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REGULARIZA TION AND STABILIZA TION OF DISCRETE SADDLE-POINT
VARIATIONAL PROBLEMS

P. B. BOCHEV AND R. B. LEHOUCQ

Abstract. Our paperconsidersparameterizedamilies of saddle-pointsystemsarisingin the nite element
solution of PDEs. Suchsaddlepoint systemsare ubiquitousin scienceand engineering. Our motivation is to
explain how thesesaddle-poinsystemscanbe modi ed to avoid onerousstability conditionsandto obtainlinear
systemghatareamenabldo iteratve methodsof solution. In particular the algebraicandvariationalperspecties
of regularizationandstabilizationareexplained.
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1. Intr oduction. Saddle-pointequationsarisewhena constrainecptimizationprob-
lem is solved by Lagrangemultipliers. For example,in mary physicalmodels,admissible
statescanbe characterizes constrainedninimizersof a quadraticenegy functional[ 34].
A computationasciencesxamplearethe FETI domaindecompositioimethodgsee[ 38] for
anoverview) usedin computationamechanicsThere,Lagrangemultipliersareusedto con-
nectsolutionsamongthe subdomains A relatedexampleis non-conformingnite element
methodq 12] whereLagrangemultipliers areappliedto enforceinter-elementcontinuity of
the nite elementolution.Lagrangemultiplierscanalsobeusedto enforceDirichlet bound-
ary conditions| 3] giving anotherinstanceof a saddle-poinproblem. An importantexample
thatalsoleadsto saddle-poinproblemsis constrainednterpolationthatis requiredin dis-
cretizedmulticomponensystemsn differentgrids. To enablecommunicatiorbetweerthe
components,elds mustbe corvertedfrom onerepresentationo anotherwithout spurious
effects[14] suchasarti cial enegy or massdissipationor accumulation.

In this paper we considersaddle-poinsystemf equationgesultingfrom the approx-
imate numericalsolution of PDEsby mixed nite elements.Many importantPDEs, such
asthe incompressibleStokes and Darcy o w problems,can be derived from an optimal-
ity system(EulerLagrangesquationsihssociatedvith a constrainedninimizationproblem.
Their nite elementdiscretizationleadsto mixed Galerkin methodsand a family of alge-
braic saddle-poinproblems,parameterizethy somemeasure of the grid size. Thisis in
contrastto discreteoptimization,wherethe problemsize remains x ed. This posessome
signi cant challengesn bothformulationandsolutionof suchsaddle-poinproblems.Most
notably the operatorsn this family mustbeinvertible stablyanduniformly in . For PDEs
relatedto constrainedninimization, this cannotbe accomplishedy merely choosingcon-
forming nite elementspacesspaceghatare nite dimensionakubspacesf the respectie
continuumspaces.In additionto conformity, thesespacesnustsatisfythe onerousinf-sup
or LBB condition[9, 12]. Among otherthings, this condition precludeshe useof equal
order nite elementspacede ned with respectto the samepartition of the computational
domainin nite elements.Besidesthe programmingncornvenienceusingdifferentspaces
for thedifferentvariablesrequiresmorecomplicateddatastructuresMoreover, theresulting
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saddle-poinproblemshave symmetricinde nite matrices.Thesesystemgypically have a2

by 2 block structurewith the (2,2) block beingidentically zero. This makestheir numerical
solutionby preconditionedterative methodschallenging. The readeris referredto [5, 17]

for furtherinformationandreference®n preconditionedteratve methodsfor saddlepoint
systems.

For theseandotherreasonstwo alternatve nite elemenformulationsfor PDEsrelated
to constrainedptimizationhave beenpursuedever sincethe inceptionof mixed Galerkin
methods. The rst, stabilization circumwentsthe onerousstability conditionsinherentin
mixed methods. The second regularizationt, doesnot circumwent stability conditions,but
rendersthe solution of the saddlepoint systemwith preconditionedterative methodsless
dif cult. At thediscretelevel thesetwo fundamentallydifferentapproachemay appeatin-
distinguishable.One of our goalswill be to expoundthe distinctionsbetweerthe two ap-
proachesandhow they arepropagatedo the algebraidevel. For this purposewve will always
treatmodi cations asoccurringat the variationallevel eventhoughin mary casegshey can
beintroduceddirectly into the algebraigproblem. Thiswill alsohelpto clarify the subtleties
thatarisewith analgebraicview of thediscreteproblemthatdoesnotaccounfor theirorigin.

