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REGULARIZA TION AND STABILIZA TION OF DISCRETE SADDLE-POINT
VARIATIONAL PROBLEMS

�

P. B. BOCHEV AND R. B. LEHOUCQ
�

Abstract. Our paperconsidersparameterizedfamilies of saddle-pointsystemsarising in the �nite element
solution of PDEs. Suchsaddlepoint systemsare ubiquitousin scienceand engineering. Our motivation is to
explain how thesesaddle-pointsystemscanbemodi�ed to avoid onerousstability conditionsandto obtain linear
systemsthatareamenableto iterative methodsof solution. In particular, thealgebraicandvariationalperspectives
of regularizationandstabilizationareexplained.
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1. Intr oduction. Saddle-pointequationsarisewhena constrainedoptimizationprob-
lem is solved by Lagrangemultipliers. For example,in many physicalmodels,admissible
statescanbecharacterizedasconstrainedminimizersof a quadraticenergy functional[34].
A computationalscienceexamplearetheFETI domaindecompositionmethods(see[38] for
anoverview) usedin computationalmechanics.There,Lagrangemultipliersareusedto con-
nectsolutionsamongthesubdomains.A relatedexampleis non-conforming�nite element
methods[12] whereLagrangemultipliersareappliedto enforceinter-elementcontinuityof
the�nite elementsolution.Lagrangemultiplierscanalsobeusedto enforceDirichlet bound-
ary conditions[3] giving anotherinstanceof a saddle-pointproblem.An importantexample
that alsoleadsto saddle-pointproblemsis constrainedinterpolationthat is requiredin dis-
cretizedmulticomponentsystemson differentgrids. To enablecommunicationbetweenthe
components,�elds mustbe convertedfrom onerepresentationto anotherwithout spurious
effects[14] suchasarti�cial energy or massdissipationor accumulation.

In this paper, we considersaddle-pointsystemsof equationsresultingfrom theapprox-
imatenumericalsolution of PDEsby mixed �nite elements.Many importantPDEs,such
as the incompressibleStokes and Darcy �o w problems,can be derived from an optimal-
ity system(Euler-Lagrangeequations)associatedwith a constrainedminimizationproblem.
Their �nite elementdiscretizationleadsto mixed Galerkin methodsanda family of alge-
braic saddle-pointproblems,parameterizedby somemeasure� of the grid size. This is in
contrastto discreteoptimization,wherethe problemsize remains�x ed. This posessome
signi�cant challengesin bothformulationandsolutionof suchsaddle-pointproblems.Most
notably, theoperatorsin this family mustbe invertiblestablyanduniformly in � . For PDEs
relatedto constrainedminimization,this cannotbe accomplishedby merelychoosingcon-
forming �nite elementspaces,spacesthatare�nite dimensionalsubspacesof therespective
continuumspaces.In additionto conformity, thesespacesmustsatisfytheonerousinf-sup
or LBB condition [9, 12]. Among other things, this conditionprecludesthe useof equal
order �nite elementspacesde�ned with respectto the samepartition of the computational
domainin �nite elements.Besidesthe programminginconvenience,usingdifferentspaces
for thedifferentvariablesrequiresmorecomplicateddatastructures.Moreover, theresulting
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saddle-pointproblemshave symmetricinde�nite matrices.Thesesystemstypically have a 2
by 2 block structurewith the(2,2) block beingidenticallyzero. This makestheir numerical
solutionby preconditionediterative methodschallenging.The readeris referredto [5, 17]
for further informationandreferenceson preconditionediterative methodsfor saddlepoint
systems.

For theseandotherreasons,two alternative �nite elementformulationsfor PDEsrelated
to constrainedoptimizationhave beenpursuedever sincethe inceptionof mixed Galerkin
methods. The �rst, stabilizationcircumventsthe onerousstability conditionsinherentin
mixed methods.The second,regularization1, doesnot circumventstability conditions,but
rendersthe solution of the saddlepoint systemwith preconditionediterative methodsless
dif�cult. At thediscretelevel thesetwo fundamentallydifferentapproachesmayappearin-
distinguishable.Oneof our goalswill be to expoundthe distinctionsbetweenthe two ap-
proachesandhow they arepropagatedto thealgebraiclevel. For thispurposewewill always
treatmodi�cations asoccurringat thevariationallevel even thoughin many casesthey can
beintroduceddirectly into thealgebraicproblem.This will alsohelpto clarify thesubtleties
thatarisewith analgebraicview of thediscreteproblemthatdoesnotaccountfor theirorigin.

Ourpaperis organizedasfollows. Section2 presentsadiscussionof abstractvariational
problemsthatleadsto saddlepointsystems.Theabstractproblemis placedinto context with
two examplesin Section3. Theabstractalgebraicproblemis thesubjectof 4. Wethenmodify
the constrainedminimizationproblemin sections6–7 with regularizationandstabilization,
respectively. Section8 concludeswith a brief summary.

2. Abstract setting. Let � and � denotetwo Hilbert spaceswith innerproducts�
	��
	����

and �
	��
	��
� , respectively, and �
	��
	�� denotethe duality pairing between� , � and their dual
spaces��� , ��� respectively. Let

�

�
	��
	������������  "!#�%$&�
	��
	����'���(�)�  "!(2.1)

betwo continuousbilinearforms,suchthat

�

�+*,�-*.�0/21 for all *435�(2.2)

andlet 673��

�

, 8(3(�

�

begivendatafunctions.We considertheoptimizationproblem:
9

: ; �nd <43=� thatminimizes >?�@*.�,ACB

D

�

�+*E�-*.�?FG�H6I�-*.�

subjectto $&�@*E�KJL��AM�+8I�-JL� for all JN3#� .
(2.3)

By introducinga Lagrangemultiplier ON3P� this constrainedoptimizationproblemis trans-
formedinto the unconstrainedproblemof �nding the saddle-point�H<,��OQ�53R�M�S� of the
Lagrangianfunctional T

�+*E�-JL�,AU>E�+*V�.W)$&�+*E�-JL�XF2�Y8Z�KJL�Z[(2.4)

Usingstandardcalculusof variationstechniquesweobtainthesaddle-pointproblem:
9\

\

:

\

\

;

�nd �H<,��OQ�03=�G�#� suchthat

�

�@<��K*.�VW�$&�@*E�]OI�^A_�H6I�-*.�a`I*N3��b�

$&�@<��KJL� A_�Y8Z�KJL�c`ZJ73#�b�

(2.5)

1We call attentionto the non-standarduseof the term “regularization” in the paper. Typically, regularization
refersto aprocesswhereinanill-posedproblemis replacedby awell-posedproblem.Here,regularizationdenotesa
techniqueto replaceonewell-posedproblemby anotherwell-posedproblemthatis “easier”to solve.
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thatexpressesa �rst-order optimality conditionfor (2.4). Usingtheoperatorsde�f�G� FZ g�

�

and hi���)� FQ j�

�

de�ned by

�Hdb<��K*.��A

�

�H<,�-*.� and �Hhk<��KJL�EAl$&�@<��KJL�

thesaddle-pointproblem(2.5) is recastas
m

dn<5W�h

�

O Al6 in �

�

ho< AG8 in �

�

(2.6)

To discusswell-posedenessof (2.5) or (2.6) we needthekernelspace

p

AUqr*43��7s-$&�+*E�-JL�,At1u`ZJP3#�wv,[(2.7)

In his seminalpaper[9] Brezzi developedconditionsfor the uniqueandstablesolutionof
(2.5) in termsof thetwo bilinearforms.

