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ON THE REDUCTION OF A HAMIL TONIAN MATRIX TO HAMIL TONIAN
SCHUR FORM

�

DAVID S. WATKINS
�

Abstract. RecentlyChu,Liu, andMehrmanndevelopedan �������
	 structurepreservingmethodfor computing
theHamiltonianrealSchurform of aHamiltonianmatrix. Thispaperoutlinesanalternative derivationof themethod
andanalternative explanationof why themethodworks. Our approachplacesemphasiseigenvalueswappingand
relieslessonmatrixmanipulations.
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1. Intr oduction. In [4] Chu,Liu, andMehrmannpresentedan �
������� structure-preserv-
ing methodfor computingthe real HamiltonianSchurform of a Hamiltonianmatrix. The
currentpaperis the fruit of this author's attemptto understand[4]. The methodsketched
herediffershardly at all from the onepresentedin [4]; the objective of this paperis not to
presenta new algorithmbut ratherto provide an alternative explanationof the methodand
why it works. Therearetwo main differencesbetweenour presentationandthatof [4]. 1)
We usetheideaof swappingeigenvaluesor blocksof eigenvaluesin therealSchurform and
rely lesson matrix manipulations.2) The presentationin [4] expendsa greatdealof effort
onnongenericcases.We focuson thegenericcaseanddwell muchlessonspecialsituations.
However, we do show that the methoddevelopedfor the genericcaseactuallyworks in all
of thenongenericcasesaswell. This is true in exactarithmetic. It may turn out that in the
presenceof roundoff errorsonecannotavoid payingspecialattentionto nongenericcasesas
in [4].

2. De�nitions and Preliminary Results. Throughoutthis paperwe restrictour atten-
tion to matriceswith realentries.De�ne ��������������� by
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A numberof elementaryrelationshipsareeasilyproved.Everysymplecticmatrix is non-

singular. Theproductof two symplecticmatricesis symplectic.Theinverseof a symplectic
matrix is symplectic.Thusthesetof symplecticmatricesis a groupundertheoperationof
matrix multiplication. An importantsubgroupis thesetof orthogonalsymplecticmatrices.
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is orthogonalandsymplectic.In particular, for any E , a rotatoractingin the �FE0G5�

B

E�� plane
is symplectic.

If 6 is symplecticand + is Hamiltonian(resp.skew-Hamiltonian), then 6IHKJ�+L6 is
Hamiltonian(resp.skew-Hamiltonian).

If + is Hamiltonianand M is a right eigenvectorof + with eigenvalue N , then M 4 � is a
left eigenvectorwith eigenvalue &

N . It follows thatif N is aneigenvalueof + , thensoare N ,
&

N , and &

N . Thusthespectrumof a Hamiltonianmatrix is symmetricwith respectto both
therealandtheimaginaryaxes.

A subspaceOQPR� ��� is calledisotropic if SA4T�VUW 

#

for all S , UX�XO . If YZ�[� �/�A�]\

is a matrix suchthat O( =^W��Y_� , then O is isotropic if andonly if YX4T�VY` 

#

. Given
a symplecticmatrix @a�;� ��������� , let @

J

and @

�

denotethe �rst � and last � columnsof
@ , respectively. Thenthe relationship@b4T�c@; 2� implies that ^W�F@

J

� and ^W�d@

�

� areboth
isotropic.Thefollowing well-known factis crucialto our development.

PROPOSITION 2.1. Let O>Pe� ��� bea subspacethat is invariantundertheHamiltonian
matrix + . Supposethatall of theeigenvaluesof + associatedwith O satisfy f*�FN��.g

#

. Then
O is isotropic.

Proof. Let Y be a matrix with linearly independentcolumnssuchthat Oh i^W��Y_� .
We needto show that Y_4T�VYj 

#

. Invarianceof O implies that +kYj lY_? for some ?

whoseeigenvaluesall satisfy f*�dNA��g

#

. Multiplying ontheleft by YX4T� , weget YW4m�0Y�?n 

YW4C�3�0+��3Y . Since �0+ is symmetric, we deducethat Y�4m�VY_? is symmetric, so that
Y

4
�0Y�?

B

?
4

Y
4

�VY( 

#

. Letting o7 pY
4

�VY , wehave oq?

B

?
4

o7 

#

. TheLyapunov
operatorosrtoL?

B

?u4�o haseigenvaluesN

\

B[vcw

, where N

\

and
vcw

areeigenvaluesof ?

and ?*4 , respectively. SincetheeigenvaluesN

w*Bpvcw

all lie in theopenleft halfplane,they
areall nonzero.ThustheLyapunov operatoris nonsingular, andthehomogeneousLyapunov
equationox?

B

?*4yo; 

#

hasonly thesolution o; 

#

. ThereforeY_4m�VYz 

#

.
If + is Hamiltonian,then +�� is skew-Hamiltonian. { is skew-Hamiltonianif andonly

if it hastheblock form
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A matrix •z�€�.����� is calledquasitriangularif it is block uppertriangularwith •x‚€• and
ƒ

‚

ƒ

blocksalongthemaindiagonal,each
ƒ

‚

ƒ

blockhousinga conjugatepairof complex
eigenvalues.Quasitriangularform is alsocalledrealSchur formor Wintner-Murnaghanform.
A skew-Hamiltonianmatrix „…�!�†��������� is saidto bein skew-Hamiltonianreal Schur form
if

„Z 

"

•

}

#

•x4

'

G

where• is quasitriangular.
THEOREM 2.2. [9] Everyskew-Hamiltonianmatrix is similar, via an orthogonalsym-

plectic similarity transformation,to a matrix in skew-HamiltonianSchur form. That is, if
{l�X�

�/�A����� is skew Hamiltonian,thenthere is an orthogonalsymplectic6‡�X�
�/�����/� and

a skew-Hamiltonian„j�8�
�������/� such that

„Z 

"

•

}

#

•x4

'

G

where • is quasitriangular, and {ˆ [6�„€6

4 .
The eigenvaluesof { and „ aretheeigenvaluesof • repeatedtwice. We deducethat

theeigenspacesof a skew-Hamiltonianmatrix all haveevendimension.
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A Hamiltonianmatrix +•�Q� �/�����/�
that hasno purely imaginaryeigenvaluesmust have

exactly � eigenvaluesin theleft halfplaneand � in theright halfplane.Sucha matrix is said
to bein Hamiltonianreal Schur form if

+Ž 

"x• ‹

#

&

•

4

'

G

where
•

is quasitriangular, andtheeigenvaluesof
•

all havenegativerealpart.
THEOREM 2.3. [8] Let

‰

�8�.�/�A����� bea Hamiltonianmatrix thathasnopurely imagi-
naryeigenvalues.Then

‰

is similar, via anorthogonalsymplecticsimilarity transformation,
to a matrix in Hamiltonianreal Schur form. That is, there existsan orthogonalsymplectic

6ˆ�!� ��������� anda Hamiltonian

+Ž 

"
• ‹

#

&

•

4

'

in HamiltonianrealSchur form,such that
‰

 -6•+L6

4 .
The linear-quadraticGaussianproblemof control theory, alsoknown as the quadratic

regulatorproblem,canbesolvedby solvinganalgebraicRiccatiequation.This is equivalent
to �nding the � -dimensionalinvariantsubspaceof a Hamiltonianmatrix associatedwith the
eigenvaluesin theleft halfplane[7]. If onecancomputea HamiltonianrealSchurform asin
Theorem2.3, thenthe�rst � columnsof 6 spanthedesiredinvariantsubspace,leadingto the
solutionof thelinear-quadraticGaussianproblem.

Theproof of Theorem2.3 in [8] is nonconstructive. Sincethepublicationof [8], it has
beenan openproblemto �nd a backwardstable �
���

�

� methodto computethe orthogonal
symplecticsimilarity transformationto HamiltonianrealSchurform.