Our paperis organizedasfollows. Section2 presenta discussiorof abstracwariational
problemghatleadsto saddlepoint systemsTheabstracproblemis placedinto contet with
two examplesn Section3. Theabstractlgebraigroblemis thesubjeciof 4. Wethenmodify
the constrainedninimizationproblemin sections6—7 with regularizationand stabilization,
respectrely. Section8 concludeswith abrief summary

2. Abstract setting. Let and denotetwo Hilbert spacesith innerproducts

and , respectiely, and denotethe duality pairing between ,  andtheir dual
spaces , respectiely. Let
(2.1)

betwo continuousilinearforms, suchthat

(2.2) for all
andlet , be givendatafunctions.We considerthe optimizationproblem:
nd thatminimizes -
(2.3)
subjectto for all
By introducinga Lagrangemultiplier this constrainedptimizationproblemis trans-
formedinto the unconstrainegroblemof nding the saddle-point of the
Lagrangiarfunctional
(2.4)

Usingstandardtalculusof variationstechniquesve obtainthe saddle-poinproblem:
nd suchthat
(2.5)

1we call attentionto the non-standaraiseof the term “regularization”in the paper Typically, regularization
refersto a processvhereinanill-posedproblemis replacedoy awell-posedproblem.Here,regularizationdenotesa
techniqueto replaceonewell-posedproblemby anothemwell-posedproblemthatis “easier”to solve.
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thatexpresses rst-order optimality conditionfor (2.4). Usingthe operators
and de ned by

and
thesaddle-poinproblem(2.5) is recastas
in
(2.6) :
in
To discusswell-posedenessf (2.5 or (2.6) we needthekernelspace

2.7)

In his seminalpaper[9] Brezzidevelopedconditionsfor the uniqueand stablesolution of
(2.5 in termsof thetwo bilinearforms.
THEOREM 2.1. Thesaddle-poinproblem(2.5 de nesanisomorphism

if andonly if is coerciveonthekernel | i.e,
(2.8)
and satis estheinf-supcondition
(2.9)
If , (2.3) is equialentto thereducedoroblem
(2.10) nd thatminimizes
This minimizersolvesthe variationalequation: nd suchthat
(2.11)

Accordingto (2.8), Theorem?2.1, this problemhasa uniquesolution.

3. Examples. Stokesequationsandthe Dargy equationsare examplesof PDEsassoci-
atedwith constrainedninimizationprinciples.Webrie y examinehow they t in theabstract
settingof Section2 anddiscusssomeof their differencesTo describethe two problemswe
assumehat is aboundedopendomainin with Lipschitz continuousbound-
ary . Werecallthespace of all squarentegrablefunctionsandits subspace
of zeromeanfunctions. We will alsoneedthe spaceH of all squareintegrablevector
functions thatvanishon andwhoserst derivativesarealsosquardantegrable.Lastly, we
recallthespace div of all squardntegrablevector elds  with squarentegrabledi-
vergenceandwhosenormalcomponentsanishon . Becauseur focusis on nite element
methodswe assuméhat  is apartitionof into nite elements . In two dimensions
canbetrianglesor quadrilateralsin threedimensionghe elementsretetrahedrahexahedra,
prismsor pyramids.Finite elemenspacesrede ned by combininglocal polynomialspaces
de ned on eachelement.The so-callednodalor Lagrangiannite elementsaresubspacesf

andcontain  pieceavise polynomialfunctions.Other nite elementspacegprovide
only normal continuity acrosselementfacesand form subspacesf div . For more
detailsaboutthesespacesndtheir constructionwe referthereaderto [12, 23].
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3.1. Stokesequations. We considerthe constraine@ptimizationproblem

nd H thatminimizes
(3.1)

- subjectto
With theidenti cations H , ,

and

problem(3.1) is of theform (2.3). Thenull-spacq2.7) is givenby the subspace

H
of weakly solenoidalector elds in H . A classicakesult[9, 23] shovsthat(2.9) holds
for the Stokesproblem.Thebilinearform is coercveonH H andso(2.9)
is trivially satis ed.
If solutions of the optimality system(2.5) aresufciently smooth,integrationby
partscanbeusedto shav that satisfythe Stokesequations
in
(3.2) .
in
augmentedvith the boundarycondition on . With the obvious identi cations
and theseequationsprovide the operatorform (2.6) of the

saddle-pointproblem. For the Stokes equations is the velocity eld andthe Lagrange
multiplier turnsoutto bethepressure.

3.2. Darcy problem. We considerthe constraineaptimizationproblem
nd div thatminimizes
(3.3)
- subjectto
For this problem div , ,

and

Thenull-spaceof the Darcy problemis givenby

div
andis a propersubspacef div . Again, classicalresults[12] showv thatboth (2.8)
and(2.9) hold for and
If solutions of the associate@ptimality system(2.5) aresufciently smooththen

satisfythe Darcy equations

(3.4)
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augmentedvith the boundarycondition on . With theidenti cations ,
and theseequationgake the operatorform (2.6). For the Darcy equations
is thevelocityand isthepressure.

