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APPROXIMA TION OF THE HILBER T TRANSFORM
VIA USE OF SINC CONVOLUTION

TOSHIHIRO YAMAMOTO

Abstract. This paperderivesa novel methodof approximatinghe Hilbert transformby the useof sincconvo-
lution. The proposednethodmay be usedto approximatethe Hilbert transformover ary subinteral  of thereal

line , whichmeangheintenal maybea nite or semi-in nite intenal, or the entirerealline
Givenacolumnvector consistingof  valuesof afunction de nedon sincpointsof , weobtainacolumn
vector whoseentriesapproximatethe Hilbert transformon the samesetof  sincpoints. The present

paperdescribesnexplicit methodfor the constructiorof sucha matrix
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AMS subjectclassi cations. 65R10

1. Intr oductionand summary. In this paperwe derive anovel collocationformulafor
approximatinghe Hilbert transform

via useof sinccorvolution, which is a methodof approximatingconvolutions[3, 4.6]. The
symbol denoteghe Cauchyprincipalvalueasusual.

We restrictour examplesto the casein which s eithertherealline
or asubintenal of , althoughwe caneasilyextendthe proposedormulato moregeneral
analyticarcs. Methodsfor suchapproximationshave previously beenobtainedvia useof a
setof basisfunctionsderived for this purposen [3, 5.2]. However, the methodderivedin
this paperis moreaccuratdor the purposeof collocatingthe Hilbert transform.

In Section2, which follows, we describethe sinctoolswhich we shallrequireto derive
our formulafor approximating on . In Section3, we derive our novel formulafor the
Hilbert transform,and prescribeexplicit conditionsunderwhich we canexpectour derived
formulato beaccurateln Section4, we give someillustrative examplesusingour formula.

2. The requisite sinc tools. We review heresometoolsfor sinc approximatiorwhich
we shallrequireto derive our collocationformulafor approximating on . We rst intro-
ducesomespacedor sincapproximationandthendescribesincinterpolationsincinde nite
integrationandsinc corvolution. Theresultsin this sectionarederivedin [3], andtherefore
theproofsareomitted. Thereadercanalso nd a moredetailedsummaryof sincmethodsn
[2, 4].

2.1. Sinc spaces. We introduceheretwo importantspacesof functions and

Givenapositve number , let beaconformalmapof adomain ontothestrip
region  whichis de ned by

( denoteghecomple plane).Now, is agenerabnalyticarcwhichis de ned by
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Let haveendpoints and , andde ne by . We
thenlet theclass denotethefamily of all functions thatareanalyticanduniformly

boundedn with

Insteadof usingthestripregion , theparameter is alsodeterminedy the condition

where is theFouriertransformof ,l.e.,
The secondclass will denotethe family of all functions that are analyticand
boundedn , andsatisfy , Where
Note that and because and . Then,it
followsthat .

THEOREM 2.1. Let . Thespaces and havethe following
properties:

i If , then ;

i. If , then ;

iii. If , then ;

iv. If , then

2.2. Sincinterpolationon . Thesincfunction andthesincfunction

arede ned by

where and ( denoteghe setof all integers). We thende ne the sinc basis
includingits endbasesandanerrorterm  asfollows:
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where and arepositive numberausedin Section2.1
Welet denotetherow vectorof basisfunctions

We thenalsode ne the sinc pointson by
where isasabove. Givenafunction de nedon ,wede ne adiagonalmatrix andan
operator by

We alsode ne anormby

For sincinterpolationwe have thefollowing theorem.
THEOREM 2.2. If , thenthere existsa constant , independendf , such
that

2.3. Sinc collocation on . While sinc interpolation,as implied above, requiresthe
exactvaluesof the interpolatedfunction at the sinc points, sinc methodsalsohave methods
of approximatingcalculusoperationson a function, which yield the resultsby approximate
valuesat the sinc points. We thenconsiderherethe interpolationfor the casein which the
givenvaluesareapproximateones.

THEOREM 2.3. If ,and is a complex vector
of order sud that

for

then

Whenwe computean approximation to via sinc methods thenthe error of this
approximationis at most with  asmall positve number The above error boundon
thusshowsthattheuniformerroron in ourapproximatiorof by is atmost

twice aslarge astheerrorof approximatiomat thesincpoints,i.e., of by .

