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UNIFORML Y CONVERGENT DIFFERENCE SCHEME FOR SINGULARL Y
PERTURBED PROBLEM OF MIXED TYPE

�

ILIYA A. BRAYANOV
�

Abstract. A onedimensionalsingularlyperturbedelliptic problemwith discontinuouscoef�cients is consid-
ered. The domainunderconsiderationis partitionedinto two subdomains.In the �rst subdomaina convection-
diffusion-reactionequationis posed. In the secondone we have a pure reaction-diffusion equation. The prob-
lem is discretizedusingan inverse-monotone�nite volumemethodon Shishkinmeshes.We establishan almost
second-orderglobal pointwiseconvergencethat is uniform with respectto the perturbationparameter. Numerical
experimentsthatsupportthetheoreticalresultsaregiven.

Key words. convection-diffusion problems,singularperturbation,asymptoticanalysis,�nite volumemethods,
modi�ed upwindapproximations,uniform convergence,Shishkinmesh
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1. Intr oduction. Let usconsiderthefollowing onedimensionalelliptic problem

�������
	��
��� ����������������������������� �!�����#"$�&%(')�*�+��,-"/.0�1"

(1.1)
�32!���4	��5��� ��������������� �!�����#"$�&%('�26�
��.�"87
�1"

(1.2) 9

�;:=<?>A@B�C�!�D.B�E,��F	G�F��.)	H,��I� ,-"

9

�
�

:

<?>A@

� ,-"

(1.3)
�!��,J�I�CK!LJ"M�F�N7?�$�OKQP5"

(1.4)

where
,SRT�URVRW7

and
,XRY�

LVZ
���D���

Z
�

P
"[,XRY�

L\Z
���D���

Z
�

P
]

(1.5)

The functions
�

and
�

could be discontinuousat the interfacepoint
.

. Note that the sign
patternof theconvectioncoef�cients is essentialfor thebehavior of thesolution;see[7, 8]
for moredetaileddiscussionfor convection-diffusionproblemwith discontinuousconvection
coef�cient. The solutionof this problemhasa boundarylayerat

�T�^7

andinterior layers
with differentwidthsat

�&�W.

. In
'

�

, whereconvection-diffusionproblemsarepresent,the
width of thelayer is _

�D�`�

. Sincetheconvectioncoef�cient is positive, thecharacteristicsof
thereducedproblempoint towardtheinterfacepointandaninterior layerappearsontheright
partof theboundaryof

'

�

. In
'

2

, we have a reaction-diffusionproblem.Now thereduced
problemis of zeroorderandboundarylayersof width _

��a �`�

appearon bothboundariesof
'

2

. Thecharacterof thelayerscanbereadilyseenonFig. 6.1below.
Thereis a vastliteraturedealingwith convection-diffusionandreaction-diffusionprob-

lemswith smoothcoef�cients andsmoothright handside(see[10, 11, 13, 17] for surveys),
but there are only a handful of papersdealingwith problemswith discontinuouscoef�-
cients. Suchproblemsusually presentinterior layers. The one dimensionalconvection-
diffusion problemwith discontinuousinput data is discussedrecentlyby several authors;
see[4, 7, 8, 9, 10, 15] andreferencesthere.Theonedimensionalreaction-diffusionproblem
with discontinuousinput dataandconcentratedsourceis discussedin [6, 12, 14].

Our objective in this paperis to derive global pointwiseconvergenceof almostsecond
orderthat is uniform with respectto thesmall parameter

�

. We constructpartially uniform
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Shishkinmeshesin eachsubdomain
'

�

and
'

2

. The resultingglobal meshis condensed
closelyto theboundaryandinterior layers.To deriveauniformdifferenceschemeweusean
inverse-monotone�nite volumediscretizationon layeradaptedmeshes.To obtaina second
orderschemein

'

�

we usea modi�cation of the monotoneSamarski's schemeanalogous
to [4] . In

'

2

, wherea reaction-diffusionproblemis present,we modify theschemeat the
interfacepoint, similarly to [5]. To prove

�

-uniform convergencewe usetwo typesof tech-
niques.The�rst oneusesthediscreteGreenfunction to obtaina hybrid stability inequality
that shows that themaximalnodalerror is boundedby a discrete

� P

norm of its truncation
error. A resultlike this is provedby Andreev in [1, 2] andusedlater in [3] to prove second
order

�

-uniform convergencein maximumnormfor convection-diffusionproblem.Thesec-
ondoneusestheembeddinginequalityandestimatesin negativenormto provesecondorder
uniform convergencefor reaction-diffusionproblemon non-uniformmeshes;see[16]. This
techniqueis usedin [3, 5] to provealmostsecondorder

�

-uniformconvergencein maximum
norm,for thecorrespondingproblems.

