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ON THE REDUCTION OF A HAMIL TONIAN MATRIX TO HAMIL TONIAN
SCHUR FORM

DAVID S. WATKINS

Abstract. RecentlyChu, Liu, andMehrmanndevelopedan structurepreservingnethodfor computing
theHamiltonianreal Schurform of aHamiltonianmatrix. This paperoutlinesanalternatve derivation of themethod
andanalternatve explanationof why the methodworks. Our approactplacesemphasieigervalue swappingand
relieslesson matrix manipulations.
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1. Intr oduction. In[4] Chu,Liu, andMehrmanmpresente@n structure-preserv-
ing methodfor computingthe real HamiltonianSchurform of a Hamiltonianmatrix. The
currentpaperis the fruit of this authors attemptto understand4]. The methodsketched
herediffers hardly at all from the one presentedn [4]; the objectve of this paperis not to
presenta new algorithmbut ratherto provide an alternatve explanationof the methodand
why it works. Therearetwo main differencesetweenour presentatiorandthatof [4]. 1)
We usetheideaof swappingeigervaluesor blocksof eigervaluesin thereal Schurform and
rely lesson matrix manipulations.2) The presentatiornn [4] expendsa greatdealof effort
onnongenericasesWe focuson the genericcaseanddwell muchlesson specialsituations.
However, we do shav thatthe methoddevelopedfor the genericcaseactuallyworksin all
of thenongenericasesaswell. Thisis truein exactarithmetic. It mayturn outthatin the
presencef roundof errorsonecannotavoid payingspecialattentionto nongenericasesas
in [4].

2. De nitions and Preliminary Results. Throughoutthis paperwe restrictour atten-
tion to matriceswith realentries.De ne by

A matrix is Hamiltonianif . is skew-Hamiltonianif
is symplectidf

A numberof eIementaryeIatmnsh|p$1reea3|lyproved Everysymplecticmatrixis non-
singular The productof two symplecticmatricesis symplectic. Theinverseof a symplectic
matrix is symplectic. Thusthe setof symplecticmatricesis a groupunderthe operationof
matrix multiplication. An importantsubgroups the setof orthogonalsymplecticmatrices.
We usetwo typesof orthogonalsymplectictransformationsn this paper: If is
orthogonalthen

is orthogonabndsymplectic.If arediagonalandsatisfy , then
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is orthogonalandsymplectic.ln particulag for ary , arotatoractingin the plane
is symplectic.

If is symplecticand is Hamiltonian (resp. skew-Hamiltonian), then is
Hamiltonian(resp.skew-Hamiltonian).

If is Hamiltonianand is aright eigervectorof  with eigervalue , then isa
left eigervectorwith eigervalue . It followsthatif is aneigervalueof |, thensoare ,

,and . Thusthe spectrumof a Hamiltonianmatrix is symmetricwith respecto both
therealandtheimaginaryaxes.
A subspace is calledisotropic if forall , Cf
is a matrix suchthat , then s isotropicif andonly if . Given
a symplecticmatrix ,let and denotethe rst andlast columnsof
, respectrely. Thenthe relationship implies that and areboth
isotropic. Thefollowing well-known factis crucialto our development.
PROPOSITION 2.1. Let bea subspacehatis invariantunderthe Hamiltonian
matrix . Suppose¢hatall of theeigervaluesof associatedvith satisfy . Then
is isotropic.
Proof. Let be a matrix with linearly independentolumnssuchthat .
We needto shaw that . Invarianceof impliesthat for some
whoseeigervaluesall satisfy . Multiplying ontheleft by , weget
Since is symmetric, we deducethat is symmetric, so that
. Letting , we have . TheLyapunw
operator haseigervalues ,where and areeigervaluesof
and , respectrely. Sincethe eigervalues all lie in the openleft halfplane they
areall nonzero.Thusthe Lyapuna operatoiis nonsingularandthe homogeneoukyapunw
equation hasonly the solution . Therefore .0
If is Hamiltonian,then s skew-Hamiltonian. is skew-Hamiltonianif andonly
if it hastheblock form

