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COMMUNICA TION BALANCING IN PARALLEL SPARSE MATRIX–VECT OR
MULTIPLICA TION
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Dedicatedto Alan Georgeon theoccasionof his60thbirthday
Abstract. Given a partitioningof a sparsematrix for parallelmatrix–vectormultiplication,which determines

thetotal communicationvolume,we try to �nd a suitablevectorpartitioningthatbalancesthecommunicationload
amongthe processors.We presenta new lower boundfor the maximumcommunicationcost per processor, an
optimal algorithmthatattainsthis boundfor the specialcasewhereeachmatrix columnis ownedby at mosttwo
processors,andanew heuristicalgorithmfor thegeneralcasethatoftenattainsthelowerbound.Thisheuristicalgo-
rithm triesto avoid raisingthecurrentlower boundwhenassigningvectorcomponentsto processors.Experimental
resultsshow that the new algorithmoften improvesuponthe heuristicalgorithmthat is currently implementedin
the sparsematrix partitioningpackageMondriaan. Trying both heuristicscombinedwith a greedyimprovement
proceduresolves the problemoptimally in mostpracticalcases.The vectorpartitioningproblemis proven to be
NP-complete.

Key words. vector partitioning, matrix–vector multiplication, parallel computing,sparsematrix, bulk syn-
chronousparallel

AMS subject classi�cations. 05C65,65F10,65F50,65Y05

1. Intr oduction. Sparsematricesfrom emerging applicationssuchasinformationre-
trieval, linearprogramming,andMarkov modellingof polymersmayhavea highly irregular
structureandno underlyingthree-dimensionalphysicalstructure,in contrastto many �nite-
elementmatrices,andthis irregularity posesa challengeto parallelcomputation.Often,the
sparsematrixmustberepeatedlymultipliedby avector, for instancein iterativelinearsystem
solversandeigensystemsolvers. In recentyears,hypergraphpartitioninghasbecomethe
tool of choicefor partitioningthesparsematrix, deliveringgoodbalanceof thecomputation
loadanda minimal communicationvolumeduringparallelsparsematrix–vectormultiplica-
tion. The problemof partitioning the input and outputvectorsis just as importantas the
matrixpartitioningproblem,sinceit affectsthebalanceof thecommunicationload,but it has
receivedmuchlessattention.

Assumethatwe have an ����� sparsematrix
�

, which mustbemultiplied by an input
vector 	 of length � , to give anoutputvector 
 of length � , using � processorsof a parallel
computerwith distributedmemory. The naturalparallelalgorithmfor sparsematrix–vector
multiplication with an arbitrarydistribution of matrix andvectorsconsistsof the following
four phases:

1. Eachprocessorsendsits components��
 to thoseprocessorsthatpossessa nonzero
���


 in column � .
2. Eachprocessorcomputestheproducts���


���
 for its nonzeros���


 , andaddstheresults
for the samerow index � . This yields a set of contributions �

��� , where � is the
processoridenti�er, ����� �!� .

3. Eachprocessorsendsits nonzerocontributions �

��� to the processorthat possesses
�

� .
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4. Eachprocessoraddsthecontributionsreceivedfor its components�

� , giving �

�$#

%'&)(+*

,.-0/

�

�

, .
Processorsareassumedto synchroniseglobally betweenthephases.In the languageof

thebulk synchronousparallel(BSP)model[21], thephasesarecalledsupersteps. Thismodel
motivatedthepresentwork, becauseit encouragesbalancingcommunicationloads,besides
balancingcomputationloads. Phases1 and3 are communicationsupersteps.Their costs
include a �x ed overhead1 representingthe global latency, which lumps togetherthe time
of the global synchronisationandthe startuptimesof an all-to-all messageexchange.The
superstepapproachallows combiningdatawordsdestinedfor the sameprocessorinto one
packet andalsoreorderingof packets,both for thepurposeof communicationoptimisation.
Sometimes,we call 1 just thesynchronisationcost. TheBSPmodelalsoassumesa costof 2

time unitsperdataword sentor receivedby a processor. Theprocessorwith themaximum
number3 of datasentor receiveddeterminestheoverall communicationcost.Thecostof a
communicationsuperstepcanthusbeexpressedas

465.798):<;.5>=?:<8

#

3�2A@B1DC(1.1)

A naturaltime unit for 2 and 1 in scienti�c computationis thetime of a �oating-point opera-
tion.

Thesynchronisationcost 1 doesnotgrow with theproblemsizeandit hasto bepaidonly
twice for the matrix–vectormultiplication algorithm. The communicationcost, however,
growswith theproblemsize,anddependsverymuchon thedatapartitioningchosen.We are
mainly interestedin large,highly irregularproblems,andfor this reasonwe will exclusively
beconcernedwith thecommunicationcost 3�2 , aimingto minimiseit.

We assumethat thematrix
�

hasalreadybeenpartitionedfor � processorsandthatwe
have to �nd a suitablevectorpartitioning. Thus,eachnonzero�E�


 hasbeenassignedto a
processorandwe needto assignvectorcomponents��
 and �

� to processors.We assume
that the vectorscanbe partitionedindependently, which is usuallythe casefor rectangular
matrices,but alsofor squarematricesif theoutputvectoris usedastheinputfor multiplication
by

�GF

. We only treatthepartitioningproblemfor the input vector, becausethepartitioning
of theoutputvectoris similarandcanbedoneby runningthesamealgorithmappliedto

� F

.
If the matrix

�

is symmetricand it hasbeenpartitionedsymmetrically, i.e., with nonzero
elements���


 and �




� assignedto thesameprocessor, thenwe canpartition the input vector
andusethesamesolutionfor theoutputvectoraswell.

The precedingmatrix partitioningcanbe doneby usingany of the currentlyavailable
matrix partitioners,eitherbasedon hypergraphpartitioningor graphpartitioning.Theresult
canbe: one-dimensional[5], e.g.a row distributionor columndistribution; two-dimensional
Cartesian[8], eachprocessorobtaininga submatrixde�ned by a partitioningof the matrix
rows andcolumns;two-dimensionalnon-Cartesianwith Mondriaanstructure[23], de�ned
by recursively bipartitioningthematrix in eithertherow or columndirection;or completely
arbitrary [7], eachnonzerohaving beenassignedindividually to a processor. In all these
cases,it maybebene�cial to partitionthevectorby themethodspresentedhere.

Let H

 bethesetof processorsthatown nonzerosin matrix column � and I




#KJ

H



J be
thenumberof suchprocessors,for �L�M�N�O� . Wemakeanumberof assumptions,all without
lossof generality, to facilitatetheexposition.We assumethat IE
QP'R , becausecolumnswith

IS


#

��T9U do not causecommunicationso that they canberemovedfrom theproblem. We
assumethat all processorsareinvolved in communication,i.e., occurin at leastonematrix
column; it is easyto remove the otherprocessors.Furthermore,we assumethat duplicate
nonzeroshave beenremoved,i.e., nonzeros���WV


 thatarein thesamecolumnandareowned
by thesameprocessorasanonzero���


 , where�<X0YZ� ; aduplicatenonzerodoesnotcauseextra
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communicationbecause� 
 hasto besentonly onceto theownerof � �


 . Sincetheprocessor
thatownsanonzero� �


 in matrixcolumn� is important,but therow number� is irrelevant,we
cantransformthematrix into a �[�\� sparsematrix

�

X , whichcontainsa nonzeroin position
]

�^T_��` , �a��� �!�bT+���M�N�O� , if andonly if processor� hasanonzeroin column� of
�

. (The
matrix

�

X is introducedin [20] asthecommunicationmatrix correspondingto a partitioned
matrix

�

.) We assumewithout lossof generalitythat
�

hasalreadybeentransformedinto
�

X , sothatwecandroptheprime. In Section4, however, wherewepresentourexperimental
results,we will distinguishbetweentheoriginalmatrix

�

andits communicationmatrix
�

X .
Ouraim is to assigneachinputvectorcomponent��
 to a processorc

]

��`ed\Hf
 , suchthat
weminimisethecommunicationcost gih of thepartitioning c . Thiscostis de�ned as

geh

#kjNl�m

/9n

�po

&

jNlqmsr)t

5.:<u9v

]

�)`wT

t

;.:<xzy

]

�)`w{^T(1.2)

where

t

5.:<u9v

]

�)`

# |


~})h^•€
‚•

-

�

]

I 
„ƒ U�`…T(1.3)

and

t

;?:<xzy

]

��`

#†J€r

�L‡^�L�!�N�Z�Zˆ‰� dŠHf
Nˆ‰c

]

��`Œ‹

#

�•{

J

C(1.4)

Sometimeswe refer to the communicationcostof a processor� , which is gŽh

]

�)`

#•jLlqmsr

t

5.:<u9v

]

�)`•T

t

;?:<xzy

]

�)`~{ . Notethatthenumberof sendsexpressedby t

5.:<u9v

]

�)` is thenumberof
datawordssent,andnot thenumberof messagesin which they arepackaged.We will use
theterms`send'or `receive' to denotethecommunicationof a singledataword, irrespective
of theway this is done(thedataword is mostlikely sentaspartof a largerpacket). Thetotal
communicationvolumeis

‘

h

#

&)(+*

|

�

-0/

t

5.:<u�v

]

�)`

#

&�(0*

|

�

-0/

t

;?:<xzy

]

��`…C(1.5)

We will drop thesubscript̀ c ' from gih , geh

]

�)` , and
‘

h if thepartitioninginvolved is clear
from thecontext.

