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Abstract. This paperpresentsan a posteriori residualerror estimatorfor the mixed FEM of secondorder
operatorsusingisotropicor anisotropicmeshesin ��� , ���
	 or � . Thereliability andef�ciency of our estimatoris
establishedwithoutany regularity assumptionson thesolutionof ourproblem.
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1. Intr oduction. Let us �x a boundeddomain � of 
�� , ����� or 3 with a polygonal
boundary( ����� ) or apolyhedralone( ����� ). In thispaperweconsiderthefollowingsecond
orderproblem:For �
����� �!�#" , let $%�%&�'
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wherethe matrix /9�:�<;��)�87=
>�@?A�B" is supposedto be symmetricanduniformly positive
de�nite.

Themixedformulationof thatproblemis well-known [27, 31, 28, 7, 8], andconsistsin
�nding �DC 7=$2" in EGF%H solutionof :
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and H•�€��� �)�#"‚• Sincethis problemhasat mostonesolution[31, p.16],theuniquesolution
�DC 7ƒ$„" is givenby C �€/10�$ , when $ is theuniquesolutionof (1.1).

Problem(1.2) is approximatedin aconforming�nite elementsubspaceEZ…<FPHg… of E†F

H basedonatriangulation‡ of thedomainmadeof isotropicoranisotropicelements.Under
theproperty

*,+b-

Eˆ…Z�‰HŠ… , thediscreteproblemhasa uniquediscretesolution �vC …A7ƒ$„… "‹�

EŒ…•FŽHg… . We thenconsideranef�cient andreliableresidualanisotropica posteriorierror
estimatorfor theerror • �gC 4�C … in the &g�

*,+.-

7}�#" -normand •1�f$�4a$„… in the �
�

�!�#" -norm.
Anisotropic a posteriorierror estimationsare highly recommendedfor problem(1.2)

sincethe solution presentsedgeand cornersingularities[14, 17, 13, 22, 25] or boundary
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layers[23, 24], for which theuseof suchelementsis moreappropriatethanisotropicones
(see[3, 18] for thetreatmentof standardelliptic problems).For cornersingularitiesin 2D or
edgesingularitiesin 3D a priori errorestimationsareavailablein specialgeometries[15, 30]
but requirethe explicit knowledgeof the singularitieswhich may requiresomenumerical
efforts.

Isotropica posteriorierrorestimatorsfor standardelliptic boundaryvalueproblemsare
currentlywell understood(seefor instance[32] andthereferencescitedthere).Theextension
of thesemethodsto anisotropicmeshesstartswith the recentworks [29, 18, 16, 12]. The
analysisof isotropica posteriorierror estimatorsfor the mixed �nite elementmethodwere
initiatedin [6, 2, 8] but theestimatoris ef�cient andreliablein a non-naturalnorm[6, 2] or
it is ef�cient andreliablebut underthe & � -regularity of the solutionof (1.1) [8] (which is
oftennot thecase,seealso[9] for theelasticitysystem).Thereforethegoalof this paperis
to extendthemethodfrom [8] to thecaseof isotropicor anisotropicmeshesin 2D and3D,
usingsometechniquesfrom [18], andmoreover without any regularity assumptionson the
solutionof (1.1).

Theorganizationof thepaperis thefollowing: Section2 recallsthediscretizationof our
problem,introducessomeanisotropicquantities,somemild assumptionson themeshesand
somenaturalconditionson the�nite elementspaces.In Section3 we give someanisotropic
interpolationerror estimatesfor Clémenttype interpolationandprove the uniform discrete
inf-sup condition. Someexamplesof elementssatisfyingour theoreticalassumptionsare
presentedin Section4. Therewe further give suf�cient conditionson themeshesensuring
thestabilityof thescheme.Theef�ciency andreliability of theerrorareestablishedin Section
5. Finally Section6 is devotedto numericaltestswhichcon�rm our theoreticalanalysis.

Let us�nish this introductionwith somenotationusedin thewholepaper:The �
�

�)’ˆ" -
norm will be denotedby

q
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. In thecase’9��� , we will drop the index � . The usual
normandseminormof &
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( œ beingtheindex of row
and • the index of column). For a vectorfunction $ we denoteby curl $ �ž—
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¤d7Y4t—

'

¤2"^£ (notethat thecurl of a two-
dimensionalvector�eld is a scalarbut in orderto avoid a multiplicity of notationwe denote
it asavectorsincenoconfusionis possible).Finally, thenotation¦X§�¨ and ¦ª©�¨ meansthe
existenceof positive constants«

'

and «

�

(which areindependentof ‡ andof thefunction
underconsideration)suchthat ¦Œ¬­«

�

¨ and «

'

¨1¬­¦Œ¬­«

�

¨ , respectively.

2. Discretizationof theproblem. Thedomain� isdiscretizedbyaconformingmesh‡ ,
cf. [10]. In 2D, all elementsareeithertrianglesor rectangles.In 3D themeshconsistseither
of tetrahedra,of rectangularhexahedra,or of rectangularpentahedra(i.e. prismswherethe
triangularfacesareperpendicularto therectangularfaces),cf. alsothe�gures of Section2.2.
The restrictionto rectangles,rectangularhexahedraor rectangularpentahedrais only made
for thesakeof simplicity; theextensionto parallelogram,hexahedraor pentahedrais straight-
forwardusingaf�ne transformations.