A matrix is calledquasitriangularif it is block uppertriangularwith and

blocksalongthe maindiagonal.each block housinga conjugatepair of comple
eigernvalues.Quasitriangulaform is alsocalledreal Schur form or Wintner-Murnaghanform.
A skew-Hamiltonianmatrix is saidto bein skew-Hamiltonianreal Schur form
if

where is quasitriangular
THEOREM 2.2. [9] Everyskew-Hamiltonianmatrix is similar, via an orthogonal sym-
plectic similarity transformation to a matrix in skew-HamiltonianSdur form. Thatis, if
is skew Hamiltonian,thenthere is an orthogonal symplectic and
a skew-Hamiltonian sud that

whee s quasitriangularand .
Theeigervaluesof and aretheeigervaluesof repeatedwice. We deducethat
theeigenspacesf a skew-Hamiltonianmatrix all have evendimension.
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is Hamiltonianif andonly if it hastheblock form

A Hamiltonian matrix that hasno purely imaginaryeigervaluesmust have
exactly eigervaluesin theleft halfplaneand in theright halfplane.Sucha matrix is said
to bein Hamiltonianreal Schur formiif

where is quasitriangularandtheeigervaluesof all have negative realpart.

THEOREM 2.3. [8] Let bea Hamiltonianmatrix thathasno purely imagi-
naryeigervalues.Then issimilar, viaanorthogonalsymplecticimilarity transformation,
to a matrix in Hamiltonianreal Schur form. Thatis, there existsan orthogonal symplectic

anda Hamiltonian

in Hamiltonianreal Scur form, sud that .

The linearquadraticGaussiarproblemof control theory alsoknown asthe quadratic
regulatorproblem,canbesolvedby solvinganalgebraidRiccatiequation.Thisis equivalent
to nding the -dimensionainvariantsubspacef a Hamiltonianmatrix associatedvith the
eigervaluesin theleft halfplane[7]. If onecancomputea Hamiltonianreal Schurform asin
Theorenm?.3, thenthe rst  columnsof spanthedesirednvariantsubspacdeadingto the
solutionof thelinearquadraticGaussiamproblem.

The proof of Theorem2.3in [8] is honconstructie. Sincethe publicationof [8], it has

beenan openproblemto nd a backward stable methodto computethe orthogonal
symplecticsimilarity transformatiorto Hamiltonianreal Schurform.

We will usethefollowing versionof thesymplectic decompositiortheorem 2].

THEOREM 2.4. Let bea Hamiltonianmatrix. Thenthere exist orthogonal,
symplectic , , anuppertriangular , quasitriangular ,and

sud that
and
where
and

Thereis abackwardstable algorithm,implementedn HAPACK [1], to compute
this decompositionThedecompositions and togethershow that
theskew-Hamiltonianmatrix ~ satis es . Since
this is the skew-Hamiltonianreal Schurform of ~, computedwithout ever forming
explicitly. Theeigervaluesof — arethesquareootsof the eigervaluesof thequasitriangular
matrix . Thusthe symplectic decompositionis a backward stablemethodof

computingthe eigervaluesof
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3. The Method. Let be a Hamiltonianmatrix that hasno eigervalues
on theimaginaryaxis. Our objective is to computethe HamiltonianSchurform of . We
begin by computingthe symplectic decompositiorof , asdescribedn Theorem?2.4.
Takingthe orthogonakymplecticmatrix  from thatdecompositionlet . Then

is aHamiltonianmatrix with thepropertythat  is in skew-HamiltonianSchurform.

As wasexplainedin [4], the new methodproducegat cost)anorthogonalsym-
plectic suchthatthe Hamiltonianmatrix canpartitionedas

(3.1) ‘

where s either with a negative real eigervalueor with a comple conjugate
pair of eigervaluesin theleft halfplane andtheremainingHamiltonianmatrix

(3.2)

hasthe propertythatits squareis in skew-HamiltonianSchurform. Now we canapply the
sameprocedurdo  to de ate outanotherigervalueor two, andrepeatingheprocedureas
mary timesasnecessarywe getthe HamiltonianSchurform of |, henceof | in

work.