THEOREM 2.1. Thesaddle-pointproblem(2.5) de�nesanisomorphism�x���)�  "�

�

���

�

if andonly if �

�
	��
	�� is coerciveon thekernel
p

, i.e.,

�

�+*E�-*.�y/{z�|}*�|}~

�

`Z*S3

p

�•z�€)1(2.8)

and $&�
	��
	�� satis�estheinf-supcondition•�‚„ƒ

…‡†

�‰ˆ-Šf‹

Œ„†

�

$•�+*E�-JL�

|}*�|}��|ŽJ,|Ž�

/)•N€21(2.9)

If 8•At1 , (2.3) is equivalentto thereducedproblem

�nd <43

p

thatminimizes >E�@*.�Z[(2.10)

Thisminimizersolvesthevariationalequation:�nd <43

p

suchthat

�

�@<��K*.�,A_�H6I�-*.�a`Z*S3

p

[(2.11)

Accordingto (2.8), Theorem2.1, thisproblemhasa uniquesolution.

3. Examples. StokesequationsandtheDarcy equationsareexamplesof PDEsassoci-
atedwith constrainedminimizationprinciples.Webrie�y examinehow they �t in theabstract
settingof Section2 anddiscusssomeof their differences.To describethetwo problems,we
assumethat ‘ is a boundedopendomainin !E’ , “4A

D

�-” with Lipschitzcontinuousbound-
ary • . We recall thespace

T

~

�–‘y� of all squareintegrablefunctionsandits subspace

T

~

—

�H‘y�

of zeromeanfunctions. We will alsoneedthe spaceH ˜

—

�H‘y� of all squareintegrablevector
functions< thatvanishon • andwhose�rst derivativesarealsosquareintegrable.Lastly, we
recallthespace™›š•�H‘œ� div � of all squareintegrablevector�elds < with squareintegrabledi-
vergenceandwhosenormalcomponentsvanishon • . Becauseour focusis on �nite element
methods,we assumethat •Ÿž is a partitionof ‘ into �nite elements  . In two dimensions 

canbetrianglesor quadrilaterals,in threedimensionstheelementsaretetrahedra,hexahedra,
prismsor pyramids.Finiteelementspacesarede�ned by combininglocalpolynomialspaces
de�ned oneachelement.Theso-callednodalor Lagrangian�nite elementsaresubspacesof

™

˜

�–‘y� andcontain ¡

—

piecewisepolynomialfunctions.Other�nite elementspacesprovide
only normalcontinuity acrosselementfacesand form subspacesof ™¢�–‘œ� div � . For more
detailsaboutthesespacesandtheir constructionwe referthereaderto [12, 23].
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3.1. Stokesequations. We considertheconstrainedoptimizationproblem
9\

:

\

;

�nd <43 H ˜

—

�H‘y� thatminimizes

>E�+*.�,A B

D¤£¦¥k§ *=	 § *¤¨¦‘)F £„¥¤© 	
*¤¨¦‘ subjectto § 	
*PA�1

[(3.1)

With theidenti�cations �{A H
˜

—

�–‘y� , �{A

T

~

—

�H‘y� ,

�

�H<,�-*.�,A

£ ¥

§ <ª	 § *k¨¦‘P« and $&�H<,�-JL�EA¬F

£ ¥

J § 	r<o¨‡‘

problem(3.1) is of theform (2.3). Thenull-space(2.7) is givenby thesubspace

p

A¬qr*N3 H ˜

—

�–‘y�­sK$&�@*E�KJL��A�1®`IJS3

T

~

—

�–‘y��v

of weaklysolenoidalvector�elds in H ˜

—

�H‘y� . A classicalresult[9, 23] shows that(2.9) holds
for theStokesproblem.Thebilinearform �

�K	¯�r	 � is coerciveonH ˜

—

�–‘y�0� H ˜

—

�H‘y� andso(2.8)
is trivially satis�ed.

If solutions �@<��]OI� of theoptimality system(2.5) aresuf�ciently smooth,integrationby
partscanbeusedto show that �@<��]OI� satisfytheStokesequations

m

Fn°5<(W
§

O Al6 in ‘

§
	r< At1 in ‘

(3.2)

augmentedwith the boundarycondition <±A²1 on ³Z‘ . With the obvious identi�cations
d´AjFn° , hµAjF

§
	 and h

�
A

§
theseequationsprovide the operatorform (2.6) of the

saddle-pointproblem. For the Stokes equations< is the velocity �eld and the Lagrange
multiplier O turnsout to bethepressure.

3.2. Darcy problem. We considertheconstrainedoptimizationproblem
9\

:

\

;

�nd <43�™
š

�H‘œ� div � thatminimizes

>?�@*.��A´B

Dk£¦¥

s *�s ~L¨¦‘ subjectto §
	
*7At6

[(3.3)

For this problem�)AG™
š

�H‘œ� div � , �{A

T

~

—

�H‘y� ,

�

�@<��K*.�,A
£¦¥

<7	}*k¨¦‘7« and $&�@<��KJL�,A¬F
£¦¥

J
§

	
<k¨¦‘P[

Thenull-spaceof theDarcy problemis givenby

p

A¬qr*N3�™
š

�H‘œ� div �­s-$&�+*,�KJL�,At1®`IJS3

T

~

—

�–‘y��v,�

andis a propersubspaceof ™
š

�–‘œ� div � . Again, classicalresults[12] show thatboth (2.8)
and(2.9) hold for �

�
	��
	�� and $&�K	¯��¶ � .
If solutions �H<,��OQ� of theassociatedoptimality system(2.5) aresuf�ciently smooththen

�@<��]OI� satisfytheDarcy equations
m

<#W
§

O At1

§
	·< Al6

(3.4)
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augmentedwith theboundarycondition <N	•¸�Ai1 on ³¹‘ . With the identi�cations dºAº» ,
h_A¬F § 	 and h

�

A § theseequationstake theoperatorform (2.6). For theDarcy equations
< is thevelocityand O is thepressure.

Thebilinear form $&�K	¯�r	 � andassociatedoperatorsh and h

�

arethesamefor theStokes
andDarcy problems.However, the form �

�
	��
	�� is fundamentallydifferentfor the two prob-
lems. For theStokesproblemthis form de�nes an innerproducton H ˜

—

�H‘y�b� H ˜

—

�H‘y� , while
for theDarcy equations�

�
	��
	�� is merelythe

T

~

�–‘y� innerproduct.As a result,for theStokes
equations,� �
	��
	�� is coerciveonall of � , includingthesubspace

p

. In contrast,for theDarcy
problemcoercivity of �

�K	¯�r	 � is restrictedto thenull-space
p

.