Elementswill bedenotedby ® , ®
™ or ®6¯ , its edges(in 2D) or faces(in 3D) aredenoted

by ° . Thesetof all (interiorandboundary)edges(2D) or faces(3D) of thetriangulationwill
bedenotedby ± . Let U denoteanodalpoint,andlet ²Ÿ³

M bethesetof nodesof themesh.The
measureof anelementor edge/faceis denotedby • ®�•¡iD� meas

�

�´®1" and • °ˆ•¡iD� meas
�YO

'

�)°‹" ,
respectively.

For anedge° of a 2D element® introducetheouternormalvectorby µ �†�´µ·¶A7ƒµ¹¸@"ƒº .
Similarly, for a face° of a3D element® set µ �5�”µ�¶A7ƒµ¹¸B7ƒµ¹»N"ƒº . Fromnow, theword “f ace”
will denoteeitheran edgein the 2D caseor a facein the 3D case. Furthermore,for each
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face ° we �x oneof thetwo normalvectorsanddenoteit by µ ¼ . In the2D caseintroduce
additionally the tangent vector ½ �¾µ ¿¾iÀ�Á�^4#µ ¸ 7=µ ¶ "ƒº suchthat it is orientedpositively
(with respectto ® ). Similarly set ½

¼ iD�fµ ¿

¼

.

Thejumpof some(scalaror vectorvalued)function
`

acrossa face ° at a point Â �
°

is thende�ned as
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Note that the sign of
Ã Ã

`

Ä Ä

¼

dependson the orientationof µ
¼ . However, termssuchasa

gradientjump
Ã Ã

0

`

µ ¼RÄ Ä

¼

areindependentof this orientation.

Furthermoreonerequireslocalsubdomains(alsoknown aspatches).As usual,let Î

£

be
theunionof all elementshaving a commonfacewith ® . Similarly let Î ¼ betheunionof the
elementshaving ° asface.By Î>¶ wedenotetheunionof all elementshaving U asnode.

Later on we specify additional, mild meshassumptionsthat are partially due to the
anisotropicdiscretization.

2.1. Discreteformulation. Thediscreteproblemassociatedwith (1.2) is to �nd �vC
…

7ƒ$
…

"��

EŒ…XF%Hg… suchthat

I

J K�L

M

�”/PO
'

C …B"RQTS …�� UªW

L

M

$„…

*,+b-

S …>�VUZ��[\7^]2S …Ï�ZEŒ…\7

L
Ma`

…

*,+.-

C …Ì� UZ�c4

L
M

�

`

…Ì� Ud7
]

`

…ª�_Hg…,7

(2.1)

whereEˆ… (resp. HŠ… ) is a �nite dimensionalsubspaceof E (resp. H ).

Recallthattheerrorsarede�ned by
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2.2. Someanisotropic quantities. In our exposition ® canbe a triangleor rectangle
(2D case),or atetrahedron,a(rectangular)hexahedron,or aprismaticpentahedron(3D case).

Partsof theanalysisrequirereferenceelements Ñ® that canbe obtainedfrom the actual
element ® via someaf�ne linear transformationÒ

£

. The table below lists the reference
elementsfor eachcase.Furthermorefor an element® we de�ne 2 or 3 anisotropy vectors

C

™

y

£

7=œR�ÔÓ�•–•–•=�A7 thatre�ect themainanisotropy directionsof thatelement.Theseanisotropy
vectorsarede�ned andvisualizedin thetablebelow aswell.
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Element® Reference
element Ñ®

Anisotropy vectorsC

™

y
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�gure, vectorsorderedby
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Notethat «

£

is orthogonalsincetheanisotropy vectorsC
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overanedge/face° of anelement® .



ETNA
Kent State University 
etna@mcs.kent.edu

42 S. NICAISE AND E. CREUSÉ

2.3. Meshassumptions.Themeshhasto satisfysomemild assumptions.
á Themeshis conformingin thestandardsenseof [10].
á A node U ˜ of the meshis containedonly in a boundednumberof elements(uni-

formly in

×

).
á Thesizeof neighbouringelementsdoesnot changerapidly, i.e.
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We supposethat thecommutingdiagrampropertyholds[7, 8]: Thereexistsaninterpo-
lation operatorë8…�iAìîíïEÏ… , where ìî�c&Š�
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�!�#" -orthogonalprojectionon HŠ… . This propertyimpliesin particular
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theorthogonalitybeingin the �
�

�!�#" -senseand õB� meaningtheidentity operator.
We furtherassumethattheinterpolantsati�es theglobalstabilityestimate
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Wewill seethatthisassumptionaddedto (2.6) and(2.7) leadsto theuniformdiscreteinf-sup
condition. Evenif our furthermethoddoesnot requirethis condition,it is recommendedto
havearobustdiscreteanalysis.

Finally we assumethat ë
… satis�estheapproximationproperty

Ð

¼

`

…
�”S 4Žë

…
S "RQ–µ ¼é��[\7^]2S �_ìl7

`

…
�_H

…
7h°è��±Ï•(2.10)

Suchpropertieswill becheckedin someparticularcasesin Section4.
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3. Analytical tools. Sincewe treatanisotropic elements, someanalyticaltools which
are known from the standardtheory have to be reinvestigated.This is mainly due to the
factthattheaspectratio of theelementsis no longerbounded,asit is thecasewith isotropic
elements.Thisleadsto theintroductionof aso-calledalignmentmeasureandaapproximation
measure, cf. below. It is importantto notice that thesemeasuresare not a (theoreticalor
practical)obstacleto ef�cient andreliableerrorestimation;furthermorefor isotropicmeshes
they areequivalentto 1.