We will usethefollowing versionof thesymplectic‘*’u“ decompositiontheorem[2].
THEOREM 2.4. Let +a�!�

�/�A����� bea Hamiltonianmatrix. Thenthereexist orthogonal,
symplectic6 , ”p�!�†�/�����/� , anupper-triangular

•

�!�†����� , quasitriangular@-���†����� , and
?ˆ�!�

����� such that

+Ž [6•^

J

”

4 and +Ž >”m^

�

6

4

G

where
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Thereis a backwardstable�
���

�

� algorithm,implementedin HAPACK [1], to compute
thisdecomposition.Thedecompositions+Ž €6•^

J

”

4 and +l –”b^

�

6

4 togethershow that
theskew-Hamiltonianmatrix +�� satis�es +��• €6•^

J

^

�

6

4 . Since
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this is the skew-Hamiltonianreal Schurform of +
�
, computedwithout ever forming +

�

explicitly. Theeigenvaluesof + arethesquarerootsof theeigenvaluesof thequasitriangular
matrix &

@

•

. Thus the symplectic ‘*’u“ decompositionis a backward stablemethodof
computingtheeigenvaluesof + .
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3. The Method. Let
‰

�R���������/� be a Hamiltonianmatrix that hasno eigenvalues
on the imaginaryaxis. Our objective is to computetheHamiltonianSchurform of

‰

. We
begin by computingthesymplectic‘*’u“ decompositionof

‰

, asdescribedin Theorem2.4.
Takingtheorthogonalsymplecticmatrix 6 from thatdecomposition,let +Ž -6

4

‰

6 . Then
+ is aHamiltonianmatrix with thepropertythat +!� is in skew-HamiltonianSchurform.

As wasexplainedin [4], thenew methodproduces(at �
�—�

�

� cost)anorthogonalsym-
plectic ˜ suchthattheHamiltonianmatrix ˜

4

+_˜ canpartitionedas

˜

4

+�˜n ,™ š
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J • • •

#

œ

Š

•
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# #
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4
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#

œ

Œ
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œ

Š

4

ž Ÿ

Ÿ

¡

G(3.1)

where
œ

Š

J

is either •q‚¢• with a negative realeigenvalueor
ƒ

‚

ƒ

with a complex conjugate
pair of eigenvaluesin theleft halfplane,andtheremainingHamiltonianmatrix

œ

+Ž 

"

œ

Š

œ

‹

œ

Œ

&

œ

Š

4

'(3.2)

hasthepropertythat its squareis in skew-HamiltonianSchurform. Now we canapply the
sameprocedureto

œ

+ to de�ate outanothereigenvalueor two, andrepeatingtheprocedureas
many timesasnecessary, we get theHamiltonianSchurform of + , henceof

‰

, in �
���

�

�

work.

4. The Method in the simplest case. To keepthe discussionsimplelet us assumeat
�rst thatall of theeigenvaluesof

‰

arereal.Then

+
�

 

"

•

}

#

•x4

'

G

where • is uppertriangularandhaspositive entrieson the main diagonal. It follows that
£

J

is an eigenvectorof +�� with associatedeigenvalue ¤

J�J

. Generically £

J

will not be an
eigenvectorof + , andwe will assumethis for now. Thusthevectors£

J

and +

£

J

arelinearly
independent.1 Since£

J

is aneigenvectorof +
� , thetwo-dimensionalspacespan¥

£

J

G¦+

£

J�§

is
invariantunder+ . In fact

+z¨

£

J

+

£

J!©

 2¨

£

J

+

£

Jª©

"
#

¤

J�J

•

#
'

)

The associatedeigenvaluesare Nl 

&•«

¤

J�J

and &

N¬ 

«

¤

J�J

, and the eigenvectorsare
�­+

B

N

%

�

£

J

, and �­+

&

N

%

�

£

J

, respectively.
Ourobjective is to build anorthogonalsymplectic̃ thatcausesade�ation asexplained

in theprevioussection.Let

S® ˆ��+

B

N

%

�

£

J

G(4.1)

theeigenvectorof + associatedwith eigenvalue N . We will build anorthogonalsymplectic
˜ thathasits �rst columnproportionalto S . Thiswill guaranteethat

˜

4

+X˜> 
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¡

G(4.2)

1All nongenericcases,includingthetrivial casē†°²±K³�´µ°¶± , will beresolvedeventually.



ETNA
Kent State University 
etna@mcs.kent.edu

HAMILTONIAN SCHURFORM 145

therebyde�ating out eigenvalues ·*N . We have to be careful how we construct ˜ , aswe
must also guaranteethat the de�ated matrix

œ

+ of (3.2) hasthe propertythat its squareis
in skew-HamiltonianSchurform. For this it is necessaryandsuf�cient that ˜

4

+ � ˜ be in
skew-HamiltonianSchurform. We will outlinethealgorithm�rst; thenwe will demonstrate
thatit hasthedesiredproperties.

Outline of the algorithm, realcase.Partition theeigenvector S from (4.1) as

S® 

"

M

¸

'

G

whereM , ¸

�8� � . We begin by introducingzerosinto thevector ¸

Let ‘

J
¹ �

bea rotatorin the �5•ºG

ƒ

� planesuchthat ‘»4

J
¹ �

¸ hasa zeroin position1.2 Then
let ‘

� ¹

�

be a rotatorin the �

ƒ

G/¼½� planesuchthat ‘u4

� ¹

�

‘*4

J
¹ �

¸ haszerosin positions1 and2.
Continuingin thismanner, produce�

&

• rotatorssuchthat

‘

4

� HVJ
¹ �•¾¿¾¶¾

‘

4

� ¹

�

‘

4

J
¹ �

¸

 eÀ

£

�

G

whereÀ8 :·
Á

¸

Á

�
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‘R –‘

J
¹
�
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�
¹

�

¾¶¾¶¾

‘

�
HKJÂ¹

�

)

Then ‘*4

¸

 pÀ

£

�
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˜
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‘

‘

'

G

andlet

SKÃ
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M

¸
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À
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�

'
)

Let ˜

�

be an orthogonalsymplecticrotatoractingin the ���TG

ƒ

�c� planethatannihilates
the À . In otherwords,

˜

�

S
Ã

J¦Ä

 

"

M

Ã

�
Ä

#
'

)

Next let o

�
HVJ
¹

�

be a rotator in the �—�

&

•ºG/�c� planesuchthat oL4

�
HVJ
¹

�

M

Ã

�
Ä

hasa zero
in the � th position. Thenlet o

�
H

�
¹

�
HKJ

be a rotator in the ���

&

ƒ

G/�

&

•�� planesuchthat
ox4

�
H

�
¹

�
HVJ

ox4

�
HKJÂ¹

�

M

Ã

�
Ä

haszerosin positions�

&

• and � . Continuingin thismanner, produce
rotators o

�
H

�

¹
�

H
�

, . . . , o

J
¹
�

suchthat oq4

J
¹
�

¾¶¾¿¾

o»4

�
HVJ
¹

�

M

Ã

�
Ä

 ÆÅ

£

J

, where Å2 Ç·
ÁÈM

Ã

�
Ä

Á .
Letting o7 >o

�
HKJÂ¹

�

¾¶¾¿¾

o

JÂ¹
�

, we have oq4KM

Ã

J5Ä

 eÅ

£

J

. Let

˜

�

 

"

o

o

'

G

and

˜– 7˜

J

˜

�

˜

�

)

This is thedesiredorthogonalsymplectictransformationmatrix.
Eachof ‘ and o is a productof �

&

• rotators.Thus ˜ is a productof
ƒ

���

&

•²� sym-
plecticdoublerotatorsandonesymplecticsinglerotator. Thetransformation+ÉrÊ˜

4

+�˜

is effectedby applyingtherotatorsin thecorrectorder.

2Genericallyit will bethecasethat Ë
±.Ì

³�Í , andtherotator Î
±3Ï Ð is nontrivial. However, it couldhappenthat

Ë
±

³[Í . If Ë
Ð

³[Í aswell, then Î
±3Ï Ð

could beanarbitraryrotatorin principle. However, we will insist on the
following rule: In any situationwheretheentrythatis to bemadezerois alreadyzeroto begin with, thenthetrivial
rotator(theidentity matrix)mustbeused.
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5. Why the algorithm works (real-eigenvaluecase). Thetransformingmatrix ˜ was
designedso that ˜

4

S¢ 2˜

4

�

˜

4

�

˜

4

J

S€ ÑÅ

£

J

. Thus ˜

£

J

 ÑÅ

HKJ

S ; the �rst columnof ˜ is
proportionalto S . Thereforewegetthede�ation shown in (4.2).