4. Approximation of saddle-point problems. This sectionbrie�y reviews the alge-
braic interpretationassociatedwith the abstractsaddle-pointproblem(2.5). The readeris
referredto [12, pp.73–80],and[10, 11, 20, 26] for furtherinformationon analgebraictreat-
ment.

Thesaddle-pointproblem(2.5) andthereducedequation(2.11) arecompletelyequiva-
lent. However, theirnumericalapproximationleadsto methodsthatarenotequivalent.More-
over, deriving aconformingapproximationof thenullspace(2.7) is dif�cult, whichleavesthe
saddle-pointproblem(2.5) asthepreferredsettingfor theconstrainedminimization.

To discretize(2.5) we need�nite dimensionalsubspaces� ž7¼
� and �

žP¼
� , param-

eterizedby � . For the examplesof interestto us (seeSection3) �
ž and �

ž will be �nite
elementspacesand � is somemeasureof theelementsize.Thediscreteversionof (2.5) is:

9
\

\

:

\

\

;

�nd �H<XžŸ��OQž‡��3=�Lž½�#�.ž suchthat

�

�@<Xžf�-*Lž'�.W�$&�@*LžQ�]OIž'�¾A_�H6I�-*Lž'�a`Z*Lž•3=�Lž

$&�H<VžŸ�KJLž‡� A_�Y8Z�KJLž‡�c`IJLž•35�.ž

(4.1)

In �nite elementsthis formulationis known asthemixedGalerkinmethod,andgivesriseto
aparameterizedfamily of linearalgebraicequations

¿xÀ

žÂÁ•Ã

ž

Á•ž 1ÅÄ

¿

<Vž

OIž{Ä

A

¿

©
ž

Æ

ž�Ä

(4.2)

where,with someabuseof notation,<?ž and OIž areusedto denotethecoef�cients of the�nite
elementfunctions <?ž and OIž in termsof basesof �.ž and �.ž . Thediscretedatafunctions

©
ž

and Æ

ž aretherepresentationsof the functions 6 and 8 . The linearsystem(4.2) is the �rst-
ordernecessaryconditionfor thediscreteoptimizationproblem

9

:
;GÇ

•¯‚

È�É�Ê

ž
�@Ë

ž
�

def
A®B

D

Ë

Ã

ž

À

ž
Ë

ž
FSË

Ã

ž

©Ìž

subjectto Á½ž�ËLžkA

Æ

ž

[(4.3)

This problemis anequalityconstrainedquadraticprogram(QP) [33, p.444],andthematrix
in (4.2) is calledthe Karush-Kuhn-Tucker (KKT) matrix. Therefore,approximationof the
constrainedoptimizationproblem(4.3) givesrise to a sequenceof equalityconstrainedQPs
parameterizedby themeshsize � .

4.1. Well-posedenessof parameterized QPs. For every �R€Í1 the KKT, or saddle-
point,matrix is nonsingularprovidedthefollowing two conditions[33, p.445]aremet:

1. ThereducedHessianmatrix Î�Ã

ž

À

ž¦Î,ž , wherethecolumnsof Î area
basisfor Ï�ÐrÑr�@Á½ž‡� , is positivede�nite,
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2. Thematrix Á hasfull row rank.
However, whendealingwith familiesof QPsthatapproximate(2.3) thesetwo conditionsare
notenoughto ensureconvergenceto theexactsolutionof (2.3). Thereasonis thatsolvability
of (4.2) for a �x edvalueof � doesnot imply thatsolutionsremainwell-behaved,e.g.,depend
continuouslyonthedata,when �( "1 . Consequently, thekey to developingausefulstability
criterion for (4.2) is to treat this problemasan instanceof the abstractsystem(2.6) rather
thanasa linearsystemof algebraicequations.Then,thewell-posedenessof (4.2) is subject
to the conditionsin Section2, including Theorem2.1, restrictedto �.ž and �.ž . To obtain
theseconditionsin termsof matriceswenotethat

p

ž A¬qr* ž 35� ž sK$&�@* ž ��O ž �EAt1®`¹O ž 3(� ž v,�

is thenull-spaceof Á ž andsois spannedby thecolumnsof Î ž . Therealsoexist symmetric
andpositivede�nite matricesÒ ž and Ó ž , suchthat

|Ž*LžI|}~

�

AG*

Ã

ž

Ò�ž•*Lž and |}JLžŸ|
~

�

A�J

Ã

ž

Ó.ž•JLžw�(4.4)

respectively. In termsof thesematrices,continuityof �

�K	¯�r	 � and $&�
	��
	�� implies

*

Ã

ž

À

ž'<Vž›Ô2ÕIÖb×–*

Ã

ž

Ò5ž�*Lž‡Ø

˜-Ù

~

×H<

Ã

ž

Ò5ž'<Vž‡Ø

˜-Ù

~(4.5)

J

Ã

ž

Á½ž�<Xž½ÔGÕQÚ,×@J

Ã

ž

ÓLž�JLž'Ø

˜-Ù

~

×H<

Ã

ž

Ò�ž�<Xž‡Ø

˜-Ù

~(4.6)

where ÕIÖ and ÕIÚ arepositive realconstantsindependentof � . Coercivity on thekernelcon-
dition (2.8) specializesto

*

Ã

ž

À

ž
*

ž
/{z

ž

*

Ã

ž

Ò
ž

*
ž

`I*
ž

3

p

ž
�(4.7)

while theinf-supcondition(2.9) canbeexpressedas•�‚„ƒ

…•É�†

�

É

ˆ-Šf‹

Œ�É•†

�

É

J­Ã

ž

Á
ž

*
ž

×
*

Ã

ž

Ò
ž

*
ž¦Ø

˜KÙ

~

×
J

Ã

ž

Ó
ž

J
ž‡Ø

˜KÙ

~

/{•

ž

�(4.8)

where 1�ÛÝÜ ztÔRz

ž and 1�Û

Ü

•GÔR•

ž as �P Þ1 . We remarkthat Ü

• is a lower boundon the
smallestgeneralizedsingularvalueof Á›ž (see[12, pp.76–77]).

Let uscompare(4.7) and(4.8) with thetwo conditionsimplying thattheKKT matrix is
nonsingular. Because*

ž
3

p

ž if andonly if thereexists ß suchthat *
ž

AiÎ
ž

ß , condition
(4.7) canberestatedas

�–Î
ž

ß.�

Ã

À

ž
Î

ž
ß4/{z

ž

�ÌÎ
ž

ß.�

Ã

Ò
ž

Î
ž

ß `Iß›[(4.9)

While this condition implies the �rst condition for the nonsingularityof the KKT matrix,
(4.9) is clearlymorerestrictive andis equivalentto requirementthat thesmallesteigenvalue
of the pencil �ÌÎ,Ã

ž

À

ž¦Î,žŸ��Î,Ã

ž

Ò�ž‡Î�ž‡� remainsboundedaway from zero independentlyof � .
Similarly, thesecondconditionfor thenonsingularityof theKKT matrix follows from (4.8),
but doesnot imply (4.8) that requiresthe smallestgeneralizedsingularvalueof Áxž to be
boundedaway from zeroindependentlyof � .

