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NUMERICAL COMPUTATION OF THE EIGENVALUES
FOR THE SPHEROIDAL WAVE EQUATION WITH
ACCURATE ERROR ESTIMATION BY MATRIX METHOD

YOSHINORI MIYAZAKI , NOBUYOSHI ASAI , DONGSHENGCAI , AND YASUHIKO IKEBE

Abstract. A methodto computetheeigervaluesof thespheroidalvave equationss proposedasanapplication
of atheoremon eigemvaluesof certainclasse®f in nite matrices.The computatiorof its inverseproblem(namely
solving anotherparameter for given eigewvalue ) is likewise given. As a result, preciseand explicit error
estimatesreobtainedfor theapproximatecigemvalues.
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1. Intr oduction. Thespheroidalvave equation

(1.1) — — S

with  anintegerand real,is obtainedvhentheHelmholtzequations expressedn prolate
spheroidaktoordinategollowed by separatiorof variables.In the oblate(spheroidatoordi-
nates)ase, isreplacedy in (1.2). In this paperwe assume andtheprolate
case( or the oblatecasemay be dealtwith likewise). The eigervalueproblemof the
spheroidalwave equationis to nd suchthat , the solutionof (1.1), is regularin

. Wecall aneigervalueand asphepidal wavefunctiondenotedy .
As will be statedater, is real. Eigervaluessortedin anincreasingordercorrespondo
having , .

The spheroidawave functionsoccurin the solution of equationgnvolving separation
of variablesin spheroidalcoordinates.The solution of the spheroidalwave equationplays
a signi cant role in the study of light scatteringproblemin optics, atomic and molecular
physics,andthe like. Although thereis abundantliteratureon this function, thereare far
fewer publicationson the eigervaluesof the differential equation. The paper[4] applies
an asymptotidterationmethodto calculatethe angularspheroidakigervalues,whereaq 7]
discussedlifferent methodsfor the solution of the differential equationdependingon the
valueof theparameter .

In the presenpapewe proposea matrix methodfor determiningthe eigervalueswhich
appliesfor all valuesof , andwe furthermoreobtainanaccurateestimateof theerrorof our
approximationIn addition,our methodalsoenableghe solutionof aninverseproblemii.e.,
thedeterminatiorof  correspondingo a giveneigervalue.

The expansionof by the associaté egendrefunctionsgives

(1.2)
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where is theassociaté egendrefunctionandmod is theremaindemwhen
is dividedby . is of theform

with orthogonalityover[-1,1],

It is known thatthe substitutionof (1.2) into (1.1) givesthe following three-ternrecur

rencerelations[1, Chap21, formula21.7.3]. For corveniencelet and be simply
rewrittenas and , respectiely, in thesequel.
When is even
(1.3)
When is odd
Thesymbols ,and intheequationgepresent
(1.4)
for . Sincethetwo casesaretreatedn thesameway, only theformercasewill

bediscussedn this paper

2. Behavior of expansioncoef cients. Inthissectionwediscusghebehaior of

of (1.3).

First, let usbegin with the next inequality:

(2.1)

Thisis easilyshovn as
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Next, considertherecurrenceelationswith the samecoefcients as(1.3), or

2.2)

By [6, Theoren®.3,case(a)]theexistenceof two independensolutionsof (2.2) (say
is guaranteedvith the behaviors

From (2.1), it is obviousthat shavs the samebehaior as ,
theminimal solutionof (2.2). Thus,

(2.3) -

3. (Ordinary) eigervalue problem. In this section,a computationof eigervaluesis
shawn, alongwith its errorestimate.

In 1995 thefollowing theoremwasprovedby lkebeetal.:
[9, Theoreml] Givenanon-compactomplex symmetrictridiagonalmatrix

where
Let have a simple eigervalue , and
be an eigervectorcorrespondingo , and assumethe existenceof
Then
Letting denotethe -th orderprincipal submatrixof , thereis a
sequence of eigervaluesof  which corvergesto
Letting and , we have the following error
estimate:

In this theorem, is the comple Hilbert space
, is a quantity corverging to zeroas , and exists if
is the only solutionof . Also, aneigervalue is saidto besimpleif andonly

if its correspondingpigervectoris unique(up to scalarmultiplication) andalsothereareno
correspondingyeneralizecigervectorsof rank 2. Thesede nitions areretainedthroughout
this paper

This theoremis applicableto the computationof eigervaluesof the spheroidalwave
equation.