An outlineof thepaperis asfollows. In Section2, we describesomepropertiesof the
differentialsolution,constructShishkindecompositionof thesolution,andderive

�

uniform
boundsfor their derivatives. In Section3, we constructShishkinmeshcondensednearthe
boundaryandinterfacelayersandobtaina �nite volumedifferencescheme.Somea priori
boundsof the discreteproblemare given in Section4. The uniform convergenceof the
constructedschemeis provedin Section5. In Section6 wegivesomenumericalexperiments
thatsupportthetheoreticalresults.

2. Properties of analytical solution. In this sectionwe establishsomepropertiesof
solutionto problem(1.1)-(1.4) to be usedin the analysisof differencescheme.We begin
with theexistenceof asolutionof aproblem(1.1)-(1.4).

LEMMA 2.1. Supposethat
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Proof. Theconstructionof a solutionis similar to thatdescribedin [4] for a convection-

diffusionequation.Let s
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Thesecondconjugationconditionin (1.3) yieldsthefollowing conditionfor
x

:
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By virtueof (2.2),
x

is uniquelyde�ned.
Theuniquenessof thesolutionfollows from Lemma2.2below.
LEMMA 2.2. (themaximumprinciple). Supposethata function ˆ
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Denoteby œ
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. An immediateconsequenceof themaxi-
mumprincipleis thefollowing stability result.
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where
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desiredbound(2.3) on
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. Now we considerthe solutionindependentlyin eachsubdomain
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andusingtheargumentsin [4, 11], to obtaintheremainingboundsin (2.4) and(2.5).
But for thenumericalanalysisbelow we shallneeda decompositionof thesolutioninto

regular and singularpart. Using the resultsin Lemma2.2 and Lemma2.3 we obtain the
following estimates.
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Fromthepresentationit is clearthattheregularcomponenthas
�

-uniformly boundedderiva-
tives.
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Now estimates(2.10) for
l‰�4,

follow by themaximumprinciple. Theestimatesfor
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7

arederived by induction,similarly to [4]. Finally from the estimatesfor ˆ
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Thebound(2.6) follows from representation(2.8) andtheestimates(2.9), (2.11).
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3. Numerical approximation.

3.1. Grid and grid functions. To obtain
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-uniform convergentdifferenceschemewe
shall constructa specialpartially uniform (Shishkin)mesh Ô
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•
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f
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•

f

a

�!è æ ÙwÌ

a
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The structureof themeshfollows the patternof theboundaryandthe interior layers. Near
thelayersit is _

�‡�0�

in
'

�

and _

�ga �0�

in
'

2

. Theparameters•

P

and •

f play essentialrole
in the proof of the uniform convergencebelow. In section2 we obtainedthat the singular
part is smalloutsideof thelayers.More exactly it is _

�rÚ

��é?ê

�#"hlk�+7�"hn

. Thustheerrordue
to singularpartwill be _

��Ú

��é
ê

�1"€lz�ë70"€n

at thepointswherecondensedandcoarsemesh
meet.Thereforeto obtainsecondorderof convergenceweshouldhave •

P`"

•

f

mYn

; see[3, 4].
Let

�F���
~

�

and
Á��D�

~
�

bemeshfunctionsof thediscreteargument
�

~
%

Ô

Õ$Ö . Let in addition
ì be a partially continuousfunctionwith possiblediscontinuityat the meshpoint

�’Ûë�À.

.
Denoteì

~
�

ì

�D�
~

�

and ì

•

Û

�

ì

�D��ÛyµY,��

. We shallalsousethe following notationsfor the
grid,í
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]

Furtherwe shallusethediscretemaximumnorm

œ

�

œŒð

Ë‹ñ

òJó

�
¢Š£5¤

<Œô…õ

ñ

òJó

¦
�

~

¦ö]

3.2. Finite differ encescheme.To obtaina numericalapproximationwe shall usethe
balanceequationfor problem(1.1)-(1.4). Denoteby

�

~

�

P

¬hf

�y�;~/	B×‚~†Ì`n

,
�

~

�

P

¬hf

�C�!�D�

~

�

P

¬hf

�

.
Integratingequation(1.1) on theinterval
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~