The bilinearform andassociatedperators and arethe samefor the Stokes
andDarcy problems.However, the form is fundamentallydifferentfor the two prob-
lems. For the Stokesproblemthis form de nesaninnerproducton H H , While
for the Darcy equations is merelythe innerproduct.As aresult,for the Stokes
equations, is coercveonall of ,includingthesubspace . In contrastfor the Darcy
problemcoercvity of is restrictedto the null-space .

4. Approximation of saddle-point problems. This sectionbrie y reviews the alge-
braic interpretationassociatedvith the abstractsaddle-pointoroblem(2.5). The readeris
referredto [12, pp.73-80],and[10, 11, 20, 26] for furtherinformationon analgebraictreat-
ment.

The saddle-poinproblem(2.5) andthe reducedequation(2.11) arecompletelyequiva-
lent. However, theirnumericalapproximatiodeadsto methodshatarenotequialent.More-
over, deriving aconformingapproximatiorof thenullspacg2.7) is dif cult, whichleavesthe
saddle-poinproblem(2.5) asthe preferredsettingfor the constrainedninimization.

To discretize(2.5) we need nite dimensionakubspaces and , param-
eterizedby . For the examplesof interestto us (seeSection3) and  will be nite
elementspacegnd is somemeasuref theelemensize. Thediscreteversionof (2.5) is:

nd suchthat
(4.1)

In nite elementghis formulationis known asthe mixedGalerkin method,andgivesriseto
aparameterizefmily of linearalgebraicequations

(4.2)

where with someatuseof notation, and areusedto denotethecoefcients of the nite
elementfunctions and in termsof base®f and . Thediscretedatafunctions
and aretherepresentationsf thefunctions and . Thelinearsystem(4.2) is the rst-
ordernecessargonditionfor thediscreteoptimizationproblem

def

(4.3)
subjectto

This problemis anequalityconstrainedjuadraticporogram(QP) [33, p.444],andthe matrix
in (4.2 is calledthe Karush-Kuhn-Tucker (KKT) matrix. Therefore,approximationof the
constrainedptimizationproblem(4.3) givesrise to a sequencef equalityconstrained)Ps
parameterizetly themeshsize .

4.1. Well-posedenes®sf parameterized QPs. For every the KKT, or saddle-
point, matrix is nonsingulaprovidedthefollowing two conditions[ 33, p.445]aremet:
1. ThereducedHessiammatrix , wherethecolumnsof area
basisfor , is positive de nite,
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2. Thematrix hasfull row rank.

However, whendealingwith familiesof QPsthatapproximatg2.3) thesetwo conditionsare
notenoughto ensurecorvergenceo theexactsolutionof (2.3). Thereasoris thatsolvability

of (4.2) for a x edvalueof doesnotimply thatsolutionsremainwell-behaed,e.g.,depend
continuouslyonthedata,when . Consequentlythekey to developinga usefulstability

criterionfor (4.2) is to treatthis problemasan instanceof the abstractsystem(2.6) rather
thanasa linear systemof algebraicequations.Then,the well-posedenessf (4.2) is subject
to the conditionsin Section2, including Theorem?2.1, restrictedto  and . To obtain
theseconditionsin termsof matriceswe notethat

is the null-spaceof andsois spannedy thecolumnsof . Therealsoexist symmetric
andpositive de nite matrices and , suchthat

(4.4) and

respectrely. In termsof thesematrices continuity of and implies
(4.5)

(4.6)

where and arepositive real constantsndependenof . Coercvity onthekernelcon-
dition (2.8) specializego

(4.7)

while theinf-supcondition(2.9) canbeexpresseds

(4.8)

where and as . We remarkthat is alower boundon the
smallestgeneralizegingularvalueof (se€[12, pp.76-77]).

Let uscomparg(4.7) and(4.8) with thetwo conditionsimplying thatthe KKT matrixis
nonsingular Because if andonly if thereexists suchthat , condition
(4.7) canberestatedhs

(4.9)

While this conditionimplies the rst conditionfor the nonsingularityof the KKT matrix,
(4.9 is clearlymorerestrictve andis equivalentto requirementhatthe smallesteigervalue
of the pencil remainsboundedaway from zeroindependenthof
Similarly, the secondconditionfor the nonsingularityof the KKT matrix follows from (4.8),
but doesnot imply (4.8) that requiresthe smallestgeneralizedsingularvalue of to be
boundedaway from zeroindependentiyf

4.2. Dif culties of parameterized QPs. Designinga pair of nite dimensionalsub-

spaces sothattherestrictionof (2.3) givesriseto aninvertibleKKT, or saddlepoint,
matrix for a x ed valueof is not dif cult. Considerablymore dif cult is to nd a se-
guenceof subspaces suchthatrestrictionof (2.3) to thesespacegivesriseto a

uniformly invertible saddlepoint matrix (satis esthe stability conditions(4.5—(4.9)).
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Clearly, (4.5) and(4.6) areimplied by the continuityof thebilinearformsin (2.1) andthe
inclusions and , i.e., conformity is sufcient for continuity Unfortunately
conformityis notsufcient for (4.7) and(4.8) andsothesewo conditionsdo notfollow from
(2.8 and(2.9) andtheinclusions and . First, evenif theseinclusionshold,
thenull space is notnecessarilyasubspacef andso(4.7) doesnotfollow from (2.8).
Secondpecause , theinf-sup condition(2.9) impliesthatfor every thereis
a suchthat

