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TWO-LEVEL ADDITIVE SCHWARZ PRECONDITIONERS FOR
FOURTH-ORDER MIXED METHODS

M. R. HANISCH

Abstract. A two-level additive Schwarzpreconditioningschemédor solvingCiarlet-Raiart, Hermann-Miyoshi,
and Hellan-Hermann-Johnsamixed methodequationsfor the biharmonicDirichlet problemis presented.Using
suitably de ned mesh-dependerforms, a uni ed approachwith tiesto the work of Brennerfor nonconforming
methodsis provided. In particular optimal preconditioningpf a Schurcomplemenformulationfor theseequations
is proved on polygonaldomainswithoutslits, provided the overlapbetweersubdomainss sufciently large.

Keywords. additve Schwarz preconditionermixed nite elementsbiharmonicequationdomaindecomposi-
tion, meshdependenhorms
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1. Intr oduction. In this paperwe introduceand analyzetwo-level additive Schwarz
preconditionersapplicableto threemixed nite elementapproximationgor the biharmonic
Dirichlet problem, valid on ary boundedpolygon without slits. By preconditioningthe
Schurcomplementsirisingfrom the Ciarlet-Raviart, the Herrmann-Miyoshiandthe Hellan-
Herrmann-Johnsomixed methods,we obtain systemswith uniformly boundedcondition
numbermwhentheoverlapbetweersubdomaings sufciently large.

Additive Schwarz preconditionerdor conforming[27, 29, 30], non-conforming(e.g.
Morley) [4], and discontinuousGalerkin methods[14], and multigrid preconditionerdor
mixed nite elementmethodq 16, 17, 24] have beendevelopedfor the biharmonicDirichlet
problem.However, theanalysisof additive Schwarzpreconditionergor thesemixedmethods
isimpededby the“non-inherited”natureof theassociateilinearforms. By utilizing equiva-
lentmesh-dependefrms,we developavariantof thetwo-level additive Schwarz precondi-
tionerproposedy Brennef 4] whichappliesdirectlyto the Schurcomplemenbbtainedrom
ary of the Ciarlet-Raiart, the Herrmann-Miyoshior the Hellan-Herrmann-Johnsamixed
methodsTheequialenceof themodi ed Morley non-conformingandthe Hellan-Hermann-
Johnsomixed methodsshown in [1] allows for a lessdirect preconditionedsolutionof the
lattermethod.We notealsosomerelatedwork for plateproblemq 3, 5, 15|, andseconcbrder
discontinuousGalerkinmethodq 13, 26].

This paperis arrangedn the following manner In 2 we de ne a Schurcomplement
operatorfor the Ciarlet-Raiart, the Herrmann-Miyoshiandthe Hellan-Herrmann-Johnson
mixed methods,and prove the equivalenceof a simpler mesh-dependerdperator This
amountsto extendingan inf-sup condition for thesemethodsto non-corvex polygons. In

3 we de ne atwo-level additve Schwarz preconditioneandextend Brenners analysis| 4]
to the caseof the threeaforementionedourth-ordermixedmethods.In 4 we de ne certain
intergrid operatoranddemonstrat¢hatthesemeetthe requirement®f the abstracanalysis
of 3.

We shalllet denotethe -basedSoboles spaceof order , anddenoteits norm

, While will denotethe associatedemi-norm.Additional spaces arede-
ned asthe completionsof with respectto the norms . We shallalsomake
referenceo thenegative norm(dual)spaces . Throughouthis paperwe
use to denoteagenericpositive constanthichis independentf themeshparameter .
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2. Background. We considerthreemixed methodsor the biharmonicDirichlet prob-
lem onapolygonaldomain in with boundary

(2.1) o

where denoteghelLaplacianoperatorand — is the normalderivative at the boundaryof
. Eachof thesemixed methodds basedn a weakformulationof (2.1) thatcanbewritten

in theabstracform:

GIVEN: realBanachspaces and ,and , and ,
bilinearformson ,and , respectiely,
(2.2)  FIND: suchthat,for

Appropriatepiecavise-polynomialsubspaces and arede ned andan
approximatesolutionpair is obtainedby solving:

FIND: suchthat, for
(2.3)

For example,the mixed methodof CiarletandRaviart [8] is a nite elementmethodfor
thebiharmonicDirichlet problembasedn a weakformulationof theform (2.2) with

(2.4)

The solution of (2.2) thensatis es and , providedthe spaces

and areappropriatelychosen.If the methodis de ned over a corvex polygonaldomain
, it is well-known thatwith and , (2.2) yieldsthe solutionto (2.1)

for each .