4.2. Dif�culties of parameterized QPs. Designinga pair of �nite dimensionalsub-
spaces�@�.žŸ�K�.ž'� sothattherestrictionof (2.3) givesriseto aninvertibleKKT, or saddlepoint,
matrix for a �x ed value of � is not dif�cult. Considerablymore dif�cult is to �nd a se-
quenceof subspaces�H�.žQ�
�.ž‡�Kž�à

— suchthatrestrictionof (2.3) to thesespacesgivesriseto a
uniformly invertiblesaddlepoint matrix (satis�esthestabilityconditions(4.5)–(4.8)).
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Clearly, (4.5) and(4.6) areimpliedby thecontinuityof thebilinearformsin (2.1) andthe
inclusions� žP¼ � and � ž7¼ � , i.e., conformity is suf�cient for continuity. Unfortunately,
conformityis notsuf�cient for (4.7) and(4.8) andsothesetwo conditionsdonot follow from
(2.8) and(2.9) andthe inclusions�Vž ¼ � and �.ž ¼ � . First, evenif theseinclusionshold,
thenull space

p

ž is not necessarilya subspaceof
p

andso(4.7) doesnot follow from (2.8).
Second,because�Vž ¼ � , theinf-supcondition(2.9) impliesthat for every OZž#3ª�.ž thereis
a *,�–OQž„��3=� suchthat

$&�+*��HOIž‡�}�]OIž¦��/)•�|rOQžI|Ž�X[

However, existenceof *,�HO ž � is only guaranteedin the in�nite dimensionalspace� , while
for (4.8) to hold, *,�HO ž � mustbelongto � ž .

Thereexist simpleteststhatcanruleout somepoorchoicesof � ž and � ž . For example,
if Á½ž is full rankandhasmorerows thancolumns,then

p

žoA¬q·1fv andso
À

ž is notpositive
de�nite on thenullspaceof Á›ž . Calculatingthedimensionof Á›ž is thebasisof thepopular
“countingtest” in theengineeringliterature.Theproblemwith this andothersimilar testsis
thatthey cannotbeusedto show that(4.7)-(4.8) holdwith mesh-independentÜz and Ü

• . When
Üz and Ü

• aremesh-dependent,thesaddlepointmatrixmaybeinvertible,but thequalityof the
solutionsequenceas �# "1 maydegenerate.

Let us examinehow the differencebetweenthe Stokes and Darcy equationsimpacts
constructionof well-posedparameterizedQPsfor theseequations.Recallthatfor theStokes
equations�

�
	��
	�� is coercive on � . The single most-importantconsequenceof this fact is
that the �rst discretecondition(4.7) is satis�ed whenever �

ž¢¼
� , or equivalently, by the

conformityof �
ž . Therefore,thechoiceof stableconformingpairs �@�

ž
�
�

ž
� for theStokes

equationsis subjectonly to thediscreteinf-supcondition(4.8). This andthefactthat(3.2) is
oneof thestudiedsettingsfor themixedGalerkinmethod,is thereasonwhy the�rst condition
in Theorem2.1is oftenoverlooked.

For theDarcy problem�

�K	¯�r	 � is notcoerciveon � but only onthepropersubspace
p

. As
a result,for this problemthediscretecondition(4.7) is not implied by theinclusion �Vž

¼
� .

Therefore,thechoiceof conformingpairs �@�Xžf�K�.ž‡� for (3.4) is subjectto bothdiscretecondi-
tions(4.7) and(4.8). Onepracticalconsequenceis thatstablepairsfor theStokesequations
areunstablefor theDarcy problem,while stablepairs[13, 31] for thelatterarenot conform-
ing for theformer. For instance,stablediscretizationfor theDarcy equationscanbeobtained
usingthe lowestorderRaviart-Thomasspaces[12] ánâ

— for �.ž andpiecewise constantap-
proximationfor �Vž . However, áœâ

— containspiecewise polynomial functionsthat areonly
continuousin the normal componentanddo not form a propersubspaceof H ˜

�H‘y� —they
cannotbeusedin a conformingmethodfor theStokesequations.

In eithercasestablepairs �H�
ž

�
�
ž

� cannotbeobtainedby usingequalorder�nite element
spacesde�ned with respectto the sametriangulationof •

ž of ‘ into �nite elements.For
example,the equalorder ã

B

Flã

B

(piecewise linear spaceson simplices)and
Ê

B

F

Ê

B(bilinearor trilinear spaceson quadsor hexes)pairsareunstablefor boththeStokesandthe
Darcy equations.See[24, 12] for moreexamplesof stableandunstablespacesfor Stokesand
Darcy �o w.

5. Modi�cation of saddle-pointproblems. Theapproximatenumericalsolutionof the
constrainedoptimizationproblem(2.3) facestwo main dif�culties. To obtaina well-posed
parameterizedQPsit is necessaryto �nd �nite dimensionalpairs �H�Xžf�K�.ž'� that satisfy the
restrictive stability conditions(4.7)-(4.8). Theseconditionsmay be dif�cult to verify [8].
Then, thereare PDEs,suchas mixed elasticity, wherestablepairs have beenfound only
recentlyandonly in 2D [2]. Thesestableelementsalsotendto have a rathercomplicated
nature. In the context of �nite elements,compatibility with (4.7)-(4.8) requiresthe useof
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unequalorderapproximationsand/ordifferentgrids. Theattendantheterogeneityof thedata
structuresincreasescodecomplexity.

Provided stablepairs are available, we still facethe task of solving a sequencesad-
dle point linear systems(4.2). Becausesystemswith millions of unknownsarecommonin
PDE discretizations,iterative solutionmethodsaretypically employed,however, inde�nite
systemsarestill a challengefor iterative solvers. The stablemixed methodmay alsoneed
specialpreconditioners[1]. We referthereaderto [5, 17] andthereferenceslistedthereinfor
furtherinformation.

The dif�culties in obtaininguniformly invertiblesaddlepoint matricesandsolving the
resultinglinear setof equationshaspromptednumeroustechniquesthat aim to circumvent
stability conditions,improve theef�ciency of iterative methodsusedfor thesolution,or ad-
dressboth issuessimultaneously. Without an exception,thesetechniquescanbe relatedto
modi�cations of eithertheconstrainedminimizationproblem(2.3) or theoptimality system
(2.5). In this paperwe refer to modi�cations that attemptto improve solver ef�ciency and
requirespacesthatarecompatiblewith (4.7)-(4.8), asregularizedmethods. We reserve the
term stabilizedmethodsfor modi�cations that circumvent the two compatibility conditions
(4.7)-(4.8), allow theuseof arbitrarydiscretepairs �@�VžQ�
�.ž‡� to derivethealgebraicproblems,
andretainasymptoticconvergenceto thesolutionof (2.5) as �( "1 .