However, existenceof is only guaranteedn thein nite dimensionakpace , while
for (4.8) to hold, mustbelongto
Thereexist simpleteststhatcanrule outsomepoorchoicesof and . For example,
if is full rankandhasmorerowsthancolumnsthen andso  isnotpositive
de nite onthenullspaceof . Calculatingthe dimensionof is the basisof the popular
“countingtest” in the engineerinditerature. The problemwith this andothersimilar testsis
thatthey cannotbeusedto shav that(4.7)-(4.8) hold with mesh-independentand . When
and aremesh-dependerihesaddlepoint matrix maybeinvertible,but the quality of the
solutionsequencas maydegenerate.
Let us examinehow the differencebetweenthe Stokes and Darcy equationsimpacts
constructiorof well-posedparameterize@Psfor theseequationsRecallthatfor the Stokes

equations is coercve on . The single most-importantconsequencef this fact is
thatthe rst discretecondition(4.7) is satis ed wheneer , or equialently, by the
conformityof . Therefore the choiceof stableconformingpairs for the Stokes

equationss subjectonly to thediscreteinf-sup condition(4.8). This andthefactthat(3.2) is
oneof thestudiedsettinggor themixedGalerkinmethod s thereasorwhy the rst condition
in Theorem?2.1is oftenoverlooked.

For theDaroy problem isnotcoercveon butonly onthepropersubspace . As
aresult,for this problemthediscretecondition(4.7) is notimplied by theinclusion
Thereforethechoiceof conformingpairs for (3.4) is subjectto bothdiscretecondi-
tions (4.7) and(4.8). Onepracticalconsequencts that stablepairsfor the Stokesequations
areunstablefor the Darcy problem,while stablepairs[13, 31] for thelatterarenot conform-
ing for theformer. For instancestablediscretizatiorfor the Darcy equationsanbe obtained
usingthe lowestorder Raviart-Thomasspaceg12] for  andpieceavise constaniap-
proximationfor . However, containspiecavise polynomial functionsthat are only
continuousin the normal componentand do not form a propersubspacef H —they
cannotbe usedin a conformingmethodfor the Stokesequations.

In eithercasestablepairs cannotbeobtainedby usingequalorder nite element
spacegle ned with respectto the sametriangulationof  of into nite elements.For
example, the equalorder (piecavise linear spaceson simplices)and
(bilinearor trilinear space®n quadsor hexes)pairsareunstablefor boththe Stokesandthe
Darcy equationsSee[24, 12] for moreexamplesof stableandunstablespacedor Stokesand
Dargy ow.

5. Modi cation of saddle-pointproblems. Theapproximatenumericalsolutionof the
constrainedptimizationproblem(2.3) facestwo main dif culties. To obtaina well-posed
parameterizedPsit is necessaryo nd nite dimensionalpairs that satisfy the
restrictive stability conditions(4.7)-(4.8). Theseconditionsmay be dif cult to verify [8].
Then, thereare PDEs, suchas mixed elasticity where stablepairs have beenfound only
recentlyandonly in 2D [2]. Thesestableelementsalsotendto have a rathercomplicated
nature. In the context of nite elementscompatibility with (4.7)-(4.8) requiresthe useof
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unequabrderapproximationgnd/ordifferentgrids. The attendanheterogeneitpf the data
structuresncreasesodecompleity.

Provided stablepairs are available, we still facethe task of solving a sequencesad-
dle point linear systemg4.2). Becausesystemswith millions of unknavnsarecommonin
PDE discretizationsijterative solution methodsare typically employed, however, inde nite
systemsare still a challengefor iterative solvers. The stablemixed methodmay alsoneed
specialpreconditioner§l]. We referthereadetto [5, 17] andthereferencedistedthereinfor
furtherinformation.