Furthermoreif isa(perhapsion-corvex) polygonwithoutslits, it is known[9] that,for
some -, (2.1) hasauniquesolution for each .
(Minimal valueswhichdependnthecorneranglesof , canbeestimatedsin Seif[25].)
When , if theforms (2.4) areinterpretedasduality pairings,it is shavn in [16] that,
with and , (2.2) againyieldsthe solutionof the biharmonic

Dirichlet problem.
Uponconstructinga regularquasiunformtriangulation , with meshdiameter , of the
domain , nite elementubspacefor the Ciarlet-Raiart methodareobtainedirom

(2.5)

where is thespaceof polynomialsof degree  or lessovertriangle . Onethen
de nes and . (Notethattheinclusion can
be provedby aninterpolationargumentfor -.) Throughouthis paperwe shallassume
that , in which caseoptimal ordererrorestimatesreavailable.

Similarly, the Hermann-Miyoshiand Hellan-Hermann-Johnsamixed methods which
solve (2.1) usingthe matrix of moments asauxiliary variables,canbe
extendedto non-comvex polygons. The Hermann-Miyoshimethod[2, 6, 12, 19, 20, 22] is
basedon theweakformulation(2.2) with
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andspaces , and
. Again, for , theintegralsin areinterpretedasduality pairings. The
nite elemenspacedor thismethodare ,and

In orderto extendthe Hellan-Hermann-Johnsanethod[ 2, 6, 12, 18, 19, 20, 21] to non-
cornvex polygonsit is corvenientto introducemesh-dependerspacesandnorms,asin [2].
We rst de neoneach in

where is the unit outwardnormalto  , and , isthe
unit tangentvectorattheboundary . Thenwith

and
and is continuousatthe interelemenboundaries
wede ne ,while istakento bethecompletionof with respect
tothenorm
where . We denotethe commonmesh-dependemiormfor
(2.6) —
where,if is aninterioredgeof , — denotesthe (signed)jump in the (outward)

normalderivativeof atapointon , andfor boundaryedgeswe rst extend by zero(cf.
[2]). With

it canbe shavn that(2.2) hasa uniquesolutionpair with  satisfying(2.1) and

Finite elementspacegor the Hellan-Hermann-Johnsanethodare
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and . We alsonotethatasa resultof the Greens formula

(2.7) _ —

valid for and , onemay reexpressthe bilinearform . Further

more,the Hellan-Hermann-Johnsdormsreduceto thoseof the Hermann-Miyoshimethod
whenrestrictedo thelatter's nite elementspacegfor which

— ). Consequentlyfor both methodsthe Schwarz inequality
yields

(2.8)

where

(2.9) —

and

Choosingbases for and for , considerthelinearsystem(2.3) in block
matrix form with the notations , , ,and

denotethetransposef by
(2.10)

Applying block Gaussiareliminationoneobtainsthereducedsystemfor (the coefcients of)

(2.11)

In principle, the actionof the  -Grammatrix may be computedwith a rapidly con-
vermgingiteration;although,a methodis describedn [17] for avoiding thisiteration. With
obtainedfrom (2.11), onemaythencompute .