THEOREM 3.1. Given and , is an eigervalueof (1.1) if andonlyif is
aneigervalueofanin nite symmetridridiagonalmatrix actingasalinear transformation
from into de nedbelow:
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(3.1) _

whele .
Moreover, if oneletsaneigervectorof correspondingo be
, or

(3.2)

holds, are expressedvith a scalar as

(3.3) S

Proof. (1.3) in matrix form, with its symmetrizationdirectly becomesan eigervalue

problemof , namely (3.2). Whatremaingo be provedis and
means , whichis thetrivial solutionof (1.1) (whichwe
omit). In orderto shav (or ), oneonly
hasto prove
This holdssince from (2.3) and from (1.4).0
THEOREM 3.2. Let bethe -th principal submatrixof . Then,one
canchooseead , an eigervalueof , Sudh that . Andthe following error

estimatds valid:

(3.4)
Moreover, therate of corvergenceis

@85 — 0 — -

Proof. It only hasto be shavn that[9, Theoreml] canbe appliedto the eigervalue

problem(3.2). To begin with, theexistenceof neednotbeveri ed since is easily

provedto have aninversefor appropriatelytaken . Since ,

isreal. Soare and (upto scalarmultiplication). Therefore , which shouldlead
is simple. To prove this, take the contrapositionpr * is not simple ". First,

is uniquelydeterminedip to scalamultiplication. Thereforejt sufces to shav thatwhen

hasan eigervectorof ranktwo, holds. Fromtheassumptionfor given , there

existsavector suchthat
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Whatis left to show is . Thisis, however, clearby (2.3).
Hence,[9, Theoreml1] may apply the caseof (3.2) anddirect computationgivesthe error
estimatg(3.4) andrateof corvergencg3.5). 0

4. Inverseeigervalue problem. In Section3, the computationof (eigervalue)was
presentedin this section,its inversecaseis discussed.

DEFINITION 4.1. Given andreal , letanyvalueof sud that of (L. is
regularin becalledaninverseeigervalue

Let usbeagin, asSection3, with the prior result:
[8, Theorems and ] Givenanin nite complex symmetrictridiagonalmatrix

where , and , representinga compact
operatofin . Let haveasimpleeigervalue , and
denoteaneigervectorof  correspondingo . Underthestatedassumptionsye have
Letting bethe -th orderprincipalsubmatrixof , and bean
eigervalueof . Then,taking properly we have
Assumingthat is takenin thesenseof , and is bounded

for all sufciently large , we nd thefollowing estimatevalid:

By applying[8, Theorems and ], theinverseproblem,namely the computatiorof

inverseeigervalues is enabledBeforehandlet usde ne new symbols as
(4.2)

andalso as

4.2)

Using(4.1) and(4.2), (1.3 is thenrewritten asfollows:

(4.3) —
THEOREM 4.2. Suppose forgiven andreal . Then,
is aninverseeigervalueof (1.1) if andonly if is an eigervalueof anin nite symmetric

tridiagonalmatrix actingasa compactbopemtorin , whee

(4.4) -
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Furthermog, if oneletsaneigervectorof correspondindo be
e, if
(4.5) —
holds,then canbeexpressedn theform
(4'6) I——
whele is a scalat
Proof. (4.3) in matrix form, with its symmetrizationdirectly becomesan eigervalue
problemof , namely(4.5). Also, from (2.3 it holdsthat , since
4.7) — — 0
THEOREM 4.3. Let bethe -th principal submatrixof . Then,
assuming , one can chooseead , whee representsone of the
eigervaluesof , sud that . Andthefollowing error estimatds valid:
(4.8)

Therate of corvergenceis thusderived:

(4.9) - - =

Proof. Let us prove a few conditionsto apply [8, Theorems and ] to (4.5).
is boundedor all sufciently large , since from
(4.7). Also, from the assumption , it is derived that the eigervalue of is
simple,in the sameway asthe proof of Theorem3.2
Directcomputatiorleadsto the errorestimatg(4.8) andrateof corvergence(4.9). O

LEMMA 4.4. [8, Theoems and ] is appliedalsowhen for somenon-
negativeinteger in (4.3).
Proof. When , or , the rst line of (4.3 yields

— . Substitutingthis into the secondine of (4.3) gives

With this andthe subsequentquationspnecanreformulatetheminto the matrix eigervalue
problemby the sameprocedure.

When is non-zero, — holds. Substitutingthis
into ( )-th and( )-th equationgyields
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Likewise,[8, Theorems and ] appliesto thennew setof equationsl]

5. Geometrical propertiesof — graph. The - graph,createdby the proposed
method,s shavnin Fig. 5.1 (for ). Thegraphabove -axisis the prolateoutput,while
thegraphbelow is the oblatecase.

FiGc.5.1. - graph(prolateandoblatecasescombinedor )

Thefollowing two geometricapropertiesareprovedregarding - graph.
REMARK 5.1. In theprolatecase holds.

