepairsof rows arefasterto accessthanothers.
Thus,in orderto obtainoptimalperformance,thechoiceof rotationsmustdepend
on thelayoutof thematrix in memory.� For parallelor grid computingwith memorydistributedamongprocessors,thechoi-
ce of rotationsshouldminimize the amountof processorcommunication,andthis
againdependsonhow thematrix is distributedamongprocessors.� In quantumcircuit design,applyingarotationfor whichthebinaryrepresentationsof
V�,�. andWI,/. differ in asinglebit canbeaccomplishedby asinglefully-controlled
one-qubitrotation(a particularGivensrotation)andhencecostsa smallnumberof
gates.All otherrotationsrequireapermutationof databeforetherotationis applied
andthusshouldbeavoided.� Sincemany atomsandionshavemorethantwo hyper�ne energy levelsfor theelec-
tron into which quantumdatamight be encoded,thereis alsointerestin quantum
multi-level logics(qudits.)However, selectionrulesapplyto thesehyper�ne levels,
meaningthat somebut not all choicesof Givensrotationplanescanbe accessed
usinglaserpulses.

Therefore,it is importantto determinewhethera givensetof rotationplanes�sY[V f Ws]�� canbe
usedto reducea matrix to uppertriangularform usinga minimal numberof rotations.We
will call suchasetof rotationplanescomplete. In thispaperweprovideaconstructiveanswer
to thefollowing question:

Given a set of allowed rotation planes �sY[V f Ws]v� , is therean algorithm to
reduceany ���l matrix � to uppertriangularform using�� l,8 ZY� �\�.?]�_o&
rotationsin thoseplanes?

In otherwords,is thesetof allowedrotationplanescomplete?
In thenext sectionweanswerthis question,andthenin Section3 we illustratetheappli-

cationof our result.

2. Necessaryand Suf�cient Conditions for Completenessof a Setof Rotations. The
key to thesolutionof ourproblemis therotation graph, anundirectedgraphof � nodeswith
a connectionbetweennode V andnode W if a rotationis allowed in plane Y�V f Ws] . A sample
rotation graphis given in Figure 2.1. Thereare 4 edgesand therefore4 allowed rotation
planes.

A feasible rotation sequence for stepx of a triangularizationwill beasequenceof ��,�x
allowedrotationplanesthatcanbeusedto reducetheelementsin rows x�\K. through � of
column x to zero.

Oneotherde�nition is useful. Considerdeletingthe nodesof a treeone-by-one,with
the root deletedlast, in any orderthat leavesa connectedtreeat eachstage.From suchan
admissible node ordering, the list of edgesY[V f Ws] in the order in which node W wasdeleted
de�nes anadmissible edge ordering. For example,form a treefrom thegraphin Figure2.1
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FIG. 2.1. A sample rotation graph.

by removing theedge Y�& f yE] androotingthegraphat node1. Thenthethreeadmissibleedge
orderingsare

Y�y f )s] f Yh. f yE] f Yd. f &<]m�Y�y f )s] f Yh. f &<] f Yd. f yE]m�Yh. f &<] f Y�y f )�] f Yh. f y�] g
Notice that theseareexactly the threefeasiblerotationsequences( x�0�. ) for the rotation
planescorrespondingto thethreeedgesthatwe kept.

Oneinterestingrotationgraphis the star graph, with node � connectedby an edgeto
eachothernode.Thereare Y��H,'&E]v� admissibleedgeorderingsontheresultingtreerootedat
� , correspondingto feasiblerotationsequencesthatput ��,z. zerosin column1 of amatrix
usingrotations Y�� f W�] , W'0�& fCgUgCg �1,3. in any order, followedby the rotation Yh. f �!] . It is
easyto seethat this setof �1,2. rotationplanesis complete,sinceit canbeusedto reduce
any ���� ( ��"( ) matrix to uppertriangularform.

A secondinterestingrotationgraphis thechain.Thereareconstraintson thenodenum-
beringfor thechain,though.If therotationgraphis thechain1–2–3,thenwe canintroduce
zerosin the�rst columnusingtherotations(2,3)and(1,2),andthenin thesecondcolumnus-
ing therotation(2,3),sotheserotationplanesarecomplete.If therotationgraphis thechain
3–1–2,thenwe canintroducezerosin the �rst columnusingtherotations(1,3) and(1,2) in
eitherorder. But thenthereareno rotationsthat canbe usedto zerothe elementin row 3,
column2 of thematrix, sothis setof rotationplanesis not completeandis not suf�cient for
triangularization.

Theseexamplesleadus to understandthat thereis a correspondencebetweenfeasible
rotationsequencesandadmissibleedgeorderingsof treesderived from the rotationgraph.
We summarizethis relationin thefollowing result.