Unlike the inde nite block matrix , the similarly ill-conditioned Schurcomplement

is symmetricpositive de nite. One approachto solving (2.3) is to constructa

preconditioneffor . To this endwe notethat inducesaninnerproduct
(bilinearform) on ,where denotegheEuclidean
innerproduct.lt is notdif cult to shav (cf. (3.19)in [17]) that,

(2.12) -

Ratherthanconstructinga preconditioneffor this Schurcomplementirectly, we intro-
duceanauxiliary mesh-dependeibilinearform

(2.13)
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andoperators ,and de ned by
(2.14)
(2.15)
We alsonotethat,
(2.16)

andby virtue of the quasiuniformityof , standardnversepropertiesandLemma?2 from

(2
(2.17)

Inthenext Theoremwe provethat and arespectrallyequivalent,andhenceapre-
conditionerfor , suchastheonedescribedn 3, alsopreconditionghe Schurcomplement
operator . By virtueof (2.12), proving thisspectrakquivalencewill betantamounto prov-
ing oneof the so-callednf-sup conditions(in termsof themesh-dependemiorms and

). Sucha proofis givenfor corvex in [2]. We shallgeneralizethis proofto possibly
non-corvex polygonswhosetriangulation  canbe extendecdto aregularandquasiuniform
triangulation  of alargerconvex polygonaldomain (while retainingthe samemesh
diameters)Thefollowing resultconcerninghenorm

(2.18)

(seetheproofof Lemmalin [2]), will alsobeneeded
LEMMA 2.1. Therisaconstant sud that,

(2.19)
forall sudthat, .

Consequently , andthe sameresultholdsfor Hermann-Miyoshi
andHellan-Hermann-Johns@lements since . Wede ne

THEOREM 2.2. If thetriangulation  canbeextendedo asdescribedabove then
the Scur complemenform , and the mesh-dependeriorm are spectally
equivalentj.e. there existconstants and , independenef , sud that,

(2.20)

Proof. First, by the Schwarzinequality
(2.21)

where is the choiceappropriatefor the givenmethod,cf. (2.8). Thensince

follows from Lemmaz2.1 asnotedabove, dividing by andusing(2.12
yieldstherighthandinequalityin (2.20). It followsthat isanormon
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For thelefthandinequality considerrst the Ciarlet-Raiart method.For each

we extendby zerofrom to , andsetting , wede ne
Thenthereexists suchthat,
(2.22)

Notethat,with
(2.23)

Setting in (2.22 andusingLemma2.1,

(2.24)

Usingestimatedgor theNeumanrprojectionon andits piece-wisdinearinterpolantalong
with theregularity availableonthe corvex it is shovnin Lemmab5 of [2] that,

(2.25)

Thensince , combining(2.23, (2.24), and(2.25 yields

(2.26)

By (2.16 and(2.12), thelefthandinequalityin (2.20 follows for the Ciarlet-Raiart method
afterdividing (2.26) by .
In the caseof the Hermann-Miyoshiand Hellan-Hermann-Johnsamethods for each

we rst associate satisfying(2.26), thende ne . For
this choiceof , it follows from the Greens formula(2.7) that reduceso
in bothcasesFurthermore, B , andtheproofis

completedagainby combining(2.26 and(2.12. O

3. Two-level analysis. In this sectionwe describeatwo-level additive Schwarzprecon-
ditioner, ,for , andhencealsofor the spectrallyequivalentSchurcomplemenbperators
obtainedfor ary of the threemixed methodsdescribedn 2. We thenshawv thatthe condi-
tion numberof is boundedndependenobf meshsizesandthe numberof subdomains,
providedthereis sufcient overlap(cf. Theorem3.1).

We shallassumehat is a partitioninginto overlappingopensubdomains
andthat is a quasiuniformtriangulationof  for which  is a ner subdvision thatis
alsoalignedwith each . We furtherassumehe existence(see[10]) of a partition of
unity, satisfying

(3.1)

(3.2)

(3.3) — —
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where and . Let be the subspacef whosemembers
vanishexceptat nodesinteriorto  , andlet , (equippedwith aninner product )

denotethe nite elemenspaceassociateavith andtakingzerovaluesatboundarynodes.
Furthermore we denoteby the maximumnumberof overlapsfor the closues of the

subdomains , whichwe assumeo beindependendf , , ,and .
Wede ne and in analogywith (2.9) and(2.13. With
and we alsode ne
(3.4) _

In orderto constructthe preconditioner we rst de ne four discreteoperators
, , ,and by

(3.5)
(3.6)
(3.7)
(3.8)

We shallalsoconstructanintergrid transferoperator , andwill consider
thetwo adjoints and de ned by

(3.9)

(3.10)

Theoperator malkesuseof anintermediatenappingto quintic Argyris elementsandis
de nedin 4.