The dif culties in obtaininguniformly invertible saddlepoint matricesand solving the
resultinglinear setof equationshaspromptednumerougechniqueghat aim to circumwent
stability conditions,improve the ef ciency of iteratve methodsusedfor the solution,or ad-
dressboth issuessimultaneously Without an exception,thesetechniquescan be relatedto
modi cations of eitherthe constrainedninimizationproblem(2.3) or the optimality system
(2.9. In this paperwe referto modi cations that attemptto improve solver ef ciency and
requirespaceghat are compatiblewith (4.7)-(4.8), asregularizedmethods We resene the
term stabilizedmethodgor modi cations that circumventthe two compatibility conditions
(4.7)-(4.8), allow theuseof arbitrarydiscretepairs to derivethealgebraigroblems,
andretainasymptoticcorvergenceo the solutionof (2.5) as

Reyularizationand stabilizationoften resultin nearly identical saddlepoint matrices.
For this reason,our discussionalways begins with a statemenbf the modi ed variational
problemandthen proceedso develop the associatedlgebraicsystem. For simplicity we
consideronly homogeneousonstraints.Having will only changeheright handside
of themodi ed equationawhile the structureof the modi ed bilinear form, responsibldor
its propertieswill remainthesame.

6. Regularizedmethods. We rst discusgpenaltymethoddollowedby augmented.a-
grangianmethods.

6.1. Penalty. Penaltymethodsareamongthe earliestexamplesof modi ed variational
formulations. A penaltyformulation can be obtainedby modifying the quadraticenegy
functional , theLagrangiarfunctional or by directmanipulationof the optimal-
ity system(2.5). In the rst casethemodi ed problemisto nd theunconstrainedninimizer

of the penalizedenegy functional

(6.1) -

When , the penaltytermin (6.1) enforcesthe constraintwithout usinga Lagrange
multiplier. In practice,only nite valuesof canbeusedin a numericalcomputatiorandso
asolutionof (6.1) is subjectto a penaltyerror.

In the secondcasethe modi ed problemisto nd thesaddle-point of
thepenalized_agrangian

(6.2) -

Thepenaltytermin (6.2) improvesthe propertiesof thevariationalequation(2.5) andallows
usto eliminatethe Lagrangemultiplier from the optimality system.

In thelastcasewe seeksolutions of themodi ed rst-order optimality
system

(6.3)
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An importantpracticalcaseis when coincideswith its dual . Then,thethreemodi ed
problems(6.1)-(6.3) areequivalentin the sensethatfor a givenvalueof they all have the
samesolution . To show this equivalenceit sufces to demonstrate¢hat the necessary
optimality conditionsfor (6.1) and(6.2) aregivenby (6.3). This equivalenceis obviousfor

(6.2 andsowe proceedwith (6.1). Let denotethe solutionof

(6.4)

thatis a necessarpptimality conditionfor (6.1). Let . By assumption

andso,

This equationand(6.4) with substitutedby  givethemodi ed problem(6.3).
Discretizatiorof thepenalized.agrangian(6.2) andthemodi ed optimality system(6.3

by thesamepairof spaces givethesameparameterizechodi ed saddlgpointsystem

(6.5)

where s the symmetricand positive de nite matrix from (4.4). As aresult, canbe
eliminatedfrom (6.5) to obtainthereducedparameterizedystem

(6.6)

Discretizationof (6.1) requiresonly aspace for . Theparameterizetinearsystem
is

(6.7)

where  isasymmetricsemi-de nitematrix obtainedn theusualmannerfrom thesecond
termin (6.4). In general, andso (6.7) and(6.6) arenot equivalent,even
thoughtheir continuousprototypesare. This lack of equivalencecanbe explainedby com-
paringthe orderof the discretizatiorandeliminationstepsin the two problems.The system
(6.6) is obtainedby discretizatiorof the saddle-poinproblem(6.3) followedby elimination
of thediscreteLagrangemultiplier . In contrast(6.7) is a discretizatiorof (6.1) thatcan
be obtainedfrom (6.3) by eliminationof the Lagrangemultiplier , i.e., in this problemthe
elimination stepprecedeghe discretizationstep. Changingthe order of discretizationand
eliminationleadsto differentdiscreteproblemswith distinctsolutions.

Finally, let us discusswell-posedenessf (6.5-(6.7). For large valuesof the penalty
parameter the system(6.5) approacheshe unmodi ed KKT problem(4.2). As aresult,
despitethe presencef the symmetricpositive de nite matrix , stability of (6.5 and(6.6)
remainssubjectto (4.7)-(4.8). Becausg6.7) is de ned by a singlediscretespacejt seems
logicalto expectthatthis problemwill bewell-posedregardlesof . Unfortunatelythisis
nottrue becausehe penaltytermde nesanimplicit discreteLagrangemultiplier. Indeed if

is positive de nite, (6.7) canbe corvertedto

(6.8)

wherewe assuméhe existenceof a  suchthat and is adis-
creteLagrangemultiplier. Therefore,(6.7) remainsassociateavith a parameterizegaddle
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point matrixin whichthespace [3(] isimplicitly de nedfrom by . Con-
sequentlystability of (6.8), andby extension of (6.7) is contingentuponthe compatibility of
andtheimplicit Lagrangemultiplier space . In someextremecaseghe nullspace

implied by theimplicit space canbeempty causingthe nite elementmethodto lock. A
classicalkexampleof lockingis when(6.1) is usedto solve the Stokesequationdy piecavise
linearelementsThen,for large penalty the piecaviselinearminimizerof (6.1) is identically
zero. To eliminatelocking and achieze compatibility, the penaltytermin (6.1) is evaluated
usingareducedntegrationorder;see[18, 29, 35]. To minimizethe attendanpenaltyerror,
penaltymethodscanbeappliedin aniterative manner 25].

