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COMMUNICA TION BALANCING IN PARALLEL SPARSE MATRIX-VECT OR
MULTIPLICA TION

ROB H. BISSELING AND WOUTER MEESEN

Dedicatedto Alan Geoige on the occasionof his 60thbirthday

Abstract. Given a partitioningof a sparsematrix for parallelmatrix—vector multiplication, which determines
thetotal communicationvolume,wetry to nd a suitablevectorpartitioningthatbalanceshe communicatiorioad
amongthe processors.We presenta new lower boundfor the maximumcommunicationcost per processqran
optimal algorithmthat attainsthis boundfor the specialcasewhereeachmatrix columnis ownedby at mosttwo
processorsandanew heuristicalgorithmfor thegenerakasethatoftenattainsthelower bound.This heuristicalgo-
rithm triesto avoid raisingthe currentlower boundwhenassigningvectorcomponents$o processorsExperimental
resultsshav thatthe new algorithm often improves uponthe heuristicalgorithmthatis currentlyimplementedn
the sparsematrix partitioning packageMondriaan. Trying both heuristicscombinedwith a greedyimprovement
proceduresolves the problemoptimally in mostpracticalcases. The vector partitioning problemis proven to be
NP-complete.

Key words. vector partitioning, matrix—\ector multiplication, parallel computing, sparsematrix, bulk syn-
chronougarallel
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1. Intr oduction. Sparsematricesfrom emeging applicationssuchasinformationre-
trieval, linear programmingandMarkov modellingof polymersmay have a highly irregular
structureandno underlyingthree-dimensiongbhysicalstructure,in contrastto mary nite-
elementmatricesandthis irregularity posesa challengeto parallelcomputation.Often, the
sparsamatrix mustberepeatedlynultiplied by avector, for instancen iterative linearsystem
solvers and eigensystensolvers. In recentyears,hypegraphpartitioning hasbecomethe
tool of choicefor partitioningthe sparsematrix, deliveringgoodbalanceof the computation
load anda minimal communicationvolumeduring parallelsparsematrix—vectormultiplica-
tion. The problemof partitioning the input and output vectorsis just asimportantasthe
matrix partitioningproblem sinceit affectsthe balanceof thecommunicatiodoad,but it has
received muchlessattention.

Assumethatwe have an sparsematrix , which mustbe multiplied by aninput
vector of length , to give anoutputvector of length , using processorsf aparallel
computemwith distributedmemory The naturalparallelalgorithmfor sparsematrix—vector
multiplication with an arbitrarydistribution of matrix and vectorsconsistsof the following
four phases:

1. Eachprocessosendsts components to thoseprocessorshatpossess nonzero

in column .

2. Eachprocessocomputesheproducts foritsnonzeros ,andaddstheresults
for the samerow index . This yields a setof contributions , where is the
processoidenti er, .

3. Eachprocessosendsits nonzerocontritutions  to the processothat possesses
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4. Eachprocessoaddsthe contributionsreceivedfor its components , giving

Processorareassumedo synchronisaylobally betweerthe phaseslin the languageof
thebulk synchronougarallel(BSP)model[21], thephasesirecalledsupesteps Thismodel
motivatedthe presentwork, becauset encouragesalancingcommunicatiooads,besides
balancingcomputationloads. Phasesl and 3 are communicationsupersteps.Their costs
includea x edoverhead representinghe global latency which lumpstogetherthe time
of the global synchronisatiorandthe startuptimesof an all-to-all messagexchange.The
superstem@pproachallows combiningdatawords destinedfor the sameprocessointo one
paclet andalsoreorderingof paclets,bothfor the purposeof communicatioroptimisation.
Sometimeswe call justthe syndironisationcost The BSPmodelalsoassumes: costof
time units per dataword sentor received by a processar The processomwith the maximum
number of datasentor receved determinesghe overall communicatiorcost. The costof a
communicatiorsupersteganthusbe expresseds

(1.1)

A naturaltimeunitfor and in scienti c computations thetime of a oating-point opera-
tion.

Thesynchronisatiorrost doesnotgrow with theproblemsizeandit hasto bepaidonly
twice for the matrix—vector multiplication algorithm. The communicationcost, however,
grows with the problemsize,anddependsery muchonthe datapartitioningchosenWe are
mainly interestedn large, highly irregularproblems andfor this reasonwve will exclusively
be concernedvith thecommunicatiorcost , aimingto minimiseit.

We assumedhatthematrix hasalreadybeenpartitionedfor processorandthatwe
have to nd a suitablevector partitioning. Thus,eachnonzero  hasbeenassignedo a
processondwe needto assignvectorcomponents and to processors.We assume
thatthe vectorscan be partitionedindependentlywhich is usuallythe casefor rectangular
matricesput alsofor squarematricesf theoutputvectoris usedastheinputfor multiplication
by . We only treatthe partitioning problemfor the input vector becauséhe partitioning
of the outputvectoris similarandcanbe doneby runningthe samealgorithmappliedto
If thematrix is symmetricandit hasbeenpartitionedsymmetrically i.e., with nonzero
elements and assignedo the sameprocessarthenwe canpartitionthe input vector
andusethe samesolutionfor the outputvectoraswell.

The precedingmatrix partitioningcanbe doneby usingary of the currently available
matrix partitioners eitherbasedon hypegraphpartitioningor graphpartitioning. The result
canbe: one-dimensiondl5], e.g.arow distribution or columndistribution; two-dimensional
Cartesiar{ 8], eachprocessoobtaininga submatrixde ned by a partitioning of the matrix
rows and columns;two-dimensionahon-Cartesianwith Mondriaanstructure[23], de ned
by recursvely bipartitioningthe matrix in eitherthe row or columndirection;or completely
arbitrary[7], eachnonzerohaving beenassignedndividually to a processar In all these
casesit maybebene cial to partitionthe vectorby the methodpresentedhere.