2.4. Sincinde nite integration on . Letnumbers and bede nedby
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andthende ne a Toeplitz matrix with denotingthe th elementof
. We furthermorede ne operators , and ,andmatrices and as
follows:
wherethe dependencef on s throughthe dependencef , and on
. We thenhave the following theorem.
THEOREM 2.4. If , then,for all ,
2.5. Sinc corvolution on . The methodsof this sectionarederivedin [3,

4.6]. They enableusto approximatewo modelintegralswhich aregivenby

where . The sumof thesetwo integralsconstructghe de nite convolution

Also,if is odd,thedifferenceof thesetwo integralsconstructsanotherde nite convolution

We rst de ne the“variant” Laplacetransformof by

where isary subsebf suchthat and . It maythenbeshawn that
andalso

THEOREM 2.5. Undersuitableconditions e.g., thattheintegrals and shouldbelong
to , wehave
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We may noteherethattheseapproximationcannow be evaluatedasfollows. If
,Where isadiagonamatrixof theeigervaluesof and isthecorresponding
matrix of eigervectorsthen

andsimilarly for . The matrix is a diagonalmatrix whosediagonalcomponentgre
theeigervaluescorrespondingo

3. The Hilbert transform via sinc convolution. In this section,we shall derive our
novel collocationformulafor approximatinghe Hilbert transform.

THEOREM 3.1. If , then
(3.2 -

Proof. Let . Considettheapproximatiorof theintegral
where ,and isde nedby

In this casewe obtainthe“variant” Laplacetransformof by

where

Thelastequalityabove follows from theequationg5.1.1)and(5.1.11)in [1], and denotes
Euler's constant.
By proceedingasoutlinedin Section2.5, we get

whichis approximatedy

Y

By assumptionall eigervaluesof lie in the openright half planeof the complex
plaint, andthereforeit follows that

1A conjectureof F. StengerTo date,it hasbeenshavn trueup to order by directcomputation.
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andalso

We thusgetour approximatiorof the Hilbert transform

FromTheorem2.5, we obtain(3.1). O

4. Someexamples. In this section,we shav someillustrative examplesof approxima-
tion of the Hilbert transformby the useof our novel formula(3.1) which areimplementedn
MATLAB version?7.0.

Fig. 4.14.8 shav the shapef the resultsof the following examples. We set

, and calculatedthe approximatevalueson the setof points that uniformly divides the

interval of each gure into . Theinterval wassetto be , , , or
. For and , wechose and for theinterval of gures,
respectiely. o
EXAMPLE 4.1. , ) )
and - D
EXAMPLE 4.2. , o ,
and - —

EXAMPLE 4.3. , ) )

and
EXAMPLE 4.4. , o, :
— and —
EXAMPLE 4.5. : o, :
and

EXAMPLE 4.6. : o :

e and —_—
EXAMPLE 4.7. ,

e and —_—

In the lastexample, and slowly corvergeto zeroat and ,
respectiely. Hence,asseenin Fig. 4.7, in which and , we could not
obtainan accurateapproximationwith the identity map. In Fig. 4.8 in which
and , insteadof theidentity map,we adopteda doubleexponential

transformationandthenobtaineda goodresult.
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FIG. 4.1. Example4.L
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FIG. 4.2. Example4.2

5. Conclusion. In this paperwe proposedi novel methodof approximatinghe Hilbert
transform. This methodis applicableto the Hilbert transformover ary subintenal of . In
this method the Hilbert transformis evaluatedat the discretepointsthatothersincnumerical
methodsexploit, without dividing the interval by a singularpoint. Therefore this approxi-
mationof the Hilbert transformis easilycombinedwith othersincnumericaimethodsAlso,
usingdoubleexponentialtransformationsywe canobtainan accurateapproximatiorevenif
theHilbert transformhasanalgebraiccorvergencerateat endpoints.
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FIG. 4.5. Example4.5.
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FIG. 4.6. Example4.6.

FiG. 4.8. Example4.7 (2).



