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APPROXIMA TION OF THE HILBER T TRANSFORM
VIA USEOF SINC CONVOLUTION

�

TOSHIHIRO YAMAMOTO
�

Abstract. This paperderivesa novel methodof approximatingtheHilbert transformby theuseof sincconvo-
lution. Theproposedmethodmaybeusedto approximatetheHilbert transformover any subinterval � of thereal
line �����	��

��
�� , which meansthe interval � maybea �nite or semi-in�nite interval, or theentirereal line � .
Givenacolumnvector � consistingof � valuesof a function � de�ned on � sincpointsof � , weobtaina column
vector �
����� whoseentriesapproximatethe Hilbert transformon the samesetof � sinc points. The present
paperdescribesanexplicit methodfor theconstructionof suchamatrix � .

Keywords. Sincmethods,Hilbert transform,Cauchyprincipalvalueintegral
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1. Intr oduction and summary. In thispaper, wederiveanovel collocationformulafor
approximatingtheHilbert transform
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via useof sincconvolution,which is a methodof approximatingconvolutions[3, 8 4.6]. The
symbol &9( ):( denotestheCauchyprincipalvalueasusual.

We restrictour examplesto the casein which ; is either the real line <

$=�>2@?A6B?C�

or a subinterval of < , althoughwe caneasilyextendtheproposedformula to moregeneral
analyticarcs. Methodsfor suchapproximationshave previously beenobtainedvia useof a
setof basisfunctionsderivedfor this purposein [3, 8 5.2]. However, themethodderivedin
this paperis moreaccuratefor thepurposeof collocatingtheHilbert transform.

In Section2, which follows,we describethesinctoolswhich we shall requireto derive
our formula for approximating

���

on ; . In Section3, we derive our novel formula for the
Hilbert transform,andprescribeexplicit conditionsunderwhich we canexpectour derived
formulato beaccurate.In Section4, wegivesomeillustrativeexamplesusingour formula.

2. The requisitesinc tools. We review heresometools for sincapproximationwhich
weshallrequireto deriveourcollocationformulafor approximating

���

on ; . We �rst intro-
ducesomespacesfor sincapproximation,andthendescribesincinterpolation,sincinde�nite
integrationandsincconvolution. Theresultsin this sectionarederivedin [3], andtherefore
theproofsareomitted.Thereadercanalso�nd a moredetailedsummaryof sincmethodsin
[2, 4].

2.1. Sinc spaces.We introduceheretwo importantspacesof functions D9E�F G

�	HI�

and
J

EKF G

�LHI�

.
Givena positive number5 , let

H

bea conformalmapof a domainMONAP ontothestrip
region MQG which is de�ned by

MQG

$SRUTWV
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( P denotesthecomplex plane).Now, ; is ageneralanalyticarcwhich is de�ned by
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Let ; have endpoints j

$hH

dke
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and l

$mH

d/e

�n?��

, andde�ne o by o

�	_]�pbhqsrKtvuxw

. We
thenlet theclassD E�F G

�LHy�

denotethefamily of all functionsz thatareanalyticanduniformly
boundedin M with
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Insteadof usingthestrip region M:G , theparameter5 is alsodeterminedby thecondition
€
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where
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•

is theFouriertransformof z*Œ
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, i.e.,
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The secondclass
J

E�F G

�	HI�

will denotethe family of all functions
�

that are analytic and
boundedin M , andsatisfy z

$•�Q2’‘“��V
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, where
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Note that
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and
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�

j

�šbœ›

and o

�

l

�Šb'?

. Then,it
follows that z
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.
THEOREM 2.1. Let 5.•

VA�	›ž6

5
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. ThespacesD
EKF G

�	HI�

and
J

E�F G

�	HI�

havethe following
properties:

i. If z
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iv. If z

V

D
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, then
�

z

V
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.

2.2. Sincinterpolation on ; . Thesincfunction ¢1£v¤ž¥
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andthesincfunction ¦
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arede�ned by
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where
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and
§�Vc±

(
±

denotesthe setof all integers). We thende�ne the sinc basis
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whereº and 5 arepositivenumbersusedin Section2.1.
We let Ë denotetherow vectorof basisfunctions
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We thenalsode�ne the sinc pointson ; by
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where
©

is asabove. Givena function Î de�ned on ; , we de�ne a diagonalmatrix Ï andan
operator) by
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We alsode�ne anormby Ø
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For sincinterpolation,we havethefollowing theorem.
THEOREM 2.2. If z

V

J
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, thenthereexistsa constantÜ , independentof » , such
that Ø
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2.3. Sinc collocation on ; . While sinc interpolation,as implied above, requiresthe
exactvaluesof the interpolatedfunctionat thesincpoints,sincmethodsalsohave methods
of approximatingcalculusoperationson a function,which yield theresultsby approximate
valuesat the sinc points. We thenconsiderherethe interpolationfor the casein which the
givenvaluesareapproximateones.

