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TWO-LEVEL ADDITIVE SCHWARZ PRECONDITIONERS FOR
FOURTH-ORDER MIXED METHODS

�

M. R. HANISCH
�

Abstract. A two-level additiveSchwarzpreconditioningschemefor solvingCiarlet-Raviart, Hermann-Miyoshi,
andHellan-Hermann-Johnsonmixed methodequationsfor the biharmonicDirichlet problemis presented.Using
suitablyde�ned mesh-dependentforms, a uni�ed approach,with ties to the work of Brennerfor nonconforming
methods,is provided. In particular, optimalpreconditioningof aSchurcomplementformulationfor theseequations
is provedonpolygonaldomainswithoutslits,providedtheoverlapbetweensubdomainsis suf�ciently large.
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1. Intr oduction. In this paperwe introduceand analyzetwo-level additive Schwarz
preconditionersapplicableto threemixed�nite elementapproximationsfor thebiharmonic
Dirichlet problem, valid on any boundedpolygon without slits. By preconditioningthe
Schurcomplementsarisingfrom theCiarlet-Raviart, theHerrmann-Miyoshi,andtheHellan-
Herrmann-Johnsonmixed methods,we obtain systemswith uniformly boundedcondition
numberwhentheoverlapbetweensubdomainsis suf�ciently large.

Additive Schwarz preconditionersfor conforming[27, 29, 30], non-conforming(e.g.
Morley) [4], and discontinuousGalerkin methods[14], and multigrid preconditionersfor
mixed�nite elementmethods[16, 17, 24] have beendevelopedfor thebiharmonicDirichlet
problem.However, theanalysisof additiveSchwarzpreconditionersfor thesemixedmethods
is impededby the“non-inherited”natureof theassociatedbilinearforms.By utilizing equiva-
lentmesh-dependentforms,wedevelopavariantof thetwo-leveladditiveSchwarzprecondi-
tionerproposedby Brenner[4] whichappliesdirectlyto theSchurcomplementobtainedfrom
any of the Ciarlet-Raviart, the Herrmann-Miyoshi,or the Hellan-Herrmann-Johnsonmixed
methods.Theequivalenceof themodi�ed Morley non-conformingandtheHellan-Hermann-
Johnsonmixedmethodsshown in [1] allows for a lessdirectpreconditionedsolutionof the
lattermethod.Wenotealsosomerelatedwork for plateproblems[3, 5, 15], andsecondorder
discontinuousGalerkinmethods[13, 26].

This paperis arrangedin the following manner. In � 2 we de�ne a Schurcomplement
operatorfor the Ciarlet-Raviart, the Herrmann-Miyoshi,andthe Hellan-Herrmann-Johnson
mixed methods,and prove the equivalenceof a simpler mesh-dependentoperator. This
amountsto extendingan inf-sup condition for thesemethodsto non-convex polygons. In

� 3 we de�ne a two-level additive SchwarzpreconditionerandextendBrenner's analysis[4]
to thecaseof thethreeaforementionedfourth-ordermixedmethods.In � 4 we de�ne certain
intergrid operatorsanddemonstratethat thesemeettherequirementsof theabstractanalysis
of � 3.

We shall let �����	��
 denotethe ��
 -basedSobolev spaceof order � , anddenoteits norm
�����

��� �

, while �

�

�

��� �

will denotetheassociatedsemi-norm.Additional spaces���

�

�	��
 arede-
�ned as the completionsof ���

�

����
 with respectto the norms
�����

��� �

. We shall alsomake
referenceto thenegativenorm(dual)spaces��� ������
"!$# �%�

�

����
'&�( . Throughoutthispaperwe
use ) to denoteagenericpositiveconstantwhich is independentof themeshparameter* .
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2. Background. We considerthreemixedmethodsfor thebiharmonicDirichlet prob-
lemona polygonaldomain� in ,




with boundary-.� :
/
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(2.1)

where
/

denotestheLaplacianoperatorand 8

8�<

is thenormalderivative at theboundaryof
� . Eachof thesemixedmethodsis basedon a weakformulationof (2.1) thatcanbewritten
in theabstractform:
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Appropriatepiecewise-polynomialsubspacesE.ikjlE and FminjoF are de�ned and an
approximatesolutionpair N;O i^6