Let bethesetof processorshatown nonzerosn matrix column and be
thenumberof suchprocessordspr . We make anumberof assumptionsll without
lossof generalityto facilitatethe exposition. We assumehat , becauseolumnswith

do not causecommunicatiorso that they canbe removedfrom the problem. We
assumehatall processorareinvolvedin communicationj.e., occurin atleastone matrix
column; it is easyto remove the other processors Furthermorewe assumehat duplicate
nonzeos have beenremoved,i.e.,nonzeros  thatarein the samecolumnandareowned
by thesameprocessoasanonzero ,where ; aduplicatenonzeradoesnotcauseextra
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communicatiorbecause hasto be sentonly onceto theownerof . Sincetheprocessor
thatownsanonzero in matrixcolumn isimportant,buttherow number isirrelevant,we
cantransformthematrixinto a sparsamatrix , which containsanonzeran position
, , if andonly if processor hasanonzeran column of . (The
matrix is introducedin [20] asthe communicatiormatrix correspondingo a partitioned
matrix .) We assumewithout lossof generalitythat hasalreadybeentransformednto
, sothatwe candroptheprime. In Section4, however, wherewe presenbur experimental
resultswe will distinguishbetweerthe original matrix ~andits communicatiormatrix
Ouraimis to assigneachinput vectorcomponent to aprocessor , suchthat
we minimisethecommunicatiorcost  of thepartitioning . Thiscostis de ned as

(1.2)

where

(1.3)

and
(1.4)

Sometimeswe refer to the communicatiorcostof a processor , which is

. Notethatthe numberof sendsxpressedy is thenumberof
datawordssent,and not the numberof message which they arepackaged.We will use
theterms’send'or ‘receve' to denotethe communicatiorof a singledataword, irrespectve
of theway thisis done(the dataword is mostlikely sentaspartof alargerpacket). Thetotal
communicatiorvolumeis

(1.5)
We will dropthe subscript ' from ,and if thepartitioninginvolvedis clear
from the context.

2. Relatedwork. CatalyirekandAykanat[5] presenta one-dimensionainatrix parti-
tioning methodfor squarematricesbasedon hypegraphs.The methodis alsoapplicableto
rectangulamatrices,see[4]. They partition the input and outputvectorsconformallywith
the matrix partitioning; for a rowwise matrix partitioning, this meanghat matrixrow ,
and areall assignedo the sameprocessarThus,no speci c effort is madeto balancehe
communicatiorby nding a bettervectorpartitioning. This maybe bene cial for the output
vector , but for theinputvector thisleavesno choicein the partitioning,andit mightin-
creasghecommunicatiorvolume . CatalyiirekandAykanat]5] doreportresults however,
ontheirvectorpartitioning. For instanceexperimentswith rowwisepartitioningby the HCM
variantof their partitionerPaToH [6] on a setof square structurallynonsymmetrianatrices
shaw for , On average,a scaledvolume of 0.92 anda maximumscaledvolume per
processonf 0.025(only countingthe sendsnot the receves),whichis not too far from the
theoreticaloptimumof 0.0143.Thescalingis by matrix size,i.e., the scaledvolumeis
The maximumscaledvolumeper processokvould probablybe someavhat higherif receves
wereincludedin themetricaswell.

VastenhouvandBisseling[ 23] posethe problemof minimisingthe costin themetricwe
usehere. They presenta vectorpartitioningalgorithmwhich is the defaultin version1.0 of
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the Mondriaanpackage.The algorithmworks asfollows. First, it handlesthe components

with in randomorder, trying to minimise . The
algorithmassigns to the processomith the currentlowestsum. The sum of processor
is initialised at , where ,inan

attemptto give the greedyalgorithmat leasta partial view of the future. The initial sum
canbe seenasthe numberof inevitable communicatioroperations:a processomusteither
sendor receve at leastonedataword if it occursin acolumn.If  is assignedo processor

, this increaseghe sumof by . Second,the algorithm handlesthe components
with in an arbitrary order, trying to balancethe numberof sendswith the number
of receves. The componentith do notincreasethe sumsary more. Let and

be the two processorén a column . Thealgorithmchooses asowner of column if
; otherwise,it chooses . This givesrise
to onedataword beingsentin the leastbusy direction. The numericalexperimentsn [23]
for the ve rectangulamatricesshov reasonableommunicatiorbalance with the largest
probleminstancgmatrixtbdlinux ) shaving anormalisedcostof 3.06(relative to
theaveragevolume ). A disadwantageof this algorithmis that matrix partitioningswith
few two-processocolumnshave little opportunityto optimisethe send/receie balance;in
theworstcase this may doublethe communicatiorcost. In the presentvork, we investigate
theperformancef this algorithmfurtherandtry to improveit; in theremaindeiof thepaper
we denotethe original Mondriaanvectorpartitioningalgorithmby "Mon'.

UcarandAykanat| 20] treatthe problemof vectorpartitioninggivena certainmatrix par
titioning, with theobjective of minimisingthetotal numberof messageandhencethe sumof
the messagéatencieswhile satisfyinga balancingconstrainton the maximumcommunica-
tion volume perprocessagrmeasuredn sends.This enables trade-of betweeratengy and
maximumvolume. To nd asolution,they formulatethe problemin termsof a hypegraph
with  hyperedgesind vertices,andthentry to partition the verticesinto  setsusinga
multilevel hypegraphpartitioner in this casePaToH. Eachvertex getsa weight of ,
representinghe numberof sendgfor the correspondingectorcomponent . A cut hyper
edge , , with verticeson differentprocessoraneanghatprocessor hasto receve
amessagérom theseprocessorsxceptfrom itself. For comparisonJcar andAykanatalso
implementech methodwhich they call the naivemethodwhich assignscomponentén order
of decreasing , trying to balancethe sends.The hypegraphmethodsigni cantly reduces
thetotal numberof messagedyy abouta factorof two comparedo the naive method but it
doubleghemaximumnumberof sendgerprocessoandit alsoincreaseshetotal volumeby
upto 41%. (An increasén communicatiorvolumemayoccurif acomponent is movedto
aprocessooutside toreducethenumberof messages.yhetime of thevectorpartitioning
by the hypeigraphmethodis usuallylessthanthat of the matrix partitioning,but it is much
morethanthat of the naive method. The differencebetweerthe presentwork andthe work
of Ucar andAykanatis thatwe try to achieve theutmostin communicatiorbalancejgnoring
lateng/, andthatwe alsotry to balanceherecevesof the processors.

