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1. Intr oduction. Thespheroidalwaveequation
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(1.1)

with
'

anintegerand

$

real,is obtainedwhentheHelmholtzequationis expressedin prolate
spheroidalcoordinatesfollowedby separationof variables.In theoblate(spheroidalcoordi-
nates)case,

$

�

is replacedby

.�/$

�

�

in (1.1). In this paper, we assume
'10

+

andtheprolate
case(

'32

+

or theoblatecasemaybedealtwith likewise). Theeigenvalueproblemof the
spheroidalwave equationis to �nd �4 #" suchthat
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, the solutionof (1.1), is regular in
6

�7�

-

��8

. Wecall �! #" aneigenvalueand
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aspheroidal wavefunctiondenotedby :!;
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.
As will bestatedlater, �! #" is real. Eigenvaluessortedin an increasingordercorrespondto
having <

)

'

, <

)

'

�

�

, =�=&= .
The spheroidalwave functionsoccur in the solutionof equationsinvolving separation

of variablesin spheroidalcoordinates.The solutionof the spheroidalwave equationplays
a signi�cant role in the study of light scatteringproblemin optics, atomic and molecular
physics,and the like. Although thereis abundantliteratureon this function, thereare far
fewer publicationson the eigenvaluesof the differential equation. The paper[4] applies
anasymptoticiterationmethodto calculatetheangularspheroidaleigenvalues,whereas[7]
discussesdifferentmethodsfor the solution of the differential equationdependingon the
valueof theparameter

$

�

.
In thepresentpaperweproposeamatrixmethodfor determiningtheeigenvalues,which

appliesfor all valuesof
$

�

, andwefurthermoreobtainanaccurateestimateof theerrorof our
approximation.In addition,our methodalsoenablesthesolutionof aninverseproblem,i.e.,
thedeterminationof

$

�

correspondingto a giveneigenvalue.
Theexpansionof :!;
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by theassociateLegendrefunctionsgives
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is theassociateLegendrefunctionandmod

YX
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is theremainderwhen
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is dividedby
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It is known that thesubstitutionof (1.2) into (1.1) givesthefollowing three-termrecur-
rencerelations[1, Chap21, formula21.7.3]. For convenience,let
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B and �! N" besimply
rewrittenas
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B and � , respectively, in thesequel.
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=�=&= . Sincethetwo casesaretreatedin thesameway, only theformercasewill
bediscussedin this paper.

2. Behavior of expansioncoef�cients. In thissection,wediscussthebehavior of y
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This is easilyshown as
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Next, considertherecurrencerelationswith thesamecoef�cients as(1.3), or
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3. (Ordinary) eigenvalue problem. In this section,a computationof eigenvaluesis
shown, alongwith its errorestimate.

In 1995,thefollowing theoremwasprovedby Ikebeet al.:
[9, Theorem1] Givena non-compactcomplex symmetrictridiagonalmatrix
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In this theorem,
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. Also, aneigenvalue � is saidto besimpleif andonly
if its correspondingeigenvectoris unique(up to scalarmultiplication)andalsothereareno
correspondinggeneralizedeigenvectorsof rank2. Thesede�nitions areretainedthroughout
this paper.

This theoremis applicableto the computationof eigenvaluesof the spheroidalwave
equation.

THEOREM 3.1. Given
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Proof. (1.3) in matrix form, with its symmetrization,directly becomesan eigenvalue
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Moreover, therateof convergenceis
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Proof. It only hasto be shown that [9, Theorem1] can be appliedto the eigenvalue
problem(3.2). To begin with, theexistenceof
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Whatis left to show is
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Hence,[9, Theorem1] may apply the caseof (3.2) anddirect computationgivesthe error
estimate(3.4) andrateof convergence(3.5).

4. Inverseeigenvalue problem. In Section3, the computationof � (eigenvalue)was
presented.In this section,its inversecaseis discussed.

DEFINITION 4.1. Given
'

and real � , let any valueof

$

�

such that
�





9�

of (1.1) is
regular in

6

�7�

-

��8

becalledan inverseeigenvalue.
Let usbegin, asSection3, with theprior result:

[8, Theorems

�

=

�

and

�

=

‹

] Givenanin�nite complex symmetrictridiagonalmatrix

G

) »½

½

½

½¾

¿

p À

�

+

À

�

¿

�

À

†

À

†

¿

†

...
+ ...