Themorechallengingtaskis to show that ˜

4

+ � ˜ is in skew-HamiltonianSchurform.
To this end,let

+

J

 7˜

4

J

+�˜

J

G +

�

 ˆ˜

4

�

+

J

˜

�

G and +

�

 7˜

4

�

+

�

˜

�

)

Then

+

�

 7˜

4

+�˜xG

soour objective is to show that + �

�

is in skew-HamiltonianSchurform. We will do this by
showing thattheskew-HamiltonianSchurform is preservedateverystepof thealgorithm.

We startwith thetransformationfrom + to +

J

. Since

+
�

J

 Ñ˜

4

J

+
�

˜

J

 

"

‘u4c•L‘ ‘*4

}

‘

#

‘
4

•
4

‘

'

G

it suf�ces to studythe transformation•Òr•‘»4�•L‘ . Since ‘ is a productof rotators,the
transformationfrom • to ‘u4c•
‘ canbeeffectedby applyingtherotatorsoneafteranother.
We will show thateachof theserotatorspreservestheupper-triangularstructureof • , effect-
ing aswapof two eigenvalues.

We will �nd it convenientto usecomputerprogrammingnotationhere. We will treat
• asanarraywhoseentriescanbechanged.As we apply the rotators,• will graduallybe
transformedto ‘

4
•L‘ , but we will continueto refer to thematrix as • ratherthangiving it

a new nameeachtimewe changeit.
Our argumentusesthe fact that ¸ is an eigenvectorof •
4 : The equation+kSR =S0N

implies +
�

S8 nS0N

�

, which implies •q4

¸

 

¸

N

�

. (It canhappenthat ¸

 

#

. Our argument
coversthatcase.)Thetransformationsin • correspondto transformationsin ¸ . For example,
whenwe change• to ‘u4

J
¹
�

•L‘

JÂ¹
�

to geta new “ • ”, we alsochange¸ to ‘»4

J
¹
�

¸ , andthis is
our new “ ¸ ”. Thuswe arealsotreating ¸ asanarray. It will startout asthe true ¸ andbe
transformedgraduallyto the�nal “ ¸ ”, which is À

£

�

.
Let us start with the original • and ¸ . It can happenthat ¸

J

 

#

, in which case
‘

J
¹
�

 

%

. Thusthe new • , after the (trivial) transformationis still uppertriangular. Now
assume¸

J�Ó

 

#

. Thentherotator ‘

J
¹
�

is non trivial, andtheoperation¸sÔ

‘»4

J
¹
�

¸ givesa
new ¸ thatsatis�es ¸

J

 

#

and ¸

�
Ó

 

#

. Thetransformation•

Ô

‘»4

JÂ¹
�

•L‘

JÂ¹
�

recombines
the�rst two rowsof • andthe�rst two columns,resultingin amatrix thatis uppertriangular,
exceptthat its �

ƒ

G¿•²� entrycouldbenonzero.Thenew • and ¸ still satisfythe relationship
•x4

¸

 

¸

N

�

. Lookingat the�rst componentof thisequation,rememberingthat ¸

J

 

#

, we
have ¤

�
¹ J

¸

�

 

#

. Thus ¤

�
¹ J

 

#

, and • is uppertriangular. Moreover, thesecondcomponent
of theequationimplies ¤

�
¹

�

¸

�

 

¸

�

N

�

, so ¤

�
¹

�

 >N

�

. Sinceweoriginally had ¤

J
¹ J

 >N

�

, the
similarity transformationhasreversedthepositionsof the�rst two eigenvaluesin • .

Now considerthe secondstep: •

Ô

‘»4

�
¹

�

•L‘

�
¹

�

. Immediatelybeforethis step,we
may have ¸

�

 

#

, in which case‘

�
¹

�

 

%

, the stepis trivial, andtriangularform is pre-
served.If, on theotherhand,¸

�
Ó

 

#

, then ‘

�
¹

�

is anontrivial rotator, andthetransformation
¸(Ô

‘u4

�
¹

�

¸ givesa new ¸ that satis�es ¸

J

 

¸

�

 

#

and ¸

�

Ó

 

#

. The corresponding
transformation•

Ô

‘u4

�
¹

�

•L‘

�
¹

�

operateson rows andcolumns2 and3, andgivesa new
• that is uppertriangular, exceptthat the �—¼9G

ƒ

� entrycouldbenonzero.Thenew • and ¸

continueto satisfythe relationship•L4

¸

 

¸

N

�

. Looking at thesecondcomponentof this
equation,we seethat ¤

�

¹
�

¸

�

Ó

 

#

. Therefore¤

�

¹
�

 

#

, and • is uppertriangular. Looking at



ETNA
Kent State University 
etna@mcs.kent.edu

HAMILTONIAN SCHURFORM 147

thethird componentof theequation,we �nd that ¤

�

¹

�

 ÑN

�

. Thusanothereigenvalueswap
hasoccurred.

Clearlythis sameargumentworksfor all stagesof thetransformation.We concludethat
the �nal • , which is really ‘u4c•
‘ , is uppertriangular. We have ¤

�º�

 sN

�

. In thegeneric
case,in which theoriginal ¸ satis�es ¸

J
Ó

 

#

, eachof thetransformingrotatorsis nontrivial
andmovesthe eigenvalue N

�

downward. In theend, N

�

is at the bottomof the matrix, and
eachof theothereigenvalueshasbeenmoveduponeposition.

In thenongenericcase,suppose¸

J

 

¸

�

 

¾¶¾¶¾

 

¸

w

 

#

, and ¸

wÖÕ

J8Ó

 

#

. Thenthe
�dE

B

•²� st componentof theequation•L4

¸

 

¸

N

�

implies that ¤

w
Õ

JÂ¹

w
Õ

J

 sN

�

. Sincealso
¤

J
¹ J

 ;N

�

, we seethatthenongenericcase(with ¸

Ó

 

#

) cannotoccurunlessN is a multiple
eigenvalue of + . In this casethe �rst E transformationsare trivial, then the subsequent
nontrivial transformationsmovestheeigenvalue ¤

w
Õ

JÂ¹

w
Õ

J

 >N

�

to thebottom.
In any event,we have

+ �

J

 

"

•

Ã

J¦Ä

}

Ã

J5Ä

#

•

Ã

J¦Ä

4

'

G

where•

Ã

J5Ä

is uppertriangular.
Now considerthe transformationfrom +

J

to +

�

 =˜

4

�

+

J

˜

�

, which is effectedby a
singlesymplecticrotatorin the ���TG

ƒ

�c� plane.The
ƒ

‚

ƒ

submatrixof +!�

J

extractedfrom rows
andcolumns� and

ƒ

� is
"

¤

�µ�

#

#

¤

�µ�

'
)

(Recallthat the“
}

” matrix is skew symmetric.)This submatrixis a multiple of theidentity
matrix, so it remainsunchangedunderthetransformationfrom +ª�

J

to +��

�

. An inspectionof
theotherentriesin rows andcolumns� and

ƒ

� of +
�

J

shows thatno unwantednew nonzero
entriesareproducedby thetransformation.We have

+

�

 

"

•

Ã

�
Ä

}

Ã

�
Ä

#

•

Ã

�
Ä

4

'

G

where•

Ã

�
Ä

is uppertriangular.
Now considerthetransformationfrom +

�

to +

�

. Since

+®�

�

 Ñ˜

4

�

+®�

�

˜

�

 

"

oq4c•

Ã

�
Ä

o ox4

}

Ã

�
Ä

o

#

o

4

•

Ã

�
Ä

4

o

'

G

it suf�ces to studythetransformationof •

Ã

�
Ä

to o
4

•

Ã

�
Ä

o .
At this point the eigenvector equation +

�
S  S0N

�

has been transformedto
+

�

�

S

Ã

�
Ä

 eS

Ã

�
Ä

N

�

or
"

•

Ã

�
Ä

}

Ã

�
Ä

#

•

Ã

�
Ä

4

'

"

M

Ã

�
Ä

#

'

 

"

M

Ã

�
Ä

#

'

N

�

G

which implies •

Ã

�
Ä

M

Ã

�
Ä

 >M

Ã

�
Ä

N

�

. The � th componentof this equationis ¤

Ã

�
Ä

�
¹

�

M

Ã

�
Ä

�

 –M

Ã

�
Ä

�

N

�

,
implying that ¤

Ã

�
Ä

�
¹

�

 ¬N

�

if M

Ã

�
Ä

�
Ó

 

#

. In fact,we alreadyknew this. The entry M

Ã

�
Ä

�

cannot
bezero,unlesstheoriginal ¸ waszero.We showedabove that if ¸

Ó

 

#

, thenwe musthave
¤

Ã

�
Ä

�
¹

�

 >N

�

.
Returningto our computerprogrammingstyle of notation,we now write • and M in

placeof •

Ã

�
Ä

and M

Ã

�
Ä

andconsiderthetransformationfrom • to oL4�•xo , where•xM
 pM�N

�

.
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Since o is a productof rotators,the transformationfrom • to oL4�•qo canbe effectedby
applyingtherotatorsoneafteranother. Wewill show thateachof theserotatorspreservesthe
upper-triangularstructureof • , effectinga swapof two eigenvalues.

