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UNIFORML Y CONVERGENT DIFFERENCE SCHEME FOR SINGULARLY
PERTURBED PROBLEM OF MIXED TYPE

ILIYA A. BRAYANOV

Abstract. A onedimensionakingularly perturbedelliptic problemwith discontinuousoefcients is consid-
ered. The domainunderconsideratioris partitionedinto two subdomains.In the rst subdomaina corvection-
diffusion-reactionequationis posed. In the secondone we have a pure reaction-difusion equation. The prob-
lem is discretizedusingan inverse-monotonenite volume methodon Shishkinmeshes.We establishan almost
second-ordeglobal pointwiseconvergencethatis uniform with respecto the perturbationparameter Numerical
experimentghatsupportthetheoreticaresultsaregiven.

Keywords. convection-difusion problems singularperturbationasymptoticanalysis, nite volumemethods,
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1. Intr oduction. Letusconsiderthefollowing onedimensionaklliptic problem

(1.1)
(1.2)
(1.3)
(1.4)

where and
(1.5)

The functions and could be discontinuousat the interfacepoint . Note that the sign
patternof the corvectioncoefcients is essentiafor the behavior of the solution; see[ 7, 8]
for moredetaileddiscussiorfor convection-difusionproblemwith discontinuougornvection
coefcient. The solutionof this problemhasa boundarylayer at andinterior layers
with differentwidths at .In , wherecorvection-difusionproblemsarepresentthe
width of thelayeris . Sincethe convectioncoefcient is positive, the characteristicof
thereducedoroblempointtowardtheinterfacepointandaninteriorlayerappear®ntheright
partof theboundaryof . In |, wehave areaction-difusionproblem.Now thereduced
problemis of zeroorderandboundarylayersof width ~ appeann bothboundarieof
. Thecharacteof thelayerscanbereadilyseenon Fig. 6.1 below.

Thereis a vastliteraturedealingwith corvection-difusionandreaction-difusionprob-
lemswith smoothcoefcients andsmoothright handside (see[10, 11, 13, 17] for suneys),
but there are only a handful of papersdealingwith problemswith discontinuouscoef-
cients. Such problemsusually presentinterior layers. The one dimensionalcorvection-
diffusion problemwith discontinuousnput datais discussedecentlyby several authors;
se€[4, 7, 8, 9, 10, 15] andreferenceshere.The onedimensionateaction-difusionproblem
with discontinuousnput dataandconcentratedourceis discussedhn [6, 12, 14].

Our objective in this paperis to derive global pointwisecorvergenceof almostsecond
orderthatis uniform with respecto the small parameter . We constructpartially uniform
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Shishkinmeshedn eachsubdomain and . Theresultingglobal meshis condensed
closelyto the boundaryandinterior layers.To derive a uniform differenceschemewve usean
inverse-monotoneaiite volumediscretizationon layer adaptedneshes.To obtaina second
orderschemdn we usea modi cation of the monotoneSamarski schemeanalogous
to[4] . In , whereareaction-difusionproblemis presentwe modify the schemeat the
interfacepoint, similarly to [5]. To prove -uniform corvergencewe usetwo typesof tech-
niques.The rst oneusesthe discreteGreenfunctionto obtaina hybrid stability inequality
that shaws thatthe maximalnodalerroris boundedby a discrete  norm of its truncation
error. A resultlike thisis provedby Andreev in [1, 2] andusedlaterin [3] to prove second
order -uniform corvergencen maximumnormfor corvection-difusionproblem.Thesec-
ondoneusegheembeddingnequalityandestimatesn negative normto prove seconcrder
uniform corvergencefor reaction-difusionproblemon non-uniformmeshessee[16]. This
techniquds usedin [3, 5] to prove almostsecondrder -uniform corvergencein maximum
norm,for thecorrespondingproblems.

An outline of the paperis asfollows. In Section2, we describesomepropertiesof the
differentialsolution,constructShishkindecompositiorof the solution,andderive  uniform
boundsfor their derivatives. In Section3, we constructShishkinmeshcondensedhearthe
boundaryandinterfacelayersandobtaina nite volumedifferencescheme.Somea priori
boundsof the discreteproblemare given in Section4. The uniform corvergenceof the
constructecchemas provedin Sectionb. In Section6 we give somenumericalexperiments
thatsupportthetheoreticakesults.

2. Properties of analytical solution. In this sectionwe establishsomepropertiesof
solutionto problem(1.1)-(1.4) to be usedin the analysisof differencescheme.We begin
with the existenceof a solutionof a problem(1.1)-(1.4).