Regularizationand stabilizationoften result in nearly identical saddlepoint matrices.
For this reason,our discussionalwaysbegins with a statementof the modi�ed variational
problemandthenproceedsto develop the associatedalgebraicsystem. For simplicity we
consideronly homogeneousconstraints.Having 84ä AM1 will only changetheright handside
of themodi�ed equationswhile thestructureof themodi�ed bilinear form, responsiblefor
its properties,will remainthesame.

6. Regularizedmethods. We�rst discusspenaltymethodsfollowedby augmentedLa-
grangianmethods.

6.1. Penalty. Penaltymethodsareamongtheearliestexamplesof modi�ed variational
formulations. A penalty formulation can be obtainedby modifying the quadraticenergy
functional >E�+*.� , theLagrangianfunctional

T

�@*E�KJL� or by directmanipulationof theoptimal-
ity system(2.5). In the�rst casethemodi�ed problemis to �nd theunconstrainedminimizer

<Vå‰35� of thepenalizedenergy functional

>'å��@*.�,A¬>E�+*.�VWMæ D
|
h¤*�|
~

�fç

(6.1)

When
æ

 éè , the penaltyterm in (6.1) enforcesthe constraintwithout usinga Lagrange
multiplier. In practice,only �nite valuesof

æ

canbeusedin a numericalcomputationandso
a solutionof (6.1) is subjectto a ê½�

æ‡ë

˜

� penaltyerror.
In thesecondcasethemodi�ed problemis to �nd thesaddle-point�H<?å��]OQår�w3ª�G�5� of

thepenalizedLagrangian
T

å
�+*,�KJL�,A

T

�@*E�KJL�XF

D

æ

|}J,|
~

�

(6.2)

Thepenaltytermin (6.2) improvesthepropertiesof thevariationalequation(2.5) andallows
usto eliminatetheLagrangemultiplier from theoptimalitysystem.

In thelastcase,weseeksolutions�@<Xå��]OQår�03��=�œ� of themodi�ed �rst-order optimality
system

9

:
;

�

�@<��K*V�LW�$•�+*E��OQ�ìA¬�H6I�-*.�í`Z*P3=�

$&�H<,�-JL� A

B

æ

�–O­�-JL�î� `IJP3(�

(6.3)
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An importantpracticalcaseis when � coincideswith its dual �

�

. Then,the threemodi�ed
problems(6.1)-(6.3) areequivalentin thesensethat for a givenvalueof

æ

they all have the
samesolution <Xå . To show this equivalenceit suf�ces to demonstratethat the necessary
optimality conditionsfor (6.1) and(6.2) aregivenby (6.3). This equivalenceis obviousfor
(6.2) andsoweproceedwith (6.1). Let <Vå‰3�� denotethesolutionof

�

�@< å �K*V�LW

æ

�Hhk< å �]h¤*.�,A_�H6I�-*.�a`Z*S3��ª�(6.4)

that is a necessaryoptimality conditionfor (6.1). Let OQå½A

æ

ho<.å . By assumptionOQå534�

andso,

�HO å �-JL� � A_�@ho< å �KJL�EAl$&�@< å �-JL�a`IJP3(�7[

Thisequationand(6.4) with
æ

ho<.å substitutedby OIå give themodi�ed problem(6.3).
Discretizationof thepenalizedLagrangian(6.2) andthemodi�ed optimalitysystem(6.3)

by thesamepairof spaces�@�Vžf�K�.ž'� givethesameparameterizedmodi�ed saddlepointsystem
¿

À

ž
ÁoÃ

ž

Á•ž F

æ
ë

˜

ÓLž¢Ä

¿

<
ž

OIž{Ä

A

¿

©îž

1ïÄ

(6.5)

where Ó.ž is the symmetricandpositive de�nite matrix from (4.4). As a result, OIž canbe
eliminatedfrom (6.5) to obtainthereducedparameterizedsystem

×

À

žbW

æ

Á

Ã

ž

Ó

ë

˜

ž

Á½ž
Ø

<XžkA
©

žw[(6.6)

Discretizationof (6.1) requiresonly aspace�
ž for <

ž . Theparameterizedlinearsystem
is

�

À

žœW

æ�ð

ž¦�„<XžkA
©

žw�(6.7)

where
ð

ž is asymmetricsemi-de�nitematrix obtainedin theusualmannerfrom thesecond
term in (6.4). In general,

ð

ž
äAiÁ•Ã

ž

Ó

ë

˜

ž

Á
ž andso (6.7) and(6.6) arenot equivalent,even

thoughtheir continuousprototypesare. This lack of equivalencecanbe explainedby com-
paringtheorderof thediscretizationandeliminationstepsin thetwo problems.Thesystem
(6.6) is obtainedby discretizationof thesaddle-pointproblem(6.3) followedby elimination
of thediscreteLagrangemultiplier O¹ž . In contrast,(6.7) is a discretizationof (6.1) thatcan
beobtainedfrom (6.3) by eliminationof theLagrangemultiplier O , i.e., in this problemthe
eliminationstepprecedesthe discretizationstep. Changingthe orderof discretizationand
eliminationleadsto differentdiscreteproblemswith distinctsolutions.

Finally, let us discusswell-posedenessof (6.5)-(6.7). For large valuesof the penalty
parameter

æ

the system(6.5) approachesthe unmodi�ed KKT problem(4.2). As a result,
despitethepresenceof thesymmetricpositivede�nite matrix Ó?ž , stability of (6.5) and(6.6)
remainssubjectto (4.7)-(4.8). Because(6.7) is de�ned by a singlediscretespace,it seems
logical to expectthatthis problemwill bewell-posedregardlessof �

ž . Unfortunately, this is
not truebecausethepenaltytermde�nesanimplicit discreteLagrangemultiplier. Indeed,if

ð

ž is positivede�nite, (6.7) canbeconvertedto
¿

À

ž ñ
ÁoÃ

ž

ñ
Á

ž
F

æ
ë

˜Žò

ž

Ä

¿

<
ž

OIž{Ä

A

¿

©îž

1óÄ

(6.8)

wherewe assumetheexistenceof a ñÁ½ž suchthat ñÁ•Ã

ž

ñÁ½ž#A

ð

ž and OIž#A

æ

ñÁ•ž'<Vž is a dis-
creteLagrangemultiplier. Therefore,(6.7) remainsassociatedwith a parameterizedsaddle
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point matrix in which thespace� ž [30] is implicitly de�ned from � ž by � ž A ñÁ ž � ž . Con-
sequently, stabilityof (6.8), andby extension,of (6.7) is contingentuponthecompatibilityof

�Lž andthe implicit Lagrangemultiplier space�Vž . In someextremecasesthenullspace
p

ž

implied by theimplicit space�Vž canbeempty, causingthe�nite elementmethodto lock. A
classicalexampleof locking is when(6.1) is usedto solve theStokesequationsby piecewise
linearelements.Then,for largepenalty, thepiecewiselinearminimizerof (6.1) is identically
zero. To eliminatelocking andachieve compatibility, the penaltyterm in (6.1) is evaluated
usinga reducedintegrationorder;see[18, 29, 35]. To minimizetheattendantpenaltyerror,
penaltymethodscanbeappliedin aniterativemanner[25].