4. The Method in the simplestcase. To keepthe discussiorsimplelet us assumeat
rst thatall of theeigervaluesof  arereal. Then

where is uppertriangularand haspositive entrieson the main diagonal. It follows that

is an eigervector of with associatectigervalue . Generically  will not be an
eigervectorof , andwe will assumehisfor now. Thusthevectors and arelinearly
independent.Since is aneigervectorof , thetwo-dimensionaspacespan is

invariantunder . In fact

The associateckigervaluesare and ", andthe eigervectorsare
, and , respectiely.
Ourobjectieis to build anorthogonakymplectic thatcausesde ation asexplained
in the previoussection.Let

(4.1)

the eigervectorof  associatedvith eigervalue . We will build anorthogonalsymplectic
thathasits rst columnproportionalto . Thiswill guarante¢hat

(4.2) ‘

LAll nongenericases,includinghetrivial case , will beresohed eventually
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therebyde ating out eigervalues . We have to be carefulhow we construct , aswe
must also guarantedhat the de ated matrix  of (3.2) hasthe propertythatits squareis
in skew-HamiltonianSchurform. For thisit is necessarandsufcient that bein

skew-HamiltonianSchurform. We will outlinethe algorithm rst; thenwe will demonstrate
thatit hasthedesiredproperties.

Outline of the algorithm, real case. Partitionthe eigervector from (4.1) as

where . We begin by introducingzerosinto the vector

Let bearotatorin the planesuchthat hasa zeroin position1.? Then
let be a rotatorin the planesuchthat haszerosin positions1 and 2.
Continuingin this manneyproduce rotatorssuchthat
where . Let
Then . Let
andlet

Let be an orthogonalsymplecticrotatoractingin the planethatannihilates

the . In otherwords,

Next let be a rotatorin the planesuchthat hasa zero
in the th position. Thenlet be a rotatorin the planesuchthat
haszerosin positions and . Continuingin thismanneyproduce
rotators Y ey suchthat , Where
Letting , we have . Let
and

Thisis the desiredorthogonakymplectictransformatiormatrix.

Eachof and is aproductof rotators.Thus is a productof sym-
plectic doublerotatorsandone symplecticsinglerotator The transformation
is effectedby applyingtherotatorsin the correctordet

2Genericallyit will bethe casethat , andtherotator is nontrivial. However, it could happerthat

Cf aswell, then could be anarbitraryrotatorin principle. However, we will insiston the

following rule: In ary situationwherethe entrythatis to be madezerois alreadyzeroto begin with, thenthetrivial
rotator(theidentity matrix) mustbeused.
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5. Why the algorithm works (real-eigewvalue case). Thetransformingmatrix ~ was

designedso that . Thus ; the rst columnof s
proportionalto . Thereforewe getthede ation shavnin (4.2).
Themorechallengingtaskis to shav that is in skew-HamiltonianSchurform.

To thisend,let
and

Then

soour objectiveis to shav that s in skew-HamiltonianSchurform. We will do this by
shaving thatthe skew-HamiltonianSchurform is preseredat every stepof thealgorithm.
We startwith thetransformatiorfrom to . Since

it sufces to studythe transformation . Since is a productof rotators,the
transformatiorfrom to canbe effectedby applyingtherotatorsoneafteranother
We will shav thateachof theserotatorspreseresthe uppertriangularstructureof , effect-
ing aswap of two eigervalues.
We will nd it corvenientto usecomputerprogrammingnotationhere. We will treat
asanarraywhoseentriescanbe changed.As we applytherotators, will graduallybe
transformedo , but we will continueto referto thematrixas ratherthangiving it
anew nameeachtime we changat.
Our agumentusesthe factthat is an eigervectorof . The equation
implies , whichimplies . (It canhapperthat . Ourargument
coversthatcase.)Thetransformationgn  correspondo transformationgn . For example,
whenwe change to togetanew“ ", wealsochange to , andthisis
ournewv “ . Thuswe arealsotreating asanarray It will startoutasthetrue andbe
transformedyraduallyto the nal “ ”, whichis
Let us startwith the original and . It canhappenthat , in which case
. Thusthenew , afterthe (trivial) transformationis still uppertriangular Now
assume . Thentherotator is nontrivial, andthe operation givesa
new thatsatis es and . Thetransformation recombines
the rst tworowsof andthe rst two columnsresultingin amatrixthatis uppertriangulay
exceptthatits entrycouldbenonzero.Thenew and still satisfythe relationship
. Looking atthe rst componentf this equationrememberinghat ,we
have . Thus ,and s uppertriangular Moreover, thesecondcomponent
of theequationmplies , SO . Sincewe originally had , the
similarity transformatiorhasreversedhe positionsof the rst two eigervaluesin
Now considerthe secondstep: . Immediatelybeforethis step,we
may have , in which case , the stepis trivial, andtriangularform is pre-
sened.If, ontheotherhand, , then is anontrivial rotator, andthetransformation
givesanew thatsatis es and . The corresponding
transformation operateson rows and columns2 and 3, and givesa new
thatis uppertriangular exceptthatthe entry couldbe nonzero.Thenew  and
continueto satisfythe relationship . Looking at the secondcomponenbf this
equationwe seethat . Therefore ,and is uppertriangular Looking at
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thethird componenbf theequationwe nd that . Thusanothereigervalueswap
hasoccurred.