A differentarearelatedto thepresentvork, is thatof computatiorioadbalancing.View-
ing communicatiorasjustanotheitypeof work thathasto bebalancedamongtheprocessors,
we may be ableto bene t from methodsdevelopedto balancecomputationvork. Pinarand
Hendrickson[17] proposea generalframavork for balancingwork in complex situations,
suchas overlappingsubdomainsn domaindecompositionpr computationand communi-
cationwithout synchronisatiorin between(wherework representshe sumof computation
time andcommunicatiortime). They diffusedataandassociateavork from overloadedpro-
cessorgo others,startingfrom aninitial partitioning,andimproving the balanceuntil it is
satishctory In differentwork, PinarandHendrickson 18] presenta methodfor assigning
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computationtasksto processorsn situationswherethis canbe done e xibly, i.e., without
consequencdsr the communicatiorin a parallelcomputation. Eachtaskis of unit sizeand
canbe assignedo one processoifrom a setof processors.An optimal task assignments
foundby solvingamaximumnetwork- o w problem.In principle,sucha methodcanalsobe
appliedto assigncommunicatiortasks.Therestrictionsof theproblemformulationmeanthat
the methodcanbe appliedto balancethe sendsor thereceves,but not both simultaneously
in the casethat for all

Thebestsparsamatrix partitioningmethoddor parallelsparsanatrix—vectormultiplica-
tion arethosebasednhypegraphpartitionerssincethesere ect thecommunicatiorvolume
accuratelyin their objective function; graphpartitionersonly approximatehe volume. Cur-
rently, a variety of hypegraphpartitionersareavailable: PaToH [4, 5, 6], whichwasthe rst
hypegraphpartitionerto be usedfor sparsematrix partitioning; hMetis[16], a hypegraph
versionof the Metis graphpartitioner;Mondriaan[23], atwo-dimensionahypegraph-based
sparsematrix partitioner which canalsobeusedo solve hypegraphpartitioningproblemsy
runningit in one-dimensionahode;MONET [15], ahypegraph-baserthatrix orderingpack-
age,which permuteghe rows and columnsof a matrix to obtaina borderedblock-diagonal
form; Zoltan[10], adynamicloadbalancingdibrary for awide rangeof parallelapplications,
which hasrecentlybeenextendedby a serialhypegraphpartitioner[2]; MLpart [3], a mul-
tilevel hypegraphpartitionerdevelopedfor circuit design,a traditional applicationareaof
hypegraphpartitioning. Par way [19] is a parallel -way hypegraphpartitionerthat has
beendevelopedfor very large Markov transitionmatriceg )) from voting models.

3. Algorithms for vector partitioning .

3.1. Specialcase:two processorger matrix column. A specialcasearisesf
for all . Thiswill happenif , but it canalsohappenfor larger . For instanceif
the matrix partitioning rst splitsthe columnsinto two setsof columns,andthensplitseach
setindependentlyn the row direction,the resultingmatrix partitioningover four processors
satis estheconditionbothfor rows andcolumns.

In thespecialcase gvery assignmenof avectorcomponent  to oneof thetwo proces-
sorsin matrixcolumn cause®neprocessoto sendadataword andtheotherto receveone.

Let be the numberof columnsin which processor occurs. Therefore processor
will have to performa total of sendandreceve operations.A lower boundon
the communicatiorcostof processor is thus . This boundis attainedif is

assignednearly) half of the vectorcomponentsorrespondindo the columnsit shares.A
lower boundon the overall communicatiorcostis

(3.1)

We now presentan algorithm,Opt2, that assignghe vectorcomponentgorresponding
to the matrix columnsin threephasesFor brevity, we saythatthe algorithmassignsmatrix
columns.Let be the numberof columnssharedby processors and , where

; hote that . In Phasel, the algorithm assignscolumnssharedby and in
pairs, assigningone columnto andthe otherto , until no suchpair of columnsis left.
After theseassignmentshe remainingnumberof columnssharedby processors and is

. Wecanview astheadjaceng matrix of thegraph , Where
and isde nedby if andonly if . Fig. 3.1(b)
presentshis graph;Fig. 3.1(a) presentsa weightedgraphcorrespondingo

In Phase2, thealgorithmwalks pathsin thegraph , eachtime startingata vertex with
odddegree. After anedge is traversedin the directionfrom to , it is removedfrom
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FiG. 3.1. Path-walkingalgorithm for the graph that representsthe communicatiorof the input vectorin
parallel spaise matrix—vectormultiplication. (a) Weightedundirectedgraph, whee eat vertex representsa

processaread edge a setof columnsshaedby processos and , andead edge weight the numberof
columnsshared. (b) Theunweightedyraph obtainedby assigningpairs of shared columnsto processos, eat time
onecolumnto andtheotherto . Theadjacencymatrix of this graphis , de ned by . (¢)

Thegraphis traveisedby walksstarting at an odd-dgreevertex, walking along the edgeswhile remaing themon
theway, until a deadendis readed. This phasecontainsthreesud walks; the r st two are shown. Startand end
pointsare shownin bladk. (d) Thegraphis traveisedby walksstartingat an even-dgreeverte.

, andthe correspondingolumnis assignedo . A pathis nished whenthewalk reaches
adeadend,i.e.,whenthevertex reachechasno moreedgedeft. After the degreeof a vertex
becomegzero,thevertex is removed. This phaseendswhenall remainingverticeshave even
degree. Phase? is illustratedby Fig. 3.1(c). In Phase3, the algorithmwalks pathsin the
remaininggraphuntil thegraphis empty Phase is illustratedby Fig. 3.1(d). We will prove
optimality of thealgorithmby usingthefollowing lemma.

LEMMA 3.1. Let be a graphand bea pathin  with all
edgesdistinct. Let ,thedeggreeof , beodd. Assuméhatthepathcannotbeextended
any more by addingan edge from  thatis distinctfromthe edgesalreadycontainedin the
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path. Then: and a traversal of the path with edge removal changes from
oddto evenand from oddto zeio, andit doesnot change the parity of for

Proof. Theremoval of the rst edge malkes even. If becomes
zero,thewalk cannotreach  ary more;otherwisejf thewalk enters , it will leave. Thus,
theendvertex  mustdiffer fromthestartvertex  and remainseven. Furthermore,

becomegerosinceno edgesemain. The parity of , , does

notchangewvhenthepathreachesanintermediatevertex  , becaus@needgeis removedon
entryandoneon exit. Notethatverticesmayoccurmorethanonceon a path;our statements

still hold then. Justbeforethe lastedgeis removed,we have ; atthe startof the
walk, musthave beenodd. Verticesnot on the patharenot affectedby the traversal.
O

THEOREM 3.2. Let , With , . Let with
representthe pair of processos that shaie column , for . Thenalgorithm
Opt2producesa vectorpartitioning with minimalcost

Proof. The algorithmterminatesecausehe numberof columnsandedgess nite and
because@achwalk in Phase® and3 removesat leastoneedge.Eachcolumnis assignedo
a processorat sometime during the algorithm, eitherin Phasel or whenits corresponding
edgeis removedin Phase? or 3. At theendof the algorithm,a completevectorpartitioning

hasbeenobtained.