...

ÂÄÃ

Ã

Ã

Ã

Å

,

where
¿

B

Œ +�-

À

B

Œ +




x,Œ •…�

, and
À

B

w

) +




xð) V�-

ˆ

-

=�=&=

�

, representinga compact
operatorin

Ç

�

. Let
G

have a simpleeigenvalue �

w

)¥+

, and
+

w

)¥Øq)

6

Ø

Ñ

p�Ó

-�Ø

Ñ

�

Ó

-

=&=�=

8 Ô*Ö

Ç

�

denoteaneigenvectorof
G

correspondingto � . Underthestatedassumptions,we have
 X

�

Letting
G

B




xƒ)

�

-|V�-

=&=�=

�

be the
x

-th orderprincipal submatrixof
G

, and �

B be an
eigenvalueof

G

B . Then,taking y

�

B

{

properly, we have �

B

Œ

� .
YXªX

�

Assumingthat y

�

B

{

is takenin thesenseof

YX

�

,
Ø

Ô

Ø

w

),+

, and
Ø

Ñ

BPJ

p�Ó

Ú

Ø

Ñ

B

Ó

is bounded
for all suf�ciently large

x

, we �nd thefollowing estimatevalid:

�

�

�

B

)

À

BDJ

p

Ø

Ñ

B

Ó

Ø

Ñ

BDJ

p.Ó

Ø

Ô

Ø

6

�

�•¹


��

�

8Ý


x�Œ3••�

=

By applying[8, Theorems

�

=

�

and

�

=

‹

], theinverseproblem,namely, thecomputationof
inverseeigenvalues

$

�

is enabled.Beforehand,let usde�ne new symbols
•

B

-
	

B

-��

B as

€

B

)Ÿ•

B

$

�
-

•

B

)




'

�

x��




'

�

x

�

�

�

�

	

B

$

�
-

‚

B

)
�

B

$

�
-

(4.1)

andalso �

B as

�

B

)

�

�Í


'

�

x��




'

�

x

�

�

�>Š

�

x��




x�Œ3•…�

=(4.2)

Using(4.1) and(4.2), (1.3) is thenrewrittenasfollows:
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Furthermore, if oneletsaneigenvectorof
G

correspondingto

�

Ú

$

�
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+
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where
�

ë

w

)Ÿ+

is a scalar.
Proof. (4.3) in matrix form, with its symmetrization,directly becomesan eigenvalue

problemof
G

, namely, (4.5). Also, from (2.3) it holdsthat
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THEOREM 4.3. Let
G

Ñ
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be the
x

-th principal submatrixof
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Therateof convergenceis thusderived:
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Proof. Let us prove a few conditionsto apply [8, Theorems

�

=

�

and

�

=

‹

] to (4.5).�
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from
(4.7). Also, from the assumption
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, it is derived that the eigenvalue
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of
G

is
simple,in thesamewayastheproofof Theorem3.2.

Direct computationleadsto theerrorestimate(4.8) andrateof convergence(4.9).
LEMMA 4.4. [8, Theorems
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] is appliedalso when �
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negativeinteger
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With this andthesubsequentequations,onecanreformulatetheminto thematrix eigenvalue
problemby thesameprocedure.
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Likewise,[8, Theorems

�

=

�

and

�

=

‹

] appliesto thenew setof equations.

5. Geometrical properties of � –

$

�

graph. The � -

$

�

graph,createdby the proposed
method,is shown in Fig. 5.1(for

'

)*+

). Thegraphabove � -axisis theprolateoutput,while
thegraphbelow is theoblatecase.

FIG. 5.1. � - �
� graph(prolateandoblatecasescombinedfor !#"%$ )

Thefollowing two geometricalpropertiesareprovedregarding� -
$

�

graph.
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arebothreal,is obtained.
&

is foundto bedecomposedinto
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Ô
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This shows that
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is positivede�nite (referto AppendixA for a detailedproof), leadingto a
contradiction(sincetheeigenvaluesof
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areassumed
�7�

Ú

$

�

2

+

).
REMARK 5.2. Given
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Proof. Thenext equationis obtainedby applying[11, Corollary1],
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respectively de�ned in (4.6) and(3.3). Since
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é
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(
é

is non-zeroandreal),
thepropositionobviouslyholds.