3.1. Bubble functions, extensionoperator, inverseinequalities. For theanalysiswe
requirebubblefunctionsandextensionoperatorsthatsatisfycertainproperties.We startwith
thereferenceelement Ñ® andde�ne anelementbubblefunction ¨„³

£

��«X�~Ñ ®1" . We alsorequire
an edge bubblefunction ¨¹³

¼

y

³

£

��«X�~Ñ ®8" for an edge Ñ°øçù—ªÑ ® (2D case),anda facebubble
function ¨�³

¼

y

³

£

��«X�AÑ ®6" for a face Ñ°ùçf—ªÑ ® (3D case).Without lossof generalityassumethat
Ñ° is on the

Ñ

U axis (2D case)or in the
Ñ

U

Ñ

Â plane(tetrahedralandhexahedralcase).For the
pentahedralcase,the triangularface Ñ°8ú is alsoin the

Ñ

U

Ñ

Â planebut therectangularface Ñ°Ìû

is in the
Ñ

U

Ñ

Õ plane.
Furthermoreanextensionoperator ü¡ýnþpÿ6i\«X�„Ñ °ª"<í «X�~Ñ ®1" will benecessarythatactson

somefunction
`

³

¼

�­«X�¹Ñ °�" . The tablebelow givesthe de�nitions in eachcase.For vector
valuedfunctionsapplytheextensionoperatorcomponentwise.

Ref.element Ñ® Bubblefunctions Extensionoperator
¨2³

£

iD�€�

 

Ñ

U

Ñ

Â„�^Ó#4

Ñ

UŒ4

Ñ

Â\"

¨„³

¼

y

³

£

iD���
�

Ñ

U·�^Ó#4

Ñ

UŒ4

Ñ

Â\"

ü
ýnþpÿ

�

`

³

¼

"‚�

Ñ

Ud7

Ñ

Â\"�iÀ�

`

³

¼

�

Ñ

U„"

¨2³

£

iD�f�

�

Ñ

Ud�ƒÓt4

Ñ

U2"

Ñ

Â„�^Ó#4

Ñ

Â\"

¨„³

¼

y

³

£

iD���
�

Ñ

U·�^Ó#4

Ñ

U2"–�^Ó#4

Ñ

Â,"

ü ýnþpÿ–�

`

³

¼

"‚�

Ñ

Ud7

Ñ

Â\"�iÀ�

`

³

¼

�

Ñ

U„"

¨2³

£

iD�

�

�

Ñ

U

Ñ

Â

Ñ

Õ

�ƒÓt4

Ñ
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Ñ
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Ñ

Õ

"

¨„³

¼

y

³

£

iD�f�

 

Ñ

U

Ñ

Â2�ƒÓ#4

Ñ

Uˆ4

Ñ

Â�4

Ñ

Õ

"

ü ýnþpÿ–�

`

³

¼

"‚�

Ñ

Ud7

Ñ

Â27

Ñ

Õ

"�iD�

`

³

¼

�

Ñ

U·7

Ñ
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£

iD�f���

Ñ
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Ñ

U2"

Ñ
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Ñ

Â\"

Ñ

Õ

�^Ó#4

Ñ

Õ

"

¨„³

¼

y

³

£

iD���

�

Ñ

U·�^Ó#4

Ñ

U2"

Ñ

Â2�ƒÓ#4

Ñ

Â\"–�^Ó#4

Ñ

Õ

"

ü ýnþpÿ–�

`

³

¼
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Ñ
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Ñ
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Ñ

Õ
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`

³

¼

�

Ñ
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£

iD�€�
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Ñ

Â„�^Ó#4

Ñ

UŒ4

Ñ
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Ñ

Õ

�ƒÓt4

Ñ

Õ

"

¨„³

¼

y

³

£

y

ú

iD�f�

 

Ñ

U

Ñ

Â„�ƒÓ#4

Ñ

UŒ4

Ñ

Â,"‚�^Ó64

Ñ

Õ

"

¨„³

¼

y

³

£

y

û

iÀ���

�

Ñ

U·�^Ót4

Ñ

UŒ4

Ñ

Â¡"

Ñ

Õ

�ƒÓ#4

Ñ

Õ

"

ü
ýnþpÿ

�

`

³

¼��

"–�

Ñ

U·7

Ñ

Â27

Ñ

Õ

"�iÀ�

`

³

¼��

�

Ñ
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Ñ

Â\"

ü
ýnþpÿ

�

`

³

¼��

"‚�

Ñ
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Ñ
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Ñ

Õ

"�iD�

`

³
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�

Ñ
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Ñ

Õ

"

Theelementbubblefunction ¨

£

for theactualelement® is obtainedsimply by thecor-
respondingaf�ne linear transformation.Similarly theedge/facebubblefunction ¨T¼

y

£

is de-
�ned. Lateronanedge/facebubblefunction ¨–¼ is neededonthedomainÎR¼g�f®

'

	

®

�

. This
is achievedby anelementwisede�nition, i.e.