0
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FIND: N;O\i^6

0

i

PpR

E\iqJLFmi suchthat,for 1

R

F$(	6

G7�TOrir6VUW
QXsHI�[U\6

0

i@
t! =^6 _pU

R

E\ir6

HI�TO
i

6Vbf
t! eS�	1\6cb7
u6 _pb

R

F
i

h

(2.3)

For example,themixedmethodof CiarletandRaviart [8] is a �nite elementmethodfor
thebiharmonicDirichlet problembasedona weakformulationof theform (2.2) with
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Thesolution N;O 6

0„P of (2.2) thensatis�es
/


u0

!M1 and O…!†e

/

0 , providedthespacesE

and F areappropriatelychosen.If themethodis de�ned over a convex polygonaldomain
� , it is well-known thatwith E‡!>��ˆ‰�	��
 and FŠ!‹��ˆ
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 , (2.2) yieldsthesolutionto (2.1)
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Furthermore,if � is a(perhapsnon-convex) polygonwithoutslits,it is known[9] that,for
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(Minimal • values,whichdependonthecorneranglesof -.� , canbeestimatedasin Seif[25].)
When •%“M= , if the forms (2.4) areinterpretedasduality pairings,it is shown in [16] that,
with E”!M�mˆ’� •��	��
 and F•!M�

ˆc–Œ•

�

����
 , (2.2) againyields thesolutionof thebiharmonic
Dirichlet problem.

Uponconstructinga regularquasiunformtriangulation—
i , with meshdiameter* , of the

domain � , �nite elementsubspacesfor theCiarlet-Raviart methodareobtainedfrom
˜�™

i

!kNšU

R

)

�

� ��
œ›�U.� •

RŸž

™

�T f
¡6‚_\ 

R

—
i

P

6(2.5)

wherež
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 is thespaceof polynomialsof degree¢ or lessovertriangle  
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.) Throughoutthis paper, we shallassume
that ¢«ª>¬ , in whichcaseoptimalordererrorestimatesareavailable.

Similarly, the Hermann-MiyoshiandHellan-Hermann-Johnsonmixed methods,which
solve (2.1) usingthe matrix of momentsO\­¯®L!†-


g0.°

-\€r­[-\€±® asauxiliary variables,canbe
extendedto non-convex polygons. The Hermann-Miyoshimethod[2, 6, 12, 19, 20, 22] is
basedon theweakformulation(2.2) with
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andspacesF !·�
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In orderto extendtheHellan-Hermann-Johnsonmethod[2, 6, 12, 18, 19, 20, 21] to non-

convex polygonsit is convenientto introducemesh-dependentspacesandnorms,asin [2].
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where,if Ú is an interior edgeof —ri ,
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and Fmi`!
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Applying blockGaussianeliminationoneobtainsthereducedsystemfor (thecoef�cients of)
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Ratherthanconstructinga preconditionerfor this Schurcomplementdirectly, we intro-
duceanauxiliarymesh-dependentbilinearform
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For thelefthandinequality, consider�rst theCiarlet-Raviart method.For eachb
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�

i

�

�

�

¹½)

�

�

U

�

�

�

i

�

�

�

h(2.25)

Thensince
�

b

�







�

i

� �

!

�

�

b

�







�

i

�

�

�

¹k� � �

�

b•� � �







�

i

�

�

�

, combining(2.23), (2.24), and(2.25) yields

)

�

U

�

�

� �

�

b

�




�

i

� �

¹¦)

�

�

U

�




�

�

i

�

�

�

¹
{

�Sƒ

b

�

ƒ

U`~•€‚¹k� HI�[U\6cb7
g�±h(2.26)

By (2.16) and(2.12), thelefthandinequalityin (2.20) follows for theCiarlet-Raviart method
afterdividing (2.26) by

�

U

�

�

� �

!

ÿ

Gf�TUr6VUW
 .
In the caseof the Hermann-MiyoshiandHellan-Hermann-Johnsonmethods,for each

b

R

F�i we �rst associateU

R

˜

™

i

satisfying(2.26), thende�ne � !