The �rst transformingrotator is o

� HKJÂ¹ �

, which actsin the ���

&

•ºG/�c� planeandis de-
signedto set M

�

to zero. If M

�

 

#

already, we have o

� HVJ
¹ �

 

%

, and • remainsupper
triangular. If M

� Ó

 

#

, then o

� HVJ
¹ �

is nontrivial, andthetransformation•

Ô

oq4

� HVJ
¹ �

•xo

� HVJ
¹ �

leaves • in upper-triangularform, exceptthat the ���TG/�

&

•²� entry could be nonzero.The
transformationM

Ô

oq4

� HKJÂ¹ �

M givesa new M with M

�

 

#

and M

� HVJXÓ

 

#

. The new • and
M still satisfy •xM€ ŽM�N

�

. The � th componentof this equationis ¤

� ¹ � HVJ

M

� HVJ

 

#

, which
implies ¤

� ¹ � HKJ

 

#

. Thus • is uppertriangular. Moreover, the ���

&

•�� st componentof the
equationis ¤

� HKJÂ¹ � HVJ

M

� HVJ

 >M

� HVJ

N

�

, which implies ¤

� HKJÂ¹ � HVJ

 nN

�

. Thustheeigenvalue N

�

hasbeenswappedupward.
The next rotator, o

� H � ¹ � HVJ

, acts in the �—�

&

ƒ

G5�

&

•²� planeand sets M

� HKJ

to zero.
If M

� HVJ

 

#

, the rotator is trivial, and • remainsupper triangular. If M

� HVJ Ó

 

#

, then
o

� H � ¹ � HVJ

is nontrivial, andthetransformation•

Ô

o
4

�
H

�
¹

�
HKJ

•xo

� H � ¹ � HKJ

leaves • in upper-
triangularform, exceptthat the ���

&

•ºG/�

&

ƒ

� entrycouldbenonzero.The transformation
M

Ô

o»4

�
H

�
¹

�
HVJ

M givesa new M with M

�

 >M

�
HVJ

 

#

and M

�
H

�
Ó

 

#

. Theequation•»M× >M�N

�

still holds. Its ���

&

•²� st componentis ¤

�
HVJ
¹

�
H

�

M

�
H

�

 

#

, which implies ¤

�
HVJ
¹

�
H

�

 

#

.
Thus • is still uppertriangular. Furthermorethe �—�

&

ƒ

� nd componentof the equationis
¤

�
H

�
¹

�
H

�

M

�
H

�

 7M

�
H

�

N

�

, which implies ¤

�
H

�
¹

�
H

�

 ÑN

�

. Thustheeigenvalue N

�

hasbeen
swappedonemorepositionupward.

Clearly this argumentworks at every step,andour �nal • , which is actually •

Ã

�

Ä

, is
uppertriangular. Thus +��

�

hasskew-HamiltonianHessenberg form.
In thegenericcaseM

Ã

�
Ä

�
Ó

 

#

(which holdsaslong as ¸

Ó

 

#

) eachof the transforming
rotatorsis nontrivial andmovestheeigenvalue N

�

upward. In theend, N

�

hasbeenmovedto
thetopof • , andeachof theothereigenvalueshasbeenmoveddown oneposition.

In thegenericcase¸

J
Ó

 

#

, the�rst partof thealgorithmmarchesN

�

from topto bottom
of • , moving eachother eigenvalueupward. Then the last part of the algorithm exactly
reversestheprocess,returningall eigenvaluesof • to their originalpositions.

We alreadydiscussedabove the nongenericcases¸

J

 

¾¶¾¶¾

 

¸

w

 

#

, ¸

w
Õ

J
Ó

 

#

.
Now considernongenericcasesin which ¸

 

#

. Then ˜

J

 1˜

�

 

%

�/�

, and +

�

 2+ .
Theremustbe somelargest E for which M

w

Ó

 

#

. If E€ z• , then ˜

�

 

%

���

and +

�

 s+ ;
thewholetransformationis trivial. Now assumeEWØˆ• . The E th componentof theequation

•»MX sM�N

�

implies that ¤

w

¹

w

 lN

�

. Sincealso ¤

JÂ¹ J

 ¬N

�

, we seethat this nongenericcase
cannotoccurunless+ hasa multiple eigenvalue.In thiscasethe�rst �

&

E rotatorso

�
HVJ
¹

�

,
. . . o

�
H

w

¹
�

H

w
Õ

J

areall trivial andtherestof therotatorspushtheeigenvalue ¤

w

¹

w

 >N

�

to the
topof • .

6. Accommodatingcomplexeigenvalues. Now wedroptheassumptionthattheeigen-
valuesareall real.Thenin therealskew-HamiltonianSchurform

+®�• 

"

•

}

#

•x4

'

G

• is quasitriangular;that is, it is block triangularwith •q‚-• and
ƒ

‚

ƒ

blockson themain
diagonal.Each

ƒ

‚

ƒ

blockhousesacomplex conjugatepairof eigenvaluesof +
�
. Each •b‚L•

block is apositiverealeigenvalueof +8� . Therearenonon-positiverealeigenvaluesbecause,
by assumption,+ hasno purelyimaginaryeigenvalues.Supposethereare Ù diagonalblocks
of dimensions�

J

, . . . , �KÚ . Thus �KÛ is either1 or 2 for eachÜ .
As before,ourobjective is to build anorthogonalsymplectic ˜ thatcausesade�ation as

explainedin section3. How we proceeddependsuponwhether�

J

is 1 or 2. If �

J

 ‡• , we
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doexactlyasdescribedin section4.
Now suppose�

J

 

ƒ

. In this casespan¥

£

J §

is not invariantunder+�� but span¥

£

J

G

£

�

§

is. It follows that span¥

£

J

G

£

�

G¦+

£

J

G¦+

£

� §

is invariantunder + . For now we will make the
genericallyvalid assumptionthat this spacehasdimension4. Letting ÝŽ Þ¨

£

J

£

� ©

, we
have

+ ¨ Ý +®Ý

©

 ¨ Ý +®Ý

©

" #

?

% # '

G

where?; 

"

¤

J�J

¤

J �

¤

� J

¤

�/�

' hascomplex conjugateeigenvalues
v

and
v

. Thustheeigenvalues

of + associatedwith the invariantsubspacespan¥

£

J

G

£

�

G¦+

£

J

G¦+

£

�

§

are N , &

N , N , and &

N ,
whereN

�

 

v

. Without lossof generalityassumef*�dNA��g

#

.
Fromspan¥

£

J

G

£

�

G¦+

£

J

G5+

£

� §

extractatwo-dimensionalsubspaceO

�

, invariantunder+ ,
associatedwith theeigenvaluesN and N . This subspaceis necessarilyisotropicby Proposi-
tion 2.1. Wewill build asymplecticorthogonal̃ whose�rst two columnsspanO

�

. Thiswill
guaranteethatwegetade�ation asin (3.1), where

œ

Š

J

is
ƒ

‚

ƒ

andhasN and N asits eigenval-
ues.Of coursẽ musthave otherpropertiesthatguaranteethat theskew-Hamiltonianform
of thesquaredmatrix is preserved. We will outline thealgorithm�rst; thenwe will explain
why it works.