After Phasd, for all vertices . Thevalue
doesnot changefor an intermediatevertex  in awalk in Phase2. The value canchange,
however, if is a startor endvertex in Phase2. This canhappenonly oncefor every ,

, becausa vertex canonly oncebea startor endvertex of awalk. Thisis because
a startvertex  hasan odd degree,which becomeseven after the walk, seeLemma3.1
Therefore, cannotbecomeastartvertex againin thisphaseFurthermoreit cannotbecome
an endvertex of a walk, becauseof its even degree. An end vertex hasno edgesleft, is
removed,andhencedoesnot occuragainin furtherwalks.

In Phase3, the rst walk startsat a vertex  with even degree. After traversaland

removal of the rst edge , thetwo vertices and have odd degree,but all other
verticeshave evendegree.We canapplyLemma3.1to thepath representinghe
remaindeof the rst walk. Thelemmasaysthat andthat is oddatthe start
of theremainingwalk, so musthold. Thus,the path mustbe a cycle.

After walking a completepath,all verticeshave evendegreeagain,andfurtherwalkscanbe
carriedout in the sameway. Becausesachpathis a cycle, the value
doesnot changeor thevertices onthepaths.

As aresultof thealgorithm, forall ,andequality
only happensf is odd at the startof Phase2. Because
, thisis equivalentto beingodd. This provesthattheresult-
ing assignmenis optimal. d

3.2. Generallower boundson the communicationcost. A simplelower boundonthe
communicatiorcostbasedn thecommunicatiorvolumeis

(3.2) —

Thisboundoccurshecaus@otall processorsanhave acommunicatiorcostbelov the aver-
age ,sothatin everyvectorpartitioningtheremustexist aprocessor with
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Becausecostsareintegers,we even have . Therefore, , which
shavsthatthecost mustbeatleast

A differentlower boundcan be obtainedby consideringthe vectorcomponentghat a
processomvould like to possessn orderto minimiseits cost. Assumethat a processor
canfreely chooséts componentsEveryvectorcomponent thatthe processopbtainswill
decreaséts numberof recevesby one,irrespectve of the size of the correspondingnatrix
column.At thesameime, thiswill increasghenumberof sendsy . Thus,aprocessor
would preferto obtainvectorcomponentgorrespondingo smallcolumns,i.e., with low
If givenafreechoice,aprocessowould take componentén orderof increasingcolumnsize,
stoppingwhenaddinganothercomponentvould give alargernumberof sendghanreceves.
Thisleadsto thelower boundexpressedy thefollowing theorem.

THEOREM 3.3. Let , with , , and . Let

and , for . Assumehat for all , and
if .De ne

for . Let bethelargestinteger with for which

De ne . Thenfor everyvectorassignment with forall , we
have

Proof. Let  bethesetde nedin thetheoremandlet bethesetof all indices
with . Let beavectorassignmentvith forall ,and bethesetof
indices with . Wewill transform into by changeshatdonotincreasehecost
for processor. Thiswill provethatthecostof islessthanor equaltothatof . First,we
transform intoa by adding , thesmallest to ,andremoving , the
largest from , andrepeatinghis procedureaslong as . Eachchangeaeduces
thecost,or keepst thesame pecausét replacesanindex with alargersize by onewith
asmallersize,or alower numberedneof equalsize. Thechangesll theholesin  until it
containsall theindicesfrom upto acertainsize,i.e., for acertain . If ,
we have , by thede nition of . Thus,we canremove thelargest

from  while notincreasinghecost.(This is becaus¢he numberof sendsdecreasesnd

the numberof recevesincreasedy one,but it will not exceedthe numberof sendshefore

the change.)We canrepeatthis until f doesnot hold, we have , or

f , we aredone,but otherwisewe canaddthe smallesielemeniof to

. Thisdoesnotincreasehecost,becaus¢henumberof recevesdecreaseandthisnumber

determineghe cost. We have proventhatthe costfor processor in anassignment is at
leastthe costincurredby assigningall componentsrom  to , whichis

d

By usingTheorem3.3we candeterminealocal lower bound for eachprocessor .

Theresultinglower boundfor the overall communicatiorcostis

(3.3)
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We call thisboundthelocal lower boundbecausdt is basedon alocal assignmenbf vector
componentsnot taking otherprocessorinto account.In contrastthe volume-basedound

represents global view, but it doesnot take local detailsinto account.Combiningthe
two lower boundswe have asthebestlowerbound.

The bound for processor canbe generalisedo the situationwherea processor
doesnot startfrom scratch,but insteadalreadyhassomecommunicationobligations(for
instanceor vectorcomponentshathave alreadybeenassigned)Let bethenumberof
datawordsthe processohasto sendalreadyand thenumberit hasto receve. Choose

aslarge aspossible while ensuringthat

(3.4)

Thelowerboundfor processor thenequals
(3.5)
Thenumberof datawordsthe processohasto sendto attainthe lower boundis

(3.6)

Thenumberof datawordsit hasto receve to attainthe lower boundequals

3.3. Vector partitioning by the local-bound algorithm. We canusethe local lower
boundasthe basisfor a heuristicalgorithm. The heuristicis to choosethe processor
that hasthe highestlocal bound for its currentindex set , andlet this processor
choosea vectorcomponent . It choosesa componenwith minimal , andthuswill not
increasats lowerbound.Thisheuristictriesto avoid increasinghe highestiowerbound
andhenceraising . Thealgorithmthenupdateghe numberof sendsandrecevesincurred,

removes from all theindex sets , andupdateghelowerbounds andtheassociated
numberof sends neededo attainthelower bound.

A processostopsacceptingnen componentsvhenits numberof sends equals
the currentoptimal numberof sends . (By de nition, .) Ac-

ceptingmorecomponentsvouldonly increase |, sothatinsteadt is betterto stopandlet
otherprocessoraccepttomponentsThealgorithmterminatesvhenno processors willing
arny moreto acceptnew componentslt may be possiblethat some(large) componentsare
left overattheendof thealgorithm;thesecanbe handledby greedyassignmentseethe next
subsection.Algorithm 3.1 presentghe detailsof the local-boundbasedpartitioning. The
notation"argmax' usedin Algorithm 3.1 meansanindex for which themaximumis obtained,
andsimilarly for “argmin’. An ef cient implementatiorof the algorithmwould usethe com-
presseatolumnstoragg(CCS)datastructure(seee.g.[1]) for the communicatiormatrix

to facilitateaccesso the processori eachcolumn,andcompressedow storagg CRS)with
thenonzerof eachrow storedin increasingorderto enabledirectaccesgor processor to
thenext localcomponent with minimal

3.4. Greedyassignment. Vector partitioning by greedyassignmen{GA) is doneby
handlingvectorcomponentsn an arbitraryorder, eachtime assigninga component toa
processor  thatwould have the minimumcurrentcostif it wereto obtainthe component.