In summary, our discussionshows that modi�cations in (6.1)-(6.3) cannotbe usedto
circumventthestabilityconditions—inall formsthepenaltyapproachdoesnot leadto stabi-
lizedformulations.A properinterpretationof a penaltymethodis asa solutiontechniquefor
theparameterizedsaddlepoint system(4.2) thatallows us to eliminatetheLagrangemulti-
plier andto replacetheinde�nite saddlepoint matrix with a symmetricandpositive de�nite
matrix.

6.2. AugmentedLagrangian methods. Theprincipaldrawbackof penaltymethodsare
thecontradictorydemandson

æ

placedby accuracy andef�ciency requirements,respectively.
Ononehand,

æ

mustbelargeenoughsothatthepenaltyerroris comparableto thediscretiza-
tion error. On theotherhand,

æ

mustbe small enoughso that (6.6) hasa smallercondition
number.

AugmentedLagrangianmethods[19] areanalternativemodi�cation techniquethatcom-
binesthefeaturesof (6.1) and(6.2). Like(6.2) they penalizetheLagrangianbut usethesame
penaltytermasin (6.1). Themodi�ed problemis to �nd thesaddle-point�H<?å•�]OQår��3=�Lžn�ô�.ž

of thefollowing Lagrangian:
T

å'�+*E�-JL�,A

T

�+*E�-JL�LW
æD

|}hk*�|}~

�
ç

[(6.9)

Theoptimalitysystemof (6.9) is
m

ñ

�

�H<.å��K*.�LW)$&�@*E�]OQå·�¾A_�H6I�-*.�a`Z*S3=�

$•�@<
å

�KJL� At1 `ZJ73#�

(6.10)

where
ñ

�

�H<,�-*.�0A

�

�H<,�-*.�XW

æ

�Hhk<��-h¤*V� . Discretizationof (6.3) is accomplishedby a pair of
subspaces� ž½¼

� and �
žx¼

� . Theresultingdiscreteproblem
¿

À

ž
W

æ�ð

ž
Á•Ã

ž

Á•ž 1ÅÄ

¿

<
ž

OIž{Ä

A

¿

©îž

1ïÄ

(6.11)

is a modi�cation of the parameterizedsaddlepoint system(4.2). In contrastto (6.5), the
modi�cation now affectsthe �rst equationin (4.2), wherethe(1,1) block is replacedby the
samematrix asin (6.7), andleavesthesecondequationunchanged.As a result,solutionsof
(6.11) satisfythediscreteconstraintequationandarenot subjectto a penaltyerror. Conse-
quently, largevaluesof

æ

areunnecessaryfor accuracy andthevalueof thisparametercanbe
optimizedfor solveref�ciency. Stabilityof (6.11) remainssubjectof thetwo conditions(4.7)
and(4.8) andso(6.11) is nota stabilizedmethod.

Comparedwith the penaltyformulations,augmentedLagrangianmethodsimprove the
ef�ciency of iterative solversby decreasingthe conditionnumberof the

À

žkW

æ�ð

ž block.
This is of particularinterestfor problemswhere �

�
	��
	�� is coercive strictly on the kernel
p

but
À

ž is not invertible. The drawbackis that (6.11) is an inde�nite linear systemandthe
Lagrangemultiplier cannotbeeliminated.
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As a �nal remark,we notethat all methodsconsideredin this sectioncanbe obtained
from amodi�cation of anoptimizationproblem.Thus,they retainthesymmetryof theorigi-
nalunmodi�ed equations.

7. Stabilized methods. To discussstabilizedmethodswe rewrite theunmodi�ed opti-
mality system(2.5) as

Ê

�
q·<��]O­v'�}q·*E�KJXv&�EAGõ›�
qr*E�-JXvö�(7.1)

where

Ê

�îqö<,��O¹v‡�}q·*E�KJXv&�EA

�

�@<��K*.�VW�$•�+*E��OQ�LW)$&�H<,�-JL� and õ›�
qr*E�-JXvö�EA¬�–6I�K*.�¹[

Thegoalof stabilizationis to replace(7.1) by amodi�ed problem

Êk÷

�
q·<��]O­v'�
qr*E�-JXvö�?A�õ

÷

�îq·*E�KJXv&�(7.2)

that is weakly coercive over a wider rangeof discretespacesthan(7.1) andgivesrise to a
sequenceof problemswhosesolutionsconvergeto a solutionof (7.1). Speci�cally, we seek
formulationssuchthat

ˆ-Šf‹

ø

Œ�É&ù …•É·úÌ†

�

É‡û

�

É

Ê
÷

�îqö<
ž

�]O
ž

v'�}q·*
ž

�-J
ž

v&�

|&qr*Lž„�-JLž„v„|}�

É'û

�

É

/¢üE|öqö<
ž

�]O
ž

v„|
�

É¦û

�

É

�¦`Vq·<
ž

�]O
ž

v‰3=�
ž

�(�
ž(7.3)

ˆ-Šf‹

ø¯ý

É&ù þöÉ·úÌ†

�

É‡û

�

É

Ê¤÷

�îqö<VžŸ�]OIžfv'�}q·*Lžf�-JLž„v&�

|öqö<
ž

�]O
ž

v¦|
�

É'û

�

É

€)1Ÿ�‡`.qr*LžŸ�KJLž„v¤35�.ž›�#�.ž(7.4)

with üS€�1 independentof � , for pairs �H�
ž

�
�
ž

� thatarenot subjectto (4.7)-(4.8). Thereare
two basicapproachesthatleadto suchmodi�ed equations.The�rst is basedon theobserva-
tion that (7.3)-(7.4) canbeachievedby addinga properlyweightedterm h

�

J to thebilinear
form

Ê

. Thesecondapproachusesprojectionoperatorsactingon thediscreteLagrangemul-
tiplier space.Theseoperatorsareseenas�lters that remove unwanteddiscretemodesfrom

�.ž .
If ÿªž is thematrix obtainedfrom themodi�ed bilinear form, and �Sž=A±�+ÒS��Ó.� is the

matrix thatgeneratesthenormon �Vž½�#�.ž , then(7.3) is equivalentto•�‚„ƒ

�

ˆ-Šf‹

È

ßLÃ.ÿªž�Ë

ß

Ã

�
ž

Ë

/¢ü7€21y[

Therefore,algebraically, weakcoercivity is equivalent[4] to having thesmallestgeneralized
singularvalueof ÿ

ž boundedaway from zeroindependentlyof � .