2. Relatedwork. ÇatalÿurekandAykanat[5] presenta one-dimensionalmatrix parti-
tioning methodfor squarematricesbasedon hypergraphs.Themethodis alsoapplicableto
rectangularmatrices,see[4]. They partition the input andoutputvectorsconformallywith
thematrix partitioning; for a rowwisematrix partitioning,this meansthat matrix row � , �

� ,
and �

� areall assignedto thesameprocessor. Thus,no speci�c effort is madeto balancethe
communicationby �nding a bettervectorpartitioning.This maybebene�cial for theoutput
vector 
 , but for the input vector 	 this leavesno choicein thepartitioning,andit might in-
creasethecommunicationvolume

‘

. ÇatalÿurekandAykanat[5] doreportresults,however,
ontheirvectorpartitioning.For instance,experimentswith rowwisepartitioningby theHCM
variantof their partitionerPaToH [6] on a setof square,structurallynonsymmetricmatrices
show for �

#•’•“ , on average,a scaledvolumeof 0.92anda maximumscaledvolumeper
processorof 0.025(only countingthesends,not thereceives),which is not too far from the
theoreticaloptimumof 0.0143.Thescalingis by matrix size,i.e., thescaledvolumeis

‘$”

� .
Themaximumscaledvolumeperprocessorwould probablybesomewhathigherif receives
wereincludedin themetricaswell.

VastenhouwandBisseling[23] posetheproblemof minimisingthecostin themetricwe
usehere.They presenta vectorpartitioningalgorithmwhich is thedefault in version1.0 of
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the Mondriaanpackage.The algorithmworks asfollows. First, it handlesthe components
with I 
 Y•R in randomorder, trying to minimise jNl�m

/9n

�po

&

]

t

5.:<u9v

]

�)`$@

t

;.:<xzy

]

�)`–` . The
algorithmassigns��
 to the processorwith the currentlowestsum. The sumof processor

� is initialised at —6˜~™�šœ›

]

�)`

#•J€ž

]

�)`

J , where ž

]

��`

#Ÿr

��‡$�'�K� �•�¡ˆK�Md‰H$
q{ , in an
attemptto give the greedyalgorithmat leasta partial view of the future. The initial sum
canbeseenasthenumberof inevitablecommunicationoperations:a processormusteither
sendor receiveat leastonedataword if it occursin a column. If �q
 is assignedto processor

� , this increasesthe sum of � by I�
 ƒ R . Second,the algorithmhandlesthe components
with IS


#

R in an arbitraryorder, trying to balancethe numberof sendswith the number
of receives. The componentswith I�


#

R do not increasethe sumsany more. Let � and
��X be the two processorsin a column � . The algorithmchooses� asowner of column � if

t

5?:<u�v

]

�)`i@

t

;?:<xzy

]

��XW`!�

t

5.:<u9v

]

��XW`e@

t

;.:<xzy

]

�)` ; otherwise,it chooses�)X . This gives rise
to onedataword beingsentin the leastbusy direction. The numericalexperimentsin [23]
for the � ve rectangularmatricesshow reasonablecommunicationbalance,with the largest
probleminstance(matrix tbdlinux , �

#¢’q“ ) showing anormalisedcostof 3.06(relativeto
theaveragevolume

‘f”

� ). A disadvantageof this algorithmis thatmatrix partitioningswith
few two-processorcolumnshave little opportunityto optimisethe send/receive balance;in
theworstcase,this maydoublethecommunicationcost.In thepresentwork, we investigate
theperformanceof thisalgorithmfurtherandtry to improveit; in theremainderof thepaper,
we denotetheoriginalMondriaanvectorpartitioningalgorithmby `Mon'.

UçarandAykanat[20] treattheproblemof vectorpartitioninggivenacertainmatrixpar-
titioning,with theobjectiveof minimisingthetotalnumberof messagesandhencethesumof
themessagelatencieswhile satisfyinga balancingconstrainton themaximumcommunica-
tion volumeperprocessor, measuredin sends.This enablesa trade-off betweenlatency and
maximumvolume. To �nd a solution,they formulatetheproblemin termsof a hypergraph
with � hyperedgesand � vertices,and thentry to partition the verticesinto � setsusinga
multilevel hypergraphpartitioner, in this casePaToH. Eachvertex getsa weight of I£


ƒ
U ,

representingthenumberof sendsfor thecorrespondingvectorcomponent�•
 . A cut hyper-
edge� , �L�Z�Q�¤� , with verticesondifferentprocessors,meansthatprocessor� hasto receive
a messagefrom theseprocessors,exceptfrom itself. For comparison,Uçar andAykanatalso
implementedamethodwhich they call thenaivemethod, whichassignscomponentsin order
of decreasingI


 , trying to balancethesends.Thehypergraphmethodsigni�cantly reduces
thetotal numberof messages,by abouta factorof two comparedto thenaive method,but it
doublesthemaximumnumberof sendsperprocessorandit alsoincreasesthetotalvolumeby
up to 41%.(An increasein communicationvolumemayoccurif acomponent� 
 is movedto
aprocessoroutsideHf
 to reducethenumberof messages.)Thetimeof thevectorpartitioning
by thehypergraphmethodis usuallylessthanthatof thematrix partitioning,but it is much
morethanthatof thenaive method.Thedifferencebetweenthepresentwork andthework
of UçarandAykanatis thatwe try to achievetheutmostin communicationbalance,ignoring
latency, andthatwealsotry to balancethereceivesof theprocessors.

A differentarea,relatedto thepresentwork, is thatof computationloadbalancing.View-
ing communicationasjustanothertypeof work thathasto bebalancedamongtheprocessors,
we maybeableto bene�t from methodsdevelopedto balancecomputationwork. Pinarand
Hendrickson[17] proposea generalframework for balancingwork in complex situations,
suchasoverlappingsubdomainsin domaindecomposition,or computationandcommuni-
cationwithout synchronisationin between(wherework representsthe sumof computation
time andcommunicationtime). They diffusedataandassociatedwork from overloadedpro-
cessorsto others,startingfrom an initial partitioning,andimproving the balanceuntil it is
satisfactory. In differentwork, PinarandHendrickson[18] presenta methodfor assigning



ETNA
Kent State University 
etna@mcs.kent.edu

COMMUNICATION BALANCING FORSPARSEMATRIX-VECTORMULTIPLICATION 51

computationtasksto processorsin situationswherethis canbe done�e xibly, i.e., without
consequencesfor thecommunicationin a parallelcomputation.Eachtaskis of unit sizeand
canbe assignedto oneprocessorfrom a setof processors.An optimal taskassignmentis
foundby solvingamaximumnetwork-�o w problem.In principle,suchamethodcanalsobe
appliedto assigncommunicationtasks.Therestrictionsof theproblemformulationmeanthat
themethodcanbeappliedto balancethesendsor thereceives,but not bothsimultaneously,
in thecasethat I�


#

R for all � .
Thebestsparsematrixpartitioningmethodsfor parallelsparsematrix–vectormultiplica-

tion arethosebasedonhypergraphpartitioners,sincethesere�ect thecommunicationvolume
accuratelyin their objective function;graphpartitionersonly approximatethevolume.Cur-
rently, a varietyof hypergraphpartitionersareavailable:PaToH [4, 5, 6], whichwasthe�rst
hypergraphpartitionerto be usedfor sparsematrix partitioning;hMetis [16], a hypergraph
versionof theMetisgraphpartitioner;Mondriaan[23], a two-dimensionalhypergraph-based
sparsematrixpartitioner, whichcanalsobeusedto solvehypergraphpartitioningproblemsby
runningit in one-dimensionalmode;MONET[15], ahypergraph-basedmatrixorderingpack-
age,which permutestherows andcolumnsof a matrix to obtaina borderedblock-diagonal
form; Zoltan[10], a dynamicloadbalancinglibrary for a widerangeof parallelapplications,
which hasrecentlybeenextendedby a serialhypergraphpartitioner[2]; MLpart [3], a mul-
tilevel hypergraphpartitionerdevelopedfor circuit design,a traditionalapplicationareaof
hypergraphpartitioning. Par¥ way [19] is a parallel ¥ -way hypergraphpartitionerthat has
beendevelopedfor very largeMarkov transitionmatrices( �

#§¦

]

U���¨ )) from votingmodels.