Clearlythis sameargumentworksfor all stagef thetransformation\We concludethat
the nal , whichis really , is uppertriangular We have . In the generic
casejn whichtheoriginal satis es , eachof thetransformingrotatorsis nontrivial
andmovesthe eigervalue  downward. In theend, is at the bottomof the matrix, and
eachof the othereigervalueshasbeenmaovedup oneposition.

In the nongenericase,suppose , and . Thenthe
st componenbf the equation impliesthat . Sincealso
, we seethatthenongenericase(with ) cannotoccurunless is amultiple
eigervalueof . In this casethe rst transformationsre trivial, then the subsequent
nontrivial transformationsnovesthe eigervalue to thebottom.

In ary event,we have

where is uppertriangular
Now considerthe transformatiorfrom to , which is effectedby a
singlesymplecticrotatorin the plane.The submatrixof  extractedfrom rows

andcolumns and is

(Recallthatthe“ " matrixis skew symmetric.)This submatrixis a multiple of the identity
matrix, soit remainsunchangedinderthe transformatiorfrom to . Aninspectionof
the otherentriesin rowsandcolumns and of  shavsthatnounwantednew nonzero
entriesareproducedoy the transformationWe have

where is uppertriangular
Now considerthetransformatiorfrom to . Since

it sufces to studythetransformatiorof to .
At this point the eigervector equation has been transformedto
or

whichimplies . The th componenbf this equationis ,

implying that if . In fact,we alreadyknew this. The entry cannot
bezero,unlesstheoriginal waszero.We shovedabove thatif , thenwe musthave

Returningto our computerprogrammingstyle of notation,we now write and in
placeof and andconsidetthetransformatiorfrom to , Where
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Since is a productof rotators,the transformatiorfrom  to canbe effectedby
applyingtherotatorsoneafteranother We will shaw thateachof theserotatorspreseresthe
uppettriangularstructureof |, effectinga swap of two eigervalues.

The rst transformingrotatoris , which actsin the planeandis de-
signedto set  to zero. If already we have ,and remainsupper
triangular If , then is nontrivial, andthetransformation
leaves in uppertriangularform, exceptthat the entry could be nonzero. The
transformation givesanen with and . Thenew and

still satisfy . The th componenbf this equationis , which
implies . Thus is uppertriangular Moreover, the stcomponenbf the
equationis , whichimplies . Thustheeigervalue
hasbeenswappedupward.

The next rotator, , actsin the planeand sets to zero.
If , the rotatoris trivial, and  remainsuppertriangular If , then

is nontrivial, andthetransformation leaves inupper
triangularform, exceptthatthe entry could be nonzero. The transformation
givesanen with and . Theequation
still holds. Its st componenis , which implies .
Thus s still uppertriangular Furthermorethe nd componenbf the equationis
, whichimplies . Thustheeigervalue hasbeen
swappedonemorepositionupward.

Clearly this agumentworks at every step,andour nal , which is actually S

uppertriangular Thus  hasskew-HamiltonianHessenbeyform.

In the genericcase (which holdsaslong as ) eachof the transforming
rotatorsis nontrivial andmovestheeigervalue  upward. Intheend, hasbeenmovedto
thetopof , andeachof the othereigervalueshasbeenmoveddown oneposition.

In thegenericcase , the rst partof thealgorithmmarches from topto bottom
of , moving eachother eigervalue upward. Thenthe last part of the algorithm exactly
reverseghe processreturningall eigervaluesof  to their original positions.