7.1. Residualstabilization. Givenanarbitrarypair �+*E�-JL�03��7�‰� theresidualof (2.6)
is thefunction

�

�+*E�-JL��A

�

dw*#W�h

�

J5FN6

h¤* �

3��

�

�#�

�

[

Residualstabilizationtakesadvantageof thefactthattheterm h
�

J canbeintroducedthrough
theresidualin a consistentmanner. Indeed,if �@<��]OI� is a solutionof (2.6), then

�

�H<,��OQ�,At1 ,
andany termsthatwereaddedto (2.5) will vanish.As a result, �H<,��OQ� will alsobea solution
of (7.2). Suchconsistency is thechief appealof residualstabilizationbecausea de�nition of
high-orderstabilizedmethodsis automatic.
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Oneapproachto residualstabilizationis to usea least-squaresform of theresidualin the
Lagrangianfunctional.In this casewe havea choiceof thefull least-squaresmodi�cation

T����
	

�+*E�-JL�,A

T

�+*E�-JL�XF��

˜

D |
dw*(W�h

�

J#F46?| ~

�

ç

W
�

~

D |}hk*�| ~

�

ç

(7.5)

or thepartialleast-squaresmodi�cation
T�� �
	

�@*E�KJL��A

T

�+*E�-JL�XF �

˜

D

|}db*#W¢h

�

J#F46?|}~

� ç

�(7.6)

where
�

˜

and
�

~

arerealstabilizationparameters.TheaugmentedLagrangianfunctional(6.9)
usesthesecondcomponentof theresidualandsois anothervariantof thepartialleast-squares
modi�cation. However, this termlacksthecritical operatorh

�

J neededfor (7.3)-(7.4).
Theresidualtermsin (7.5)-(7.6) change(7.1) to aproblem(7.2) with

õ

÷

�îqr*,�KJXvö��AGõ›�îq·*E�KJXv&�XF

�

˜

�–6I�-dw*�W¢h
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JL�
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Ê¤÷
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q·<��]O­v'�
qr*E�-JXvö�EA

Ê

�îqö<,��O¹v‡�}q·*E�KJXv&�VF

m

�

˜
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�

OL�-db*5W�h

�

JL�XF

�

~

�@ho<,�]h¤*.� for (7.5)

�

˜

�Hdb<=W¢h

�

OL�-db*5W�h

�

JL� for (7.6)

A secondapproachto residualstabilizationis to derivethemodi�ed variationalequation
(7.2) directlyby addingweightedresidualtermsto (2.5):

Ê¤÷

�îqö<,��O¹v‡�}qr*,�KJXvö�EA
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�
q·<��]O­v'�
qr*E�-JXvö�VF
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qr*E�-JXvö�K�¹[

Thetypeof stabilizedformulationdependsontheweightoperators� and � . Thesecondop-
eratoris oftensetto zeroandmethodsarede�nedby achoiceof � . Following thetaxonomy
introducedin [4], threeimportantcasesare

�i�
qr*E�-JXvö�EA

9
\

:

\

;

dw*#W�h

�

J Least-squares(LS)

Fwdw*#W�h

�

J Re�ectedleast-squares(RLS)

h

�

J Simpli�ed least-squares(SLS) [

(7.7)

Theleast-squaresweightoperatorgivesthesameformulationas(7.6). Theothertwo weight
operatorsresultin variationalequationsthatcannotbederivedfrom optimizationproblems,
or in otherwordsarenot �rst-order optimality conditionsof someLagrangian.As a result,
thesymmetryof the original variationalproblemis lost undersuchmodi�cations. If (7.3)-
(7.4) hold for all valuesof

�

˜

and/or
�

~

, thestabilizedform is calledabsolutelystable.If this
form is weaklycoercivefor arangeof stabilizingparameters,theform is calledconditionally
stable.

The main challengein the implementationof residualstabilizationis the term �Hdb<NW

h

�

OL���i�îq·*E�KJXv&� . For theStokesproblem �

�

is thedual space™
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˜

�H‘y� andso �H<,�-*.�

ë

˜
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�K�KFn°��

ë

˜

<,�-*.�

— . Hencethecomputationof theconsistentresidualstabilizationterm �KFn°5<�W
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§ O­���i�îqr*,�KJXvö�-�

ë

˜

impracticalandis oftenreplacedby a sumof weighted

T

~

normscom-
putedelementby element:���

�

�

£

�

�KFn°5< ž W § O ž �
�i�
qr* ž �KJ ž vö�
¨��¤�(7.8)

where
�

�

is stabilizationparameter. Typically
�

�

A��•�

~

�

for somepositive real � . Theuse
of a broken

T

~

norm in (7.8) is requiredbecausestandard�nite elementfunctionsarenot
continuouslydifferentiableand Fn° cannotbeappliedglobally in ‘ . The�rst choicein (7.7)
leadsto the original Galerkin Least-Squares[27] method. The last choiceis the so-called
Pressure-PoissonstabilizedGalerkinmethod[28]. Thesetwo methodsareconditionallysta-
ble [21] because(7.3)-(7.4) hold for 1½Û��kÔ������! , where�����" is apositiverealnumberthat
may dependon the shapeof ‘ , the Poincareinequalityconstantandthe inverseinequality
constant.Therangeof � in thesemethodsis limited by theneedto balancetermsthatprovide
stability with termsthatful�ll theconsistency requirement.Thesecondchoicein (7.7) gives
theabsolutelystableDouglas-WangstabilizedGalerkinmethod[16]. For afurtherdiscussion
andtaxonomyof thesemethodsandtheirextensionsto linearelasticitywereferthereaderto
[21, 4, 22] respectively.

Weremarkthat Fn° maybereplacedwith adiscreteoperatorFn°

ž thatis meaningfulfor
¡

—

�nite elementfunctions[7]. Theresultingmethodis slightly inconsistentin thesensethat
themodi�ed residualtermdoesnotvanishfor theexactsolution.However, theinconsistency
is within theapproximationorderandsoconvergencedoesnot suffer.