LEMMA 2.1. Supposéehat

(2.2) integer

Then,problem(1.1)-(1.4) hasa solution
Proof. The constructiorof a solutionis similarto thatdescrlbedn [4] for acorvection-
diffusionequationLet and beparticularsolutionsto the differentialproblems

Considerthefunction

wherethefunctions satisfythe problems

From(2.1) followsthatthefunctions exist andhave derivativesup to order
within their domains.By the maximumprinciple, and

(2.2)

The secondconjugationconditionin (1.3) yieldsthefollowing conditionfor



ETNA

Kent State University
etna@mcs.kent.edu

290 |. BRAYANOV

By virtueof (2.2), isuniquelyde ned.O
Theuniquenessf the solutionfollows from Lemma?2.2 below.
LEMMA 2.2. (themaximunprinciple). Supposehata function

satis es
then for all

Proof Let bea pointat which attainsits maximalvaluein . If ,
thereis nothingto prove. Supposehereforethat , the proof is completedby
shawing thatthis leadsto contradiction.With the abose assumptioron the boundaryvalue,
either or f then , . Therefore

, whichis a contradiction.

Theonly possibilityremainingis that . Therearetwo possiblecases.

1. Thefunction is notdifferentiableat . Since isapointatwhich attains
its maximalvalue,then , and , which is the
requiredcontradiction.

2. The function is differentiableat . Then andthereexists a
subintenal suchthat

and

Let . Thereexists , suchthat
and , satisfying
Then and , whichis therequiredcontradiction. O

Denoteby — themaximumnormin . An immediateconsequencef the maxi-
mum principleis the following stability result.

LEMMA 2.3. Let - bea solutionof problem(1.1)-(1.4), then
(2.3) - _
and
(2.4) B

(2.5)
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whee

and isindependendf positiveconstant.
Proof. Put , Where ——— . Clearly

) ) andfor each ,

It follows from the maximumprinciple that for all ~, which leadsto the
desiredbound(2.3) on . Now we considerthe solutionindependentlyn eachsubdomain
andusingtheargumentsn [4, 11], to obtaintheremainingboundsin (2.4) and(2.5). 0

But for the numericalanalysisbelowv we shallneeda decompositiorof the solutioninto
regular and singularpart. Using the resultsin Lemma?2.2 and LemmaZ2.3 we obtainthe
following estimates.

THEOREM 2.4. Letthefunctions and besufciently smoothin each subdomain

and . Thenthesolution of problem(1.1)-(1.4) admitstherepresentation

wheie theregular part andthe singular part satisfyfor all natural ,
theestimates

(2.6) -

and

(2.7) -

(2.8) -

for somepositiveconstant independentf the smallparameter .
Proof. Theregularpart is soughtin theform

wherethe functions aresolutionsto the problems

andthefunctions satisfy



ETNA

Kent State University
etna@mcs.kent.edu

292 |. BRAYANOV

Fromthepresentatioiit is clearthattheregularcomponenhas -uniformly boundedderiva-
tives.

(2.9) -
The singularpartis representeds , wherethe functions
, aresolutionsto theproblems
and in . Similarly asin [11] we canprove that satisfythe estimateg2.9).
Theseconderm satisfyfor theproblems

We shallprove thatthefunctions satisfythebounds
(2.10) _ _

De ne thefollowing barrierfunctionfor and

Thenusingtheestimatedor and we have

Now estimateg2.10) for follow by the maximumprinciple. The estimatedor
arederived by induction, similarly to [4]. Finally from the estimatedor and bounds
(2.10 we obtain(2.7) and(2.9).

Theremainder solvestheproblem

Applying estimateg2.4),(2.5 in Lemma2.3we obtain
(2.12) -

Thebound(2.6) follows from representatio(2.8) andthe estimateg2.9), (2.11). O
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3. Numerical approximation.

3.1. Grid and grid functions. To obtain -uniform corvergentdifferenceschemewe
shall constructa specialpartially uniform (Shishkinymesh  condensedhearto boundary
andaroundinterfacepoint

where

The structureof the meshfollows the patternof the boundaryandtheinterior layers. Near
thelayersit is in and " in . Theparameters and playessentiatole
in the proof of the uniform corvergencebelow. In section2 we obtainedthat the singular
partis smalloutsideof thelayers.More exactlyit is . Thustheerrordue
to singularpartwill be atthe pointswherecondense@dndcoarsemesh
meet.Thereforeto obtainsecondrderof corvergencewne shouldhave ; se€[3, 4].
Let and be meshfunctionsof thediscreteargument . Letin addition
be a partially continuousfunction with possiblediscontinuityat the meshpoint
Denote and . We shallalsousethe following notationsfor the
grid,

Furtherwe shallusethediscretemaximumnorm

3.2. Finite differ encescheme. To obtaina numericalapproximationwe shall usethe
balancesquatiorfor problem(1.1)-(1.4). Denoteby , .
Integratingequation(1.1) ontheinterval , anddividing by

we get

(3.1) — —

After approximatiorof theintegralsin (3.1) we obtain
(3.2) —

where
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Now we approximate
(3.3)

andusethat

Ignoringtheterm in (1.1) we replacethe rst derivative by to obtainan
approximation