LEMMA 2.1. Suppose that an � -node rotation graph is connected after removal of nodes
. through x�,Q. .

a. Then there exists an admissible node ordering on the remaining ��,�x nodes.
b. An ordering of the edges of a spanning tree of the Y���,�x�] -node graph, rooted at node

x , is admissible if and only if the corresponding rotation sequence at step x of the reduction
of a matrix to upper triangular form is feasible.

Proof. a. Createany spanningtreerootedat x . An admissiblenodeorderingcanbe
createdby a depth�rst search,deletingchildrenbeforeparents.

b. Supposewe have an admissibleorderingof the edgesof a spanningtree rootedat
node x , andconsiderthesequenceof rotationscorrespondingto this ordering,wherewe use
rotation Y[V f Ws] to eliminatethe elementin row W of the matrix whennode W of the graphis
deleted.Considerthe�rst edge Y�V f Ws] in thelist. Oneof its nodes,sayW , theonefurtherfrom
x , doesnot appearlater in the list, sinceit is beingdeleted.In thematrix, we canzerothe
elementin row W , knowing that noneof our later rotationswill usethis row andthat either
VZ0
x or we will havea lateropportunityto zerotheelementin row V , whenits turn for node
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deletioncomes.Werepeatthisargumentoneachof the ��,Tx edgesin ourlist throughthelast
edge,which usesrotation Y�x f Ws] to eliminatethe lastnodeotherthan x . Thusanadmissible
edgeorderinginducesa feasiblerotationsequence.

Conversely, if we have a feasiblerotationsequence,thenit de�nesaneliminationorder
for thenodesof the rotationgraph,with x eliminatedlast. Theserotationsform a spanning
treerootedat x by directingeachedgetowardthenodethatis noteliminated.

Now wecanstatethecriterionfor determiningcompletenessof asetof allowedrotation
planes,relatedto thenotionof reachablesets[7, p.97].

THEOREM 2.2. A set of allowed rotation planes ��Y�V f Ws]�� with .�O2V f WXO2� is complete
if and only if for every node W there exists a path in the rotation graph from node � to node W
that passes through no node numbered lower than W .

Proof. Supposewe have a node W for which sucha pathdoesnot exist. Whennodes
. fUgCgCgCf W�,'. areeliminated,theremainingrotationgraphwill bedisconnected.If wetry to do
eliminationin columnW , wewill beableatbestto eliminateall but oneof thenonzerosin the
disconnectedpiece,but thereis no rotationthatwill eliminatethat lastnonzero.Therefore,
this setof allowedrotationplanesis not complete.

Supposethesepathsdo exist. Thenat eachstageW (W�0�. fCgUgCgmf  ) of the elimination,
the rotationgraphis connectedandthusby Lemma2.1, an admissibleedgeorderinganda
feasiblerotationsequenceexists.Thereforethesetof rotationplanesis complete.

COROLLARY 2.3. A set of allowed rotation planes ��Y[V f W�]v� with .RO�V f W�O�� is com-
plete if and only if the rotation graph as well as each of the graphs formed by deleting nodes
. through x , for x�0�. fUgCgCgCf  �,�. , are connected.

Proof. Thisconnectednesspropertyis necessaryandsuf�cient for theexistenceof apath
in the rotationgraphfrom node � to node W that passesthroughno nodenumberedlower
than W .

Oneobviousresultis perhapsworthstating.
COROLLARY 2.4. The minimal number of allowed rotation planes that can be used to

reduce a general ���X matrix to upper triangular form is ��,Q. .
Proof. Sinceaconnectedgraphon � nodesmusthaveat least�2,P. edges,thestatement

follows from Corollary2.3.
Thusthestargraphandthechaingraphwith nodenumbersdecreasingalongeachpath

from � giveminimal setsof allowablerotationplanes.
Finally, wegeneralizetheconceptof acompletesetof rotationsby allowing reorderings

of the rows andcolumnsof the matrix to be triangularized.We will call a setof allowed
rotationplanespermutation-complete if thereexists a permutationmatrix � suchthat any
��� � matrix � can be factoredas �8¡¢�~��0£Y��T¡ % �8]d� where � is uppertriangular,
� is a permutationmatrix, and

%
is the productof at most ��Y��¤,�.^]�_<& rotationsin the

allowedrotationplanes.(Equivalently, we could requirethatan �¥�' matrix � ( �¦"� )
canbefactoredinto apermutationof anuppertriangularmatrixusing �X �,P ZY[ T\z.?]�_o& such
rotations.)

Realizingthatpermutationsof
%

correspondto renumberingsof thenodesof therotation
graph,we characterizepermutation-completenessin thenext theorem.

THEOREM 2.5. A set of allowed rotation planes is permutation-complete if and only if
the rotation graph is connected.