3. Algorithms for vector partitioning .

3.1. Specialcase:two processorsper matrix column. A specialcasearisesif Is


#

R

for all � . This will happenif �

#

R , but it canalsohappenfor larger � . For instance,if
thematrix partitioning�rst splits thecolumnsinto two setsof columns,andthensplitseach
setindependentlyin therow direction,theresultingmatrix partitioningover four processors
satis�estheconditionbothfor rowsandcolumns.

In thespecialcase,everyassignmentof avectorcomponent�q
 to oneof thetwo proces-
sorsin matrixcolumn� causesoneprocessorto sendadatawordandtheotherto receiveone.
Let —6˜p™qšœ›

]

��` be the numberof columnsin which processor� occurs. Therefore,processor
� will have to performa total of —£˜~™�š€›

]

�)` sendandreceive operations.A lower boundon
the communicationcostof processor� is thus ©<—6˜p™qšœ›

]

��`

”

R�ª . This boundis attainedif � is
assigned(nearly)half of the vectorcomponentscorrespondingto the columnsit shares.A
lowerboundon theoverall communicationcostis

«•¬

#­jLlqm

/�n

�po

&

®

—£˜~™�š€›

]

�)`

R ¯

C(3.1)

We now presentanalgorithm,Opt2, thatassignsthevectorcomponentscorresponding
to thematrix columnsin threephases.For brevity, we saythat thealgorithmassignsmatrix
columns.Let °

�

, bethenumberof columnssharedby processors� and ± , where �²� �^T‚±i�

� ; note that °

�D�Z#

� . In Phase1, the algorithm assignscolumnssharedby � and ± in
pairs,assigningonecolumn to � and the other to ± , until no suchpair of columnsis left.
After theseassignments,the remainingnumberof columnssharedby processors� and ± is

°³X

�

,

#

°

�

,�´¶µ+·

R . We canview °aX astheadjacency matrixof thegrapḩ #

]º¹

Tp»³` , where
¹

#‰r

��T9C�C�C�T?�
ƒ

Uq{ and »½¼

¹

�

¹

is de�nedby
]

�•T‚±–`$d�» if andonly if °�X

�

,

#

U . Fig.3.1(b)
presentsthisgraph;Fig. 3.1(a)presentsa weightedgraphcorrespondingto ° .

In Phase2, thealgorithmwalkspathsin thegraph ¸ , eachtime startingat a vertex with
odddegree.After anedge

]

�^T–±–` is traversedin thedirectionfrom � to ± , it is removedfrom
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FIG. 3.1. Path-walkingalgorithm for the graph that representsthe communicationof the input vector in
parallel sparse matrix–vectormultiplication. (a) Weightedundirectedgraph, where each vertex ¾ representsa
processor, each edge ¿�¾…ÀºÁ?Â a setof columnssharedby processors ¾ and Á , andeach edge weight ÃÅÄzÆ thenumberof
columnsshared. (b) Theunweightedgraphobtainedby assigningpairs of sharedcolumnsto processors, each time
onecolumnto ¾ andtheother to Á . Theadjacencymatrix of this graph is Ã•Ç , de�ned by ÃÅÇ

ÄzÆÅÈ

ÃÉÄ_ÆqÊaË�ÌÎÍ . (c)
Thegraphis traversedby walksstartingat an odd-degreevertex, walkingalongtheedgeswhile removing themon
theway, until a deadendis reached. Thisphasecontainsthreesuch walks; the �r st two are shown.Startandend
pointsareshownin black. (d) Thegraphis traversedby walksstartingat aneven-degreevertex.

» , andthecorrespondingcolumnis assignedto � . A pathis �nished whenthewalk reaches
a deadend,i.e.,whenthevertex reachedhasnomoreedgesleft. After thedegreeof a vertex
becomeszero,thevertex is removed.This phaseendswhenall remainingverticeshaveeven
degree. Phase2 is illustratedby Fig. 3.1(c). In Phase3, the algorithmwalks pathsin the
remaininggraphuntil thegraphis empty. Phase3 is illustratedby Fig. 3.1(d). We will prove
optimalityof thealgorithmby usingthefollowing lemma.

LEMMA 3.1. Let ¸

#

]º¹

Tp»³` be a graphand
]

�

/

Tp�

*

T9C�C�C�Tp��Ï9` be a path in ¸ with all
edgesdistinct.Let ÐSÑ9Ò

]

�

/

` , thedegreeof �

/ , beodd.Assumethatthepathcannotbeextended
anymore by addingan edge from » that is distinct fromtheedgesalreadycontainedin the
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path. Then: �

/

‹

#

� Ï and a traversal of the path with edge removal changes ÐSÑ�Ò

]

�

/

` from
odd to evenand ÐSÑ9Ò

]

� Ï ` from odd to zero, and it doesnot change the parity of ÐSÑ�Ò

]

�)` for
�L‹

#

�

/

Tp��Ï .
Proof. Theremoval of the �rst edge

]

�

/

Tp�

*

` makes Ð�Ñ�Ò

]

�

/

` even. If ÐSÑ9Ò

]

�

/

` becomes
zero,thewalk cannotreach�

/ any more;otherwise,if thewalk enters�

/ , it will leave. Thus,
theendvertex � Ï mustdiffer from thestartvertex �

/ and Ð�Ñ�Ò

]

�

/

` remainseven.Furthermore,
ÐSÑ�Ò

]

� Ï ` becomeszerosinceno edgesremain.Theparity of ÐSÑ9Ò

]

�

�

` , �

#

U^T�C�C9C…T–Ó ƒ U , does
not changewhenthepathreachesanintermediatevertex �

� , becauseoneedgeis removedon
entryandoneonexit. Notethatverticesmayoccurmorethanonceonapath;ourstatements
still hold then.Justbeforethelastedgeis removed,we have ÐSÑ9Ò

]

��Ï�`

#

U ; at thestartof the
walk, ÐSÑ9Ò

]

�)Ï9` musthavebeenodd.Verticesnoton thepatharenotaffectedby thetraversal.

THEOREM 3.2. Let �bT‚�Ôd�Õ , with ��P'R , �!P§U . Let H 
 ¼

r

�ET�C9C�C…Tº� ƒ U•{ with J

H 


J•#

R

representthepair of processors that share column� , for �

#

��T�C9C�C9T–� ƒ U . Thenalgorithm
Opt2producesa vectorpartitioning cÔ‡

r

��T9C�C�CwT‚� ƒ U•{ŽÖ

r

�ET�C�C9CwT?� ƒ Uq{ with minimalcost
geh .

Proof. Thealgorithmterminatesbecausethenumberof columnsandedgesis �nite and
becauseeachwalk in Phases2 and3 removesat leastoneedge.Eachcolumnis assignedto
a processorat sometime during thealgorithm,eitherin Phase1 or whenits corresponding
edgeis removedin Phase2 or 3. At theendof thealgorithm,a completevectorpartitioning

c hasbeenobtained.
After Phase1, t

5.:<u9v

]

�)`
ƒ

t

;.:<xzy

]

�)`

#

� for all vertices� . Thevalue t

5.:<u�v

]

�)`
ƒ

t

;.:<xzy

]

�)`

doesnot changefor an intermediatevertex � in a walk in Phase2. The valuecanchange,
however, if � is a start or endvertex in Phase2. This canhappenonly oncefor every � ,

�L�Z�³�Ô� , becausea vertex canonly oncebea startor endvertex of a walk. This is because
a start vertex �

/ hasan odd degree,which becomeseven after the walk, seeLemma3.1.
Therefore,�

/ cannotbecomeastartvertex againin thisphase.Furthermore,it cannotbecome
an end vertex of a walk, becauseof its even degree. An end vertex hasno edgesleft, is
removed,andhencedoesnotoccuragainin furtherwalks.