Residualstabilizationof the Darcy problemdoesnot experiencethis kind of problems
becausetherelevantresidual<5W

§
O doesnot involvesecondorderderivatives.As a result,

the stabilizing term can be implementedusing a standard

T

~

inner product. A stabilized
methodthatusesthe least-squaresform of theweight function (7.7) wasdevelopedin [32].
An interestingfeatureof this methodis themesh-independenceof thestabilizingparameter

�

˜

thatis setto
B$#

D

.
Let usexaminethestructureof parameterizedlinearsystemsobtainedby residualstabi-

lization. Restrictionof (7.2) to a pair �@�.žf�K�.ž¦� of discretespacesgivesriseto theparameter-
izedlinearsystem
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[(7.9)

The �rst block matrix on the left-handsideis generatedby theunmodi�ed bilinear form in
(2.5). Thetermsthatwereaddedthroughtheresidualcontributethesecond,stabilizingmatrix
anda consistency term to the right handside. The matrices%xž and '�ž areobtainedfrom

�@h

�

OIžŸ�-dw*Lž¦� and �@h

�

OQžŸ�-h

�

J

’

� , respectively. Theothertwo blocksin thestabilizingmatrix
aregivenby
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ž for RLS

1 for SLS
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for (7.5) and(7.6)
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%oÃ

ž

for RLS

1 for SLS

where
*

ž is a matrixgeneratedby �@db<?žQ�-db*Lž¦� .
Thestabilizingeffect is achievedby the(2,2)termof thesecondmatrix in (7.9). Therest

of thetermsin this matrixareneededto ful�ll theconsistency of themethodandmayhavea
destabilizingeffect. Therole of thetwo parameters

�

˜

and
�

~

is to preventdestabilizationby
balancingstabilizationandconsistency terms.
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7.2. Non-residualstabilization. Non-residualstabilizationreliesuponspeci�c features
of theproblemsolved. As a result,non-residualstabilizationdoesnot lenditself soeasilyto
a formal discussionandcategorization. Nevertheless,therearesomecommonfeaturesthat
we brie�y discussbeforemoving ontospeci�c examples.

A typical non-residualstabilizationmethodmodi�es (7.1) to a problemwheretheright
handsidefunctionalis unchanged,while thebilinearform

Ê

�K	¯�r	 � is replacedby

Ê¤÷

�
q·<��]O­v'�}q·*E�KJXv&�?A

Ê

�
q·<��]O­v'�
qr*E�-JXvö�.F{�-,›ž'OL�",›ž�JL�Kž(7.10)

where ,›ž is a discretestabilizing operator. As a rule, this operatoractson the discrete
Lagrangemultiplier space�Vž andhasa non-trivial kernel. Comparedwith (7.9) the linear
systemassociatedwith (7.10) is muchsimpler
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(7.11)

andretainsthe symmetryof the original problem. The matrix in (7.11) hastheexact same
structureasthematrix(6.5) in thepenaltymethod.Thekey differenceis that 'ªž is symmetric
andsemi-de�nite,whichpreventstheeliminationof theLagrangemultiplier from (7.10) and
so (7.11) is not a penaltymethod.A second,moreimportantdifferenceis that theoperator

,›ž is suchthattheform (7.10) satis�es(7.3)-(7.4) with pairs �H�LžŸ�
�.ž‡� thatarenot stablefor
thepenaltymethod.A generalrule of a thumbto achieve stabilizationin (7.11) is to design

,
ž in sucha way thatker�/,

ž
�10

ñ
�

ž
äA�2 for some ñ

�
žx¼

� thatformsa stablepair with �
ž .

As a result,thestabilizationtermin (7.11) “sees”only theunstablecomponentof O
ž . Thus,

,
ž actsasa �lter ratherthanapenaltyterm.

Let usexaminesomeof thenon-residualstabilizationmethodsfor theStokesequations
(3.2) andtheDarcy problem(3.4). Thepressure gradientprojectionmethod[6] relaxesthe
incompressibilityconstraintby thedifferencebetweenthepressuregradientandits

T

~

pro-
jectionontothevelocityspace�Vž . For thismethod,thelasttermin (7.10) is givenby

z��K�HãlFN»¦�
§

OQžQ�·�@ãUFS»¦�
§

JLž‡�

—

where ã is the

T

~

projectionL ~

�–‘y�5�  ®�Lž . This methodis motivatedby fractionalstep
solutiontechniques[6] for transientincompressible�o ws. Becausethegradientis projected
onto the ¡

—

velocity space,computationof the stabilizationterm is a global problem. In
practicethemethodis implementedby introducingtheprojectedgradientasanew dependent
variablein themixedform.

Thepolynomialpressureprojectionmethodof [15] alsousesan

T

~

projection.However,
theprojectedvariableis thepressure,andtheprojectionoperatorã is ontoalocalpolynomial
space3(�H P� . Thisoperatormapsthepressurespace�

ž into adiscontinuousspace4

�

3(�@ S� .
Thestabilizingtermfor this methodis givenby

z��-�@ãRFN»‡�-O
ž

�r�HãlFN»¦�îJ
ž

�

—

andcanbecomputedlocally in anelementby elementfashion.Anotherattractive property
of this stabilizationis thepossibilityto extendit to discontinuouspressurespacesandto the
Darcy problem.

Two non-residualstabilizedformulationsdesignedspeci�cally for low order �nite el-
ementswith discontinuouspressurespaces�Xž are the global pressure jump and the local
pressure jump [37, 36] stabilizationmethods.Let •Vž denotethesetof all internaledgesin a
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FIG. 8.1. A schematicconnectionbetweenpenalty, augmentedLagrangian and residualmodi�cations of
saddle-pointproblems.

�nite elementpartition •Ÿž of ‘ andlet 5 OIž76 denotethejump of a function OZž›3#�.ž acrossan
edge8 . In the�rst method,thestabilizingtermis givenby

zV�

�

9]†7:'É

£

9

5 O
ž

6;5 J
ž

6 ¨‡•›[

To de�ne the secondmethod,supposethat the elementsin •
ž can be arrangedin non-

overlappingpatches•=<

ž

with approximatelythe samenumberof elements.The stabilizing
termfor thelocalpressurejump stabilizationmethodis givenby

zX�

�?>A@

É

�

9]†7:

@

É

£

9

5 OQž76;5 JLž76 ¨‡•

where•A<

ž

is thesetof all internaledgesin patch•B<

ž

. In thismethodjumpsareintegratedonly
on thoseedgesfrom •Vž thatareinternalto apatch•C<

ž

. As a result,thestabilizedformulation
enforceslocal conservationoneachpatch.

8. Conclusions. Finiteelementsolutionof PDEsassociatedwith constrainedminimiza-
tion problemsleadsto parameterizedsaddlepointsystemsof equations.Thewell-posedeness
of theassociatedsequenceof thesaddlepoint matricesis subjectto thediscretecompatibil-
ity conditions(4.7)-(4.8). Theseconditionsguaranteethatdiscretesolutionsconvergeto the
exactsolutionasthemeshsize � approacheszero.PenaltyandaugmentedLagrangianmodi�-
cationsareregularizationmethodsthatleadto saddlepointsystemsof equationsthataremore
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amenableto preconditionediterative solversbut do not eliminatethestringentcompatibility
conditionson thediscretespaces.Residualandnon-residualstabilizationaremodi�cations
that circumvent the stability conditionsandallow de�nition of a well-posedparameterized
family of algebraicequationsby a wider rangeof discretespaces.Differenttypesof modi-
�cations canbeobtainedusingthesametermsandmaybe relatedto equivalentvariational
problemsat thecontinuumlevel. Severalimportantcasesareillustratedin Figure8.1. How-
ever, modi�cation and discretizationstepsdo not commuteand the resultingmethodwill
dependupontheorderof thesesteps.In otherwords,modi�cations to the discretesaddle-
point systemleadto problemsthataredifferentfrom thoseobtainedby thediscretizationof
themodi�ed variationalequations.
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