¨
¼

•

£�


iÀ��¨
¼

y

£�


7 œR�5Ó 7}�,•

Analogouslytheextensionoperatoris de�ned for functions
`

¼
�­«X�)°‹" . By thesameele-
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mentwisede�nition obtainthen üBýnþpÿ–�

`

¼�"<��«X�´Î·¼�" . With thesede�nitions oneeasilychecks

¨

£

�€[ on —š®t7 ¨ ¼ �f[ on —~Î ¼ 7

q

¨

£

q

;

y

£

�

q

¨ ¼

q

;

y ��


�5Ó •

Next, oneneedsso-calledinverseinequalitiesprovedfor instancein Lemma4.1of [12].
LEMMA 3.1 (Inverseinequalities). Let °÷ç —š® be an edge/faceof an element® .

Consider
`

£

�cê

���

�´®1" and
`

¼ �Ôê

�

â

�”°‹" . Thenthe following equivalences/inequalities
hold. Theinequalityconstantsdependon thepolynomialdegree �

( or �

'

but not on ® , ° or
`

£

,
`

¼ .
q

`

£

¨

'��h�

£

q

£

©

q

`

£

q

£

(3.1)
q

0Z�

`

£

¨

£

"

q

£

§

×

O '

Ø

™.Ù

y

£

q

`

£

q

£

(3.2)
q

`

¼ ¨

'��h�

¼

q

¼ ©

q

`

¼

q

¼(3.3)
q

ü ýnþpÿ �

`

¼ "=¨ ¼

q

£

§

×

'��h�

¼

y

£

q

`

¼

q

¼(3.4)
q

0•�)ü
ýnþpÿ

�

`

¼
"ƒ¨

¼
"

q

£

§

×

'��h�

¼

y

£

×

O
'

Ø

™.Ù

y

£

q

`

¼

q

¼
•(3.5)

3.2. Clémentinterpolation. For our analysiswe needsomeinterpolationoperatorthat
mapsa functionfrom &

'
�!�#" to theusualspace�#�!�87=‡g" madeof continuousandpiecewise

polynomialfunctionson the triangulation. HenceLagrangeinterpolationis unsuitable,but
Clémentlike interpolantis more appropriate. Recall that the nodal basisfunction ��¶ �

�#�!�87=‡g" associatedwith a nodeU is uniquelydeterminedby thecondition

�R¶ �´Â "����Y¶

y

¸ ]šÂ �X²g³

M

7

andby thepolynomialspaceof �>¶ • ® :
Finiteelementdomain® Local space�

£

of �R¶ • ®���Ò

£

Triangle,Tetrahedron ê

'

�~Ñ ®1"

Rectangle,Hexahedron �

'

�AÑ ®6"

Pentahedron spanjVÓV7

Ñ

U¹7

Ñ

Â~7

Ñ

Õ

7

Ñ

U

Ñ

Õ

7

Ñ

Â

Ñ

Õ

o

Then �#�)�87h‡g" is de�ned asthespacespannedby the functions �
¶ , for all nodesU �
²Š³

M .
Equivalently, it canbeexpressedas

�#�)�87h‡g"<iÀ�Ôj

`

…X�%«X�
Ñ

�6"�i

`

…��

�

£

��Ò

£

� �

£

oÔçæ&

'

�)�#"‚7(3.6)

with �

£

asdescribedin theabovetable.
Next, the Clémentinterpolationoperatorwill be de�ned via the basisfunctions ��¶ �

�#�!�87=‡g" .
DEFINITION 3.2 (Clémentinterpolationoperator). We de�ne theClémentinterpolation

operator!�"�#di &
'

�)�#"�í$�#�)�87h‡g" by

!�"�#

`

iÀ�&%

¶ ')(+*

,

Ó

• Î
¶

•

-

Ð

��.

`�/

�R¶ •

Theinterpolationerrorestimatesonanisotropictriangulationsaredifferentto theisotropic
case.Theanisotropicelementshaveto bealignedwith theanisotropy of thefunctionin order
to obtainsharpestimates.To this endwe introducea quantitywhichmeasuresthealignment
of meshandfunction.
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DEFINITION 3.3 (alignmentmeasure). For
`

�%& ' �)�#" , set

0

'

�

`

7=‡g"<iD�2143

£

'65

×

O �

Ø

™bÙ

y

£

q

«Pº

£

0

`

q

�

£�7

'��h�

q

0

`

q(3.7)

Fromthatde�nition weseethat

Óa¬

0

'

�

`

7h‡Š"�¬

È98�:

£

'65

×

'

y

£

×AØ

™bÙ

y

£

•

Theseestimatesimply that for isotropicmeshes0

'

�

`

7h‡Š"�©eÓ andconsequentlyfor such
meshesthealignmentmeasuredisappearsin otherconstants.

For anisotropicmeshesthe term « º

£

0

`

containsdirectionalderivativesof
`

alongthe
mainanisotropicdirectionsC ™

y

£

of ® . Therefore® will bealignedwith
`

if long(resp.small)
anisotropicdirection C

'

y

£

(resp. C  

y

£

) is associatedwith small (resp. large) directional
derivative C º

'

y

£

QT0

`

(resp.C º

 

y

£

QT0

`

). If all elementsarealignedwith
`

thenthenumerator
anddenominatorof 0

'

�

`

7h‡g" will beof thesamesizeandconsequently0

'

�

`

7=‡æ"�©cÓ . We
referto [18, 19] for moredetails.