Thisassignmenis determinedy rst incrementing for all , andthen nding

a processor from  with minimal value . The

currentsendandreceve countsarethenupdatedby decrementing andadding
to . GA canalsobe appliedwhenpart of the componentdave already

beenassignedy adifferentmethod.
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input:  isa sparseamatrix,
, for .
output: : vectordistributionover processors,
suchthat , for
for all do
where ;
if then ;
else ;
while do
for all do
for all do
for all do
where ;
for all do

ALGORITHM 3.1
Local-boundbasedvectorpartitioning

3.5. Greedyimprovementof a given partitioning . A givenpartitioning canbeim-
provedby a simplegreedyimprovementGl) procedureasfollows. A vectorcomponent
is choserat random,andfor eachprocessor , , thechangen costcausedy
reassigning to iscomputedlf thereis achangehatreduceghecost,it is carriedoutand
thevectorcomponents reassignedin caseof severalpossiblechangesthebestoneis taken
by usinga secondargriterion. Often, the sizeof the costreductionis the samefor all cost-
reducingreassignmentsothesizeis lesssuitablefor breakingties. (It couldbeusedtogether
with aternarycriterion.) We breakties by reassigninghe componento the processoim
with the currentleastnumberof sendsThereasons thatthe numberof sendsf aprocessor
is affectedmostby areassignmentnorethanthenumberof receves. Any remainingtiesare
resolhedarbitrarily. After that,anotherromponent is randomlychosenandthesameproce-
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dureis executed.This is repeatedintil no moreimprovementcanbe obtained.Notethat Gl
is basedon moves, lik e the well-known Fiduccia-Matthgsesalgorithm[13] whichis atthe
heartof today's successfuhypeigraphpartitionersput Gl is lesssophisticatedandcheaper)
sinceit doesnotaccepftcostincreaseanddoesnot selecta move with largestpossiblegain.

This procedurecanbe implementecef ciently by organisingit in passes.A new pass
startsevery time a reductionhasbeenobtained,or at the start of the GI algorithm. The
indices arestoredin anarray initially in the naturalorder The rst partof thearraystores
theindicesof the columnsthathave not beentried yetin the currentpassandthe secondpart
theindicesof theremainingcolumns.Thenumber is usedto keeptrackof thenumber
of componentsried in the currentpass.If reassigning vectorcomponent cannotreduce
the cost,theindex is swappedwith the last untriedindex, and is incremented.If
reassignmergucceeds, isresetto . Thus,arandomindex canalwaysbe choserfrom
acontiguoussubarrayof untriedindices.

4. Results. The algorithmspresentedn the previous sectionhave beenimplemented
within the sparsematrix partitioning packageMondriaart. First, the matriceswere parti-
tionedona 375MHz SunEnterprise420computerat SandiaNationalLaboratoriesn Albu-
querqueNM, which hasfour Sparc-2rocessors} GbyteRAM, 64-bithardwarearithmetic,
andwhich runsthe Solaris8 operatingsystem.Sincethe Mondriaanprogramitself is serial,
only one processolis usedper programrun. Second,numericalexperimentswith differ-
entvectorpartitioningmethodswereperformedfor the partitionedmatriceson an867 MHz
Apple PonerBook G4 computerwith 768 Mbyte RAM, 32-bit hardware arithmetic,anda
PaverPCG4 processarwhich runsthe Mac OS 10.2operatingsystem.

We have checledthe quality of the vectorpartitioningby usinga testsetof sparsema-
trices from publicly available collections,supplementedvith a few matricesfrom Sandia
applicationsanda few matricesfrom our own applications.Table 4.1 presentshe matrices;
thematrixbcsstk32  wasobtainedrom the Rutherford—Boeingollection[11, 12]; thema-
triceslhr34 andnug30 wereobtainedfrom the University of Florida collection[9]. The
matrixrhpentium _new providedby RobertHoekstrarepresents circuit simulationby the
SandiapackageXyce for partof a PentiumprocessarThe matrix polyDFT originatesin a
polymerself-assemblgimulationby the DensityFunctionalTheorypackagelramantdrom
Sandia.Thematrixtbdlinux  is aterm-by-documentnatrix describingthe documentation
of the SUSELinux 7.1 operatingsystem.The matrix cagel3 [22] (availablethrough [9])
is a stochastiamatrix describingtransitionprobabilitiesin the cagemodelof a DNA poly-
mer of length13 moving in a gel underthe in uence of anelectric eld. Eachmatrix has
beenpartitionedusingthe Mondriaanmatrix partitionerwith default parametersallowing a
computationaloadimbalanceof 3%.

Table 4.2 presentghe partitionedsparsematrices. We can view the resultingvector
partitioningproblem(for avector ) asasparse matrix , wherethe
rows representhe processorshatareactive in communicatiorandthe  columnsrepresent
the columnsfrom the original matrix with . (For avector , we cantransposdhe
partitionedmatrix ~andproceedn the sameway.) From now on, we distinguishbetween

and , andbetween and . Table4.2 presentseveralpropertiesof  suchasthe
communicationvolume, two lower boundson the communicatiorcost,the optimal solution
for thespecialcase , if applicableandabalanceatio, for the sevenmatricesrom the
testsetandfor . Notethat

(4.1)

1The new vector partitioning algorithms will be made available in version 2.0 of Mondriaan, see
http://www.math.uu.nl/people/bisseling/Mond riaan ,tobereleasedoon.



ETNA

Kent State University
etna@mcs.kent.edu

58 R.H. BISSELINGAND W. MEESEN

TABLE4.1
Propertiesof thetestmatrices.For eac matrix, we give: thenumberofrows , thenumberof columns , the
numberof nonzeos , andtheorigin.