�

P

¬hf
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~

2

P

¬hf

�

,
•F�
70"

]8]8]
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anddividing by
í

×
~

we get
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2

P

¬hf

	G�
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P

¬hf

�3�

7

í

×
~F÷

<
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(3.1)

After approximationof theintegralsin (3.1) weobtain

	

�

í

×
~cü

�
�

~

2

P

¬hf

��7p	

Ã

Ö

~

2

P
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~
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Ã
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~
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(3.2)

where

�

Ö

~
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] þ

×‚~g�1"

Ã

Ö

~
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×
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�

Ö
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Now we approximate
� �

~

�

P
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~ "$� �

~

2

P
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î 2��
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(3.3)

andusethat
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]

Ignoring the term
�5�

� �

in (1.1) we replacethe �rst derivative
�

�

by
�r�‰	T�
���hÌ
�

to obtainan
approximation
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Thusfrom (3.2) wegeton theleft thesocalledmodi�ed Samarskiischeme,see[2].
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Integratingequation(1.2) on the interval
�D�

~

�

P

¬hf
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~

2

P

¬hf

�

,
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and
dividing by

í

×‚~

we get
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(3.5)

After approximationof the integralsin (3.5), applying(3.3), we obtainthe following �nite
differenceschemeon theright of theinterface
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(3.6)

To obtainnumericalapproximationontheinterfaceweintegrateequation(1.1) onthein-
terval
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�

P

¬/f
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andusetheinterfaceconditions(1.3) to get
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(3.7)
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After approximationof theintegralsin (3.7) weget
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Now usingtheequation(1.2) andtheinterfaceconditions(1.3) we approximate
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The term
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�

is addedto ensurethe secondorder of convergence(see
the proof of Theorem5.1 below). Thuswe obtain the following differenceschemeon the
interface
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Settingtheboundaryconditions
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L

"
�$Ü
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(3.9)

we obtainthe discreteproblem( �

Ö

): (3.4), (3.6), (3.8), (3.9). By (1.5) the coef�cients in
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) aresuchthat
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Since
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(3.11)

Thereforethis differenceschemesatis�esthediscretemaximumprinciple.
LEMMA 3.1. If
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�
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, then
�

mC,

on Ô
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Ö .

An immediateconsequenceof thisdiscretemaximumprincipleis thefollowing inequal-
ity,

LEMMA 3.2. Let
�
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4. A priori estimates.Let �
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beasolutionto thediscreteproblem( �
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For the grid functionsde�ned on the mesh Ô
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andthenorms
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Thefollowing problem( �
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Now, we considertheGreenfunction �
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of problem( �
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). As a functionof
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As a functionof
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LEMMA 4.1. If conditions(3.10) are ful�lled, theGreenfunction �
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Moreover, thesolutionto problem( �

Ö

Ë

�

) satis�estheestimate

œ �

�

œ

ð

Ë‹ñ

ò

ú

ó

Z �

�

P

L

œ

�

Ö

Ë

�A: ¦

P1Ë

ò

ú

ó

]

(4.6)

Proof. Fix
� ~ %

Õ

�

Ö . Thefact that theGreenfunctionis nonnegativeobviously follows
from (4.2) andthevalidity of themaximumprinciple for

�

Ö

Ë

�

underconditions(3.10). To
derive theestimatein (4.5), considera point

�

Æ

“

%

Ôˆ

�

Ö suchthat

�

�3�D��~N"��

Æ

“

�I� ¢Š£5¤

!#"

õ

ñ

$�ò

ú

ó

�

�3�D��~/"��

Æ

� ]

(4.7)

Multiplying (4.3) by

í

×

Æ for
Ç��•7%�‚ØÓ	O7

, by
×;ÛVÌ`n

for
Ç��‘n

andsummingup theresults
with respectto

Ç

from
Ç?L

to
Ø

oneobtains
Û

�

P

Â

Æ

>

Æ
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×

Æ

�

Ö

�

Ë
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Æ
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�
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�
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“

�
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Æ

“
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Æ
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Æ
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�
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�
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P

Â

Æ

>

Æ

“

í

×

Æ

˜

Ö

�D�
~

"��

Æ

�’�

×
Û

n

˜

Ö

���
~

"��0Û›�
Z

7
]

(4.8)

Sincethe Green's function is nonnegative and(4.7) holds, thenall termsin (4.8) arenon-
negative. Thus(3.10) implies (4.5). The estimate(4.6) follows directly from (4.5) andthe
representation(4.4).