Finally wemaystatetheinterpolationestimates.
LEMMA 3.4 (Clémentinterpolationestimates). For any

`

�%&
'

�)�#" it holds

%

£

'65

×

O
�

Ø

™.Ù

y

£

q

`

4;!�"�#

`

q

�

£

¬

0

�

'

�

`

7=‡g"

q

0

`

q

�(3.8)

%

<

'>=

×

<

×

�

Ø

™.Ù

y

<

q

`

4?!�"�#

`

q

�

<

¬

0

�

'

�

`

7=‡g"

q

0

`

q

�

•(3.9)

Proof. Theproof of theestimates(3.8) and(3.9) is given in [18] andsimply usesome
scalingarguments.

At theendfor S �lk &�'@�)�#"Åm
� we introduceits approximationmeasure

¦2�”S 7=‡g"�iD�@1�3

£

'65

×

O
�

Ø

™bÙ

y

£

q

S 4lë
…

S

q

�

£�7

'��h�

q

S

q

'

y

M

•(3.10)

Roughlyspeakingthis quantitymeasuresthe alignementof the mesh ‡ with S . For
isotropicmeshesit is thenboundedfrom aboveby 1 (seeSection4).

3.3. Surjectivity of the divergenceoperator. Herewe focuson thesurjectivity of the
divergenceoperatorfrom k &

'
�!�#"nm´� to �

�
�)�#" . This resultwill beusedin thenext subsection

aswell asin Subsection5.3.
LEMMA 3.5. Let A bean arbitrary functionin �

�
�!�#" , thenthere exists

`

�:k &
'

�)�#"nm´�

such that
*,+.-

`

��A in �87(3.11)
q

`

q

'

y

M

§

q

A

q

•(3.12)

Proof. Considera domain ’ with asmoothboundarysuchthat Ñ��ç€’ . We extend A by
zerooutside� to get BA in ���V�”’ˆ" . Let C€�%&�'

(

�”’ˆ" betheuniqueweaksolutionof
D

Cæ�EB A in ’_•
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As BA•�Z� � �)’ˆ" and ’ hasa smoothboundary, C belongsto & � �”’ˆ" with theestimate

q

C

q

�

y

“

§

q

BA

q “

�

q

A

q

•(3.13)

Thereforè de�ned in � by

`

��0FC in �

belongsto k & ' �)�#"Åm � andsatis�es(3.11) aswell as(3.12) asa consequenceof (3.13).
This lemmadiffers from theclassicalresulton thedivergenceoperator[17] by thefact

that
`

is no morezeroon theboundaryandthenallows to leave thezeromeanconditionon
A .

3.4. Uniform discreteinf-sup condition. Weendthissectionby showing thatthecom-
muting diagrampropertyand the continuity of ëP… from & ' �!�#" into � � �!�#" guaranteethe
uniformdiscreteinf-supcondition.

LEMMA 3.6. If (2.7) and(2.9) hold thenthere existsa constantG

�

ò�[ independentof
×

such that for every
`

…
�%H

…�H�IKJ

L M

'>N

M

L

Ma`

…

*,+b-

S …P� U

q

S
…

q

r6svu–w x�y

M~z

Ö�G

�
q

`

…

q

•(3.14)

Proof. Let us�x
`

…Œ��Hg… . It suf�ces to show thatthereexists S …X�ZEÏ… suchthat

*\+.-

S …��

`

… in �87(3.15)
q

S …

q

§

q

`

…

q

•(3.16)

Let
`

�Žk &
'

�!�#"nm´� bethesolutionof (3.11) with Aª�

`

… obtainedin Lemma3.5. Take

S …��fë8…

`

•

By (2.7) it satis�es(3.15). Indeedby (2.8), we haveÐ

M

*\+.-

�

`

4ŽS …B"POt…��f[\7^]QOt…ª�_Hg…,7

or equivalently Ð

M

�

`

…
4

*\+.-

S
…

"RO
…

�€[A7Å]SO
…

��H
…

7

which leadsto (3.15) since
*\+.-

S … belongsto HŠ… by theassumption(2.6).
Theestimate(3.16) directly follows from (2.9) and(3.12).

4. Examples. In this sectionwe presenta list of �nite elementpairsful�lling thetheo-
reticalassumptionsof theprevioussections.For aneasierreadibility, sinceour a posteriori
error analysisfrom section5 is independentof the choiceof the elements,the readernot
interestedin all thedetailsfrom thissectionmayskip theremainderof thissection.

For any element®ø� ‡ , we describein the next table the �nite dimensionalspaces
’

�

�´®8" and H

�

�´®8" , where�•�UT , for theRaviart-Thomaselements(in shortRT), theBrezzi-
Douglas-Marinielements(BDM), andtheBrezzi-Douglas-Fortin-Marini elements(BDFM).
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Name Element H

�

�”®1" ’

�

�”®1"

RT Triangle/Tetra V8®

�

iD�5k ê

�

m´��WgU Wê

�

ê

�

RT Rectangle ê

�

Ë

'

y

�

FZê

�

y

�

Ë

'

�

�

RT Hexahedra ê

�

Ë

'

y

�

y

�

FZê

�

y

�

Ë

'

y

�

FZê

�

y

�

y

�

Ë

'

�

�

RT Pentahedra V8®

(

�´U

'

7ƒU

�

"<FZê

'