In Phase3, the �rst walk startsat a vertex �

/ with even degree. After traversaland
removal of the �rst edge

]

�

/

T~�

*

` , the two vertices �

/ and �

* have odd degree,but all other
verticeshaveevendegree.WecanapplyLemma3.1to thepath

]

�

*

T�C9C�C9Tp��Ï�` representingthe
remainderof the�rst walk. Thelemmasaysthat ��ÏN‹

#

�

* andthat ÐSÑ�Ò

]

��Ï�` is oddat thestart
of the remainingwalk, so �)Ï

#

�

/ musthold. Thus,thepath
]

�

/

T�C�C9C�T~�9Ï9` mustbe a cycle.
After walking a completepath,all verticeshave evendegreeagain,andfurtherwalkscanbe
carriedout in the sameway. Becauseeachpathis a cycle, the value t

5.:<u9v

]

�)`
ƒ

t

;.:<xzy

]

�)`

doesnot changefor thevertices� on thepaths.
As aresultof thealgorithm, J t

5.:<u�v

]

�)`
ƒ

t

;.:<xzy

]

�)`

J

�‰U for all � , andequality J t

5.:<u�v

]

�)`
ƒ

t

;.:<xzy

]

�)`

J„#

U only happensif ÐSÑ�Ò

]

�)` is odd at the start of Phase2. BecauseÐSÑ9Ò

]

�)`

#

%

,‚× -

�

°aX

�

, , this is equivalentto —£˜~™qšœ›

]

�)`

#

%

,‚× -

�

°

�

, beingodd.This provesthattheresult-
ing assignmentis optimal.

3.2. General lower boundson the communicationcost. A simplelowerboundonthe
communicationcostbasedon thecommunicationvolumeis

«
y~Ø‚Ù

#

®

‘

�a¯

C(3.2)

Thisboundoccursbecausenotall processorscanhaveacommunicationcostbelow theaver-
age

‘f”

� , sothatin everyvectorpartitioningtheremustexist aprocessor� with g

]

��`iP

‘f”

� .
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Becausecostsare integers,we even have g

]

��`\P­©

‘$”

��ª . Therefore,gŸPk©

‘f”

��ª , which
showsthatthecost g mustbeat least

« y~Ø‚Ù

.
A different lower boundcanbe obtainedby consideringthe vectorcomponentsthat a

processorwould like to possessin order to minimise its cost. Assumethat a processor�

canfreelychooseits components.Everyvectorcomponent�•
 thattheprocessorobtainswill
decreaseits numberof receivesby one,irrespective of thesizeof thecorrespondingmatrix
column.At thesametime,thiswill increasethenumberof sendsby Is
 ƒ U . Thus,aprocessor
would preferto obtainvectorcomponentscorrespondingto smallcolumns,i.e.,with low I 
 .
If givenafreechoice,aprocessorwould takecomponentsin orderof increasingcolumnsize,
stoppingwhenaddinganothercomponentwouldgivea largernumberof sendsthanreceives.
This leadsto thelowerboundexpressedby thefollowing theorem.

THEOREM 3.3. Let �bT‚�ÅTp�Zd†Õ , with �½PÚR , �ÛP•U , and �§�Ú�Z�Ü� . Let H$
B¼

r

�ET�C9C�C…Tº� ƒ U•{ and IS


#ŸJ

H•


J , for �

#

��T9C�C�C�T–� ƒ U . Assumethat I�
!PÝR for all � , and
IS
A��I�


V if �N�!� X . De�ne

žßÞ #àr

�L‡^�L�á�²�Z¥!ˆ§�QdâHf
q{^T

for ¥

#

��T�C9C�C…T‚� . Let ¥ bethelargestinteger with ¥Š�Z� for which

|


…ã^ä�å

]

I

„ƒ

U�`$�

Jœž^æ£çßž
Þ

J

C

De�ne
«

]

�)`

#ÚJœžßæEçßž
Þ

J . Thenfor every vectorassignmentc with c

]

��`NdZH

 for all � , we

have

g
h

P

«

]

�)`…C

Proof. Let žßÞ bethesetde�ned in thetheoremandlet žÔ#àž
æ bethesetof all indices�

with �³dŠH•
 . Let c beavectorassignmentwith c

]

��`ed\H$
 for all � , and ž

Xb¼

ž bethesetof
indices� with c

]

��`

#

� . Wewill transformž

X into ž�Þ by changesthatdonot increasethecost
for processor� . Thiswill provethatthecostof žSÞ is lessthanor equalto thatof ž

X . First,we
transform ž

X into a ž

Ï by adding��èÅé

u

, thesmallest��d

žÉç�ž

X to ž

X , andremoving �9èÅê‚ë , the
largest� from ž

X , andrepeatingthis procedureaslong as ��èÅé

u

�á�9èÅê‚ë . Eachchangereduces
thecost,or keepsit thesame,becauseit replacesanindex � with a largersize I


 by onewith
asmallersize,or a lowernumberedoneof equalsize.Thechanges�ll theholesin ž

X until it
containsall theindicesfrom ž up to a certainsize,i.e., ž

X

#½ž

Ï for a certain Ó . If ž
ÞNì

ž

Ï ,
we have

%


…ã^ä�í

]

I

Gƒ

U)`ŒY

J€žÉçßž

Ï

J , by thede�nition of ¥ . Thus,we canremove the largest
� from ž

Ï while not increasingthecost.(This is becausethenumberof sendsdecreases,and
the numberof receivesincreasesby one,but it will not exceedthe numberof sendsbefore
thechange.)We canrepeatthis until Ó

#

¥ . If žSÞ
ì

ž

Ï doesnot hold,we have ž�Þ�#îž

Ï , or
ž

Ï

ì
žßÞ . If ž�ÞA#àž

Ï , wearedone,but otherwisewecanaddthesmallestelementof žÉç�ž

Ï to
ž

Ï . Thisdoesnot increasethecost,becausethenumberof receivesdecreasesandthisnumber
determinesthe cost. We have proventhat the cost for processor� in an assignmentc is at
leastthecostincurredby assigningall componentsfrom ž�Þ to � , which is

«

]

��`

#ïJœžÉçßž�ÞSJ .

By usingTheorem3.3we candeterminea local lower bound
«

]

��` for eachprocessor� .
Theresultinglowerboundfor theoverall communicationcostis

«

#kjNl�m

/9n

�po

&

«

]

�)`…C(3.3)
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We call this boundthelocal lowerboundbecauseit is basedon a local assignmentof vector
components,not takingotherprocessorsinto account.In contrast,thevolume-basedbound

«Åy~Ø‚Ù

representsa globalview, but it doesnot take local detailsinto account.Combiningthe
two lowerbounds,we have jLlqmsr

«•ypØpÙ

T

«

{ asthebestlowerbound.
The bound

«

]

��` for processor� canbe generalisedto the situationwherea processor
doesnot start from scratch,but insteadalreadyhassomecommunicationobligations(for
instancefor vectorcomponentsthathavealreadybeenassigned).Let t

5?:<u�v

bethenumberof
datawordstheprocessorhasto sendalready, and t

;.:<xzy

thenumberit hasto receive. Choose
¥ aslargeaspossible,while ensuringthat

t

5.:<u9v

@

|


…ã^ä�å

]

I 
iƒ U�`$�

t

;?:<xzy

@

JœžÉçßž Þ J

C(3.4)

Thelowerboundfor processor� thenequals
«

]

��`

#¢t

;.:<xzy

@

J€žÉçßžßÞEJ

C(3.5)

Thenumberof datawordstheprocessorhasto sendto attainthelowerboundis
«•5.:<u�v

]

�)`

#�t

5.:<u�v

@

|


…ã^ä�å

]

I�

ƒ

U�`…C(3.6)

Thenumberof datawordsit hasto receive to attainthelowerboundequals
«

]

��` .

3.3. Vector partitioning by the local-bound algorithm. We canusethe local lower
boundasthe basisfor a heuristicalgorithm. The heuristicis to choosethe processor�

èÅê‚ë

that hasthe highestlocal bound
«

]

�)` for its currentindex set ž

]

�)` , and let this processor
choosea vectorcomponent��
 . It choosesa componentwith minimal I�
 , andthuswill not
increaseits lowerbound.Thisheuristictriesto avoid increasingthehighestlowerbound

«

]

�)`

andhenceraising
«

. Thealgorithmthenupdatesthenumberof sendsandreceivesincurred,
removes� from all theindex setsž

]

�)` , andupdatesthelowerbounds
«

]

��` andtheassociated
numberof sends

«•5.:<u9v

]

�)` neededto attainthelowerbound.
A processorstopsacceptingnew componentswhenits numberof sendst

5.:<u9v

]

�)` equals
the currentoptimal numberof sends

«f5?:<u�v

]

�)` . (By de�nition, t

5?:<u�v

]

�)`L�

«Î5?:<u�v

]

�)` .) Ac-
ceptingmorecomponentswouldonly increase

«

]

�)` , sothatinsteadit is betterto stopandlet
otherprocessorsacceptcomponents.Thealgorithmterminateswhenno processoris willing
any moreto acceptnew components.It may be possiblethat some(large)componentsare
left overat theendof thealgorithm;thesecanbehandledby greedyassignment,seethenext
subsection.Algorithm 3.1 presentsthe detailsof the local-boundbasedpartitioning. The
notation`argmax'usedin Algorithm 3.1meansanindex for whichthemaximumis obtained,
andsimilarly for `argmin'. An ef�cient implementationof thealgorithmwouldusethecom-
pressedcolumnstorage(CCS)datastructure(seee.g.[1]) for thecommunicationmatrix

�

X

to facilitateaccessto theprocessorsin eachcolumn,andcompressedrow storage(CRS)with
thenonzerosof eachrow storedin increasingorderto enabledirectaccessfor processor� to
thenext local component�)
 with minimal IS
 .