Matrix Applicationarea
rhpentium _new 25187 25187 258265 circuit simulation
Ihr34 35152 35152 764014 chemicalengineering
nug30 52260 379350 1567800 linearprogramming
bcsstk32 44609 44609 2014701 structuralengineering
tbdlinux 112757 20167 2157675 informationretrieval
polyDFT 46176 46176 3690048 polymersimulation
cagel3 445315 445315 7479343 DNA electrophoresis

becausevery columnin  hastwo or moreprocessorsindhencecausest leastonecom-
munication. If , this meanghatall columnshave two nonzerosso that our optimal
algorithmOpt2from Subsectior8.1is applicable Furthermorewe have

(4.2)

becaus¢henumberof communicationsausedy acolumnin  equaldts numberof nonze-
rosminusl. It is easilyveri ed thatEqns(4.1) and(4.2) areindeedsatis edfor thedatagiven
in Table4.2 Theboundsgivenin thetablearethe volume-basedound
andthelocallowerbound , seeEqn(3.3). Theratio givesthebalance
of thecommunicatioroadin casewe manageo attainthe bestlower bound.Perfectbalance
correspond$o aratio of 1.

For eachmatrix, boththeinputvector andtheoutputvector arepartitioned.A prob-
leminstancas thusatriple matrix / /vector Theinstancesiug30/ / andbcsstk32 /4/
are omitted becausehe precedingmatrix partitioning producesa one-dimensionatolumn
partitioning,sothatno communicatioris neededor . The numberof communicatingoro-
cessors canbelessthanthe availablenumberof processors: for instance,

for rhpentium _new/64/ andlhr34 /64/ . A processodoesnot communicatef all
thecomponents thatit ownssatisfy or ; for , thecorrespondingnatrix
column mustbe empty but for it may have mary nonzeros.Table4.2 shavs that
thelower bound is the best(highest)boundfor 34 out of 38 instancesthat for
threeinstancesandthat the bound is bestfor only oneinstancehamelynug30 /4/ .
Thetablealsoshaws thatapplicability of Opt2is not restrictedto the case ; eg.,
Ihr34 /16/ with canbe solvedby the optimal algorithm. Theratiosgivenin
thelastcolumnof Table4.2 shaw thatevenif thebalancingoroblemcanbe solvedoptimally,
this doesnot meanthatthe resultingbalances perfect. For 17 probleminstance®ut of 38,
theratio exceeds2, meaningthat one processohasto communicatet leasttwice the aver-
ageamountbasedon and ; themaximumratio obsenedis 4.02for |hr34 /64/ . This
imbalances inevitableandis causedy the precedingmatrix partitioning.

Table 4.3 presentgesultsof Mon, the algorithm from [23] implementedn the origi-
nal Mondriaanpackageyersionl1.0, which hasbeenexplainedin Section2, andof LB, the
local-boundalgorithmpresenteéh SubsectiorB.3, with andwithoutthegreedyimprovement
procedurgresenteih SubsectiorB.5. Thematrix partitioningwas x edby usingMondriaan
oncewith a x edrandomnumberseedgiving the partitionedmatricegpresentedh Table4.2.
Thevectorpartitioningwasperformeda hundredimes,eachtime with a differentseed.Like
the Mondriaanmatrix partitioning,the Mondriaanvectorpartitioningis a randomisedilgo-
rithm. Still, theremaybesomedependencentheinputordering. The LB vectorpartitioning
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for variousprocessomumbes andfor boththeinput
vector andtheoutputvector . For ead probleminstancewegive: thecommunicatiorvolume ; thenumberof
that causecommunicationthe numberof nonzeos of

. Thevaluesin boldface

Matrix Vector | | Ratio
RHPentium _new 4 13791 4 12656 26447 | 3448 5822 | 1.69
5614 2 5614 11228| 2807 2807 | 2.00

16 9888 10 9215 19103 989 1722 | 2.79

18519 16 14469 32988 | 1158 1941 | 1.68

64 10108 38 7930 18038 266 517 | 3.27

26223 64 17317 43540 410 621 | 1.52

Ihr34 4 1172 4 1171 2343 293 381 | 1.30
253 2 253 506 127 127 | 2.01

16 1069 10 1069 2138 107 234 | 3.50

2694 15 2512 5206 180 344 | 2.04

64 8372 64 7813 16185 131 270 | 2.06

2008 38 1946 3954 53 126 | 4.02

nug30 4 56348 4 39413 95761 | 14087 12435| 1.00
16 136712 16 47237 183949| 8545 8823 | 1.03

64 247032 64 51413 298445 3860 5816| 1.51

bcsstk32 4 1986 4 1968 3954 497 718 | 1.45
16 4872 16 4750 9622 305 741 | 2.43

3106 12 3094 6200 259 456 | 2.35

64 11839 64 10759 22598 185 366 | 1.98

8001 56 7474 15475 143 378 | 3.02

tbdlinux 4 27800 4 15740 43540| 6950 9149 | 1.32
3263 2 3263 6526 | 1632 1632 | 2.00

16 44179 16 15871 60050| 2762 5906 2.14

30299 14 15194 45493 | 2165 2900 | 1.53

64 76914 64 16261 93175| 1202 3407 | 2.83

66564 58 21652 88216| 1148 1832 | 1.76

PolyDFT 4 5352 4 5352 10704| 1338 1410| 1.05
3636 4 3636 7272 909 1135| 1.25

16 19756 16 17571 37327 | 1235 2274 | 1.84

16405 14 14820 31225| 1172 2346| 2.29

64 41625 64 30083 71708 651 1281 | 1.97

37541 64 28604 66145 587 1454 | 2.48

cagel3 4 57054 4 57054 114108 14264 19497 | 1.37
58804 4 58804 117608| 14701 16466 | 1.12

16 95032 16 86329 181361| 5940 12313| 2.07

160761 16 139624 300385| 10048 15152 | 1.51

64 236759 64 194172 430931| 3700 5456 | 1.47

208314 64 172388 380702| 3255 5457 | 1.68
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is deterministicsinceit useghenaturalvectorordering.To remove ary possibledependence
on the input ordering, the columnsof  were randomly permutedbefore eachrun, both
for Mon andLB. This makesthe averageresultsmore meaningful,but it alsoenhanceshe
chance®of encounteringa goodsolutionin oneof theruns. The greedyimprovementproce-
dureis terminatedf apasshroughall thevectorcomponentshavsthatnoimprovementcan
be found any more,or if a presetmaximumnumberof triesis reached, for partitioning
of and for . Thus,the maximumnumberof triesis of the orderof the size of the
original matrix