We alreadydiscussedhbove the nongenericcases ,

Now considernongenericcasesn which . Then , and
Theremustbe somelargest for which f , then and ;
thewhole transformatioris trivial. Now assume . The th componentf theequation

implies that . Sincealso , we seethatthis nongenericase
cannotoccurunless hasamultiple eigervalue.In this casethe rst rotators ,
e areall trivial andtherestof therotatorspushtheeigervalue tothe
top of

6. Accommodatingcomplexeigervalues. Now we droptheassumptiorthattheeigen-
valuesareall real. Thenin thereal skew-HamiltonianSchurform

is quasitriangularthatis, it is block triangularwith and blockson the main
diagonal.Each blockhouses complex conjugatepairof eigervaluesof . Each
blockis apositiverealeigervalueof . Therearenonon-positverealeigervaluesbecause,
by assumption, hasno purelyimaginaryeigervalues.Supposehereare diagonalblocks
of dimensions ,..., .Thus iseitherl or2foreach.
As before,ourobjectieis to build anorthogonakymplectic thatcausesde ation as
explainedin section3. How we proceeddependsiponwhether is 1 or 2. If , we
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do exactly asdescribedn section4.

Now suppose . In this casespan is notinvariantunder  but span
is. It follows thatspan is invariantunder . For now we will male the
genericallyvalid assumptiorthat this spacehasdimensiord. Letting , we
have
where hascomplex conjugatesigervalues and—. Thustheeigervalues
of  associatedvith the invariantsubspacepan are , , ,and
where . Withoutlossof generalityassume

Fromspan extractatwo-dimensionasubspace , invariantunder ,

associateavith the eigervalues and . This subspacés necessarilysotropicby Proposi-
tion 2.1. Wewill build asymplecticorthogonal whoserst two columnsspan . Thiswill

guarante¢hatwe getade ation asin (3.1), where is andhas and asits eigerval-
ues.Of course musthave otherpropertieghatguaranteehatthe skew-Hamiltonianform
of the squaredmatrix is presered. We will outline the algorithm rst; thenwe will explain
why it works.

Outline of the algorithm, complex-eigeralue case. Our procedurds very similar to
thatin the caseof arealeigervalue.Let

denotea matrix whosecolumnsarean orthonormalbasisof . We canchoosethe
basissothat . Isotropy implies . The rst partof thealgorithmappliesa
sequencef rotatorsthatintroducezerosinto . Wewill usethenotation , , 2,10
denotearotatoractingin the planesuchthat introducesazeroin position
(Herewe areusingthe computemprogrammingnotationagain,referringto the position
of anarraythatstartedoutas  but hassubsequentlypeentransformedoy somerotators.)
The rotatorsare appliedin the order , . The
rotatorsarecarefulIyorderedsothatthezerosthatarecreatechrenotdestrtyedby subsequent
rotators.We canthink of therotatorsascomingin pairs. Thejob of the pair ,
togetheris to zerooutthe throw of . Let

Then , Where

SActually zerosout the entry . This malkesit possiblefor to zerooutthe entry
therebycompletingthe taskof forming zerosin row .
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Let

andlet

Next let  denoteanorthogonalsymplecticmatrix actingrows v ,
suchthat  zerosouttheremainingnonzeroentriesin , thatis,

This canbedonestablyby a productof four rotators.Startingfrom the con guration

(leaving off the superscriptto avoid notationalclutter) a symplecticrotatorin the

planesetsthe entryto zero. Thena symplecticdoublerotatoractingin the
and planestransformsthe and entriesto zerosimultaneouslyas
we explain below. Finally a symplecticrotatoractingin the planezerosoutthe

entry. is the productof theserotators.
The simultaneousppearancef two zerosis a consequencef isotropy. The condition
, which wasvalid initially, continuego holdas is transformedsinceeachof
thetransformingmatricesis symplectic. Theisotropy forces to zerowhen is set
to zero,andvice versa.
The nal partof the algorithmappliesa sequencef rotatorsthatintroducezerosinto

. Notice thatthe entry of is alreadyzero. We will usethe notation ,
, 2, to denotearotatoractingin the planesuchthat introducesa zeroin
position (actuallythetransformed ). Therotatorsareappliedin the order ,

. , . Againtherotatorsareorderedsothatthezeros
thatarecreatedarenotdestr(yed by subsequenbtators,andagaintherotatorscomein pairs.