3.4. Greedyassignment. Vectorpartitioningby greedyassignment(GA) is doneby
handlingvectorcomponentsin an arbitraryorder, eachtime assigninga component�•
 to a
processorc

]

��` thatwouldhavetheminimumcurrentcostif it wereto obtainthecomponent.
Thisassignmentis determinedby �rst incrementingt

;.:<xzy

]

�)` for all � d\Hf
 , andthen�nding
a processor� from Hf
 with minimal value jLlqm6r�t

5.:<u9v

]

�)`$@ðIS

ƒ

U•T

t

;.:<xzy

]

�)`
ƒ

Uq{ . The
currentsendandreceive countsarethenupdatedby decrementingt

;.:<xzy

]

c

]

��`–` andadding
I�


ƒ
U to t

5.:<u�v

]

c

]

��`–` . GA canalsobeappliedwhenpart of thecomponentshave already
beenassignedby adifferentmethod.
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input:
�

is a ���\� sparsematrix,
Hf


#ðr

�Î‡•�L�B�f�¤�¶ˆ

�ß�


N‹

#

��{ , for �L�M�N�O� .
output: c

#

ÐSñ�ò–ó‚ô

]

	É` : vectordistributionover � processors,
suchthat c

]

��`edŠHf
 , for ���M�N�Z� .

for all �Q‡•�L�Z�Q�¤� do
t

5.:<u�v

]

�)`e‡

#

� ;
t

;.:<xzy

]

�)`e‡

#

� ;
ž

]

��`i‡

#àr

�L‡^�L�!�N�Z�Zˆ‰� dŠH 
 { ;
¥Š‡

#�jNlqmsr

¥â‡^�L�Z¥Š�O�'ˆ

%


…ã^ä�å�•

�

•

]

I 
„ƒ U)`$�

J€ž

]

�)`

ç�ž Þ

]

��`

J

{ ,
where ž�Þ

]

��`

#‰r

�²‡9�Nd

ž

]

�)` ˆ§�a�M�N��¥£{ ;
«

]

�)`$‡

#†J€ž

]

�)`

ç�žßÞ

]

�)`

J ;
«•5.:<u�v

]

�)`e‡

#

%


…ã^ä9å)•

�

•

]

IS
 ƒ U�` ;
if

«Î5.:<u9v

]

�)`

#

� then l^õ

ó‚ñWö•Ñ

]

�)`$‡

#¶÷…ø

šœ›�ù ;
else l•õ

ó‚ñWö•Ñ

]

��`$‡

#¡úºûwü

ù ;

while
]ºý

�Q‡•�L�'�Q�Ô�¶ˆ

l•õ

ópñþö^Ñ

]

�)`‚` do
�

èÅê‚ë
‡

#¢l

ô‚Ò

jNl�mEr

«

]

��`f‡•�L��� �¤�¶ˆ

l^õ

ó‚ñWö•Ñ

]

�)`~{ ;
�²‡

# l

ôpÒ

j

ñWÿ

r

I



‡��Nd

ž

]

�
èÅê–ë

`~{ ;
c

]

�ß`i‡

#

�
èÅê–ë ;

t

5.:<u�v

]

�
èÅê–ë

`e‡

#�t

5.:<u�v

]

�
èÅê‚ë

`b@OI

„ƒ

U ;
for all � ‡�� dŠH



ˆ§�N‹

#

�
èÅê‚ë do

t

;.:<xzy

]

�)`e‡

# t

;?:<xzy

]

��`É@�U ;
for all � ‡�� dŠH•
 do

ž

]

�)`$‡

#ðž

]

��`

çßr

��{ ;
for all � ‡�� dŠH•
²ˆ§�N‹

#

�9èÅê‚ë do
¥Š‡

#'jNl�m6r

¥â‡

t

5.:<u�v

]

��`É@

%


…ã^ä�å�•

�

•

]

IS

ƒ

U)`$�

t

;.:<xzy

]

�)`b@

Jœž

]

�)`

çßžßÞ

]

�)`

J

{ ,
where ž�Þ

]

�)`

#àr

�L‡��Nd

ž

]

�)` ˆ¢�L�á�N��¥£{ ;
«

]

�)`$‡

#¢t

;.:<xzy

]

��`É@

J€ž

]

�)`

ç�ž
Þ

]

�)`

J ;
«

5.:<u�v

]

��`$‡

# t

5.:<u9v

]

�)`b@

%


…ã^ä�å�•

�

•

]

I

„ƒ

U�` ;
for all � ‡�� dŠH



ˆ

t

5.:<u�v

]

�)`

#

«
5.:<u�v

]

��` do
l^õ

ó‚ñWö•Ñ

]

�)`$‡

#B÷…ø

š€›…ù ;

ALGORITHM 3.1
Local-boundbasedvectorpartitioning.

3.5. Greedyimpr ovementof a given partitioning . A givenpartitioning c canbeim-
provedby a simplegreedyimprovement(GI) procedure,asfollows. A vectorcomponent� 


is chosenat random,andfor eachprocessor��d�H

 , �Š‹

#

c

]

��` , thechangein costcausedby
reassigning�


 to � is computed.If thereis achangethatreducesthecost,it is carriedoutand
thevectorcomponentis reassigned.In caseof severalpossiblechanges,thebestoneis taken
by usinga secondarycriterion. Often,thesizeof thecostreductionis thesamefor all cost-
reducingreassignments,sothesizeis lesssuitablefor breakingties.(It couldbeusedtogether
with a ternarycriterion.) We breaktiesby reassigningthecomponentto theprocessorin H„


with thecurrentleastnumberof sends.Thereasonis thatthenumberof sendsof aprocessor
is affectedmostby areassignment,morethanthenumberof receives.Any remainingtiesare
resolvedarbitrarily. After that,anothercomponent� is randomlychosen,andthesameproce-
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dureis executed.This is repeateduntil no moreimprovementcanbeobtained.NotethatGI
is basedon moves,like thewell-known Fiduccia-Mattheysesalgorithm[13] which is at the
heartof today'ssuccessfulhypergraphpartitioners,but GI is lesssophisticated(andcheaper)
sinceit doesnotacceptcostincreasesanddoesnot selecta movewith largestpossiblegain.

This procedurecanbe implementedef�ciently by organisingit in passes.A new pass
startsevery time a reductionhasbeenobtained,or at the start of the GI algorithm. The
indices� arestoredin anarray, initially in thenaturalorder. The�rst partof thearraystores
theindicesof thecolumnsthathavenotbeentriedyet in thecurrentpassandthesecondpart
theindicesof theremainingcolumns.Thenumbert

=?;

é

:<v

is usedto keeptrackof thenumber
of componentstried in thecurrentpass.If reassigninga vectorcomponent�•
 cannotreduce
the cost, the index � is swappedwith the last untried index, and t

=?;

é

:<v

is incremented.If
reassignmentsucceeds,t

=?;

é

:<v

is resetto � . Thus,arandomindex canalwaysbechosenfrom
acontiguoussubarrayof untriedindices.

4. Results. The algorithmspresentedin the previous sectionhave beenimplemented
within the sparsematrix partitioningpackageMondriaan1. First, the matriceswere parti-
tionedona 375MHz SunEnterprise420computerat SandiaNationalLaboratoriesin Albu-
querque,NM, whichhasfour Sparc-2processors,4 GbyteRAM, 64-bithardwarearithmetic,
andwhich runstheSolaris8 operatingsystem.SincetheMondriaanprogramitself is serial,
only one processoris usedper programrun. Second,numericalexperimentswith differ-
entvectorpartitioningmethodswereperformedfor thepartitionedmatriceson an867MHz
Apple PowerBookG4 computerwith 768 Mbyte RAM, 32-bit hardwarearithmetic,anda
PowerPCG4processor, which runstheMac OS10.2operatingsystem.