ï

U =

= U¦ò

. For

this choiceof � , it follows from theGreen's formula (2.7) that HI�
�z6cb7
 reducesto
ä

�

ƒ

b

�

ƒ

U•~•€ in bothcases.Furthermore,
ÿ

Gf�
�z6��„
�!��

ã

­

�

®

�

U
­¯®

�




�

¹
� ¬

�

U

�

� , andtheproof is
completedagainby combining(2.26) and(2.12).

3. Two-level analysis. In thissectionwedescribea two-level additiveSchwarzprecon-
ditioner, � , for �7i , andhencealsofor thespectrallyequivalentSchurcomplementoperators
obtainedfor any of the threemixedmethodsdescribedin � 2. We thenshow that thecondi-
tion numberof �	�

i is boundedindependentof meshsizesandthenumberof subdomains,
providedthereis suf�cient overlap(cf. Theorem3.1).

We shallassumethat �Ë!MÒ��

®Vµ

ˆ

�
® is a partitioninginto overlappingopensubdomains

andthat —! is a quasiuniformtriangulationof � for which —
i is a �ner subdivision that is

alsoalignedwith each��® . We furtherassumetheexistence(see[10]) of a )p� partitionof
unity, "

ˆ

6�"‰
�6šhghghš6�"

�

satisfying

"š®w!‹= ?•4q�$#œ�"®z6(3.1)

�

´

®Vµ

ˆ

"g®f!k¸ ?@4 �%6(3.2)

�

ƒ

"š®

�

�

¹

)

•

6 %

%

ƒ




"š®�%

%

�

¹

)

•




6(3.3)
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where =‚©Ë*Ì¹Ë)

ˆ

• and =%©‡•L¹Ë) 
 � . Let F ® be thesubspaceof F�i whosemembers
vanishexceptat nodesinterior to � ® , andlet F  , (equippedwith an innerproduct �

�

6

�




 

)
denotethe�nite elementspaceassociatedwith —& andtakingzerovaluesatboundarynodes.
Furthermore,we denoteby

î('

the maximumnumberof overlapsfor the closures of the
subdomains�"® , whichwe assumeto beindependentof * , � , • , and ) .

Wede�ne
�

b

�




�

 

and G* •�TUr6Vbf
 in analogywith (2.9) and(2.13). With — i

�

®À!$Nš ��å 

R

—^i^6V |j>� ®

P and Ñ ® ! +

•QÓ•Ô

Ð-, .

-\  we alsode�ne

�

b

�




�

®

!

ÕÖ

Ö

×

´

•ŒÓ•Ô

Ð-, .

� b•�







�

•áXÌ*

�.ˆ

{ Î . Ø

Ø

Ø

Ø Ù

-\b

-.Ä

Ø

Ø

Ø

Ø




~Ï�Sh(3.4)

In orderto constructthepreconditioner� we �rst de�ne four discreteoperators�/ «›

F0 1�ZF0 , ��®S›•F¤®2�ZFL® , 3f®p›•F i �sFL® , and 4Œ®p›ÏF i �ZFL® by

�
�2 wU 6cb7


 

!2G* •�TUr6Vbf
 _`Ur6Vb

R

F( ‡6(3.5)

�5�œ®gU 6cb7


i

!2G
i

�TUr6Vbf
 _SUr6Vb

R

FL®S6(3.6)

�53f®uU 6cb7


i

!‡�[U\6cbf


i

_SU

R

F
i

6cb

R

FL®p6(3.7)

G±ir�
4
®

U 6cbf
"!2G±iŽ�TUr6Vbf
 _SU

R

F�iŽ6cb

R

F
®

h(3.8)

Weshallalsoconstructanintergrid transferoperator6

i

 

›ÏF( 7�ZF
i , andwill consider

thetwo adjoints6

 

i

›•F
i

�ZF( and 4

 

i

›•F
i

�ZF( de�ned by

�
6

 

i

U\6cbf


 

!Ë�[U\686

i

 

bf


i

_SU

R

F
i

6cb

R

F0 Ë6(3.9)

G* £�
4

 

i

Ur6Vbf
"!‹G
i

�TUr696

i

 

bf
 _pU

R

F
i

6cb

R

F0 Ëh(3.10)

The operator6

 

i

makesuseof an intermediatemappingto quintic Argyris elementsandis
de�ned in � 4.