Thusfrom (3.2) we getontheleft thesocalledmodi ed Samarskischemesee[2].
(3.4)

where

Integratingequation(1.2) onthe intenal , and
dividingby weget

(3.5) — —

After approximationof the integralsin (3.5), applying(3.3), we obtainthe following nite
differenceschemenntheright of theinterface

(3.6)

To obtainnumericalapproximatiorontheinterfacewe integrateequation(1.1) onthein-
tenal , equation(1.2) ontheinterval , sumtheintegrands
andusetheinterfaceconditions(1.3) to get

(3.7) .



ETNA

Kent State University
etna@mcs.kent.edu

SINGULARLY PERTURBED PROBLEM OF MIXED TYPE 295

After approximatiorof theintegralsin (3.7) we get

Now usingtheequation(1.2) andtheinterfaceconditions(1.3) we approximate

The term is addedto ensurethe secondorder of cornvergence(see
the proof of Theorem5.1 below). Thuswe obtainthe following differenceschemeon the
interface

(3.8) -

where

Settingthe boundaryconditions
(3.9)

we obtainthe discreteproblem( ): (3.4), (3.6), (3.9), (3.9). By (1.5 the coefcients in
() aresuchthat

(3.10)

Since B thenfor sufciently large independendf holds

(3.11) -

Thereforethis differenceschemesatis esthediscretemaximumprinciple.

LEMMA 3.1. If and ,then on .

An immediateconsequencef this discretemaximumprincipleis thefollowing inequal-
ity,

LEMMA 3.2. Let bea solutionto thediscreteproblem satisfyingzeo boundary
conditions.Then



ETNA

Kent State University
etna@mcs.kent.edu

296 |. BRAYANOV

4. A priori estimates. Let be a solutionto thediscreteproblem( ),

where

For the grid functionsde ned on the mesh andvanishingfor
de ne thescalarproduct

4.1) —
andthenorms
Thefollowing problem( ) is adjointto ( ) in the senseof the scalamproduct(4.1),
Now, we considerthe Greenfunction of problem( ). As afunction of
,with  heldconstantit is de ned by therelations
4.2)
As afunctionof ,with heldconstantGreenfunction satis estheequations
(4.3)
where
if
if
Denote for . It is obviousthatthe solutionto problem( )is
expressedn termsof Greenfunctionas
(4.4)
whereaghe solutionto ( ) iswrittenas
LEMMA 4.1. If conditions(3.10 areful lled, the Greenfunction is nonngy-

ativeand -uniformlybounded:

(4.5)
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Moreover, the solutionto problem( ) satis esthe estimate

(4.6)

Proof. Fix . Thefactthatthe Greenfunctionis nonneative obviously follows
from (4.2) andthe validity of the maximumprinciple for underconditions(3.10. To
derivethe estimatean (4.5), considera point suchthat

(4.7)

Multiplying (4.3) by  for , by for andsummingup theresults
with respecto from to oneobtains

(4.8) —

Sincethe Greens functionis nonneyative and (4.7) holds,thenall termsin (4.8) are non-
negative. Thus(3.10 implies (4.5. The estimate(4.6) follows directly from (4.5) andthe
representatio4.4). 0

Letnow beasolutionto thediscreteproblem( ):
where
Denote and for . The problem( ) canbe

written in operatorform
(4.9)

For thegrid functionsde ned onthemesh andvanishingfor , de ne
thescalamproduct

(4.10)

where
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and isindependendf constantgivenin (3.11).
LEMMA 4.2. Theopertor  from(4.9) is selfadjointandpositivede nite in thescalar

product de nedin (4.10. For arbitrary discretefunctions  de nedon and
satisfying holds
(4.11)

Proof. Theoperator  satis es

Now the statemenof thelemmafollows from the positivity of .0
Since is selfadjoint and positive de nite operatoy then is alsoselfadjoint
andpositive de nite operator Sowe cande ne theenegy norms

(4.12)

LEMMA 4.3. Let bea solutionto problem( ) then

(4.13) —
for somepositiveconstant independentf thesmallparameter .

Proof. Since then . Usingthe embeddingnequality
(se€[16])

andestimatg4.11) we have

5. Uniform cornvergence. Supposéhat . Let betheerrorof
thediscreteproblem( ). Then satis es

Thenext Theoremgivesthe mainresultin this paper

THEOREM 5.1. Lettheconditionsin Theoem?2.4 beful lled. If the parametes of the
meshsatisfy , ,and is sufciently large (3.11) to hold, thenthe
solution of the discrete problem( ) is -uniformly corvergentto the solution to the
continuougproblem(1.1)-(1.4) in discretemaximurmormandthefollowing estimatesold

(5.1)
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for somepositiveconstant independenobf the parametes of the meshand the small pa-
rameter .