�´U~ N" ê

(

BDM Triangle/Tetra k ê

�

Ë

'

m´� ê

�

BDFM Triangle/Tetra jTS �lk ê

�

Ë

'

m´�Pi S Q–µ �YX

�

�)—š®1"}o ê

�

Here ê

�

Ë

'

y

�

y

� meansthe spaceof polynomialsof degree �ªWcÓ in U

'

andof degree �

in U

�

and U~  , Wê

� meansthespaceof homogeneouspolynomialsof degree � , while X

�

�)—~®8"

denotesthespaceof functionsde�ned in —š® which area polynomialof degreeat most � on
eachedge/faceof ® . With thesesetswe mayde�ne

H … iD�:j

`

… �%H i

`

…

à

£

��’

�

�´®1"‚7Å]š®���‡ŸoB7(4.1)

E
…

iD�:j=C
…

�•EGi‚C

…

à

£

�%H

�

�”®1"p7^]š®���‡ŸoV•(4.2)

For theseelementpairs �´Eˆ…A7hHg…B" , exceptthe pentahedralcase,the assumptions(2.6),
(2.7) and(2.10) arecheckedin SectionIII.3 of [7]. Thecaseof pentahedrais provedsimilarly
by usingthestandarddegreesof freedom

Ð

¼

S Q–µ 7Å]2°è��±Ï7=°†çæ—š®t•

We now show thatthestability estimate(2.9) holdsin someparticularsituations.
We startwith a generalresult.
LEMMA 4.1. If theelements®:��‡ satisfy×

�

'

y

£

§

×AØ

™bÙ

y

£

7(4.3)

then(2.9) holds.
Proof. Usingtheaf�ne transformationU �f/

£

U W[Z

( whichmapsthereferenceelement
Ñ® to ® andPiola's transformation

S � U "3�f/

O
'

£

S �´U "p7

whichpreservesthedegreeof freedom,wehave

q

S 4lë1…VS

q

�

£

�è• ®�•

Ð

³

£

• /

£

� S 4†Ñ ë S "Y•

�

¬c• ®�•

q

/

£

q

�

Ð

³

£

• S 4†Ñ ë S •

�

§è• ®�•

q

/

£

q

�

Ð

³

£

• 0 S •

�

§

q

/

£

q

�

Ð

£

• 0Z�)/

O
'

£

S "^/

£

•

�

§

q

/

£

q

�

q

/

O
'

£

q

�

Ð

£

• 0�S •

�

•

Sinceby Lemma2.2of [18] wehave
q

/

£

q

©

×

'

y

£

and
q

/

O
'

£

q

©

×

O
'

Ø

™bÙ

y

£

, theaboveestimate
andtheassumption(4.3) yields

q

S 4Žë8… S

q

�

£

§

Ð

£

• 0ªS •

�

•
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Thesumof this estimateon ®:�Z‡ leadsto theconclusion.
For boundarylayer meshes

× Ø

™bÙ

y

£

�]\

×

and

×

'

y

£

�

×

, where \�©_^ •¢•

Ç

Û

^ •¢• , the
thicknessof thelayerbeing ^

• (see[3, 18, 20]), thereforetheassumption(4.3) becomesthen
×

¬`\ andcouldbetoorestrictive. Similarly for re�ned meshesalongedgesingularities,then
× Ø

™bÙ

y

£

�

×

â

a and

×

'

y

£

�

×

, whereb_òæ[ is thesmallestedgesingularexponent[4, 3, 18, 5],
in that case(4.3) reducesto b�Ö Ó4c@� . Again this condition is too restrictive for strong
edgesingularities( b is always Ö Ó�c � for theLaplaceequation,but for generaltransmission
problems( / piecewiseconstant),b couldbeassmallaswewant[14, 22, 25, 26, 11]). These
considerationsmotivatetheuseof �ner argumentsto get(2.9), namelyadaptingthearguments
of Sections4 and5 of [1], we canprovethefollowing results.

LEMMA 4.2. Assumegivena 2D triangulation ‡ madeof triangles ® which satisfy
×

'

y

£

§

H

+.Ûed

Øef

¶

y

£

7(4.4)

where
d

Øef

¶

y

£

is themaximalangleof ® . Assumethat �´E•…\7}Hg… " correspondsto theRaviart-
Thomaselementof order0 (i.e. de�nedby (4.1)-(4.2) with �Ï�f[ ). Then(2.9) holds.

Proof. By Lemmas4.1and4.2of [1] for any ®��%‡ , wehave

q

S 4lë
…

S

q

£

§

×

'

y

£

H

+bÛed

Øef

¶

y

£

q

0ªS

q

£

•

Theassumption(4.4) directlyyieldsthedesiredestimate.
Remarkthat the assumption(4.4) is muchweaker than(4.3). Indeedit is satis�ed for

any tensorproductmeshes,for any meshessatisfyingthemaximalanglecondition(i.e. there
exists g

��h2i

suchthat
d

Øjf

¶

y

£

¬kg

�

), while suchmeshesmay not satisfy (4.3). The
condition(4.4) is weaker thanthemaximalangleconditionsinceit is equivalentto

i

�

¬

d

Øjf

¶

y

£

¬

i

4ml

×

'

y

£

7

for somel8òŸ[ andthenallows
d

Øef

¶

y

£

to tendto
i

.
In a similarmannerweprovethe
LEMMA 4.3. Assumegivena 3D triangulation ‡ madeof tetrahedra ® satisfying

×

'

y

£

§5�

*onqp

Hc"

�

7(4.5)

where H is a matrix madeof threevectors
`

™ , œt�ùÓV7h�\7=� , where
`

™ are thedirectionof the
edgessharinga commonvertex andsuch that •

`

™
•,�†Ó . Assumethat �´E

…
7}H

…
" corresponds

to theRaviart-Thomaselementof order 0 (i.e. de�nedby (4.1)-(4.2) with �Œ��[ ). Then(2.9)
holds.