Additionally, we requirepositive de�nite operators:/ and :À® , symmetricwith respect
to �

�

6

�




 

and �

�

6

�




i

, respectively, whichareapproximatesolversfor �; and ��® . We denote

<

�

!
=Â354S�?>�@BA C^�5:2 D�E p
u69>�@BA C^�5:

ˆ

�

ˆ


¡6šhghghš69>�@BA CŽ�
:

�

�

�


c
76(3.11)
<

ˆ

!
=qÅGFÁ�H>�@BI�J^�5:2 D�E Á
¡6K>L@BI8JŽ�
:

ˆ

�

ˆ


u6ghghšhg6K>L@BI8J^�
:

�

�

�


c
ô6(3.12)

andobserve that if, for example,:; and :À® arechosento beappropriatemultigrid precon-
ditionersfor thecorrespondingSchurcomplements,then <

ˆ

°

<

� is boundedindependentof
* , � , • , and ) , (cf. [17]).

Thetwo-level additiveSchwarzpreconditioner� is thende�ned asin [4] by

�Ë!M6

i

 

:
 

6

 

i

X

�

´

®Vµ

ˆ

:
®

3
®

h(3.13)

It is notdif�cult to show that �2 D4

 

i

!
6

 

i

�
i and ��®N4.®7!
37®N�

i sothat,

�	�
i

!O6

i

 

:D 26

 

i

�
i

X

�

´

®Vµ

ˆ

:�®P3f®N�
i(3.14)

!O6

i

 

:
 

�
 

4

 

i

X

�

´

®Vµ

ˆ

:
®

�
®

4
®

h
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As in [4] we rely on four pairsof assumptionsto boundtheconditionnumberof ���Si . The
�rst two of theseare:

A.1a %

%

6

i

 

bQ%

%




�

i

¹¦)

�

b

�




�

 

_Sb

R

F( ‡6

A.1b
Ø

Ø

6

i

 

b>e�b

Ø

Ø R

¹½)Á�




�

R

�

b

�




�

 

_`b

R

F  6]=£¹TSY¹n¸Á6

A.2a
ÿ

G±iŽ�TbS6cb7
 (resp.
ÿ

G  �[b`6cbf
 ) is equivalentto
�

b

�




�

i

(resp.
�

b

�




�

 

)
_•b

R

F i (resp.b

R

F( ),
A.2b G i �[U\6cbf
�¹¦)

�

U

�




�

®

�

b

�




�

i

_SU

R

F i 6Vb

R

FL®Sh

Furthermore,we posit theexistenceof anadditionalintergrid transferoperator)

 

i

›ŽF i �

F( satisfying

A.3a %

%

)

 

i

b %

%




�

 

¹¦)

�

b

�




�

i

_`b

R

F�iq6

A.3b
Ø

Ø

)

 

i

b>emb

Ø

Ø R

¹>)Á�




�

R

�

b

�




�

i

_`b

R

F i 6]=Â¹TSI¹‹¸p6

and
A.4a

�VU

i �5>Žbf


�




�

®

¹>)

�

>Žb

�




�

®

_Sb

R

˜

™

i

69>

R

˜

ˆ

i

6

A.4b
�WU

ir�YXWUW


�

�

�

•â¹½)

�

X

�

�

�

U

�

�

�

• _\ 

R

—^ir6VU

RŸž

™

�[ f
u6ZX

R

)p�¤�  f
 ,
where

U

i is thenodalinterpolationoperatorassociatedwith
˜

™

i

, and ) dependsonly on the
minimumanglein —

i .
For assumption[`h ¬@Å we actuallyhave an equality, (2.16). The proof of [Sh¶¬G\ follows

from the Schwarz inequalityappliedto the integral formulation(2.13) for G
i

�[U\6cbf
 , on ac-
countingfor thesupportof b

R

F‚® . Note that
�

b

�




�

®

dependson U.�

• alsofor triangles 

adjacentto �"® throughtheterm *Q�.ˆ

ä

Î

.