We have checkedthequality of thevectorpartitioningby usinga testsetof sparsema-
trices from publicly available collections,supplementedwith a few matricesfrom Sandia
applicationsanda few matricesfrom our own applications.Table4.1 presentsthematrices;
thematrixbcsstk32 wasobtainedfrom theRutherford–Boeingcollection[11, 12]; thema-
triceslhr34 andnug30 wereobtainedfrom theUniversityof Floridacollection[9]. The
matrixrhpentium new providedby RobertHoekstrarepresentsacircuit simulationby the
SandiapackageXyce for partof a Pentiumprocessor. Thematrix polyDFT originatesin a
polymerself-assemblysimulationby theDensityFunctionalTheorypackageTramantofrom
Sandia.Thematrix tbdlinux is a term-by-documentmatrix describingthedocumentation
of theSuSELinux 7.1 operatingsystem.Thematrix cage13 [22] (availablethrough [9])
is a stochasticmatrix describingtransitionprobabilitiesin the cagemodelof a DNA poly-
mer of length13 moving in a gel underthe in�uence of an electric �eld. Eachmatrix has
beenpartitionedusingtheMondriaanmatrix partitionerwith default parameters,allowing a
computationalloadimbalanceof 3%.

Table 4.2 presentsthe partitionedsparsematrices. We can view the resultingvector
partitioningproblem(for a vector 	 ) asa sparse�[X � �+X matrix

�

X , wherethe � X

#

�

x<Ø

èÅè

rows representtheprocessorsthatareactive in communicationandthe � X columnsrepresent
the columnsfrom the original matrix with I�
!PÝR . (For a vector 
 , we cantransposethe
partitionedmatrix

�

andproceedin thesameway.) From now on, we distinguishbetween
�

and
�

X , andbetween�

x<Ø

èÅè and � . Table4.2presentsseveralpropertiesof
�

X suchasthe
communicationvolume,two lower boundson thecommunicationcost,theoptimalsolution
for thespecialcaseI�
Q�ZR , if applicable,andabalanceratio, for thesevenmatricesfrom the
testsetandfor �

#�“

T�U

’

T

’•“ . Notethat

‘

PB�

X

T(4.1)

1The new vector partitioning algorithms will be made available in version 2.0 of Mondriaan, see
http://www.math.uu.nl/people/bisseling/Mond riaan , to bereleasedsoon.
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TABLE 4.1
Propertiesof thetestmatrices.For each matrix,wegive: thenumberof rows � , thenumberof columns� , the

numberof nonzeros ���q¿

�

Â , andtheorigin.

Matrix � � —��

]

�

` Applicationarea

rhpentium new 25187 25187 258265 circuit simulation
lhr34 35152 35152 764014 chemicalengineering
nug30 52260 379350 1567800 linearprogramming
bcsstk32 44609 44609 2014701 structuralengineering
tbdlinux 112757 20167 2157675 informationretrieval
polyDFT 46176 46176 3690048 polymersimulation
cage13 445315 445315 7479343 DNA electrophoresis

becauseevery columnin
�

X hastwo or moreprocessorsandhencecausesat leastonecom-
munication.If

‘

#

�bX , this meansthatall columnshave two nonzeros,so thatour optimal
algorithmOpt2from Subsection3.1is applicable.Furthermore,wehave

‘

@M�

X

#

—��

]

�

X

`wT(4.2)

becausethenumberof communicationscausedby acolumnin
�

X equalsits numberof nonze-
rosminus1. It is easilyveri�ed thatEqns(4.1) and(4.2) areindeedsatis�edfor thedatagiven
in Table4.2. Theboundsgivenin thetablearethevolume-basedbound

«
ypØpÙ

#

©

‘$”

�

x<Ø

èÅè
ª

andthelocal lowerbound
«

, seeEqn(3.3). Theratio jNl�m6r

«
y~ØpÙ

T

«

{

”

]

‘f”

�£` givesthebalance
of thecommunicationloadin casewemanageto attainthebestlowerbound.Perfectbalance
correspondsto a ratioof 1.

For eachmatrix,boththeinputvector 	 andtheoutputvector 
 arepartitioned.A prob-
leminstanceis thusatriplematrix /� /vector. Theinstancesnug30 /� / 	 andbcsstk32 /4/	

areomittedbecausethe precedingmatrix partitioningproducesa one-dimensionalcolumn
partitioning,sothatno communicationis neededfor 	 . Thenumberof communicatingpro-
cessors�

x<Ø

èÅè canbelessthantheavailablenumberof processors� : for instance,�
x<Ø

èÅè

#

	�


for rhpentium new/64/	 andlhr34 /64/
 . A processordoesnot communicateif all
thecomponents� thatit ownssatisfy I�


#

� or IS


#

U ; for I�


#

� , thecorrespondingmatrix
column � mustbeempty, but for I�


#

U it mayhave many nonzeros.Table4.2 shows that
the lower bound

«

is thebest(highest)boundfor 34 out of 38 instances,that
«

#

«$y~Ø‚Ù

for
threeinstances,andthat the bound

«
y~Ø‚Ù

is bestfor only oneinstance,namelynug30 /4/
 .
Thetablealsoshows thatapplicabilityof Opt2is not restrictedto thecase�

x<Ø

èÅè
�‰R ; e.g.,

lhr34 /16/	 with �

x<Ø

èÅè

#

U�� canbesolvedby theoptimalalgorithm. Theratiosgivenin
thelastcolumnof Table4.2show thatevenif thebalancingproblemcanbesolvedoptimally,
this doesnot meanthat theresultingbalanceis perfect.For 17 probleminstancesout of 38,
the ratio exceeds2, meaningthatoneprocessorhasto communicateat leasttwice theaver-
ageamountbasedon

‘

and � ; themaximumratio observed is 4.02for lhr34 /64/
 . This
imbalanceis inevitableandis causedby theprecedingmatrixpartitioning.

Table 4.3 presentsresultsof Mon, the algorithmfrom [23] implementedin the origi-
nal Mondriaanpackage,version1.0,which hasbeenexplainedin Section2, andof LB, the
local-boundalgorithmpresentedin Subsection3.3, with andwithoutthegreedyimprovement
procedurepresentedin Subsection3.5. Thematrixpartitioningwas�x edby usingMondriaan
oncewith a�x edrandomnumberseed,giving thepartitionedmatricespresentedin Table4.2.
Thevectorpartitioningwasperformedahundredtimes,eachtimewith adifferentseed.Like
theMondriaanmatrix partitioning,theMondriaanvectorpartitioningis a randomisedalgo-
rithm. Still, theremaybesomedependenceontheinputordering.TheLB vectorpartitioning



ETNA
Kent State University 
etna@mcs.kent.edu

COMMUNICATION BALANCING FORSPARSEMATRIX-VECTORMULTIPLICATION 59

TABLE 4.2
Propertiesof the �

Ç
���ßÇ communicationmatrix
�

Ç for variousprocessornumbers � andfor both the input
vector � andtheoutputvector � . For each probleminstance, wegive: thecommunicationvolume� ; thenumberof
activeprocessors �

Ç

È

��������� ; thenumberof columns�ßÇ that causecommunication;thenumberof nonzerosof
�

Ç

; thelowerbounds�
�

���

, � on thecommunicationcost;theratio ���! #"!�$�

���

À%��&('9¿)�*'+�•Â . Thevaluesin boldface
in thecolumnof � showthecaseswhere theoptimalalgorithmOpt2is applicable;in all thesecases,Opt2attained
thelowerbound� .