Outline of the algorithm, complex-eigenvalue case. Our procedureis very similar to
thatin thecaseof a realeigenvalue.Let

Yz 

"

“

ß

'

denotea
ƒ

�¢‚

ƒ

matrix whosecolumnsareanorthonormalbasisof O

�

. We canchoosethe
basissothat ¸

J�J

 

#

. Isotropy implies Y_4à�VY= 

#

. The�rst partof thealgorithmappliesa
sequenceof rotatorsthatintroducezerosinto

ß

. Wewill usethenotation‘

Ã

\
Ä

Û

¹

Û

Õ

J

, áL ;• , 2, to

denotearotatoractingin the �—Ü�G/Ü

B

•�� planesuchthat ‘

Ã

\
Ä

4

Û

¹

Û

Õ

J

introducesazeroin position¸

Û

¹
\

.
(Herewe areusingthecomputerprogrammingnotationagain,referringto the �—ÜÂGFáÈ� position
of an arraythat startedout as

ß

but hassubsequentlybeentransformedby somerotators.)
The rotatorsareappliedin the order ‘

Ã

J5Ä

�
¹

�

, ‘

Ã

�
Ä

J
¹
�

, ‘

Ã

J5Ä

�

¹ â

, ‘

Ã

�
Ä

�
¹

�

, . . . , ‘

Ã

J5Ä

�
HKJÂ¹

�

, ‘

Ã

�
Ä

�
H

�
¹

�
HKJ

. The
rotatorsarecarefullyorderedsothatthezerosthatarecreatedarenotdestroyedby subsequent
rotators.We canthink of therotatorsascomingin pairs.Thejob of thepair ‘

Ã

J¦Ä

Û

Õ

J
¹

Û

Õ

�

, ‘

Ã

�
Ä

Û

¹

Û

Õ

J

togetheris to zeroout the Ü th row of
ß

.3 Let

‘R n‘

Ã

J¦Ä

�
¹

�

‘

Ã

�
Ä

JÂ¹
�

¾¶¾¿¾

‘

Ã

J5Ä

�
HVJ
¹

�

‘

Ã

�
Ä

�
H

�
¹

�
HKJ

)

Then ‘*4

ß

 

ß

Ã

J5Ä

, where

ß

Ã

J5Ä

 

™
š

š

š

š

š

š
›

# #

...
...

# #

#

¸

Ã

J¦Ä

�
HKJÂ¹

�

¸

Ã

J¦Ä

�
¹ J

¸

Ã

J5Ä

�
¹

�

ž
Ÿ

Ÿ

Ÿ

Ÿ

Ÿ

Ÿ

¡

)

3Actually Îbã

±dä

å�æ

±3Ï

åçæ

Ð

zerosout theentry Ë

åçæ

±3Ï ±

. This makesit possiblefor ÎCã

Ð3ä

å

Ï

å�æ

±

to zeroout theentry Ë

å

Ï ±

,
therebycompletingthetaskof forming zerosin row è .
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Let

˜

J

 

"

‘

‘

'

G

andlet

Y Ã

J5Ä

 Ñ˜

4

J

Yz 

"

“

Ã

J5Ä

ß

Ã

J5Ä

' )

Next let ˜

�

denotean orthogonalsymplecticmatrix actingrows �

&

• , � ,
ƒ

�

&

• ,
ƒ

�

suchthat ˜

4

�

zerosout theremainingnonzeroentriesin
ß

Ã

J¦Ä

, thatis,

Y Ã

� Ä

 7˜

4

�

Y Ã

J¦Ä

 

"

“

Ã

� Ä

# ' )

Thiscanbedonestablyby aproductof four rotators.Startingfrom thecon�guration

™š

š

›

M

�
HKJÂ¹ J

M

�
HKJÂ¹

�

M

�
¹ J

M

�
¹

�

#

¸

�
HKJÂ¹

�

¸

�
¹ J

¸

�
¹

�

ž Ÿ

Ÿ

¡

G

(leaving off the superscriptsto avoid notationalclutter) a symplecticrotator in the ���TG

ƒ

�c�

planesetsthe ¸

�
¹ J

entry to zero. Thena symplecticdoublerotatoractingin the �—�

&

•ºG/�c�

and �

ƒ

�

&

•]G

ƒ

�c� planestransformsthe ¸

�
HVJ
¹

�

and M

�
¹ J

entriesto zerosimultaneously, as
we explain below. Finally a symplecticrotatoractingin the ���TG

ƒ

�c� planezerosout the ¸

�
¹

�

entry. ˜

4

�

is theproductof theserotators.
Thesimultaneousappearanceof two zerosis a consequenceof isotropy. Thecondition

YW4m�0YÒ 

#

, which wasvalid initially, continuesto hold as Y is transformed,sinceeachof
thetransformingmatricesis symplectic.Theisotropy forces¸

�
HVJ
¹

�

to zerowhen M

�
¹ J

is set
to zero,andviceversa.

The �nal part of the algorithmappliesa sequenceof rotatorsthat introducezerosinto
“

Ã

�
Ä

. Notice that the �—�TG¶•²� entry of “

Ã

�
Ä

is alreadyzero. We will usethe notation o

Ã

\
Ä

Û

HKJÂ¹

Û

,

áq ˆ• , 2, to denotea rotatoractingin the ��Ü

&

•]G5Ü¦� planesuchthat o

Ã

\
Ä

4

Û

HKJÂ¹

Û

introducesazeroin

position MµÛ

¹
\

(actuallythetransformedMºÛ

¹
\

). Therotatorsareappliedin theorder o

Ã

J¦Ä

�
H

�
¹

�
HVJ

,

o

Ã

�
Ä

�
HVJ
¹

�

, o

Ã

J5Ä

�
H

�

¹
�

H
�

, o

Ã

�
Ä

�
H

�
¹

�
HKJ

, . . . , o

Ã

J¦Ä

JÂ¹
�

, o

Ã

�
Ä

�
¹

�

. Againtherotatorsareorderedsothatthezeros
thatarecreatedarenotdestroyedby subsequentrotators,andagaintherotatorscomein pairs.
Thejob of thepair o

Ã

J5Ä

Û

H
�

¹

Û

HVJ

, o

Ã

�
Ä

Û

HVJ
¹

Û

togetheris to zeroout the Ü th row of “ . Let

o; –o

Ã

J¦Ä

�
H

�
¹

�
HVJ

o

Ã

�
Ä

�
HVJ
¹

�

¾¿¾¶¾

o

Ã

J5Ä

J
¹
�

o

Ã

�
Ä

�
¹

�

)

Then oq4�“

Ã

�
Ä

 –“

Ã

�

Ä

, where

“
Ã

�

Ä

 

™š

š

š

š

š
›

M

Ã

�

Ä

J/J

M

Ã

�

Ä

J
�

#

M

Ã

�

Ä

�/�

# #

...
...

# #

ž Ÿ

Ÿ

Ÿ

Ÿ

Ÿ

¡

)
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Let

˜

�

 

"

o

o

'

G

andlet

Y Ã

�

Ä

 Ñ˜

4

�

Y Ã

� Ä

 

"

“

Ã

�

Ä

# ' )

Let

˜– 7˜

J

˜

�

˜

�

)

This is thedesiredorthogonalsymplectictransformationmatrix. ˜ is a productof approxi-
mately éµ� rotators;the transformation+tr•˜

4

+�˜ is effectedby applyingthe rotatorsin
order.

7. Why thealgorithm works. Thetransformingmatrix ˜ wasdesignedsothat ˜

4

Y= 

˜

4

�

˜

4

�

˜

4

J

Y  jY

Ã

�

Ä

. Thus ˜†Y

Ã

�

Ä

 jY . Since ^W�—Y

Ã

�

Ä

�ê span¥

£

J

G

£

�
§

, we have
˜ span¥

£

J

G

£

�
§

 =O

�

; the �rst two columnsof ˜ spanthe invariantsubspaceof + asso-
ciatedwith N and N . Thereforewe getthede�ation shown in (3.1).