Thejob of the pair , togetheris to zerooutthe throw of . Let

Then , where



ETNA

Kent State University
etna@mcs.kent.edu

HAMIL TONIAN SCHURFORM 151

Let

andlet

Let

This is the desiredorthogonalsymplectictransformatiommatrix.  is a productof approxi-

mately rotators;the transformation is effectedby applyingthe rotatorsin
order
7. Why the algorithm works. Thetransformingnatrix wasdesignedothat
Thus . Since span , we have
span _; the rst two columnsof  spanthe invariantsubspacef  asso-
ciatedwith and . Thereforewe getthede ation shavnin (3.1).
Againthe morechallengingtaskis to show that is in skew-HamiltonianSchur
form. Let
and
sothat

asbefore.We mustshowv that s in skew-Hamiltonianreal Schurform.
We will coverthecases and . In thecase , denotesan
matrix suchthatthe two-dimensionakpace is invariantunder . In thecase ,
will denotetheeigervector from sectionst and5s. Forthis |, theone-dimensionapace
is invariantunder

Since is invariantunder , we have , for some matrix . If
_ , then , anegative realeigervalue. If , hascomple eigervalues and
lying in theleft half-plane.Consequently or

whichimplies

Thus is invariantunder
Recalling that is quasitriangularwith main-diagonalblocks of dimension
, .-+, , Weintroducethe partition
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where is . Partitioning  conformablywith , we have
where s .

We startwith thetransformatiorfrom to , for whichiit sufces to studythetrans-
formationfrom to . Againwe will usecomputeprogrammingnotation,treating
and asarrayswhoseentriesgetchangedistherotatorsareapplied.

Theequation impliesthat
(7.1)

In particular , which remindsus that the eigervaluesof arethe same

asthoseof . Generically  will be nonsingulayimplying thatthe equation
is a similarity relationshipbetween and , butit could happenthat

Lemma9 of [4] impliesthatthesearetheonly possibilities:If is notzero,thenit mustbe
nonsingular For now we will make the genericallyvalid assumptiorthat  is nonsingular
Thenongenericasewill bediscussedater

Thealgorithmbegins by creatingzerosin thetopof . Proceeduntil the rst (L or
2)rowsof  have beentransformedo zero. In the case (resp. ), this will
require  rotators(resp.pairs of rotators). We apply theserotatorsto  aswell, effecting
an orthogonalsymplecticsimilarity transformation.The actionof theserotatorsis con ned
to the rst rowsandcolumnsof . Theresultingnew “ " remainsquasitriangular
exceptthattheblock couldnow benonzero At this pointtherelationship(7.1) will have
beentransformedo

(7.2)
Herewe mustreadjustthe partitionin orderto retainconformability The block of zerosis
, sothe new mustbe . Sincethe original wasnonsingulasthe new
mustalsobe nonsingular The new and are and , respectiely.
Thetop equationof (7.2) is , Wwhichimplies . Thusthequasitriangularity
is presered. Moreover, the secondequationof (7.2) is , whichimpliesthat

hasthe eigervaluesof  (andthenew musthave the eigervaluesof the old ).
Thustheeigervalueshave beenswapped.

In the language of invariant subspaces,equation (7.2 implies that the space
span is invariantunder . Thereforetheblock mustbezero.

Now, proceedingnductively, assumehatthe rst rowsof  havebeen
transformedo zero. At this point we have a transformecdequation . Assume
inductively that hasquasitriangulaform, where is andhasthe eigervalues
of . For ey , is andhasthe sameeigervaluesastheoriginal

had. For yeees s hasnot yet beentouchedby the algorithm. Our

current  hastheform
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wherethe zeroblock has rows, is andnonsingularand ,
.., havenotyetbeentouchedby thealgorithm.Fromthecurrentversionof theequation
we seethat

The next stepof the algorithmis to zeroout the next rows of . The situationis
exactly the sameasit wasin the case . Arguingexactly asin thatcasewe seethatthe
quasitriangularitys presered,andtheeigervaluesareswapped.