Proof. Supposethat the rotationgraphis connected.As in the proof of Lemma2.1,
choosea spanningtreeof the graphandcreatean admissiblenodeorderingby depth-�rst
search,deletingchildrenbeforeparents.With this numberingof the nodesof the rotation
graph,Theorem2.2tells usthatthesetof allowedrotationplanesis complete.

Conversely, if therotationgraphis not connected,thereis no renumberingthatcreatesa
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pathbetweennodesin thedisjoint pieces,sowe concludefrom Theorem2.2 that this setof
allowedrotationplanesis notpermutation-complete.

3. Thr eeExamples. We applyour algorithmsto two problemsin constructingthese-
quenceof gatesto implementaquantumcircuit andto QRfactorizationof amatrixdistributed
amongparallelprocessors.For easeof notation,wenumbertherowsandcolumnsof an  ��~ 
matrix from N to  �,z. , ratherthanfrom . to  , sincethismakesthegraphconnectivity more
clear.

3.1. DesigningQuantum Cir cuits for 3 Qubits. In quantumcomputingwith 3 qubits,
we transforma statevectorof length & k 0¨§ by multiplicationby a unitarymatrix. Due to
theaxiomsof quantummechanics,a data-stateof a threequantum-bitquantumcomputeris
describedby a vectorin theKroneckerproductspace© a«ª © a«ª © a , where© a is theone-
qubit statespacespannedby vectors(or kets) ¬ NE­ and ¬®.^­ . The practicalimplication is that
themosteasilyimplementedunitarymaps,which correspondto physicalprocesseslocal to
a singlequantum-bit,arematricesof theform ¯ ª

°
e ª

°
e ,
°
e ª ¯ ª

°
e , and

°
e ª

°
e ª ¯ ,

where ¯ is a &X�/& unitary matrix and
°m±

is the ²*�!² identity matrix. In orderto apply an
arbitraryunitarymatrix,wewould liketo designourquantumcircuitsby factoringtheunitary
matrix into a productof matricesdrawn from this collectionof tensorproducts,but they are
not suf�cient. Indeed,thesetof all matricesof theform ³ ª ¯ ª

´
is tendimensionaland

cannotcontainall §��T§ unitarymatrices.However, it is possibleto obtainall unitarymatrices
by interleaving two-qubit operators,tensorsof the form

°
e�ª ¯ and ¯ ª

°
e for ¯ varying

over )���) unitarymatrices[6].
Insteadof addingtwo-qubitoperators,we augmentthis collectionwith controlled oper-

ations.Thesimplestof theseis
°Uµ>¶ ¯ . All areequivalentto replacingcertaincopiesof ¯ in

thetensorproductmatricesby identity matrices.Physically, ¯ is appliedto thetargetqubit
if andonly if thecontrolqubitscarrya �x ed logical state,usuallychosento have all qubits
equalto one.Controlledgatesmaybeimplementedusinganumberof two-qubitgatesthatis
linear in thenumberof controls[5, Fig.6]. Not all Givensrotationsof aneightdimensional
vectorspacearedoubly-controlledgates,but every 6R`®·�c9 u wherethe binary expansionsof W
and x differ in asinglebit is.

Earlypapersonquantumcircuit design(e.g.,[5]) usedthetraditionalchoiceof rotations.
For example,to reducethe�rst columnof an §���§ matrix to uppertriangularform, weapply
therotationsin theorder

6*`®·�c·ma�f 6*`®·�c·�elf 6*`®·jc·jk�f 6*`®·�c·�}�f 6*`®·�c·�¸�f 6*`®·�c·
µ
f 6*`®·jc·j¹�g

Only therotations6 ·ma , 6 ·je , and 6 ·j} satisfytheconstraintthatthebinaryrepresentationsof
theindicesV andW differ in a singlebit.

Thereare12 allowedrotationplanesthatsatisfytheconstraint,correspondingto the12
edgesof therotationgraphof Figure3.1. Sincethis is a connectedgraphon the8 nodes,and
sincedeletingnodesin numericalorderpreservesconnectivity, this setof rotationplanesis
complete.We canderivemany eliminationstrategiesthatuseonly theallowedrotations.For
example,for x�0�. , forming thespanningtreeby breakingtheedges(2,6),(6,7),(3,2),(4,5),
and(3,7)andprocessinghighestnumberednodes�rst givestherotationsequence

6*`®·�c¸j¹�f 6*`®·�c}
µ
f 6*`®·jcad¸�f 6*`®·�c·�}�f 6*`®·�cahk�f 6*`®·�c·�elf 6*`®·jc·va�f

andthisconstructioncanbeextendedto hypercuberotationgraphsof any size.
Onesuchstrategy hasbeendescribedin [10], optimizing theuseof the tensorproduct

structure.A constructionfor qudits,with astatespaceof dimensionºE4 ( º�»(& ) insteadof &?4 ,
is givenin [3, 2].
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FIG. 3.1. The 3-qubit rotation graph (Section 3.1). Also, the allowed rotation planes for a hypercube (Section 3.2)

3.2. Parallel QR Factorization. If aQRfactorizationis to becomputedonahypercube
multiprocessor, wherethematrix is distributedasonerow perprocessor, thentheallowedro-
tationplanes,theonescorrespondingto communicationonly amongneighboringprocessors,
areexactly thosecorrespondingto theedgesof a hypercube,asillustratedin Figure3.1 for
 !03§ processors.