Additionally, we requirepositive de nite operators and , symmetricwith respect
to and , respectiely, which areapproximatesolversfor and .Wedenote

(3.11)
(3.12)

andobsene thatif, for example, and arechoserto be appropriatamultigrid precon-
ditionersfor the correspondingchurcomplementsthen is boundedndependenof
., ,and ,(cf. [17]).
Thetwo-level additive Schwarzpreconditioner is thende ned asin [4] by

(3.13)

It is notdif cult to shaw that and sothat,

(3.14)
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As in [4] werely onfour pairsof assumptionso boundthe conditionnumberof . The
rst two of theseare:

A.la

A.lb

A.2a (resp. ) is equivalentto (resp. )
(resp. )
A.2b
Furthermoreyve positthe existenceof anadditionalintergrid transferoperator
satisfying

A.3a
A.3b
and
A.da
A.4b o,
where isthenodalinterpolationoperatorassociateavith  ,and depend®nly onthe
minimumanglein
For assumption we actuallyhave an equality (2.16). The proof of follows

from the Schwarz inequality appliedto the integral formulation(2.13 for , onac-
countingfor the supportof . Note that dependon alsofor triangles
adjacentto  throughtheterm — . Assumptions and areproved
in the next section. Assumption is a consequencef the equivalenceof the discrete

-norm, . Finally, Assumption is proved

usinginversepropertiesatraceinequality anda standardscalingargumentik e thatusedfor
Lemmad4 in [2]. With theseassumptionspnemay prove thefollowing:

THEOREM 3.1. Givena patrtition of unity satisfying(3.1)—(3.3), andassuming
wehave

Proof. We rst estimate . By virtue of (3.14), (3.10, andthe propertiesof
and

(3.15)

By (3.10, the Schwarzinequality, ( ), and( )
(3.16)
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Furthermoreby (3.8) and( )
(3.17)

Summing(3.17) over , then combiningwith (3.15, (3.16, and since
- for , we nd

It remainsto show that,

Thisis aconsequencef Lemmas2.3and2.4in [4] whichin turn employ theideasof Dryja
andWidlund [10, 11], (seealso[23, 28]). The proof of LemmaZ2.4 needsno changehere.
However, the interelemenboundaryintegral termin requiresoneprovide a slightly
differentargumentthanthatfoundin Brenners Lemma2.3. Thisargumentwhich completes
theproof of Theorem3.1, is providedin thefollowing Lemma3.2. d

LEMMA 3.2. Givenany , there exist and ( ) such
that,

(3.18)

and

(3.19) —

Proof. Asin [4] we let , , and , where is
the nodalinterpolationoperatorof Assumption . Then(3.18 holds. The following are
simpleconsequencesf andthetriangleinequality (cf. (2.31)in [4])

(3.20)
(3.21)

(3.22)

It remainsto shaw that,
(3.23)

andhence

(3.24)
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Then(3.19 follows on combining(3.20—(3.24).
We shallemploy thepiecavise-lineatinterpolant of ,whichsatis esoneachtriangle

(3.25)

and
(3.26)

where depend®nly ontheminimumangleof . Combiningthe Schwarzinequality the
inverseproperty(2.17) for ) , (3.29, (3.26, and(3.3), oneobtains

(3.27) —

In orderto establish(3.23 andhence(3.24) we mustshaw that,
(3.28) —

is appropriatelybounded.To this endnotethatby the productrule, the Schwarzinequality,
andsince — on

(3.29) — —
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Henceby (3.29), (3.26), (3.29, (3.3, andLemma2.1,

(3.30) —

Combining(3.27) and(3.30 gives(3.23. d

4. Intergrid operators. In thissectiorwe construcgrid transferoperators
and for which properties  and aresubsequentlyroved. As is
doneby Brennerfor Morley spacesn [4], wede ne and  ascompositions:

(4.1)
(4.2)
where ()isaparticularinjectionof thepiecavise-polynomiabpace (  )intothe
-quinticArgyrisspacetobedenoted ( ),cf.[7], ( )isthestandard nodal

interpolationoperatorand isthe -orthogonabrojectionassociatedvith
thesomavhatlargerspaces