Matrix � Vector
‘

� X �+X —��

]

�

X>`

«Åy~ØpÙ «

Ratio

RHPentium new 4 	 13791 4 12656 26447 3448 5822 1.69

 5614 2 5614 11228 2807 2807 2.00

16 	 9888 10 9215 19103 989 1722 2.79

 18519 16 14469 32988 1158 1941 1.68

64 	 10108 38 7930 18038 266 517 3.27

 26223 64 17317 43540 410 621 1.52

lhr34 4 	 1172 4 1171 2343 293 381 1.30

 253 2 253 506 127 127 2.01

16 	 1069 10 1069 2138 107 234 3.50

 2694 15 2512 5206 180 344 2.04

64 	 8372 64 7813 16185 131 270 2.06

 2008 38 1946 3954 53 126 4.02

nug30 4 
 56348 4 39413 95761 14087 12435 1.00
16 
 136712 16 47237 183949 8545 8823 1.03
64 
 247032 64 51413 298445 3860 5816 1.51

bcsstk32 4 
 1986 4 1968 3954 497 718 1.45
16 	 4872 16 4750 9622 305 741 2.43


 3106 12 3094 6200 259 456 2.35
64 	 11839 64 10759 22598 185 366 1.98


 8001 56 7474 15475 143 378 3.02
tbdlinux 4 	 27800 4 15740 43540 6950 9149 1.32


 3263 2 3263 6526 1632 1632 2.00
16 	 44179 16 15871 60050 2762 5906 2.14


 30299 14 15194 45493 2165 2900 1.53
64 	 76914 64 16261 93175 1202 3407 2.83


 66564 58 21652 88216 1148 1832 1.76
PolyDFT 4 	 5352 4 5352 10704 1338 1410 1.05


 3636 4 3636 7272 909 1135 1.25
16 	 19756 16 17571 37327 1235 2274 1.84


 16405 14 14820 31225 1172 2346 2.29
64 	 41625 64 30083 71708 651 1281 1.97


 37541 64 28604 66145 587 1454 2.48
cage13 4 	 57054 4 57054 114108 14264 19497 1.37


 58804 4 58804 117608 14701 16466 1.12
16 	 95032 16 86329 181361 5940 12313 2.07


 160761 16 139624 300385 10048 15152 1.51
64 	 236759 64 194172 430931 3700 5456 1.47


 208314 64 172388 380702 3255 5457 1.68
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is deterministic,sinceit usesthenaturalvectorordering.To removeany possibledependence
on the input ordering,the columnsof

�

X were randomlypermutedbeforeeachrun, both
for Mon andLB. This makestheaverageresultsmoremeaningful,but it alsoenhancesthe
chancesof encounteringa goodsolutionin oneof theruns.Thegreedyimprovementproce-
dureis terminatedif apassthroughall thevectorcomponentsshowsthatnoimprovementcan
befoundany more,or if a presetmaximumnumberof tries is reached,U9�q� for partitioning
of 	 and U9�q� for 
 . Thus,the maximumnumberof tries is of the orderof the sizeof the
originalmatrix

�

.
The averagecommunicationcostsgiven in Table4.3 show that LB is betterthanMon

for 18outof 38probleminstances,equalto Mon for 12 instances,andworsefor 8 instances.
With greedyimprovement(GI) switchedon,LB is betterfor 11 instances,equalfor 24,and
worsefor 3. All instanceswith equalperformance(with or without GI) correspondto cases
wherebothalgorithmssolve theproblemto optimality in everyrun of thealgorithm.LB+GI
solves the problemto optimality in every run for 34 instances;Mon+GI doesthis for 25
instances.We mayconcludethatLB is superiorto Mon. Furthermore,it is clearthatGI is
useful,sinceit improvesthe averageresult in mostcasesfor Mon, andin 9 casesfor LB.
AlthoughLB is betterthanMon, we neednot discardthelatter: Mon+GI performsbetteron
averagethanLB+GI for nug30 /4/
 , cage13 /16/
 , andcage13 /64/	 . Thismeansthatit is
worthwhileto try bothLB+GI andMon+GI, insteadof just usingthebettermethodLB+GI.
Fornug30 /4/
 , with ratio1.00in Table4.2, Mon+GImanagedto achieveanoptimalsolution
andhencea perfectbalancein at leastonerun.

Thebestcommunicationcostsgivenin Table4.3show thatall problems,exceptnug30 /
16/
 , canbesolvedto optimality by oneof themethodsin at leastoneof theruns.Thecost
8935of thebestsolutionfor nug30 /16/
 is 1.3%higherthanthebestbound

«

#


,


R

	

. We
triedto improvethesolutionin 10,000additionalruns,but only obtainedamarginalreduction
of thecostto 8931.

In an actualapplication,it is possibleto performseveral runsof the vectorpartitioner
andkeepthe bestsolution,becausevectorpartitioningby our methodsis cheapandtakes
muchlesstime thanthe precedingmatrix partitioning. Our largestproblemcage13 /64/	

tookabout9 s for bothMon+GI andLB+GI on thePowerBookcomputer, whereasthecorre-
spondingmatrix partitioningtook1123son thesamemachine.

5. Conclusion and futur e work. We have presentedtwo new algorithmsanda new
lower boundfor solving the vector partitioning problemfor parallel sparsematrix–vector
multiplication.We haveconcentratedon theinput vector, sincethepartitioningof theoutput
vectoris a similar problem. The �rst algorithm,Opt2, is optimalandcanbe appliedin the
specialcasethat every matrix columnis ownedby at most two processors.This situation
occursin particularfor small � , but alsoif theprecedingmatrix partitionerhasbeenhighly
successful,which often limits the numberof processorsthat own a column. The second
algorithm,LB, is a heuristicthat in practiceoften �nds theoptimalsolution,in particularif
it is post-processedby greedyimprovement. The lower bound

«

helpsto steerthe useof
thedifferentvectorpartitioners;in particular, it tells uswhenwe canstopattemptsat further
improvement.The lower boundseemssharp,sinceit couldbeattainedin all practicalcases
we tested,exceptone.Still, we have to realisethatpracticalcommunicationmatrices

�

X are
veryspecial,sincethey typically containmany columnswith asmallnumberof nonzeros,and
in mostcasestwo nonzeros.For othertypesof matrices,otherheuristicsmaybeneeded.The
generalvectorpartitioningproblempresentedin this paperis NP-complete,which is proven
by Ali Pinarin AppendixA.

A goodvectorpartitioningmusthavea goodbalanceof thecommunicationload,for in-
stancein iterativelinearsystemsolvers.Thebalanceis measuredby themaximumamountof



ETNA
Kent State University 
etna@mcs.kent.edu

COMMUNICATION BALANCING FORSPARSEMATRIX-VECTORMULTIPLICATION 61

TABLE 4.3
Communicationcost for different vectorpartitioning methods.Thevaluegiven is the percentage by which

thecostexceedsthebestknownlower bound, ���! #"!�$�

���

À%�*& . A value`0' meansexactly0, andhencean optimal
solution.For each problem,wegivetheaverage over100runsof thevectorpartitioningby: Mon, thealgorithmim-
plementedin theoriginal Mondriaanpackage, version1.0;Mon+GI, which is Monfollowedbygreedyimprovement;
LB, the local-boundalgorithm; LB+GI. Furthermore, wegive the bestresultobtainedin the runs by the methods
with GI.

Matrix � Vector Average(%) Best(%)
Mon Mon+GI LB LB+GI Mon+GI LB+GI

RHPentium new 4 	 � � � � � �


 � � � � � �
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 U�R�C
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“

C � � � �
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� /�C 0 � � �


 �SC �

	

� ��CWU � � �
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C � � � �
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64 	 �SC �•�

’
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communicationperprocessor, which is animportantmetric,perhapssecondonly to themet-
ric of total communicationvolume. As communicationwill becomemoreimportantwhen
applicationsscaleup to thousandsof processors,balancingcommunicationwill becomecru-
cial. This givesriseto a classof new andinterestingoptimisationproblems.

A promisingavenueof researchmaybetrying to generalisecomputationbalancingmeth-
ods,suchasby PinarandHendrickson[18], so that they canbe appliedto communication
balancingaswell. Here,it is crucialthatbothsendsandreceivesarebalanced;to complicate
matters,thesetwo objectivesdependon eachother. Another issueis that communication
taskscanvary in size;for thealgorithmin [18], this would meanthattheassumptionof unit
tasksizemustbedropped.

Ourproblemoriginatedin parallelsparsematrix–vectormultiplication,but it hasawider
rangeof applicability, within the�eld of parallelcomputingandbeyond.Onewayof viewing
the problemis asfollows. We have to distribute itemsamonga groupof people. For each
item, a speci�c subgroupis interestedin owning it. Onememberof thesubgroupwins and
becomestheowner. Thiswinnerhasto compensateall thelosers,eachwith thesameamount
of money, say1 dollaror euro.Theproblemis to distributetheitemssuchthatthemaximum
amountof money any personhasto payor receive is minimised. (Note that this problemis
notaboutminimisingthenetamountof money paidor received.)

Theproblemfor thespecialcasethatcouldbesolvedoptimally by algorithmOpt2may
alsohavewiderapplication,for instancein parallelmoleculardynamicssimulations.Because
of Newton'sThird Law of Motion,each2-atomforceat theboundarybetweentwo processors
canbecomputedby eitherof theprocessorsinvolved.Theprocessorthatcomputestheforce
mustsendthe result to the otherprocessor, which mustreceive it. Algorithm Opt2 canbe
usedto balancesuchcommunicationobligations.