Proof. Supposehecontrary or , andletthecontraditionbederived. Since
, theeigervalueproblem

(5.1) o
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arebothreal,is obtained. is foundto bedecomposeihto , Where

Thisshavsthat is positive de nite (referto AppendixA for adetailedproof), leadingto a
contradiction(sincetheeigervaluesof areassumed ).d

REMARK 5.2. Given ,wehave

Proof. The next equationis obtainedby applying[11, Corollary1],

with and respectiely de nedin (4.6) and(3.3). Since ( is non-zercandreal),
thepropositionobviously holds.I

6. Numerical experiments. Someexperimentsvereconductedo shav the validity of
theerrorestimatepresentedn (3.4) and(4.8). Thecomputationsvereexecutedon Dell Di-
mensionXPS (Pentium4 CPU 3.00GHz,1GB RAM), usingdoubleprecision oating-point
arithmeticby Intel Visual FortranCompiler(version8). For computingeigervaluesof sym-
metrictridiagonalmatriceswe usedthe FORTRAN subroutineCOMQRin EISFACK [12].

EXPERIMENT 6.1. Computationof eigervalues , given and . We rst computed
aneigervalueof asufciently large orderprincipal submatrixof (3.1) andregardedt asthe
truevalue . Then,for each , we computedall theeigervaluesof andchosetheclosest
to tobe . Thevaluesof were obtainedby backward-substitution
by (1.3), initiating for sufciently large , and ( shall be
takenappropriatelysothatanover ow doesnt occur). Thesesettingsof and are
allowedfrom thebehaior .

Table6.1describefiow fasttheapproximateeigervalues  approachheexacteigen-
value with errorestimates.In thetable, representhe RHS of (3.4)
without correspondingo theapproximateatigervalue .

EXPERIMENT 6.2. Computatiorof inverseeigervalues , given and . Theproce-
dureis almostthesameasExperimen6.1. Thetruevalue wascomputedrom asufciently
large orderprincipal submatrixof (4.4). Then,for each , we computedall the eigervalues

of andchosetheclosestto tobe . Thevaluesof wereob-
tainedby backward-substitutiorby (1.3), initiating for sufciently large , and
( shall be taken appropriatelyso thatan over ow doesnt occur). These
settingsof and areallowedfrom the behaior .
Table6.2describesiow fasttheapproximateaigervalues  approachheexacteigen-
value with errorestimates.In thetable, representhe RHS of (4.8

without correspondingo theapproximateatigervalue
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TABLEG6.1
Actual errors and estimatesof (3.4). Given , compute

2| -2.98E-02 -3.06E-02| -1.57E-02 -1.60E-02| -4.46E-01 -4.29E-01

3| -191E-04 -1.93E-04| -6.82E-05 -6.85E-05| -5.85E-03 -5.92E-03

4 | -3.64E-07 -3.65E-07| -9.15E-08 -9.17E-08| -1.62E-05 -1.63E-05

5| -2.72E-10 -2.72E-10| -5.02E-11 -5.06E-11| -1.52E-08 -1.52E-08

6 -8.00E-12 -6.21E-12
TABLE 6.2

Actual errors and estimatesof (4.8). Given , compute

~No ob~hwN

1.90E-01 2.02E-01| 1.48E-00 1.65E-00| 2.19E-00 2.85E-00
5.21E-04 5.23E-04| 5.64E-02 5.89E-02| 1.04E-01 1.10E-01
3.08E-07 3.08E-07| 3.95E-04 3.98E-04| 1.38E-03 1.40E-03
6.62E-11 6.62E-11| 9.00E-07 9.02E-07| 7.56E-06 7.60E-06
8.86E-10 8.87E-10| 2.03E-08 2.03E-08
2.99E-11 3.00E-11

7. Concluding remarks. By the proposednethod,oneonly hasto computethe eigen-
valuesof the given matriceswithout further knowledgeor skill. The eigensystemoutines
suchasEISFACK [12] with guaranteecrror estimatesallow oneto obtainaccuratesigen-
values andinverseeigervalues . The theoremsin [8] and[9] are powerful tools for
computingeigervaluesof certainclasseof in nite matrices,which arisein solving some

typesof linear differentialequations Furtherapplicationsof the theoremawill
us.
Appendix A.
PROPOSITION. A.1 Thematrix de nedin (5.1) is positivede nite.
Proof. Oneneeddo show that holdsfor all
equalityis valid only when . Since ,
The proof for follows. It is obvious leads
Corverselyif oneassumes , one nds

Therefore,

be soughtby

andthe



338

ETNA

Kent State University
etna@mcs.kent.edu

Y. MIYAZAKI, N.ASAl, D. CAI AND Y. IKEBE

Thisshovs  hasto vanish,since,otherwise,

contradictghe premise . Thisargumentieadsto or .0
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