Ø

Ø

Ù

8

ú

8�<

Ø

Ø




~W� . Assumptions[Sh ¸ and [`h ] areproved
in the next section. Assumption[`h ^ÏÅ is a consequenceof the equivalenceof the discrete

�"
 -norm, )

ˆ

�

U

�




�

�

•n¹¾�  •�

ã
_a`

U\�
bŒ­�





¹K)}


�

U

�




�

�

• . Finally, Assumption[`h ^c\ is proved
usinginverseproperties,a traceinequality, andastandardscalingargumentlike thatusedfor
Lemma4 in [2]. With theseassumptions,onemayprovethefollowing:

THEOREM 3.1. Givena partition of unity satisfying(3.1)–(3.3), andassuming[Sh ¸�ed^

wehave

>
@BI�J

�5�	�fiÏ


>�@BA CŽ�
���
i




¹¦)

<

ˆ

<

�

î0'


�e

¸�X

ï

�

•

òEfNg

h

Proof. We �rst estimate>�@BI8J±�5�	�
i


 . By virtue of (3.14), (3.10), andthepropertiesof
:

 
�

 and :
®

�
®

G±ir�
�	�7i•b`6cb7
"!>G
 

�
:
 

�
 

4

 

i

b`694

 

i

bÁ
ŒX

�

´

®Vµ

ˆ

G±iŽ�5:
®

�
®

4
®

bS684
®

bf
(3.15)

¹

<

ˆih j

G
 

�54

 

i

b•684

 

i

bf
QX

�

´

®Vµ

ˆ

G±ir�
4
®

b`694
®

bÁ
Hk l¾h

By (3.10), theSchwarzinequality, ( [Sh¶¬�Å ), and( [`h5¸;Å )

G
 

�54

 

i

b•684

 

i

b7
"!2GWir�[b`686

i

 

4

 

i

b7
(3.16)

¹½GWir�[b`6cbf


ˆVö




G±iŽ�56

i

 

4

 

i

bS696

i

 

4

 

i

b7


ˆVö




¹½G
i

�[b`6cbf


ˆVö




)m%

%

4

 

i

bi%

%




�

 

¹¦)‹G
i

�[bS6Vbf


ˆcö




G� •�
4

 

i

b`694

 

i

bÁ


ˆVö




¹¦)




G
i

�[bS6Vbf
œh
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Furthermore,by (3.8) and( [`h ¬ )

G i �54.®;b`684Œ®gbf
"!2G i �TbS684Œ®šb7
(3.17)

¹

�

b

�




�

®

�

4Œ®šb

�




�

i

¹¦)

�

b

�




�

®

�

G±iŽ�54 ® b`684 ® b7


¹¦)




�

b

�







�

®

Summing(3.17) over ¼ , then combiningwith (3.15), (3.16), and since
ã

�

®Vµ

ˆ

�

b

�







�

®

¹

î0'

�

b

�







�

i

for b

R

F i , we �nd

> @BI8J �
�	�7iW
}¹¦)

<

ˆ

î '

h

It remainsto show that,

>
@BA C

�
���fiW
}ª

)

<

�

în'io

¸�Xqp

 

•�r

fts

h

This is a consequenceof Lemmas2.3and2.4 in [4] which in turn employ theideasof Dryja
andWidlund [10, 11], (seealso[23, 28]). The proof of Lemma2.4 needsno changehere.
However, the interelementboundaryintegral term in

�

b

�




�

i

requiresoneprovide a slightly
differentargumentthanthatfoundin Brenner'sLemma2.3.Thisargument,whichcompletes
theproofof Theorem3.1, is providedin thefollowing Lemma3.2.

LEMMA 3.2. Givenany U

R

F
i , there exist U

�

R

F0 and U;®

R

FL® ( ¸`¹½¼á¹u) ) such
that,

U£!M6

i

 

U

�

X

�

´

®Vµ

ˆ

U;®Á6(3.18)

and

G* •�TU

�

6VU

�


QX

�

´

®Vµ

ˆ

G
i

�[U;®•6VU;®;
}¹¦)

î0'

e

¸�X

ï

�

•

ò
f

g

G
i

�[U\6cU±
œh(3.19)

Proof. As in [4] we let U

�

!v)

 

i

U , b†!9Uaew6

i

 

U

� , and U;®á!