Let now �

2

, �

2

~

�

�

2

Û

2

~ bea solutionto thediscreteproblem( �

Ö

Ë

2

):

�

Ö

Ë

2

�

2

~

�
	��

í

îÍ2$î‰�

�

2

~

�E�8~

�

2

~

�y�5~/"M•F�yØä�y70"
]Œ]8]
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�

2

Ü

� ,-"M�

Ö

Ë

2

�

2

Û
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×‚Û

2

P#�8Û

2

L

•

	

n5�

×
Û

2

P
±

î
2

�

ÛY�E�

Ö

Ë

2

Û

�

2

Û
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Ö

Ë

2

Û

]

where

�

Ö

Ë

2

Û

� �8Û

2

L3�

×
Û

2

P

•

î
2

�ŒÛU"I�

Ö

Ë

2

Û

�y�5Û

2

L{�

×
Û

2

P

•

î
2

�5Û
]

Denote
�

Ö

Ë

2

~

�À�5~

and
�

Ö

Ë

2

~

�u�Œ~

for
•)�äØë�„7�"

]8]Œ]
"/ÚÄ	 7

. Theproblem( �

Ö

Ë

2

) canbe
written in operatorform

x
2

�

2

~

� �

Ö

Ë

2
"N•€"$•F�yØ*"

]8]Œ]
"/ÚÓ	Y70"

�

Ü(�O,
]

(4.9)

For thegrid functionsde�nedonthemesh Ô

Õ

2

Ö

�„—Œ�
Û

"
]8]8]

"N�
Ü

™

andvanishingfor
�

Ü

, de�ne
thescalarproduct
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Ü
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Û

2

P
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~
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Ü
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×
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~
Á
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]

(4.10)

where

&
×

Û
�

•�×;Û

2

P/�




�B	6�
Û

2

L
×

f

Û

2

P

Z�'#L
×

Û

2

P
]
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and
' L

is independentof
�

constant,givenin (3.11).
LEMMA 4.2. Theoperator

x

2

from(4.9) is selfadjointandpositivede�nite in thescalar
product

9

] " ] �

L8Ë

ò

ø

ó

de�ned in (4.10). For arbitrary discretefunctionss

"NÁ

de�ned on Õ

2
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9
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]

(4.11)

Proof. Theoperator
x

2

satis�es
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ò
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]

Now thestatementof thelemmafollows from thepositivity of
�

Ö

Ë

2

~ .
Since

x

2

is selfadjoint andpositive de�nite operator, then
��x

2

�

�

P

is alsoselfadjoint
andpositivede�nite operator. Sowecande�ne theenergy norms
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(4.12)

LEMMA 4.3. Let �

2

bea solutionto problem( �

Ö

Ë

2

) then
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]

(4.13)

for somepositiveconstant
d

independentof thesmallparameter
�

.
Proof. Since

x

2

�

2

�W�

Ö

Ë

2

then �

2

�ä�rx

2

�

�

P

�
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. Usingtheembeddinginequality
(see[16])
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ó

andestimate(4.11) we have
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5. Uniform convergence.Supposethat
Ø

ÿ

Ù

ÿ

ÚÍÌ`n

. Let ,

�
�

	G�

betheerrorof
thediscreteproblem( �

Ö

). Then , satis�es
�

Ö

,

�
�g�

Ö

~

	6�5~g�F	C���

Ö

��~A	H�I��~r�I�OK!~/"M�;~I%

Õ
Ö

"

,

L
�

,

Ü
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]

Thenext Theoremgivesthemainresultin this paper.
THEOREM 5.1. Let theconditionsin Theorem2.4 beful�lled. If theparameters of the

meshsatisfy •

P
"

•

f

m„n

,
Ù

ÿ

Ø

ÿ

ÚÍÌ`n

, and
Ú

is suf�ciently large (3.11) to hold, thenthe
solution

�

of the discreteproblem( �

Ö

) is
�

-uniformly convergent to the solution
�

to the
continuousproblem(1.1)-(1.4) in discretemaximumnormandthefollowing estimateshold

œ

�
	*�

œ
ð

Ë

ò�ó

Z
d›ÚH��fAè

æ

f

Úi"

(5.1)
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for somepositiveconstant
d

independentof the parameters of the meshand the small pa-
rameter

�

.
Proof. Using the fact that the solution

�

can be decomposedinto regular part
Á

and
singularpart ˆ , thatsatisfytheestimates(2.6)-(2.8) in Theorem2.4wecanwrite theapprox-
imationerror