THEOREM 2.3. If z
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Whenwe computean approximationÞ to )

z via sinc methods,then the error of this
approximationis at most »Íç

¶

´

with è a smallpositive number. Theabove errorboundon
z

2

ËAÞ thusshows thattheuniform erroron ; in our approximationof z by ËAÞ is at most
twice aslargeastheerrorof approximationat thesincpoints,i.e.,of )

z by Þ .
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andthende�ne a Toeplitzmatrix ì

t

d/e

wQb

Ó

q

Ž d

³ Ô

with
q

Ž d

³

denotingthe
�"íB6¨À]� th elementof

ì

t

d/e

w

. We furthermorede�ne operatorsî

Å , î

d

, î

Åï and î

d

ï , andmatricesð

Å and ð

d

as
follows:

�

î

Å

z

�˜�	!#�g$

,Ãñ

ò

z

�	01�

5

076

�

î

d

z

� �"!}�g$

,Có

ñ

z

�	01�

5

076

�

î

Å

ï

z

� �"!#�“$

Ë

�	!#�

ð

Å

)

z

6

ð

Å

$c©

ì

t

d/e

w

Ï

�

—

Ÿ

H

•

�˜6

�

î

d

ï

z

�˜�	!#�g$

Ë

�"!}�

ð

d

)

z

6

ð

d $c©Q�

ì

t

d/e

w

� ×

Ï

�

—

Ÿ

H

•

�76

wherethe dependenceof î·ô

ï on á is throughthe dependenceof ð
ô , ) and Ë on á

$

Â

»

•

—

. We thenhavethefollowing theorem.
THEOREM 2.4. If z

Ÿ

H

•

V

D%EKF G

�LHI�

, then,for all »

°

—

,Ø

î

Å

z

2

î

Å

ï

z

Ø

b

|

�

¶

´

�}6

Ø

î

d

z

2

î

d

ï

z

Ø

b

|

�

¶

´

�

(

2.5. Sinc convolution on
�
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Also, if z is odd,thedifferenceof thesetwo integralsconstructsanotherde�nite convolution
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We �rst de�ne the“variant”Laplacetransformof z by
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THEOREM 2.5. Undersuitableconditions,e.g., that theintegrals ö and ÷ shouldbelong
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We maynoteherethattheseapproximationscannow beevaluatedasfollows. If ð
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is adiagonalmatrixof theeigenvaluesof ð

Å and
�

is thecorresponding
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3. The Hilbert transform via sinc convolution. In this section,we shall derive our
novel collocationformulafor approximatingtheHilbert transform.
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Proof. Let ;
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In this case,we obtainthe“variant”Laplacetransformof z
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Thelastequalityabove follows from theequations(5.1.1)and(5.1.11)in [1], and ¿ denotes
Euler'sconstant.

By proceedingasoutlinedin Section2.5, weget
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By assumption,all eigenvaluesof ð
ô lie in the openright half planeof the complex
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1A conjectureof F. Stenger. To date,it hasbeenshown trueup to order �•�*),+.-0/ by directcomputation.
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We thusgetourapproximationof theHilbert transform
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FromTheorem2.5, we obtain(3.1).

4. Someexamples. In this section,we show someillustrative examplesof approxima-
tion of theHilbert transformby theuseof our novel formula(3.1) whichareimplementedin
MATLAB version7.0.

Fig. 4.1–4.8 show the shapesof the resultsof the following examples. We set »
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In the last example,
�/�"01�

and
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slowly convergeto zeroat
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,
respectively. Hence,asseenin Fig. 4.7, in which
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obtainan accurateapproximationwith the identity map. In Fig. 4.8, in which
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, insteadof theidentitymap,weadoptedadoubleexponential
transformation,andthenobtaineda goodresult.
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FIG. 4.1. Example4.1.
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FIG. 4.2. Example4.2.

5. Conclusion. In thispaper, weproposedanovel methodof approximatingtheHilbert
transform.This methodis applicableto theHilbert transformover any subinterval of < . In
thismethod,theHilbert transformis evaluatedat thediscretepointsthatothersincnumerical
methodsexploit, without dividing the interval by a singularpoint. Therefore,this approxi-
mationof theHilbert transformis easilycombinedwith othersincnumericalmethods.Also,
usingdoubleexponentialtransformations,we canobtainanaccurateapproximationevenif
theHilbert transformhasanalgebraicconvergencerateatendpoints.
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FIG. 4.3. Example4.3.
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FIG. 4.5. Example4.5.
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FIG. 4.6. Example4.6.

-3 -2 -1 0 1 2 3
-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

approximate
analytic

PSfragreplacements

!

9
:

;

=

9?>

=

FIG. 4.7. Example4.7(1).
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FIG. 4.8. Example4.7(2).