In summary our discussionshows that modi cations in (6.1)-(6.3) cannotbe usedto
circumwentthe stability conditions—inall formsthe penaltyapproachdoesnot leadto stabi-
lizedformulations.A properinterpretatiorof a penaltymethodis asa solutiontechniquefor
the parameterizedaddlepoint system(4.2) thatallows usto eliminatethe Lagrangemulti-
plier andto replacethe inde nite saddlepoint matrix with a symmetricandpositive de nite
matrix.

6.2. AugmentedLagrangian methods. Theprincipaldravbackof penaltymethodsare
thecontradictorydemand®n placedby accurag andef ciency requirementsiespectrely.
Ononehand, mustbelargeenoughsothatthe penaltyerroris comparableo thediscretiza-
tion error. Onthe otherhand, mustbe smallenoughsothat (6.6) hasa smallercondition
number

Augmented_agrangiarmethodq 19] areanalternatve modi cation techniquahatcom-
binesthefeaturesf (6.1) and(6.2). Like (6.2) they penalizethe Lagrangiarbut usethesame
penaltytermasin (6.1). Themodi ed problemisto nd thesaddle-point
of thefollowing Lagrangian:

(6.9) -

The optimality systemof (6.9) is

(6.10)

where . Discretizationof (6.3) is accomplishedby a pair of
subspaces and . Theresultingdiscreteproblem

(6.11)

is a modi cation of the parameterizegdaddlepoint system(4.2). In contrastto (6.5), the
modi cation now affectsthe rst equationin (4.2), wherethe (1,1) block is replacedby the
samematrix asin (6.7), andleavesthe secondequationunchangedAs aresult,solutionsof

(6.17) satisfythe discreteconstraintequationandare not subjectto a penaltyerror. Conse-
qguently largevaluesof areunnecessarfor accurag andthevalueof this parametecanbe
optimizedfor solveref ciency. Stability of (6.11) remainssubjectof thetwo conditions(4.7)

and(4.8) andso(6.11]) is not a stabilizedmethod.

Comparedwith the penaltyformulations,augmented.agrangianmethodsmprove the
ef ciency of iterative solversby decreasinghe conditionnumberof the block.
This is of particularinterestfor problemswhere is coercie strictly on the kernel
but is not invertible. The dravbackis that (6.11) is aninde nite linear systemandthe
Lagrangemultiplier cannotbe eliminated.
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As a nal remark,we notethatall methodsconsideredn this sectioncanbe obtained
from amodi cation of anoptimizationproblem.Thus,they retainthe symmetryof theorigi-
nalunmodi ed equations.

7. Stabilized methods. To discussstabilizedmethodswe rewrite the unmodi ed opti-
mality system(2.5) as

(7.1)
where

and
Thegoalof stabilizationis to replace(7.1) by amodi ed problem
(7.2)

thatis weakly coercive over a wider rangeof discretespaceghan(7.1) andgivesriseto a
sequencef problemswhosesolutionsconvergeto a solutionof (7.1). Speci cally, we seek
formulationssuchthat

(7.3)

(7.4)

with independenof |, for pairs thatarenot subjectto (4.7)-(4.8). Thereare
two basicapproachethatleadto suchmodi ed equationsThe rst is basedontheobsena-
tion that(7.3)-(7.4) canbe achievedby addinga properlyweightedterm to the bilinear
form . Thesecondapproachusesprojectionoperatorsactingonthediscretel agrangemul-
tiplier space.Theseoperatoraareseenas lters thatremove unwanteddiscretemodesfrom

If is the matrix obtainedfrom the modi ed bilinearform, and is the
matrix thatgenerateshenormon , then(7.3) is equialentto

Therefore algebraicallyweakcoerciity is equivalent[4] to having the smallestgeneralized
singularvalueof boundedaway from zeroindependentlyf

7.1. Residualstabilization. Givenanarbitrarypair theresidualof (2.6)
is thefunction

Residuaktabilizationtakesadvantageof thefactthattheterm canbeintroducedhrough
theresidualin a consistentmannerIndeed f is asolutionof (2.6), then .
andary termsthatwereaddedto (2.5 will vanish.As aresult, will alsobea solution
of (7.2). Suchconsisteng is the chief appealof residualstabilizationbecause de nition of
high-orderstabilizedmethodss automatic.
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Oneapproacho residualstabilizationis to usealeast-squareform of theresidualin the
Lagrangiarfunctional.In this casewe have a choiceof thefull least-squaresiodi cation