(4.3)
satisfying , with similarly de ned.
More speci cally, theoperator (similarly ) isde nedby:
atall internalvertices
for atall internalvertices
for averageof values
(4.4) atall internalvertices

— averageof values —
atall internalmidpoints
nodalvaluesof andits derivativesarezeroon

Thisis essentiallthesamanjectionproposedor Morley spacesn [4], exceptfor theaverage
at eachmidpoint (4.4)(d) which is now neededsincethe normal derivative of
typically jumpsat edgemidpoints. Of coursethe rst derivative valuesof both Morley and
piecavise-polynomiakelementdypically jump at eachinternalvertex aswell, hencethe
averagen (4.4)(c).
With  and de nedin thisway, properties  and areestablishedvith theaid
of thefollowing threelemmascf. [4].
LEMMA 4.1. For all

(4.5)
(4.6)
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LEMMA 4.2. For all

(4.7)
(4.8)

LEMMA 4.3. For all

(4.9)
(4.10)

Similar estimatesvith each replacedoy alsoholdfor both  and

The proof of Lemma4.1is givenby Brenner(Lemma4.1,[4]). The estlmate(4 ) for
thenodalinterpolant is a standardesult,cf. [7]. As with Assumption , (4.7) canbe
establishedisingatraceinequalityandscalingargumentiik e thatusedto prove Lemma4 in
[2]. Herewe needonly establistthe following

Proof. (of Lemma4.3) For , we begin by proving alocal estimateon
We denote and— , andreferto thevertices , themidpoints , and
thediameter of triangle

The difference canbe expressedhsa sumof (a
subsebf) nodalbasisfunctionsfor the Argyris nite element

(4.11) - - — -

wherethe basisfunctions and correspondingo the nodal variables and
— , respectiely, satisfy

(4.12)

(4.13)

The estimateg4.12 and(4.13 canbe obtainedby projectingthe basisfunctionsonto the

afne-equivalent -quintic Hermitetriangleandusinga scalingargumentsee| 7].
Noting that — andthe jump operator are de ned so that — -

- — ,evenwhen ison ,andby virtue of thesimplequadratureesult

(4.14) — for some ,if ,

we have

(4.15) — - - —
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having madeuseof the Schwarz inequality and , which is a conse-
quenceof theminimumanglecondition(regularity), andthe quasiuniformityof

In orderto estimate - for , let denotethe setof triangles
which containvertex . Then
(4.16) - -
where . Although and maynotbeadjacentriangles, (and at )

canbeexpresseasa sumof differencesnvolving adjacentriangles,say

(4.17)
wherethe sum containsat most terms. Consequentlyit is sufcient to estimate
where and shareanedge having asoneendpoint.
Since alongeachedge , thecomponenbf tan-

gentialto  is zero. Consideringnext the normalcomponenbf this derivative (considered
asafunctionof arclength along with midpoint ), we denote

andrecallthat - — . Since
(4.18) —

(4.15, (4.18, andthe MeanValueTheoremgive

(4.19)

By virtue of the quasiuniformityof , combining(4.19), (4.16), (4.18), (4.17), (4.19,
andthe standardnverseestimates

(4.20)
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yields

(4.21) -

where  denoteghesetof edgef (and )incidentuponvertex . Combining(4.15),
(4.18, and(4.20, we alsohave

(4.22) — - .

where denoteghe pair of triangleswhich sharethe midpoint
For secondderivatives( ) onehasfrom (4.4b), (4.20, andthe quasiuniformityof

(4.23) —

Combining(4.11)-(4.13), (4.22), (4.21), and(4.23, oneobtainsthelocal estimate

from which follows

(4.24)
The remainingestimatesn Lemma4.3 follow from inversepropertiesandthe triangle in-
equality O
With Lemmas4.1-3 now establishedproperty canbeveri ed
(4.25)

FurthermorelL.emmas4.1-3, thetriangleinequalityand(4.25) yield

Thedifference maybesimilarly estimatecandproperty follows. Theproof
of is similar.
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