Again themorechallengingtaskis to show that ˜

4

+
�

˜ is in skew-HamiltonianSchur
form. Let

+

J

 7˜

4

J

+�˜

J

G +

�

 7˜

4

�

+

J

˜

�

G and +

�

 7˜

4

�

+

�

˜

�

G

sothat

+

�

 Ñ˜

4

+�˜xG

asbefore.We mustshow that +8�

�

is in skew-HamiltonianrealSchurform.
We will cover thecases�

J

 

ƒ

and �

J

 Ž• . In thecase�

J

 

ƒ

, Y denotesan �[‚

ƒ

matrix suchthatthetwo-dimensionalspacêW��Y�� is invariantunder+ . In thecase�

J

 Q• ,
Y will denotetheeigenvectorS from sections4 and5. For this Y , theone-dimensionalspace

^W��Y_� is invariantunder+ .
Since ^W�—Y_� is invariantunder + , we have +kY1 7YWë , for some�

Û
‚W�

Û matrix ë . If
�

Û
 7• , then ëp :N , a negativerealeigenvalue.If �

Û
 

ƒ

, ë hascomplex eigenvaluesN and
N lying in theleft half-plane.Consequently+

�
Y( >YWë

�

or
"

•

}

#

•x4

'

"

“

ß

'

 

"

“

ß

'

ë

�

G

which implies

•

4

ß

 

ß

ë

�

)

Thus ^W�

ß

� is invariantunder •
4 .

Recalling that • is quasitriangularwith main-diagonalblocks of dimension �yÛ ,
Üà ;• , . . . , Ù , we introducethepartition

•7 

™š

š

š›

•

J/J

•

J
�

¾¿¾¶¾

•

J

Ú

•

�/�

•

�

Ú

...
...

•�ÚìÚ

ž Ÿ

Ÿ

Ÿ

¡

G
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where• ÛçÛ is � Û ‚8� Û . Partitioning
ß

conformablywith • , wehave

ß

 

™š›

ß

J...
ß

Ú

ž Ÿ

¡

G

where
ß

Û is �KÛà‚��

J

.
We startwith thetransformationfrom + to +

J

, for which it suf�ces to studythetrans-
formationfrom • to ‘u4�•L‘ . Againwewill usecomputerprogrammingnotation,treating•

and
ß

asarrayswhoseentriesgetchangedastherotatorsareapplied.
Theequation•q4

ß

 

ß

ë

�

impliesthat
"

•x4

J/J

#

•x4

J �

•q4

�/�

'

"

ß

J

ß

�

'

 

"

ß

J

ß

�

'

ë

�

)(7.1)

In particular •q4

J/J

ß

J

 

ß

J

ë

�

, which remindsus that the eigenvaluesof •

J�J

arethesame
asthoseof ë

�

. Generically
ß

J

will be nonsingular, implying that the equation•
4

J�J

ß

J

 

ß

J

ë

�

is a similarity relationshipbetween•q4

J/J

and ë

�

, but it could happenthat
ß

J

 

#

.
Lemma9 of [4] impliesthatthesearetheonly possibilities:If

ß

J

is notzero,thenit mustbe
nonsingular. For now we will make thegenericallyvalid assumptionthat

ß

J

is nonsingular.
Thenongenericcaseswill bediscussedlater.

Thealgorithmbeginsby creatingzerosin thetop of
ß

. Proceeduntil the �rst �

�

(1 or
2) rows of

ß

have beentransformedto zero. In thecase�

J

 2• (resp. �

J

 

ƒ

), this will
require �

�

rotators(resp.pairs of rotators).We apply theserotatorsto • aswell, effecting
anorthogonalsymplecticsimilarity transformation.Theactionof theserotatorsis con�ned
to the�rst �

J

B

�

�

rowsandcolumnsof • . Theresultingnew “ • ” remainsquasitriangular,
exceptthattheblock •

�
J

couldnow benonzero.At thispoint therelationship(7.1) will have
beentransformedto

"

•x4

J/J

•q4

�
J

•x4

J
�

•q4

�/�

'

"É#

ß

�

'

 

"i#

ß

�

'

ë

�

)(7.2)

Herewe mustreadjustthepartition in orderto retainconformability. The block of zerosis
�

�

‚!�

J

, sothenew
ß

�

mustbe �

J

‚!�

J

. Sincetheoriginal
ß

J

wasnonsingular, thenew
ß

�

mustalsobenonsingular. Thenew •

J�J

and •

�/�

are �

�

‚8�

�

and �

J

‚��

J

, respectively.
Thetopequationof (7.2) is •q4

�
J

ß

�

 

#

, which implies •

�
J

 

#

. Thusthequasitriangularity
is preserved.Moreover, thesecondequationof (7.2) is •

4

���

ß

�

 

ß

�

ë

�

, which impliesthat
•

�/�

hastheeigenvaluesof ë

�

(andthenew •

J�J

musthave theeigenvaluesof theold •

���

).
Thustheeigenvalueshavebeenswapped.

In the language of invariant subspaces,equation (7.2) implies that the space
span¥

£

�]í

Õ

J

G

)¿)¶)

G

£

�]í

Õ

�ºî

§

is invariantunder •q4 . Thereforetheblock •q4

�
J

mustbezero.
Now, proceedinginductively, assumethatthe�rst �

�

B

�

�

¾¿¾¶¾

B

�

w

rowsof
ß

havebeen
transformedto zero.At this point we have a transformedequation•×4

ß

 

ß

ë

�

. Assume
inductively that • hasquasitriangularform, where •

wÖw

is �

J

‚ª�

J

andhastheeigenvalues
of ë

�

. For Üy ˆ• , . . . , E

&

• , •
ÛçÛ is �

Û

Õ

J

‚®�
Û

Õ

J

andhasthesameeigenvaluesastheoriginal
••Û

Õ

J
¹

Û

Õ

J

had. For Üq 2E

B

• , . . . , Ù , ••ÛçÛ hasnot yet beentouchedby the algorithm. Our
current

ß

hastheform

ß

 

™š

š

š›

#

ß

w

...
ß

Ú

ž Ÿ

Ÿ

Ÿ

¡

G
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wherethezeroblock has �

�

B

¾¶¾¶¾

B

�

w

rows,
ß

w

is �

J

‚ª�

J

andnonsingular, and
ß

w
Õ

J

,
. . . ,

ß

Ú havenotyetbeentouchedby thealgorithm.Fromthecurrentversionof theequation
•x4

ß

 

ß

ë

�

weseethat
"

•x4

wÖw

#

•q4

w

¹

w
Õ

J

•x4

wÖÕ

JÂ¹

wÖÕ

J

'

"

ß

w

ß

w
Õ

J

'

 

"

ß

w

ß

w
Õ

J

'

ë

�

)

The next stepof the algorithm is to zeroout the next �

w
Õ

J

rows of
ß

. The situationis
exactly thesameasit wasin thecaseEk Ñ• . Arguingexactlyasin thatcase,we seethatthe
quasitriangularityis preserved,andtheeigenvaluesareswapped.

At theendof the�rst stageof thealgorithmwehave

ß

 

™š

š

š›

#

...
#

ß

Ú

ž Ÿ

Ÿ

Ÿ

¡

G

where
ß

Ú is �

J

‚¢�

J

andnonsingular. This
ß

is what we previously called
ß

Ã

J5Ä

. The
corresponding• (which is actually •

Ã

J5Ä

) is quasitriangular. ••ÚìÚ is �

J

‚€�

J

and hasthe
eigenvaluesof ë

�

. Eachother ••ÛçÛ is �KÛ

Õ

J

‚X�KÛ

Õ

J

andhasthe eigenvaluesof the original
••Û

Õ

J
¹

Û

Õ

J

. At this pointwe havetransformed+ to +

J

 7˜

4

J

+�˜

J

.
Beforemoving on to thenext stageof thealgorithm,wepauseto considerwhathappens

in the nongenericcases.Assume
ß

J

is not nonsingular. Then
ß

J

mustbe zero. Suppose
ß

J

, . . . ,
ß

\
HVJ

areall zeroand
ß

\

Ó

 

#

. Then,by Lemma9 of [4],
ß

\

mustbe �

J

‚W�

J

andnonsingular. If we partitiontheequation•
4

ß

 

ß

ë

�

, thenthe á th block equationis
•x4

\3\

ß

\

 

ß

\

ë

�

. Thus •

\3\

is similar to ë

�

andmustthereforehave thesameeigenvalues
as •

J�J

. We concludethat this nongenericcasecanoccuronly if theeigenvaluesof ë have
multiplicity greaterthan one as eigenvaluesof + . In this casethe �rst �

�

B

)¿)¶)