At theendof the rst stageof thealgorithmwe have

where is andnonsingular This  is whatwe previously called . The
corresponding (which is actually ) is quasitriangular is and hasthe
eigervaluesof . Eachother is and hasthe eigervaluesof the original

. At this pointwe have transformed to

Beforemoving onto the next stageof thealgorithm,we pauseto considemwhathappens

in the nongenericcases.Assume is not nonsingular Then mustbe zero. Suppose
areall zeroand . Then,by Lemma9 of [4], mustbe
and nonsingular If we partitionthe equatlon , thenthe th block equationis
. Thus is similarto  andmustthereforehave the sameeigervalues
as . We concludethatthis nongenericcasecanoccuronly if the eigervaluesof have
multiplicity greaterthanone aseigervaluesof . In this casethe rst
rotators(or pairsof rotators)aretrivial. Oncewe reach , therotatorsbecomenontrivial,
andthe eigervaluesof the block (i.e.theeigervaluesof ) getswappeddownwardto
thebottom,justasin thegenericcase Anothernongenericaseoccurswhentheentirematrix
is zeroto begin with. We will saymoreaboutthatcaselater
Whethemwe arein thegenericcaseor not, we have

where is quasi-triangular
Now considetthetransformatiorfrom to . We haveto shaw thatthe
skew-HamiltonianSchurform of

is presered by the transformation. If we write in block form conformablywith the
blockingof ,wehave blockrowsandblockcolumns.Theactionof thetransformation
affectsonly block rows andcolumns and . If we considerthe block-triangularform of
,we nd thatzeroblocksarecombinedonly with zeroblocksandno unwantednonzero
entriesareintroducedexceptpossiblyin block
To seethatthe block alsoremainszero,examineour mainequation
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bearingin mind that almostall of the entriesof are zeros. Writing the equationin
partitionedform andexaminingthe thand th block rows, we seethatthey amountto just

(7.3)

Every matrix in this picture hasdimension . The similarity transformatiorby
changeg7.3) to

(7.4)

where is the block in question. Notice that cannotavoid being nonsingular The
secondblock equationin (7.4) is , which implies , asdesired.The rst
block equationis , which saysthat is similarto  andtherefore

hasthesameeigervaluesas . If we prefer we canusethelanguageof invariantsubspaces.
Equation(7.4) shawvs thatspan is aninvariantsubspac®f ,

forcing  to be zero. Either way, we concludethat the skew-HamiltonianSchurform is
preseredin stage2 of thealgorithm.
Now considetthetransformatiofrom  to , for whichit sufces to studythetrans-

formationfrom to . At this pointthemainequation has
beentransformedo or
whichimplies , SO is invariantunder

Returningto our computerprogrammingstyle of notation,we now write and in
placeof and and considerthe transformatiorfrom  to , Where

. For now we assumehat we arein the genericcase;we will discussthe remaining
nongenericasedater Thus is quasi-triangularThe block is for ,

. The block is and hasthe eigervaluesof . If we partition

conformablywith , we have

whereeach hasits appropriatedimension.n particular is andis, in thegeneric
casenonsingularTheequation andthe quasitriangularityof  imply that
(7.5)

Thethird stageof the algorithmis wholly analogouswith the rst stage exceptthatwe
work upward insteadof downward. We begin by transformingthe bottom  rowsof to
zero. In the case (resp. ) this requires  rotators(resp.pairs of rotators).
Whenwe applytheserotatorsto , their actionis con ned to the bottom rows and
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columns,sothenew  remainsquasitriangularexceptthat the block could now be
nonzero.At this pointtherelationship(7.5) will have beentransformedo

(7.6)
Justasin stagel, we mustreadjusthepartitionin orderto retainconformability Theblock of
zeross , sothenew mustbe , andit isnonsingularThenewn and
are and , respectiely. The bottomequanonof (7.6 is
which implies . Thusthe quasitriangularityis presered. Moreover, thetop
equatiorof (7.6) is , whichimpliesthat hastheeigervalues
of (andthenew  musthavetheeigervaluesof theold ). Thustheeigervalues
have beenswapped.
In the language of invariant subspaces,equation (7.6) implies that the space
span isinvariantunder . Thereforeheblock must
bezero.

This rst stepsetsthe patternfor all of stage3. We will skip theinductionstep,which
is just like the rst step. Stage3 preseresthe quasitriangulaform of  and swapsthe
eigervaluesof  backto thetop. In theendwe have

where

whereeach is andhasthe sameeigervaluesasthe original

It seemsasif wearebackwherewe started.Indeedweare,asfaras  is concernedBut
we mustnot forgetthatour primaryinterestisin , not . Thanksto this transformation,
span (in the case ) or span (in the case ) is now invariantunder

aswellas , sowegetthede ation (3.1).