KI~

in theform

K ~ �CKQP1Ë ~ ��K

f

Ë ~

where

K P1Ë ~w� �
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�
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�
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2

P :

. We begin with the
internalpointsin Õ

�

Ö . Theapproximationerrorhastheform, see[4]
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-uniformly bounded,wecanprove
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(5.2)

On theinterfacewepresenttheapproximationerrorin theform
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Z d 24 �0× Ûu¢Š£`¤
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At theinteriorpointson theinterval
�D.�"Œ7?�

we presenttheapproximationerrorin theform
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Now we decomposethe error , in the form ,
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UsingTheorem2.4andestimates(5.2)-(5.4), similarly to [2, 4] weobtain
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Applying theapriori estimates(4.6) we get
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Thesecondterm ,
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is asolutionto theproblem
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Applying thea priori estimates(4.13) we get
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Thelastterm ,

}

is a solutionto theproblem
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UsingTheorem2.4andestimates(5.7),(5.8), (5.10), (5.11), similarly to [2, 4] weobtain
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Now from thecomparisonprinciplefor operator
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Thetheoremfollowsnow from estimates(5.12)-(5.14)

REMARK 5.2. Therequirements
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6. Numerical results. Considertheproblem
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Thesolutionof this problemexhibits typical boundaryandinterfacelayerbehavior (seeFig.
6.1). For our testswe take
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. The exact solution of this problemis not
known. To investigatetheconvergenceratewecompareour numericalresultswith thelinear
interpolationof thesolutionfor

Ú”�ä7
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. Table6.1displaystheresultsof our numerical
experiments. For large
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we observe almostsecond-order
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$ is themaximumerrornormerrorfor thecorrespondingvalueof
Ú

. Figure
6.1 shows theapproximatesolutionandthe maximalerror for
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and
�&�Ên
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. It
illustratesvery well theboundaryandinterior layersbehavior of thesolution. Thusthenu-
mericalresultssupportthetheoreticalonesandshow theeffectivenessof thespecialmeshes.

TABLE 6.1
Error of thesolutiononShishkin's meshes

TVUVW XVY Z\[ ]�YV^ YV_VZ _�]�Y ]�`VY\[ YV`\[a^

T�b�] 6.53e-5 1.62e-5 4.04e-6 1.01e-6 2.52e-7 6.28e-8 1.56e-8
c�d 2.01 2.01 2.00 2.00 2.00 2.01 2.04

T�beY�f�g 2.34e-4 5.46e-5 1.31e-5 3.19e-6 7.87e-7 1.95e-7 4.80e-8
c�d 2.10 2.06 2.03 2.02 2.01 2.02 2.07

T�beY�fNh 2.01e-3 5.67e-4 1.49e-4 3.81e-5 9.65e-6 2.42e-6 6.00e-7
c

d 1.83 1.93 1.96 1.98 1.99 2.01 2.07
T�beY�fNi 2 2.74e-3 9.34e-4 3.84e-4 1.42e-4 4.93e-5 1.61e-5 5.03e-6

c�d 1.55 1.28 1.43 1.53 1.61 1.68 1.78
T�beY

fNj 1.04e-2 2.77e-3 7.03e-4 1.77e-4 4.41e-5 1.10e-5 2.72e-6
c�d 1.91 1.98 1.99 2.00 2.00 2.01 1.95

T�bkY
fml9n 1.80e-2 7.94e-3 2.79e-3 7.09e-4 1.78e-4 4.44e-5 1.10e-5

c�d 1.18 1.51 1.98 1.99 2.00 2.01 2.07
T�bkY

fml�g 1.80e-2 7.96e-3 3.02e-3 1.04e-3 3.41e-4 1.06e-4 3.19e-5
c

d 1.18 1.40 1.54 1.60 1.68 1.74 1.77
T�bkY�fml9h 1.80e-2 7.98e-3 3.02e-3 1.04e-3 3.41e-4 1.06e-4 3.20e-5

c�d 1.18 1.40 1.54 1.61 1.68 1.73 1.80
T�bkY

fml9i 1.80e-2 7.98e-3 3.03e-3 1.04e-3 3.41e-4 1.07e-4 3.20e-5
c�d 1.17 1.40 1.54 1.61 1.68 1.73 1.80

T�bkY
fml9j 1.80e-2 7.99e-3 3.03e-3 1.04e-3 3.42e-4 1.07e-4 3.20e-5

c
d 1.17 1.40 1.54 1.61 1.68 1.73 1.80
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