B

�

\
HVJ

rotators(or pairsof rotators)aretrivial. Oncewe reach
ß

\

, the rotatorsbecomenontrivial,
andtheeigenvaluesof theblock •

\3\

(i.e. theeigenvaluesof ë

�

) get swappeddownwardto
thebottom,justasin thegenericcase.Anothernongenericcaseoccurswhentheentirematrix

ß

is zeroto begin with. We will saymoreaboutthatcaselater.
Whetherwe arein thegenericcaseor not,we have

+®�

J

 

"

•

Ã

J¦Ä

}

Ã

J5Ä

#

•

Ã

J¦Ä

4

'

G

where•

Ã

J5Ä

is quasi-triangular.
Now considerthetransformationfrom +

J

to +

�

 ˆ˜

4

�

+

J

˜

�

. Wehaveto show thatthe
skew-HamiltonianSchurform of

+®�

J

 

"

•

Ã

J5Ä

}

Ã

J5Ä

#

•

Ã

J5Ä

4

'

is preserved by the transformation. If we write +8�

J

in block form conformablywith the
blockingof •

Ã

J¦Ä

, wehave
ƒ

Ù blockrowsandblockcolumns.Theactionof thetransformation
affectsonly block rows andcolumns Ù and

ƒ

Ù . If we considerthe block-triangularform of
•

Ã

J5Ä

, we �nd thatzeroblocksarecombinedonly with zeroblocksandnounwantednonzero
entriesareintroducedexceptpossiblyin block �

ƒ

Ù¦G�Ùd� .
To seethatthe �

ƒ

Ù¦G�Ùd� blockalsoremainszero,examineourmainequation
"

•

Ã

J5Ä

}

Ã

J¦Ä

#

•

Ã

J¦Ä

4

'

"

“

Ã

J¦Ä

ß

Ã

J5Ä

'

 

"

“

Ã

J5Ä

ß

Ã

J5Ä

'

ë

�

G
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bearingin mind that almostall of the entriesof
ß

Ã

J5Ä

are zeros. Writing the equationin
partitionedform andexaminingthe Ù th and

ƒ

Ù th block rows,we seethatthey amountto just
ï

•

Ã

J¦Ä

ÚìÚ

}

Ã

J5Ä

ÚìÚ

#

•

Ã

J¦Ä

4

ÚìÚ ð

ï

“

Ã

J5Ä

Ú

ß

Ã

J¦Ä

Ú ð

 

ï

“

Ã

J5Ä

Ú

ß

Ã

J¦Ä

Ú ð

ë

�

)(7.3)

Every matrix in this picturehasdimension�

J

‚_�

J

. The similarity transformationby ˜

�

changes(7.3) to
ï

•

Ã

� Ä

ÚìÚ

}

Ã

� Ä

Ú Ú

ñ

•

Ã

� Ä

4

ÚìÚ ð

"

“

Ã

� Ä

Ú

#

'

 

"

“

Ã

� Ä

Ú

#

'

ë

�

G(7.4)

where
ñ

is the block in question. Notice that “

Ã

� Ä

Ú

cannotavoid beingnonsingular. The

secondblock equationin (7.4) is
ñ

“

Ã

� Ä

Ú

 

#

, which implies
ñ

 

#

, asdesired.The �rst

block equationis •

Ã

�
Ä

ÚìÚ

“

Ã

�
Ä

Ú

 Ž“

Ã

�
Ä

Ú

ë

�

, which saysthat •

Ã

�
Ä

ÚìÚ

is similar to ë

�

andtherefore
hasthesameeigenvaluesas ë

�

. If weprefer, wecanusethelanguageof invariantsubspaces.

Equation(7.4) shows thatspan¥

£

J

G

)¶)¿)

G

£

�
í

§

is an invariantsubspaceof

ï

•

Ã

�
Ä

ÚìÚ

}

Ã

�
Ä

Ú Ú

ñ

•

Ã

�
Ä

4

ÚìÚ
ð

,

forcing
ñ

to be zero. Either way, we concludethat the skew-HamiltonianSchurform is
preservedin stage2 of thealgorithm.

Now considerthetransformationfrom +

�

to +

�

, for which it suf�ces to studythetrans-
formationfrom •

Ã

�
Ä

to •

Ã

�

Ä

 eoq4c•

Ã

�
Ä

o . At thispoint themainequation+
�

Y= pYWë

�

has
beentransformedto +

�

�

Y

Ã

�
Ä

 >Y

Ã

�
Ä

ë

�

or
"

•

Ã

�
Ä

}

Ã

�
Ä

#

•

Ã

�
Ä

4

'

"

“

Ã

�
Ä

#

'

 

"

“

Ã

�
Ä

#

'

ë

�

G

which implies •

Ã

�
Ä

“

Ã

�
Ä

 –“

Ã

�
Ä

ë

�

, so ^W�d“

Ã

�
Ä

� is invariantunder •

Ã

�
Ä

.
Returningto our computerprogrammingstyle of notation,we now write • and “ in

placeof •

Ã

�
Ä

and “

Ã

�
Ä

andconsiderthe transformationfrom • to oq4y•xo , where •L“Ò 

“»ë

�

. For now we assumethat we are in the genericcase;we will discussthe remaining
nongenericcaseslater. Thus • is quasi-triangular. Theblock •uÛçÛ is �KÛ

Õ

J

‚8�KÛ

Õ

J

for Üò s• ,
. . . , Ù

&

• . The block ••ÚìÚ is �

J

‚€�

J

and hasthe eigenvaluesof ë

�

. If we partition “

conformablywith • , we have

“ˆ 

™
š›

“

J...
“

Ú

ž
Ÿ

¡

G

whereeach“�Û hasits appropriatedimension.In particular“AÚ is �

J

‚
�

J

andis, in thegeneric
case,nonsingular. Theequation•L“ˆ –“uë

�

andthequasitriangularityof • imply that
"

•
Ú

HKJÂ¹

Ú

HVJ

•
Ú

HVJ
¹

Ú

#

•
ÚìÚ

'

"

“
Ú

HVJ

“
Ú

'

 

"

“
Ú

HVJ

“
Ú

'

ë

�

)(7.5)

Thethird stageof thealgorithmis wholly analogouswith the�rst stage,exceptthatwe
work upward insteadof downward. We begin by transformingthe bottom �yÚ rows of “ to
zero. In the case�

J

 h• (resp. �

J

 

ƒ

) this requires�KÚ rotators(resp.pairs of rotators).
Whenwe apply theserotatorsto • , their actionis con�ned to thebottom ��Ú

B

�

J

rows and
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columns,so the new • remainsquasitriangular, exceptthat the block • Ú

¹

Ú

HKJ

could now be
nonzero.At thispoint therelationship(7.5) will havebeentransformedto

"

• Ú

HKJÂ¹

Ú

HKJ

• Ú

HVJ
¹

Ú

• Ú

¹

Ú

HVJ

• ÚìÚ

'

"

“ Ú

HVJ

# '

 

"

“ Ú

HVJ

# '

ë

�

)(7.6)

Justasin stage1,wemustreadjustthepartitionin orderto retainconformability. Theblockof
zerosis � Ú ‚ò�

J

, sothenew “ Ú

HVJ

mustbe �

J

‚��

J

, andit is nonsingular. Thenew • Ú

HKJÂ¹

Ú

HVJ

and
• Ú Ú are �

J

‚!�

J

and � Ú ‚8� Ú , respectively. Thebottomequationof (7.6) is • Ú

¹

Ú

HVJ

“ Ú

HVJ

 

#

,
which implies ••Ú

¹

Ú

HVJ

 

#

. Thus the quasitriangularityis preserved. Moreover, the top
equationof (7.6) is •�Ú

HKJÂ¹

Ú

HVJ

“9Ú

HKJ

 –“9Ú

HKJ

ë

�

, whichimpliesthat ••Ú

HVJ
¹

Ú

HVJ

hastheeigenvalues
of ë

�

(andthenew ••ÚìÚ musthave theeigenvaluesof theold •*Ú

HVJ
¹

Ú

HVJ

). Thustheeigenvalues
havebeenswapped.