(7.5) — —
or the partialleast-squaresiodi cation
(7.6) —

where and arerealstabilizationparametersTheaugmented.agrangiarfunctional(6.9)

useghesecondcomponenbf theresidualandsois anothewariantof thepartialleast-squares

modi cation. However, this termlacksthe critical operator neededor (7.3)-(7.4).
Theresiduatermsin (7.5-(7.6) changg7.1) to a problem(7.2) with

and

for (7.5
for (7.6)

A secondapproacho residualstabilizationis to derive themodi ed variationalequation
(7.2 directly by addingweightedresidualtermsto (2.5):

Thetypeof stabilizedformulationdepend®ntheweightoperators and . Thesecondp-
eratoris oftensetto zeroandmethodsarede ned by achoiceof . Following thetaxonomy
introducedn [4], threeimportantcasesare

Least-squaref.S)
(7.7) Re ectedleast-square@RLS)
Simpli ed least-squareéSLS)

Theleast-squareweightoperatorgivesthe sameformulationas(7.6). Theothertwo weight
operatorgesultin variationalequationghatcannotbe derived from optimizationproblems,
or in otherwordsarenot rst-order optimality conditionsof someLagrangian.As aresult,
the symmetryof the original variationalproblemis lost undersuchmodi cations. If (7.3)-
(7.4) holdfor all valuesof and/or , thestabilizedform is calledabsolutelystable.If this
formis weaklycoercie for arangeof stabilizingparametersheform is calledconditionally
stable.
The main challengein the implementatiorof residualstabilizationis the term
. For the Stokesproblem is the dual space andso
. Hencethecomputatiorof theconsistentesidualstabilizationterm
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impracticalandis oftenreplacedby a sumof weighted normscom-
putedelementby element:

(7.8)

where s stabilizationparameterTypically for somepositivereal . Theuse
of abroken  normin (7.8) is requiredbecausestandardnite elementfunctionsare not
continuouslydifferentiableand cannotbeappliedgloballyin . The rst choicein (7.7)
leadsto the original Galerkin Least-Squags[27] method. The last choiceis the so-called
Pressue-PoissonstabilizedGalerkinmethod[28]. Thesetwo methodsareconditionallysta-
ble[21] becaus€7.3)-(7.4) hold for , Where is a positive realnumberthat
may dependon the shapeof , the Poincareinequality constantandthe inverseinequality
constantTherangeof inthesemethodss limited by theneedto balancaermsthatprovide
stability with termsthatful Il the consisteng requirementTheseconcchoicein (7.7) gives
theabsolutelystableDouglas-VdngstabilizedGalerkinmethod[ 16]. For afurtherdiscussion
andtaxonomyof thesemethodsandtheir extensiondo linearelasticitywe referthereadetto
[21, 4, 22] respectiely.

Weremarkthat maybereplacedvith adiscreteoperator thatis meaningfulfor

nite elemenfunctions[7]. Theresultingmethodis slightly inconsistentn the sensehat
themodi ed residualtermdoesnot vanishfor the exactsolution. However, theinconsisteng
is within theapproximatiororderandsocornvergencedoesnot suffer.

Residualstabilizationof the Darcy problemdoesnot experiencethis kind of problems
becausé¢herelevantresidual doesnotinvolve secondorderderivatives. As aresult,
the stabilizing term can be implementedusing a standard  inner product. A stabilized
methodthat usesthe least-squaretorm of the weightfunction (7.7) wasdevelopedin [32].
An interestingfeatureof this methodis the mesh-independenad the stabilizingparameter

thatis setto

Let usexaminethe structureof parameterizetinear systemsbtainedby residualstabi-
lization. Restrictionof (7.2) to a pair of discretespacegivesriseto the parameter
izedlinearsystem

(7.9)

The rst block matrix on the left-handsideis generatedy the unmodi ed bilinear form in
(2.5). Thetermsthatwereaddedhroughtheresiduakontributethesecondstabilizingmatrix
anda consisteng termto the right handside. The matrices  and are obtainedfrom

and , respectiely. The othertwo blocksin the stabilizingmatrix
aregivenby
for (7.5
for (7.5 and(7.6)
for (7.6)
for RLS
for RLS
for SLS
for SLS

where  isamatrixgeneratedby .

Thestabilizingeffectis achiezedby the (2,2) termof thesecondnatrixin (7.9). Therest
of thetermsin this matrixareneededo ful Il the consisteng of the methodandmayhave a
destabilizingeffect. Therole of thetwo parameters and s to preventdestabilizatiorby
balancingstabilizationandconsisteng terms.
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7.2. Non-residualstabilization. Non-residuaktabilizatiorreliesuponspeci c features
of the problemsolved. As aresult,non-residuaktabilizationdoesnot lenditself so easilyto
a formal discussiorand categorization. Neverthelessthereare somecommonfeatureshat
we brie y discussheforemoving ontospeci ¢ examples.