If a block of rows is distributed on eachprocessor, then the hypercuberotationsare
suf�cient to addto the rotationslocal to eachprocessorin orderto form a completesetof
rotationplanes.

Onesucheliminationstrategywasdevelopedby ChuandGeorge[4]. In additionto using
only theallowedrotations,it is importantto minimizetheheightof thespanningtreeandthe
degreeof thenodeswithin it, sincethis determinesthetime neededfor thedecomposition.

3.3. DesigningQuantum Cir cuits for Qudits. Thealkali of ¿ ¹ Rb is beinginvestigated
for its usein quantumcomputing. The 8 hyper�ne levels of its groundstatecanbe used
to encodequantuminformationasa qudit with º�0�y bits. (In theDirac notation,thestate-
spaceof suchaquditis isomorphicto ÀrÁ with spanningkets ¬ NE­ f ¬:.?­ fUgCgCgCf ¬ º¼,�.^­ .) For physical
reasons,only the8 rotationplanescorrespondingto theedgesof thegraphof Figure3.2 are
allowed[9, 1].

If we areconstrainedto theorderinggivenin thegraph,this setof rotationplanesis not
complete;for example,thereis no pathfrom 5 to 7 thatdoesnot passthrough0. Therefore,
in orderto do thereduction,we must,for instance,addtheability to do swaps, permutations
of two rowsin orderto positionthemfor theallowedrotationplanes.Thesepermutationsare
themselves(trivial) rotations.Countingpermutations,54 rotationsarerequiredto reducea
generalmatrix §t��§ matrix to uppertriangularform.

In this application,however, orderingis not important,sothecritical propertyis permu-
tation-completeness.Therule (Corollary2.3) is to deletethenodesin anorderthatensures
thattheremaininggraphateachstageis connected.So,for example,7 mustbedeletedbefore
0, and3 mustbedeletedbefore2. Oncea nodeis deletedfrom thecycle (0-5-2-4-1-6),then
theorderingontheremainingnodesmustbesuchthatwedeletefrom oneor bothendsof the
resultingchainof 5 nodes.

Theminimumnumberof rotationsrequiredis §~ÂlÃE_o&�0�&<§ . Oneorderingthatrequires
only 28 allowedrotations(gates)is 7,0,6,5,3,2,4,1,andhereis oneminimal feasiblerotation
sequence:
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FIG. 3.2. The qudit rotation graph.

� Step1: Reducecolumn7 to asinglenonzeroby therotationsequence

6 `=¹�c}Up a f 6 `�¹jcemp } f 6 `�¹jceCp k f 6 `�¹�c¸mp e f 6 `�¹jc·Up ¸ f 6 `�¹�c·Cp
µ
f 6 `�¹jc¹Cp · g� Step2: Reducecolumn0 to 2 nonzerosby therotationsequence

6*`®·�c}maIf 6*`�·jce�}lf 6*`®·jce�k�f 6*`®·�c¸je�f 6*`®·�c·�¸�f 6*`�·jc·
µ
g� Step3: Reducecolumn6 to 3 nonzerosby therotationsequence

6 `
µ
cej¸ f 6 `

µ
ce�k f 6 `

µ
c}je f 6 `

µ
cad} f 6 `

µ
cµ a g� Step4: Reducecolumn5 to 4 nonzerosby therotationsequence

6*`=¸�c}ma�f 6*`�¸�ceh}~f 6*`�¸jcejk�f 6*`�¸jc¸je�g� Step5: Reducecolumn3 to 5 nonzerosby therotationsequence

6 `=k�c}ma f 6 `�kjceh} f 6 `�kjckje g� Step6: Reducecolumn2 to 6 nonzerosby therotationsequence

6 `�e�c}va�f 6 `�ejce�}lg� Step7: Reducecolumn4 to 7 nonzerosby therotationsequence

6 `®}�c}va g
4. Conclusions. We have developedthe rotationgraphasa tool to devise elimination

orderingsin GivensQR factorizations.Propertiesof this graphcharacterizesetsof rotation
planesthat are complete(or permutation-complete)and identify rotation planesto add to
completeanincompleteset.Throughspanningtrees,we alsohave a constructiveway to de-
termineall feasiblerotationsequencesfor performingtheQRfactorization.Thisconstruction
couldbeautomatedfor quantumcircuit design.
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