In the language of invariant subspaces,equation (7.6) implies that the space

span¥

£

J

G

)¶)¿)

G

£

�½í

§

is invariantunder

"

•�Ú

HVJ
¹

Ú

HVJ

••Ú

HVJ
¹

Ú

••Ú

¹

Ú

HKJ

•�Ú Ú

' . Thereforetheblock • Ú

¹

Ú

HKJ

must

bezero.
This �rst stepsetsthepatternfor all of stage3. We will skip the inductionstep,which

is just like the �rst step. Stage3 preserves the quasitriangularform of • and swapsthe
eigenvaluesof ë

�

backto thetop. In theendwe have

+
�

�

 

"

•

Ã

�

Ä

}

Ã

�

Ä

#

•

Ã

�

Ä

4

'

G

where

•

Ã

�

Ä
 

™
š

š

š

š›

•

Ã

�

Ä

J�J

•

Ã

�

Ä

J
�

¾¶¾¶¾

•

Ã

�

Ä

J

Ú

#

•

Ã

�

Ä

���

•

Ã

�

Ä

�

Ú

...
...

...
#

•

Ã

�

Ä

ÚìÚ

ž
Ÿ

Ÿ

Ÿ

Ÿ

¡

G

whereeach•

Ã

�

Ä

Û�Û

is �
Û

‚®�
Û andhasthesameeigenvaluesastheoriginal •

Û�Û .
It seemsasif wearebackwherewestarted.Indeedweare,asfaras+

� is concerned.But
we mustnot forgetthatour primary interestis in + , not +

�
. Thanksto this transformation,

span¥

£

J¶§

(in thecase�

J

 2• ) or span¥

£

J

G

£

�
§

(in thecase�

J

 

ƒ

) is now invariantunder
+

�

aswell as +®�

�

, sowegetthede�ation (3.1).
Thediscussionis now complete,exceptfor somemorenongenericcases.Supposethat

at thebeginningof stage3, “�Ú is singular. Then,by Lemma6 of [4], “9Ú mustbezero.In fact
this canhappenonly if theoriginal

ß

waszero.In this casethetransformations̃
J

and ˜

�

arebothtrivial, andwehave +

�

 p+ . Thusthe • and “ with whichwebegin stage3 arethe
original • and “ . It mustbethecasethat “

Ó

 

#

; in fact “ hasfull rank �

J

. If we partition
“ conformablywith • , wehave

“ˆ 

™
š
›

“

J...
“9Ú

ž
Ÿ

¡

G

where “�Û is �KÛ�‚��

J

. Suppose“

\
Ó

 

#

and “

\

Õ

J

, . . . , “9Ú areall zero,andsupposeá-Øz• .
Then,by Lemma6 of [4], “

\

is �

J

‚•�

J

andnonsingular. Moreover, theequation•L“ˆ –“xë

�

impliesthat •

\3\

“

\

 –“

\

ë

�

, soweseethat •

\3\

is similarto ë

�

, soit hasthesameeigenvalues
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as •

J/J

. Thusthis nongenericcasecannotariseunlesstheeigenvaluesof ë havemultiplicity
greaterthanoneaseigenvaluesof + .

In this nongenericcaseall of therotatorsaretrivial until theblock “

\

is reached.From
thatpointon,all of therotatorsarenontrivial, andthealgorithmproceedsjustasin thegeneric
case.Because“

\

is nonsingular, theargumentsthatworkedin thegenericcasearevalid here
aswell. Theeigenvaluesof •

\3\

 –“

\

ë

�

“ HKJ

\

getswappedto thetopof • .
Finally we considerthenongenericcaseáI Ñ• . Here “

J

is nonsingular, andall other “AÛ

arezero. This is the lucky case,in which ^W�—Y_�x span¥

£

J¶§

(when �

J

 =• ) or ^W��Y��x 

span¥

£

J

G

£

� §

(when �

J

 

ƒ

). In this caseall rotatorsaretrivial, ˜> 

%

�/�

, and +

�

 e+ .
Now thestoryis nearlycomplete.

8. One last dif�culty with the nongenericcase. Our statedgoal hasbeento get the
left-half-planeeigenvaluesinto the �5•ºG¿•²� block of theHamiltonianSchurform. In thenon-
genericcaseswe may fail to achieve this goal. First of all, in the “lucky” nongenericcase
thatwe justmentionedabove,span¥

£

J¶§

or span¥

£

J

G

£

� §

is alreadyinvariantunder+ , andwe
get an immediatede�ation for free. If the eigenvalue(s)associatedwith this invariantsub-
spacehappento be in the right half plane,thenwe get a de�ation of oneor two unwanted
eigenvaluesin the �¦•]G¶•�� block.

Somethingevenworsehappensin theothernongenericcases.For clarity let usconsider

the case �

J

 Þ• �rst. Then Yó ÉS7 

"

M

¸

' , an eigenvectorof + . In all nongeneric

cases,¸
J

 

#

. Supposethis holds,and £

J

is not aneigenvector. Thenspan¥

£

J

G5+

£

J²§

is two
dimensional,andwe will show immediatelybelow that the spacespannedby the �rst two
columnsof ˜ is exactlyspan¥

£

J

G5+

£

J
§

.4 Sincetheeigenvaluesassociatedwith this invariant
spaceare N and &

N , theeffect of this is thatthe�rst two columnsof +

�

 Q˜

4

+�˜ have the
form

™
š

š

š

š

š

›

N

•

#

&

N

# #

...
...

# #

ž
Ÿ

Ÿ

Ÿ

Ÿ

Ÿ

¡

)

Thedesiredde�ation of N is followedimmediatelyby a trivial, undesiredde�ation of &

N .
Let ” denotethespacespannedby the�rst two columnsof ˜ . To seethatspan¥

£

J

G¦+

£

J
§

 

” , recall that ˜ is the productof a large numberof rotators,the �rst pair of which are
diag¥ô‘

J
�

G
‘

J
�

§

, andthe last pair of which arediag¥²o

J
�

G/o

J
�

§

. Thesearethe only rotators
that act in the �¦•]G

ƒ

� plane,and they are the only rotatorsthat affect directly the �rst col-
umn of ˜ . Let õh diag¥²o

J
�

G�o

J
�

§

, and let ˜�ö- ,˜*õ

HVJ

. Then ˜�ö is the sameas ˜ ,
exceptthat the �nal pair of rotatorshasnot yet beenapplied.Since ¸

J

 

#

, therotatorpair
diag¥ô‘

J
�

G
‘

J
�

§

is trivial. Therefore ˜†ö is a productof rotatorsthat do not act on the �rst
column;the�rst columnof ˜†ö is thus £

J

. Noticealsothattherelationship̃n 7˜.ö½õ implies
that ” , thespacespannedby the�rst two columnsof ˜ , is thesameasthespacespannedby
the�rst two columnsof ˜.ö . Therefore£

J

�!” . Recallalsothat ˜ is designedsothatits �rst
columnis proportionalto S , so S!�!” . But S® e+

£

J

B

N

£

J

. Therefore+

£

J

 eS

&

N

£

J

�8” .
We concludethatspan¥

£

J

G¦+

£

J
§

 >” .
Theexactsamedif�culty arisesin thecaseof complex eigenvalues.Firstof all, therecan

betheundesiredtrivial de�ation of aright-half-planepairof complex eigenvaluesin the �¦•]G¶•��

4Recallingthat ÷L³¢¯†°
±Kø

´µ°
±
, noticethat thecondition Ë

±
³€Í meansexactly that spanù�°

±
ú
¯†°

±�û
is an

isotropicsubspace.
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block. If thatdoesn't happenbut we arein thenongenericcase
ß

J

 

#

, thenan argument
just like theonewegavein thereal-eigenvaluecaseshowsthatthespacespannedby the�rst
four columnsof ˜ is exactly the isotropicinvariantsubspacespan¥

£

J

G

£

�

G¦+

£

J

G¦+

£

� §

. This
meansthatthedesiredde�ation of apair N , N is immediatelyfollowedby theunwantedtrivial
de�ation of thepair &

N , &

N .
Thusin nongenericcaseswe frequentlyendup with right-half-planeeigenvaluesin the

�¦•]G¶•²� block,andwe arefacedwith theadditionalpostprocessingtaskof swappingthemout.
Methodsfor swappingeigenvaluesin theHamiltonianrealSchurform havebeenoutlinedby
Byers[3] andKressner[5, 6].
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