The averagecommunicatiorcostsgivenin Table 4.3 shav that LB is betterthanMon
for 18 out of 38 probleminstancesgqualto Mon for 12 instancesandworsefor 8 instances.
With greedyimprovement(Gl) switchedon, LB is betterfor 11 instancesequalfor 24, and
worsefor 3. All instanceswith equalperformancegwith or without GI) correspondo cases
wherebothalgorithmssolve the problemto optimality in everyrun of thealgorithm.LB+Gl
solvesthe problemto optimality in every run for 34 instances;Mon+GI doesthis for 25
instances.We may concludethatLB is superiorto Mon. Furthermoreijt is clearthatGl is
useful, sinceit improvesthe averageresultin mostcasesfor Mon, andin 9 casesfor LB.
AlthoughLB is betterthanMon, we neednot discardthelatter: Mon+GI performsbetteron
averagethanLB+GlI for nug30 /4/ ,cagel3 /16/ ,andcagel3 /64/ . Thismeanghatit is
worthwhileto try both LB+GI andMon+Gl, insteadof just usingthe bettermethodLB+Gl.
Fornug30 /4/ , with ratio1.00in Table4.2, Mon+Gl managedo achiezeanoptimalsolution
andhencea perfectbalancen atleastonerun.

Thebestcommunicatiorcostsgivenin Table4.3show thatall problemsgxceptnug30 /
16/ , canbe solvedto optimality by oneof the methodsn atleastoneof theruns. The cost
89350f thebestsolutionfor nug30/16/ is 1.3%higherthanthebestbound . We
tried toimprovethesolutionin 10,000additionalruns,but only obtainedcamaiginalreduction
of thecostto 8931.

In an actualapplication,it is possibleto performseveral runs of the vector partitioner
and keepthe bestsolution, becausevector partitioning by our methodsis cheapandtakes
muchlesstime thanthe precedingmatrix partitioning. Our largestproblemcagel3 /64/
tookabout9 sfor bothMon+Gl andLB+GI onthe PoverBookcomputerwhereaghecorre-
spondingmatrix partitioningtook 1123s onthe samemachine.

5. Conclusion and futur e work. We have presentedwo new algorithmsand a new
lower boundfor solving the vector partitioning problemfor parallel sparsematrix—vector
multiplication. We have concentrate@n the input vectot sincethe partitioningof the output
vectoris a similar problem. The rst algorithm,Opt2, is optimalandcanbe appliedin the
specialcasethat every matrix columnis ownedby at mosttwo processors.This situation
occursin particularfor small , but alsoif the precedingmatrix partitionerhasbeenhighly
successfulwhich often limits the numberof processorghat own a column. The second
algorithm, LB, is a heuristicthatin practiceoften nds the optimalsolution,in particularif
it is post-processelly greedyimprovement. The lower bound helpsto steerthe useof
thedifferentvectorpartitioners;jn particular it tells uswhenwe canstopattemptsat further
improvement.The lower boundseemssharp,sinceit could be attainedin all practicalcases
we tested exceptone. Still, we have to realisethat practicalcommunicatiormatrices are
veryspecial sincethey typically containmary columnswith asmallnumberof nonzerosand
in mostcasegwo nonzerosFor othertypesof matricesptherheuristicanaybeneededThe
generalvectorpartitioningproblempresentedn this paperis NP-completewhich is proven
by Ali Pinarin AppendixA.

A goodvectorpartitioningmusthave a goodbalanceof the communicatiordoad, for in-
stancdn iterative linearsystemsolvers. The balancdas measuredy the maximumamountof
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TABLE 4.3
Communicatiorcostfor different vector partitioning methods. The value givenis the percentae by which
the costexceedghe bestknownlower bound, . Avalue'0' meansexactly 0, and hencean optimal
solution. For eac problem,we givetheaverage over 100runsof thevectorpartitioning by: Mon, thealgorithmim-
plementedn theoriginal Mondriaanpadage, version1.0; Mon+Gl, which is Monfollowedby greedyimprovement;
LB, thelocal-boundalgorithm; LB+GI. Furthermok, we give the bestresultobtainedin the runs by the methods
with GI.

Matrix Vector Average(%) Best(%)

Mon Mon+Gl LB LB+GI | Mon+GIl LB+Gl

RHPentium _new 4

16

64

Ihr34 4

16

64

nug30 4
16
64

bcsstk32 4
16

64

tbdlinux 4

16

64

PolyDFT 4
16

64

cagel3 4
16

64
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communicatiorper processatwhich is animportantmetric, perhapsecondnly to themet-
ric of total communicationvolume. As communicatiorwill becomemoreimportantwhen
applicationsscaleup to thousand®f processorsyalancingcommunicatiorwill becomecru-
cial. This givesriseto a classof new andinterestingoptimisationproblems.

A promisingavenueof researcimaybetrying to generaliseomputatiorbalancingmeth-
ods, suchasby PinarandHendrickson 18], sothatthey canbe appliedto communication
balancingaswell. Here,it is crucialthatbothsendsandrecevesarebalancedto complicate
matters,thesetwo objectivesdependon eachother Anotherissueis that communication
taskscanvaryin size;for thealgorithmin [18], this would meanthatthe assumptiorof unit
tasksizemustbedropped.

Ourproblemoriginatedin parallelsparsematrix—vectormultiplication,but it hasawider
rangeof applicability, within the eld of parallelcomputingandbeyond. Oneway of viewing
the problemis asfollows. We have to distribute itemsamonga group of people. For each
item, a speci ¢ subgroups interestedn owning it. Onememberof the subgroupwins and
becomesheowner. Thiswinnerhasto compensatall theloserseachwith thesameamount
of money, say1 dollar or euro. The problemis to distributetheitemssuchthatthe maximum
amountof money any personhasto pay or receive is minimised. (Note thatthis problemis
notaboutminimisingthe netamountof money paidor receved.)

The problemfor the specialcasethat could be solved optimally by algorithmOpt2 may
alsohavewiderapplicationfor instancen parallelmoleculadynamicssimulations Because
of Newton's Third Law of Motion, each2-atomforceattheboundarybetweertwo processors
canbecomputecby eitherof the processorgvolved. The processothatcomputegheforce
mustsendthe resultto the otherprocessarwhich mustreceve it. Algorithm Opt2 canbe
usedto balancesuchcommunicatiorobligations.