Several openresearchquestionsremain,suchas: can the generalvector partitioning
problembe solved optimally underlessrestrictive assumptions?Canthe methodsbe gen-
eralisedto thesituationwherethevectorcomponentshave communicationweights,so that
sendingcomponent�)
 to aprocessorcosts4$
 timeunits;thisoccurssometimesin thecontext
of hypergraphpartitioningfor circuit simulation.Canweextendthemethodsto thesituation,
notuncommonfor squarematrices,wherewe requirethesamepartitioningfor theinput and
outputvectors? If the matrix is symmetricandhasbeenpartitionedsymmetrically, this is
easy, but otherwiseit is a two-objectiveoptimisationproblem,which is muchharderto solve.
(Theoriginal Mondriaanpackagecontainsan optiondistr(
 ) = distr(	 ), but often thecom-
municationload is out of balancefor this option, becausethereis not muchchoicein the
assignmentof vectorcomponentsto processors.)

Theexistenceof alowerbound
«

Y

‘$”

� pointsto unavoidableimbalancein thecommu-
nicationfor a givenmatrix partitioning.An optimalsolutionto thevectorpartitioningprob-
lem may still have imperfectbalance.Anotherindicatorof suchimbalanceis �

x<Ø

èÅè•�§� ,
meaningthat not all processorsparticipatein the communication. This leadsto a bound

«Åy~ØpÙ

#

©

‘f”

�

x<Ø

èÅè•ªaY

‘$”

� . To reducethis imbalance,we mustmodify theprecedingmatrix
partitioning. Thechallengeis to do this without increasingthecommunicationvolume. We
arecurrently investigatinglower-boundbasedtie-breakingin the matrix partitionerasone
meansof achieving perfectcommunicationbalance.

Appendix. Vector partitioning is NP-complete.ProofprovidedbyAli Pinar, Lawrence
Berkeley NationalLaboratory.

We can formulatethe vectorpartitioning problemas the following decisionproblem,
whichwecall theColumnAssignmentproblem.
INSTANCE: Positive integers�ÉT–� , a �M�Ô� matrix

�

with elements���


[d

r

��T9Uq{ andwith
IS


#îJœr

�Î‡•�L�Z�Î�!�¤ˆ

�ß�




#

U•{

J

P�R for �

#

��T9C�C�C�T–�
ƒ

U , andapositive integermaximum
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FIG. A .1. @BAC�D@E@ matrix of columnassignmentproblemobtainedby reducingthebin packing problemwith
values F GCF
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Í . Zero matrix elementsare representedby
a dot.

communicationload g .
QUESTION: Doesthereexist an assignmentc ‡

r

�ET�C�C9C…T–�
ƒ

U•{ Ö

r

��T9C�C�C�T?�
ƒ

U•{ of the
columnsof the matrix suchthat: (i) �

h^•œ
‚•+T 


#

U , for �

#
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ƒ
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��g ?
Thecolumnassignmentproblemcanberelatedto theBin Packing problem,de�ned as

followsby Garey andJohnson[14].
INSTANCE: A �nite set U of items,a positive integer size �

]

�6` for eachitem �†dVU , a
positive integerbin capacityg , anda positive integer W .
QUESTION:Doesthereexist a partitionof U into disjoint setsU

/

T(U

*

T�C�C9C�TEUYX

(+* suchthat
thesumof thesizesof theitemsin eachU

� is atmost g ?
Bin packingis NP-completein thestrongsense,which meansthat thereis no pseudo-

polynomialtimesolutionunlessP=NP[14].
THEOREM A.1. Thecolumnassignmentproblemis NP-complete.
Proof. Wewill provetheNP-completenessof thecolumnassignmentproblemby reduc-

tion from thebin packingproblem.Our reductionis notpolynomial,but pseudo-polynomial.
The reductionstill provesNP-completeness,sincethebin packingproblemis NP-complete
in thestrongsense.Observethatfor any instanceof thebin packingproblem,multiplying the
sizeof eachitem andthebound g by a constantwill not changetheoriginal problem. Let

Z
#

©

jNl�m£r

WeT

J

U

J

{

”

�*[

�Wæ

ª , where �*[

�þæ is the minimum sizeamongitemsin U . Multiply
eachsize �

]

�0` , �
[

�Wæ , and g by Z . In therestof theproof,weassumethat �

]

�6` , �
[

�þæ , and g

denotethenumbersafter this multiplication,so that �
[

�Wæ

P

jNl�m6r

WeT

J

U

J

{ . Without lossof
generality, we assumethat g¡PZ�
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�þæ and �
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.
Givenaninstanceof thebin packingproblem,thecolumnassignmentproblemwill have

�

#

W @]\ processorsand �

#ÝJ

U

J

@]\ columns,where \

#

%_^

ã3`

�

]

�6`
ƒ

J

U

J

]

W
ƒ

U�` .
The�rst W processorscorrespondto thebinsof thebin packingproblem,andtheremaining

\ areauxiliaryprocessors.Similarly, the�rst J

U

J columnscorrespondto itemsin U andthe
remaining\ areauxiliarycolumns.

Let
�

#ba

�

*‚*

�

*

¬

�

¬

*

�

¬p¬dc be the �M�¤� matrix of the columnassignmentproblemaf-

ter reduction,wherethe W•�

J

U

J submatrix
�

*‚* is de�ned by the bin processorsanditem
columns,andthe \K�e\ submatrix

�

¬p¬

is de�ned by theauxiliary processorsandauxiliary
items.Thematrix

�

is de�ned asfollowsandis illustratedby Fig. A.1.
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f All elementsof
�

*p* are1, which meansthateachcolumnrepresentinganitem can
beassignedto any processorrepresentingabin.

f

�

*

¬

#

� , which meansthat auxiliary columnscannotbe assignedto a processor
representinga bin.

f We de�ne
�

¬p¬

suchthat eachrow andeachcolumnin
�

¬‚¬

has g nonzeros.This
canbe achieved by assigningnonzerosto the g positionson andbelow the main
diagonalin eachcolumn(continuingwith the�rst row, if thelastrow is reached).In
otherwords, ���




#
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�

¬p¬
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otherelementsare � . Weassumewithout lossof generalitythat \îPZg . (Otherwise,

\ canbesuitablyenlarged.)
f Wede�ne
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¬

* suchthateachrow hasasinglenonzero,andsuchthatthe � th column,
which representsthe � th item �

� , has �

]

�

�

` ƒ WZ@�U nonzeros.Thiscanbeachieved
by puttingnonzerosin the �rst �

]

�
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` ƒ W§@ðU rows andthe �rst column,thenext
�

]
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` ƒ W¡@†U rows andthe secondcolumn,andso on. Altogetherthis requires
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\ rows,whichareexactly the

auxiliary rows.
We claim that thereis a solution to the reducedcolumnassignmentproblemwith no

processorloadedmorethan g , if andonly if thereis a solutionto thebin packingproblem.
Theproof is basedonthefollowingobservationsonthereducedcolumnassignmentproblem.

1. Eachauxiliary columnhasto beassignedto anauxiliary processor. This will load
every auxiliary processorwith g

ƒ
U sendsand g

ƒ
U receives for an auxiliary

column. No auxiliary processorcanobtaintwo (or more)auxiliary columns,since
the numberof sendsR•g

ƒ
R would thenexceed g . Sinceeachof the remaining

columnshasat least��[

�þæ

@ U³P

“ nonzeros,representingat leastthreesends,they
cannotbeassignedto anauxiliary processorwithout exceedingg . Therefore,each
columnrepresentinganitemneedsto beassignedto aprocessorrepresentinga bin.

2. The receiving load of every processorthat representsa bin is at most J

U

J . Recall
that J

U

J

�¢g becauseof theinitial scalingoperation.Everyauxiliary processorhas
a receiving loadof g , includingonereceiveoperationfor thecolumnsrepresenting
an item. Whetherthe communicationload of a processorsatis�es the bound g is
thussolelydeterminedby its sendingload.

3. Eachcolumnrepresentinganitem � has �

]

�0`É@ U nonzerosandhenceassigns�

]

�0`

sendoperationsto its owner.
By the�rst observation,eachitemmustbeassignedto abin for thecommunicationload

to remainbelow g . By thesecondobservation,distribution of remainingreceivesdoesnot
affect thefeasibility of thesolution.Only theassignmentof sendsis important.By the�nal
observation,eachcolumnrepresentingan item assignsa numberof sendsequalto the size
of the item to its processor(bin). By construction,any item-columncanbeassignedto any
bin-processor. As a result,theproblemreducesto thebin packingproblem.

Basedon theseobservations,therewill beasolutionto thecolumnassignmentproblem,
if andonly if thereis asolutionto thebin packingproblem.

Acknowledgements.We would like to thanktherefereesfor their carefulreadingand
usefulcommentson the initial versionof this paper, which led to signi�cant improvements.
We thankAli Pinar for providing the proof of NP-completenessof our problem,which is
givenin theappendix.The�rst authorwishesto thankErik Boman,Ümit Çatalÿurek,Karen
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