Proof. By Lemmas5.1and5.2of [1] for any ®��%‡ , wehave

q

S 4lë
…

S

q

£

§

×

'

y

£

�

*onqp

Hc"

�

q

0ªS

q

£

7

andweconcludewith theassumption(4.5).
Notethattheregularvertex propertyintroducedin [1] implies(4.5), notefurthermorethat

Theorem5.10of [1] implies that (2.9) holdsunderthemaximalangleconditionintroduced
by Krizek [21] andquiteoftenusedfor anisotropicmeshes[4, 3].

Let usnow passto rectangularmeshes.
LEMMA 4.4. Assumegivena 2D triangulation ‡ madeof rectanglessuch thattheedges

of theelementsare parallel to the U

'

or U

�

axis. Assumethat �´Eˆ…\7}Hg…B" correspondsto the
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Raviart-Thomaselementof order 0 or 1 (i.e. de�ned by (4.1)-(4.2) with �
�†[ or 1). Then
(2.9) holds.

Proof. Denoteby °

'

, °t  theedgesof ® parallelto the U

'

axis.Thenby de�nition of the
interpolantë8…VS of S weremarkthat S

'

4Ÿ�”ë8… S "

'

hasameanzeroon °

'

and S

�

4æ�”ë1…VS "

�

hasa meanzeroon °

�

, thereforeby a standardscalingargumentwehave

q

S 4Žë8… S

q

£

§r%

˜=Ü

'

y

�

×

˜

q

— ˜ �”S 4Žë8… S "

q

£

7(4.6)

where

×

˜ meansherethelengthof °<˜ , •X�èÓV7h� . It thenremainsto estimate
q

—V˜Yë1…VS

q

£

. For
thatpurposewedistinguishbetweenthecases�Ï�f[ and �X�5Ó .

For �X�f[ weshallprovethat
q

0ªë1…VS

q

£

§

q

0�S

q

£

7(4.7)

while for �Ï�ÔÓ , we shallprovethat
q

—
˜

ë
…

S

q

£

§

q

—
˜

S

q

£

W

×

O
'

˜

q

S

q

£

•(4.8)

In bothcasestheseestimatesyield
q

S 4lë
…

S

q

£

§

×

'

y

£

q

0ªS

q

£

W

q

S

q

£

•

andtheconclusionfollowsby summingthesquareof this estimateon ®��%‡ .
In thecase�Ï�f[ , we remarkthat

ë1…VS �´U2"��]s

¦

(

Wg¦

'

U

'

¨

(

WŠ¨

'

U

�ut

7

for somerealnumbers¦,™ƒ7}¨p™^7=œR�€[A7–Ó . Consequentlywe get

—

'

ë
…

S ��¦

'

s

Ó

[

t

7h—

�

ë
…

S ��¨

'

s

[

Ó

t

•

Now by Green's formula,thefactthattheedgesof ® areparallelto theaxesandtheinterpo-
lationproperties,we maysuccessively write

Ð

£

—

'

�”ë1…VS "

'

�

Ð

v

£

µ

'

�”ë1…VS "

'

�

Ð

¼

|�w

¼Qx

µ

'

�”ë1…VS "

'

�

Ð

¼

|�w

¼Qx

ë8… S Q–µ_�

Ð

¼

|�w

¼Qx

S Q‚µ

�

Ð

¼

|�w

¼Qx

µ

'

S

'

�

Ð

£

—

'

S

'

•

By thefactthat —

'

�”ë
…

S "

'

is constantandby Cauchy-Schwarz's inequalitywe obtain

• —

'

�”ë
…

S "

'

•¡¬Ô• ®ª•

O
'��h�

q

—

'

S

'

q

£

•

Integratingthesquareof this estimateon ® we arriveat
q

—

'

�”ë8… S "

'

q

�

£

¬

q

—

'

S

'

q

�

£

•

Sincea similarargumentyields
q

—

�

�”ë8… S "

�
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we haveproved(4.7) (recallingtheform of — ˜ �”ë … S " ).
For �Ï�ÔÓ , ë … S hastheform
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7

for somerealnumbers¦,™ƒ7}¨p™^7=œR�f[\7–QYQ–Q‚7�{ . Consequentlyweget
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•

For the estimationof —

'
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, applyingGreen's formula andthe interpolationproperties
we have
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By Cauchy-Schwarz's inequalitywe obtain
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By symmetrywe actuallyhave
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For theestimationof —
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, recallingthatit is constantwemaystartwith
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. In theabove right-handside,applyingGreen's formulawe
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sincetheboundarytermis zero.Usingtheinterpolationpropertieswe obtain
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Thisprovestheidentity
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Cauchy-Schwarz's inequalityanddirectcalculationsyield
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Integratingthesquareof this inequalityon ® leadsto
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Exchangingtheroleof Ó and2, we haveprovedthat
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Theestimates(4.9) and(4.10) immediatelygive (4.8).
Obviously theaboveresultis still valid for a3D triangulationmadeof rectangularhexa-

hedrawith V8®

( or V8®

'

.
Let usgoonwith thecaseof pentahedra.
LEMMA 4.5. Assumegivena 3D triangulation ‡ madeof rectangularpentahedra ®f�

®

'

FZõ , where õ is a real intervaland ®

'

is a 2D triangle, which satis�es
×

'
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H

+.Ûed

Øef

¶
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£¢â

•(4.11)

Assumethat �”EŒ…A7hHg…B" correspondsto theRaviart-Thomaselementof order0 (i.e. de�nedby
(4.1)-(4.2) with �X��[ ). Then(2.9) holds.