Thediscussioris now complete gxceptfor somemorenongenericases.Supposehat
atthebeginningof stage3, is singular Then,by Lemma6 of [4], mustbezero.In fact
this canhapperonly if theoriginal ~ waszero. In this casethetransformations and
arebothtrivial, andwe have . Thusthe and with whichwe begin stage3 arethe
original and . It mustbethe casethat ;infact hasfull rank . If we partition

conformablywith , we have

where is . Suppose and , ..., areall zero,andsuppose
Then,by Lemma6 of [4], is andnonsingularMoreover, theequation
impliesthat ,soweseethat  issimilarto , soit hasthesameeigervalues
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as . Thusthisnongenericasecannotariseunlessthe eigervaluesof —have multiplicity
greatetthanoneaseigervaluesof

In this nongenericaseall of the rotatorsaretrivial until theblock is reachedFrom
thatpointon,all of therotatorsarenontrivial, andthealgorithmproceedgustasin thegeneric
caseBecause is nonsingulartheargumentghatworkedin thegenericcasearevalid here

aswell. Theeigervaluesof getswappedo thetop of

Finally we considerthe nongenericase . Here is nonsingularandall other
arezero. Thisis thelucky case,in which span (when ) or
span (when ). In this caseall rotatorsaretrivial, ,and

Now thestoryis nearlycomplete.

8. One last dif culty with the nongenericcase. Our statedgoal hasbeento getthe

left-half-planeeigervaluesinto the block of the HamiltonianSchurform. In the non-
genericcasesve may fail to achieve this goal. First of all, in the “lucky” nongeneriacase
thatwe justmentionedabove, span or span is alreadyinvariantunder , andwe

getanimmediatede ation for free. If the eigervalue(s)associatedvith this invariantsub-
spacehappento be in the right half plane,thenwe geta de ation of oneor two unwanted
eigervaluesin the block.

Somethingevenworsehappensn the othernongenericasesFor clarity let usconsider

the case rst. Then , aneigervectorof . In all nongeneric
cases, . Supposehis holds,and is notaneigervector Thenspan is two

dimensionalandwe will shav immediatelybelow that the spacespannedy the rst two

columnsof  is exactly span 4 Sincetheeigervaluesassociateavith this invariant
spaceare and |, theeffectof thisis thatthe rst two columnsof have the
form

Thedesiredde ation of s followedimmediatelyby atrivial, undesiredie ation of

Let denotehespacespannedbythe rst twocolumnsof . Toseethatspan

, recallthat is the productof a large numberof rotators,the rst pair of which are

diag , andthe last pair of which arediag . Thesearethe only rotators
thatactin the plane,andthey arethe only rotatorsthat affect directly the rst col-
umnof . Let diag , andlet . Then is the sameas ,
exceptthatthe nal pair of rotatorshasnot yet beenapplied. Since , therotatorpair
diag is trivial. Therefore is a productof rotatorsthat do not acton the rst
column;the rst columnof  isthus . Noticealsothattherelationship implies
that , thespacespannedy the rst two columnsof |, is thesameasthespacespannedy
the rst two columnsof . Therefore . Recallalsothat is designedsothatits rst
columnis proportionalto , so . But . Therefore
We concludethatspan .

Theexactsamedif culty arisedn thecaseof complex eigervalues.Firstof all, therecan
betheundesiredrivial de ation of aright-half-planegpairof complex eigervaluesn the

4Recallingthat , hoticethat the condition meansexactly that span isan
isotropicsubspace.
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block. If thatdoesnt happerbut we arein the nongenericase , thenanargument
justlike theonewe gavein thereal-eigenaluecaseshovs thatthe spacespannedy the rst
four columnsof  is exactly the isotropicinvariantsubspacepan . This

meanghatthedesiredde ation of apair , isimmediatelyfollowedby theunwantedtrivial
de ation of thepair ,
Thusin nongenericasesve frequentlyendup with right-half-planeeigervaluesin the
block, andwe arefacedwith the additionalpostprocessintaskof swappingthemout.
Methodsfor swappingeigervaluesin the Hamiltonianreal Schurform have beenoutlinedby
Byers[3] andKressnef5, 6].
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