U

i
�x"š®gbf
 , where

U

i is
the nodalinterpolationoperatorof Assumption[Sh ^ . Then(3.18) holds. The following are
simpleconsequencesof [`h5¸�e$] andthetriangleinequality, (cf. (2.31)in [4])

G
 

�[U

�

6cU

�


œ¹½)�G±iŽ�[U\6cU±
u6(3.20)

G±iŽ�TbS6cb7
�¹½)�G±iŽ�[U\6cU±
u6 Å�4ŽÆ(3.21)
�

b

�

�

X��9� b•�

ˆ

¹½)��




ÿ

G±ir�[U\6cU±
œh(3.22)

It remainsto show that,

G
i

�[U;®@6VU;®�
}¹¦)

o

�

b

�







�

®

XÌ•

�




� b•�




ˆ¡� �

.

XÌ•

�

f

�

b

�




�

� �

.

s

6(3.23)

andhence

�

´

®Vµ

ˆ

G±ir�[U
®

6VU
®


}¹¦)

î
'yo

G±ir�[bS6Vbf
IX�•

�




� b•�




ˆ

X�•

�

f

�

b

�




�

s

h(3.24)
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Then(3.19) followsoncombining(3.20)–(3.24).
Weshallemploy thepiecewise-linearinterpolant �" ® of " ® , whichsatis�esoneachtriangle

 

%

%

%

�" ®

%

%

%

�£�

•

¹

�

" ®

�

�£�

•

6

%

%

%

ƒ

�" ®

%

%

%

�£�

•

¹>)

�

ƒ

" ®

�

�£�

•

6(3.25)

and

%

%

%

" ® ez� " ®

%

%

%

�£�

•

X…*

%

%

%

ƒ

�
" ® ev� " ® 


%

%

%

�Â�

•

¹½)�*




%

%

ƒ




" ®�%

%

�Â�

•

6(3.26)

where ) dependsonly on theminimumangleof —ri . CombiningtheSchwarzinequality, the
inverseproperty(2.17) for

�����




�

i

, [Sh ^ , (3.25), (3.26), and(3.3), oneobtains
�

U;®

�







�

®

!

�-U

i �x"š®gbf


�







�

®

!

%

%

%

U

i ��� "š®gbf
QX

U

i �V�x"š®Àez� "š®;
åb7


%

%
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�

®

¹½¬

ï

%

%

%

U

i
�

�
"š®gbf
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%
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�

®

X

%

%

%

U

i
�c�
"š®�e

�
"š®;
åbf


%

%
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�

®

ò

¹½)

ï

%

%

%

�"š®gb

%

%
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�

®
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�
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%

%

%

U

i
�V�x"š®Àez� "š®;
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%

%
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�
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.

ò
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-
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o
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�
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�

•
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�
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%

%

%

U

i
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�
"š®;
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�
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%
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•
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�
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%
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ƒ
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%

%
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•
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�

f

%

%

%

"
®

ev� "
®

%
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´

•QÓ•Ô

ÐV, .

� b•�







�

•ŸXÌ•

�




� b•�




ˆ¡� �

.

XÌ•

�

f

�

b

�




�

� �

.

h

In orderto establish(3.23) andhence(3.24) we mustshow that,

*

�.ˆ

{
Î

.
Ø

Ø

Ø

Ø
Ù

-

-.Ä

o

�"š®gb

s

Ø

Ø

Ø

Ø




~W�(3.28)

is appropriatelybounded.To this endnotethatby theproductrule, theSchwarz inequality,
andsince

Ù

8t{

.

8�<T|

= on Ñ
® ,

Ø

Ø

Ø

Ø
Ù

-

-.Ä

o

�"
®

b

s

Ø

Ø

Ø
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®
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®

ed"
®
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h(3.29)
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Hence,by (3.29), (3.26), (3.25), (3.3), andLemma2.1,
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%
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�£� �
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~Ï�
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-\b

-.Ä
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~W��X…)½•

�

f

�

b
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�
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.