6. Numerical experiments. Someexperimentswereconductedto show thevalidity of
theerrorestimatespresentedin (3.4) and(4.8). ThecomputationswereexecutedonDell Di-
mensionXPS(Pentium4 CPU3.00GHz,1GB RAM), usingdoubleprecision�oating-point
arithmeticby Intel VisualFortranCompiler(version8). For computingeigenvaluesof sym-
metrictridiagonalmatrices,we usedtheFORTRAN subroutineCOMQRin EISPACK [12].

EXPERIMENT 6.1. Computationof eigenvalues � , given
'

and
$

. We �rst computed
aneigenvalueof a suf�ciently largeorderprincipalsubmatrixof (3.1) andregardedit asthe
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EXPERIMENT 6.2. Computationof inverseeigenvalues
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, given
'

and � . Theproce-
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TABLE 6.1
Actual errors and estimatesof (3.4). Given !B"C$EDª�.�F"HG�$ , compute�?IÊ��J-J�"LKEM N�$�O�$
P�$�$�N�Q�RSRTR ,

�UIã��J

š

"WVXM K�Y�O�K�O
P�N�$�QZRSRSR , �UIã��J

�

"?G�G�M V
[�$�N�[
P�P�Y�RSR�R .

x
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E�E
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E
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�

E
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�

�

Ñ
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Ó

E

�

;

Ñ

B

Ó

E

�

2 -2.98E-02 -3.06E-02 -1.57E-02 -1.60E-02 -4.46E-01 -4.29E-01
3 -1.91E-04 -1.93E-04 -6.82E-05 -6.85E-05 -5.85E-03 -5.92E-03
4 -3.64E-07 -3.65E-07 -9.15E-08 -9.17E-08 -1.62E-05 -1.63E-05
5 -2.72E-10 -2.72E-10 -5.02E-11 -5.06E-11 -1.52E-08 -1.52E-08
6 -8.00E-12 -6.21E-12

TABLE 6.2
Actual errors and estimatesof (4.8). Given !\"]$EDv�^"_G�O , compute�

�

J

"]OEM Q
P�[�$EG�KEGSP�N�RSRTR , �

�

š

"

G�OEM P�Q�O�K�[�N�K�V`RSR�R , �

�

�

"WN�KEM K�$�N�Q�$�NEG�N`R�R�R .

x

$

�

E

�¶$

�

Ñ

B

Ó

;

Ñ

B

Ó

$

�

p

�%$

�

Ñ

B

Ó

;

Ñ

B

Ó

$

�

�

�¶$

�

Ñ

B

Ó

;

Ñ

B

Ó

2 1.90E-01 2.02E-01 1.48E-00 1.65E-00 2.19E-00 2.85E-00
3 5.21E-04 5.23E-04 5.64E-02 5.89E-02 1.04E-01 1.10E-01
4 3.08E-07 3.08E-07 3.95E-04 3.98E-04 1.38E-03 1.40E-03
5 6.62E-11 6.62E-11 9.00E-07 9.02E-07 7.56E-06 7.60E-06
6 8.86E-10 8.87E-10 2.03E-08 2.03E-08
7 2.99E-11 3.00E-11

7. Concluding remarks. By theproposedmethod,oneonly hasto computetheeigen-
valuesof the given matriceswithout further knowledgeor skill. The eigensystemroutines
suchasEISPACK [12] with guaranteederror estimatesallow oneto obtainaccurateeigen-
values � and inverseeigenvalues

$

�

. The theoremsin [8] and [9] are powerful tools for
computingeigenvaluesof certainclassesof in�nite matrices,which arisein solving some
typesof lineardifferentialequations.Furtherapplicationsof thetheoremswill besoughtby
us.

Appendix A.
PROPOSITION. A.1 Thematrix
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Thisshows
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hasto vanish,since,otherwise,
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