Several openresearchquestionsremain, suchas: canthe generalvector partitioning
problembe solved optimally underlessrestrictve assumptions?anthe methodsbe gen-
eralisedto the situationwherethe vectorcomponenthave communicatiorweights,so that
sendingcomponent toaprocessocosts  timeunits;thisoccurssometimesn thecontext
of hypegraphpartitioningfor circuit simulation.Canwe extendthemethodgo thesituation,
notuncommorfor squarematriceswherewe requirethe samepartitioningfor theinputand
outputvectors?If the matrix is symmetricand hasbeenpartitionedsymmetrically this is
easybut otherwiseit is atwo-objective optimisationproblem,whichis muchharderto solve.
(The original Mondriaanpackagecontainsan optiondistr( ) = distr( ), but oftenthe com-
municationload is out of balancefor this option, becausdhereis not muchchoicein the
assignmenof vectorcomponents$o processors.)

Theexistenceof alowerbound pointsto unavoidableimbalancan thecommu-
nicationfor a givenmatrix partitioning. An optimal solutionto the vectorpartitioningprob-
lem may still have imperfectbalance.Anotherindicatorof suchimbalanceis
meaningthat not all processorgarticipatein the communication. This leadsto a bound

. To reducethisimbalancewe mustmodify the precedingmatrix
partitioning. The challengds to do this without increasinghe communicatiorvolume. We
are currently investigatinglower-boundbasedtie-breakingin the matrix partitionerasone
meanf achieving perfectcommunicatiorbalance.

Appendix. Vector partitioning is NP-complete.Proof providedby Ali Pinar, Lawrence
Berlkeley National Laboratory:.
We canformulatethe vector partitioning problemas the following decisionproblem,
whichwe call the ColumnAssignmenproblem.
INSTANCE: Positve integers  , a matrix  with elements andwith
for , andapositive integermaximum
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FiG.A.1L matrix of columnassignmenproblemobtainedby reducingthe bin pading problemwith
values , , , , , and . Zew matrix elementsre representedy

adot.

communicatiorioad

QUESTION: Doesthereexist an assignment of the
columnsof the matrix suchthat: (i) , for o (1))
, for ; and(iii)
?

The columnassignmenproblemcanbe relatedto the Bin Padking problem,de ned as
follows by Garey andJohnsorj14].

INSTANCE: A nite set of items,a positive integer size for eachitem , a
positiveintegerbin capacity , anda positive integer
QUESTION: Doesthereexist a partitionof  into disjoint sets suchthat

thesumof thesizesof theitemsin each isatmost ?
Bin packingis NP-completen the strongsensewhich meansthat thereis no pseudo-
polynomialtime solutionunlessP=NP[14].
THEOREM A.1. Thecolumnassignmenproblemis NP-complete
Proof. Wewill provethe NP-completenessf the columnassignmenproblemby reduc-
tion from the bin packingproblem.Our reductionis not polynomial,but pseudo-polynomial.
The reductionstill provesNP-completenessincethe bin packingproblemis NP-complete
in thestrongsenseObsenrethatfor any instanceof thebin packingproblem,multiplying the
sizeof eachitem andthebound by a constanwill not changethe original problem. Let
, where is the minimum sizeamongitemsin . Multiply
eachsize , ,and by . Intherestof theproof, we assumehat , , and
denotethe numbersafter this multiplication, sothat . Without lossof
generalitywe assumehat and
Givenaninstanceof the bin packingproblem thecolumnaSS|gnmenprobIemW|II have
processorsnd columns,where
The rst  processorsorrespondo the binsof the bin packingproblem, andtheremalnlng
areauxiliary processorsSimilarly, the rst columnscorrespondo itemsin  andthe
remaining areauxiliary columns.

Let be the matrix of the columnassignmenproblemaf-
ter reduction,wherethe submatrix is de ned by the bin processoranditem
columns,andthe submatrix is de ned by the auxiliary processorandauxiliary

items.Thematrix is de ned asfollows andis illustratedby Fig. A.1.
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All elementof arel, which meanghateachcolumnrepresentingnitem can
beassignedo ary processorepresenting bin.

, which meansthat auxiliary columnscannotbe assignedo a processor
representing bin.
We de ne suchthat eachrow andeachcolumnin has nonzeros.This
canbe achieved by assigningnonzerodo the positionson and belon the main
diagonalin eachcolumn(continuingwith the rst row, if thelastrow is reached)In
otherwords, in for LAl
otherelementare . We assumavithoutlossof generalitythat . (Otherwise,

canbesuitablyenlaged.)
Wede ne suchthateachrow hasasinglenonzeroandsuchthatthe th column,
whichrepresentthe thitem | has nonzerosThis canbeachieved
by putting nonzerosn the rst rows andthe rst column,the next
rows andthe secondcolumn,andso on. Altogetherthis requires

rows, which areexactly the

auxiliary rows.

We claim that thereis a solutionto the reducedcolumn assignmenproblemwith no
processotoadedmorethan , if andonly if thereis a solutionto the bin packingproblem.
Theproofis basednthefollowing obsenationsonthereduced:olumnassignmenproblem.

1. Eachauxiliary columnhasto be assignedo anauxiliary processar This will load
every auxiliary processomvith sendsand recevesfor an auxiliary
column. No auxiliary processocanobtaintwo (or more)auxiliary columns,since
the numberof sends would thenexceed . Sinceeachof the remaining
columnshasat least nonzerosrepresentingit leastthreesendsthey
cannotbe assignedo anauxiliary processowithout exceeding . Thereforegach
columnrepresentingnitem needso beassignedo a processorepresenting bin.

2. Thereceving load of every processothatrepresents bin is atmost . Recall
that becaus®f theinitial scalingoperation.Every auxiliary processohas
areceving loadof , includingonereceie operationfor the columnsrepresenting
anitem. Whetherthe communicatiorioad of a processosatis esthe bound is
thussolelydeterminedy its sendingoad.

3. Eachcolumnrepresentin@gnitem has nonzerosandhenceassigns
sendoperationgo its owner.

By the rst obsenation,eachitem mustbeassignedo abin for thecommunicatiooad
to remainbelov . By the secondobsenation, distribution of remainingrecevesdoesnot
affect the feasibility of the solution. Only the assignmenbf sendds important. By the nal
obsenation, eachcolumnrepresentingn item assignsa numberof sendsequalto the size
of theitem to its processofbin). By constructionary item-columncanbe assignedo ary
bin-processorAs aresult,the problemreducego the bin packingproblem.

Basedon theseobsenations therewill beasolutionto the columnassignmenproblem,
if andonly if thereis a solutionto the bin packingproblem. d
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