(3.30)

Combining(3.27) and(3.30) gives(3.23).

4. Inter grid operators. In thissectionweconstructgrid transferoperators6

i

 

›•F( 1�

F
i and )

 

i

›•F
i

�ZF0 for which properties[`h5¸ and [Sh ] aresubsequentlyproved. As is
doneby Brennerfor Morley spacesin [4], wede�ne 6

i

 

and )

 

i

ascompositions:

6
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~
iE••€

 (4.1)
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i
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•
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i

••€
i(4.2)

where€
i ( €

 ) is aparticularinjectionof thepiecewise-polynomialspaceF�i ( F
 ) into the

)
ˆ -quinticArgyrisspace,to bedenoted �

‚

i ( �

‚

 ), cf. [7], ~Ii ( ~
 ) is thestandardF�i nodal

interpolationoperator, and 3

 

i

›

‚

i
�

‚

 is the �"
 -orthogonalprojectionassociatedwith
thesomewhatlargerspaces

‚

i`!
�

b

R

)

ˆ
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(4.3)
satisfying

‚

i}…

�

‚

i , with
‚

 similarly de�ned.
Morespeci�cally, theoperator€7i

›•F
i

�
�

‚

i (similarly €
 ) is de�ned by:
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R
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6�Å�4ŽÆ

�	Ú�
 nodalvaluesof €fi
b andits derivativesarezeroon -.� .

(4.4)

Thisis essentiallythesameinjectionproposedfor Morley spacesin [4], exceptfor theaverage
at eachmidpoint (4.4)(d) which is now neededsincethe normal derivative of b

R

F
i

typically jumpsat edgemidpoints. Of coursethe �rst derivative valuesof bothMorley and
)

�

piecewise-polynomialelementstypically jump at eachinternalvertex aswell, hencethe
averagein (4.4)(c).

With 6

i

 

and )

 

i

de�ned in thisway, properties[Sh ¸ and [Sh ] areestablishedwith theaid
of thefollowing threelemmas,cf. [4].

LEMMA 4.1. For all b
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LEMMA 4.2. For all b
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LEMMA 4.3. For all b
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Similarestimateswith each* replacedby � alsohold for both ~  and €

 .
Theproof of Lemma4.1 is givenby Brenner(Lemma4.1, [4]). Theestimate(4.8) for

thenodalinterpolant~ i is a standardresult,cf. [7]. As with Assumption[`h ^ÏÅ , (4.7) canbe
establishedusinga traceinequalityandscalingargumentlike thatusedto proveLemma4 in
[2]. Herewe needonly establishthefollowing

Proof. (of Lemma4.3) For b

R

Fmi , we begin by proving a local estimateon  

R

—ri .
We denoteb

•
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• and b
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!
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• of triangle   .
The difference �[b$e
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subsetof) nodalbasisfunctionsfor theArgyris �nite element
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wherethe basisfunctions Œ

¥±�

­ and •¡® correspondingto the nodal variables �	-
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 and
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 , respectively, satisfy
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The estimates(4.12) and(4.13) canbe obtainedby projectingthe basisfunctionsonto the
af�ne-equivalent )

�

-quinticHermitetriangleandusinga scalingargument,see[7].
Noting that b

• and the jump operator
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are de�ned so that 8
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we have
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(4.15), (4.18), andtheMeanValueTheoremgive
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By virtue of thequasiuniformityof —ri , combining(4.15), (4.16), (4.18), (4.17), (4.19),
andthestandardinverseestimates
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yields
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denotesthepair of triangleswhichsharethemidpoint ¢
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Combining(4.11)-(4.13), (4.22), (4.21), and(4.23), oneobtainsthelocalestimate
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The remainingestimatesin Lemma4.3 follow from inversepropertiesandthe triangle in-
equality.

With Lemmas4.1-3 now established,property[`h ]•Å canbeveri�ed
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maybesimilarly estimatedandproperty[Sh ]a\ follows. Theproof
of [Sh ¸ is similar.
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