Proof. Using the fact that the solution canbe decomposedhnto regular part and
singularpart , thatsatisfythe estimate$2.6)-(2.8) in Theorem2.4we canwrite theapprox-
imationerror in theform

where

Denote , and . We begin with the
internalpointsin . Theapproximatiorerrorhastheform, see[4]

Similarly to [2, 4], usingthat is -uniformly boundedwe canprove

(5.2)

Ontheinterfacewe presentheapproximatiorerrorin theform

where

(5.3)
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(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

At theinterior pointsontheinterval we presentheapproximatiorerrorin theform

where

(5.9) —

(5.10)

(5.11)

Now we decomposehe error  in the form . The rst term
solutionto the problem

Using Theorem2.4 andestimate$5.2)-(5.4), similarly to[2, 4] we obtain

Applying thea priori estimateg4.6) we get

(5.12)

is a
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Theseconderm isasolutionto the problem

where

Using Theorem?2.4 andestimateg5.5),(5.6), (5.9 we obtain

Let and then

Therefore

Applying thea priori estimateg4.13 we get
(5.13) —

Thelastterm  is asolutionto the problem

Using Theorem?2.4 andestimateg5.7),(5.9), (5.10, (5.11), similarly to [2, 4] we obtain

Now from the comparisorprinciplefor operator we nd

(5.14)
Thetheoremfollows now from estimateg5.12-(5.14) O

REMARK 5.2. Therequirements areatechnicality In thegeneralcase
it is clearfrom the analysisabove that the order of corvergencewill be
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6. Numerical results. Considertheproblem

The solutionof this problemexhibits typical boundaryandinterfacelayerbehaior (seeFig.

6.1). For our testswe take . The exact solution of this problemis not
known. To investigatehe corvergenceratewe compareour numericalresultswith thelinear
interpolationof the solutionfor . Table6.1 displaysthe resultsof our numerical

experiments. For large  we obsere almostsecond-order -uniform corvergence. The
corvergenceateis takento be

where is the maximumerrornormerrorfor thecorrespondingalueof . Figure
6.1 shows the approximatesolutionandthe maximalerror for and Ct
illustratesvery well the boundaryandinterior layersbehaior of the solution. Thusthe nu-
mericalresultssupportthe theoreticabnesandshaw the effectivenesof the specialmeshes.

TABLEG.1
Error of thesolutionon Shishkins meshes

6.53e-5| 1.62e-5| 4.04e-6 | 1.0le-6| 2.52e-7 | 6.28e-8 | 1.56e-8
2.01 2.01 2.00 2.00 2.00 2.01 2.04
2.34e-4| 5.46e-5| 1.31le-5| 3.19e-6| 7.87e-7 | 1.95e-7 | 4.80e-8
2.10 2.06 2.03 2.02 2.01 2.02 2.07
2.01le-3| 5.67e-4| 1.49e-4| 3.8le-5| 9.65e-6 | 2.42e-6 | 6.00e-7
1.83 1.93 1.96 1.98 1.99 2.01 2.07
2 | 2.74e-3| 9.34e-4| 3.84e-4| 1.42e-4| 4.93e-5| 1.61e-5| 5.03e-6
1.55 1.28 1.43 1.53 1.61 1.68 1.78
1.04e-2| 2.77e-3| 7.03e-4| 1.77e-4| 4.41e-5| 1.10e-5| 2.72e-6
1.91 1.98 1.99 2.00 2.00 2.01 1.95
1.80e-2| 7.94e-3| 2.79e-3| 7.09e-4 | 1.78e-4 | 4.44e-5| 1.10e-5
1.18 1.51 1.98 1.99 2.00 2.01 2.07
1.80e-2| 7.96e-3| 3.02e-3| 1.04e-3| 3.41e-4| 1.06e-4 | 3.19e-5
1.18 1.40 1.54 1.60 1.68 1.74 1.77
1.80e-2| 7.98e-3| 3.02e-3| 1.04e-3| 3.41e-4| 1.06e-4 | 3.20e-5
1.18 1.40 1.54 1.61 1.68 1.73 1.80
1.80e-2| 7.98e-3| 3.03e-3| 1.04e-3| 3.41e-4| 1.07e-4 | 3.20e-5
1.17 1.40 1.54 1.61 1.68 1.73 1.80
1.80e-2| 7.99e-3| 3.03e-3| 1.04e-3| 3.42e-4 | 1.07e-4 | 3.20e-5
1.17 1.40 1.54 1.61 1.68 1.73 1.80
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