A typical non-residuaktabilizationmethodmodi es (7.1) to a problemwherethe right
handsidefunctionalis unchangedywhile thebilinearform is replacedy

(7.10)

where is a discretestabilizing operator As a rule, this operatoractson the discrete
Lagrangemultiplier space  andhasa non-trivial kernel. Comparedwith (7.9) the linear
systemassociateavith (7.10 is muchsimpler

(7.11)

andretainsthe symmetryof the original problem. The matrix in (7.11) hasthe exactsame

structureasthematrix (6.5) in thepenaltymethod.Thekey differencasthat  is symmetric

andsemi-de nite,which preventsthe eliminationof the Lagrangemultiplier from (7.10 and

s0(7.17) is not a penaltymethod. A secondmoreimportantdifferenceis thatthe operator
is suchthattheform (7.10 satis es(7.3)-(7.4) with pairs thatarenot stablefor

the penaltymethod.A generakule of athumbto achieve stabilizationin (7.11) is to design
in suchaway thatker for some thatformsa stablepair with

As aresult,the stabilizationtermin (7.11) “sees”only theunstablecomponenof . Thus,
actsasa lter ratherthanapenaltyterm.

Let usexaminesomeof the non-residuaktabilizationmethodor the Stokesequations
(3.2 andthe Darcy problem(3.4). The pressue gradientprojectionmethod[6] relaxesthe
incompressibilityconstraintby the differencebetweerthe pressuregradientandits ~ pro-
jectionontothevelocity space . For thismethodthelasttermin (7.10 is givenby

where isthe  projectionL . This methodis motivatedby fractional step
solutiontechniqueg6] for transienincompressibleo ws. Becauséahe gradientis projected
ontothe  velocity space,computationof the stabilizationterm is a global problem. In
practicethemethodis implementedy introducingthe projectedyradientasanen dependent
variablein the mixedform.

Thepolynomialpressue projectionmethodof [15] alsousesan  projection.However,
theprojectedvariableis thepressureandtheprojectionoperator is ontoalocal polynomial
space . Thisoperatomapsthepressurespace into adiscontinuouspace
The stabilizingtermfor this methodis givenby

andcanbe computedocally in anelementby elementfashion. Anotherattractve property
of this stabilizationis the possibilityto extendit to discontinuougpressurespacesandto the
Dargy problem.

Two non-residuaktabilizedformulationsdesignedspeci cally for low order nite el-
ementswith discontinuouspressurespaces arethe global pressue jump andthe local
pressue jump [37, 36] stabilizationmethodslLet  denotethe setof all internaledgesn a
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FiG. 8.1. A sthematicconnectionbetweenpenalty augmented_agrangian and residual modi cations of
saddle-poinproblems.

nite elementpartition of andlet denotethejump of afunction acrossan
edge . In the rst methodthestabilizingtermis givenby

To de ne the secondmethod, supposethat the elementsin can be arrangedin non-
overlappingpatches  with approximatelythe samenumberof elements.The stabilizing
termfor thelocal pressurgump stabilizationmethodis givenby

where isthesetof all internaledgesn patch . In thismethodumpsareintegratedonly
onthoseedgedrom  thatareinternalto apatch . As aresult,thestabilizedformulation
enforcedocal conserationon eachpatch.

8. Conclusions. Finite elemensolutionof PDEsassociatewvith constraineaninimiza-
tion problemdeadsto parameterizedaddlepoint systemf equationsThewell-posedeness
of the associatedequencef the saddlepoint matricesis subjectto the discretecompatibil-
ity conditions(4.7)-(4.8). Theseconditionsguaranteghatdiscretesolutionscorvergeto the
exactsolutionasthemeshsize approachegero.Penaltyandaugmentedlagrangiammodi -
cationsareregularizationmethodghatleadto saddlepoint system®f equationghataremore



ETNA
Kent State University
etna@mcs.kent.edu

112 P. B. BOCHEVandR.B. LEHOUCQ

amenabléo preconditionedterative solversbut do not eliminatethe stringentcompatibility
conditionson the discretespaces.Residualandnon-residuaktabilizationare modi cations
that circumwentthe stability conditionsandallow de nition of a well-posedparameterized
family of algebraicequationdy a wider rangeof discretespaces.Differenttypesof modi-
cations canbe obtainedusingthe sametermsand may be relatedto equivalentvariational
problemsatthe continuumlevel. Severalimportantcasesreillustratedin Figure8.1. How-
ever, modi cation and discretizationstepsdo not commuteand the resulting methodwill
dependuponthe orderof thesesteps.In otherwords, modi cations to the discretesaddle-
point systemleadto problemsthataredifferentfrom thoseobtainedby the discretizationof
themodi ed variationalequations.
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