Proof. ArgumentslikeLemmas4.1and4.2of [1] yield
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Theassumption(4.11) thenyields
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It thenremainsto estimate
q
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. Remarkingthat
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for somerealnumbers¦
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which in particularimply
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.
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Denoteby ° ™ 7=œP�eÓ 7}� the two facesof ® perpendicularto the U   axis. As beforeby
Green's formulaandtheinterpolationproperties,we maysuccessively write

Ð

£

—B V�”ë8… S "^ 8�

Ð
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By thefactthat —,  �)ë1…VS "ƒ  is constantandby Cauchy-Schwarz's inequalitywe obtain

• —¡ V�)ë1…VS "ƒ B•,¬:• ®�•

O '��h�

q
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q

£

•

Integratingthesquareof this estimateon ® we arriveat
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•

A similarargumentleadsto
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�
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•

By theform of —¡™h�”ë8… S " , thetwo aboveestimatesimply that
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Thisestimatein (4.12) gives
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q

0ªS

q
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7

which leadsto theconclusion.
Weendthissectionby showing thattheapproximationmeasure¦ is boundedfrom above

by 1 for isotropicmeshes:
LEMMA 4.6. For anyisotropicmesh‡ andtheabove�nite elementspaces,

¦2�”S 7=‡g"3§5Ó 7^]2S �ék &

'
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•

Proof. By theproofof Lemma4.1, wehave
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Sincefor anisotropicmeshwe have
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, weget
×

O
�

Ø

™bÙ

y

£

q

S 4lë1…VS

q

�

£

©

×

O
�

'

y

£

q

S 4Žë8… S

q

�

£

§

Ð

£

• 0ªS •

�

•

We concludeby summingthis estimateon ®:��‡ .
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5. Err or estimators.

5.1. Residual error estimators. For C … ��E … we de�ne the jump of /‹O ' C … in the
tangentialdirectionacrossa face° by

„

¼

y …

�vC
… "#iÀ�‡†

Ã Ã

/PO ' C …PQ–½
¼ Ä Ä

¼

in 2D,
Ã Ã

/PO ' C …ÏF•µ ¼

Ä Ä

¼

in 3D.

In 2D,
„

¼

y …

�DC …B" is ascalarquantity, but for shortnesswewrite it asavector, allowing us
to treatthe2D and3D casesin thesametime.

DEFINITION 5.1 (Residualerror estimator). For any ®¥�­‡ , the local residualerror
estimatoris de�nedby

ˆ
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q
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¼•Œ
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×

�

Ø
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y
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×
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q

�
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•

Theglobal residualerror estimatoris simply

ˆ

�

iÀ�@%

£

'65

ˆ

�

£

•

5.2. Proof of the lower error bound. We proceedasin [8] with thenecessaryadapta-
tion dueto theanisotropy of themeshes(comparewith [18, 12]).

THEOREM 5.2 (Lowererrorbound). Assumethatthereexists�•�ŽT such that �)/�O
'

C …B"

à

£

belongsto ê

�

, for all ®:�%‡ . Thenfor all elements® , thefollowing local lowererror bound
holds:
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•(5.1)

Proof. Curl residualBy theinverseinequality(3.1) andGreen's formula,onehas
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Theinverseinequality(3.2) yields×
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Tangential jump Set
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  in 3D. Theinverseinequality(3.3) yields
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Elementwiseintegrationyields
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By theestimate(5.2) we get
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Theinverseinequalities(3.4) and(3.5) leadto
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Element residualTheinverseinequality(3.1) andthefactthat C �f/10�$ yield
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UsingGreen's formulaweget
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Cauchy-Schwarz's inequalityandtheinverseinequality(3.2) leadto
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Usingtheestimates(5.2) and(5.3) and(5.4) providesthedesiredbound(5.1).

REMARK 5.3. The assumptionof theorem5.2 is not always ful�lled, even if C … is
elementwisepolynomial,since /‹O

'
is not necessarilyelementwisepolynomial.However, it

holdsif / is piecewiseconstant.

5.3. Proof of the upper error bound. Theuseof Lemma3.5 allows to prove the fol-
lowing errorboundon • .

LEMMA 5.4. Let
`

�ùk &
'

�)�#"Åm � be the solutionof (3.11) with A­� • and satisfying
(3.12), obtainedin Lemma3.5. Thenthenext estimateholds
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Proof. By (3.11) wemaywrite
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By Green's formulaandthefactthat 0�$•�f/‹O ' C (recallthat $•�f[ on —„� ) we get
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Thediscretemixedformulation(2.1) thenleadsto
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SinceGreen's formulaoneachelementandtheproperties(2.8) and(2.10) imply that
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Now Cauchy-Schwarz's inequalityleadsto
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Usingthede�nition of theapproximationmeasure¦ we obtain

q

•

q

�

¬

-

q

/

O
'

�vC 4•C …B"

q

WŠ¦2�

`

7=‡g"–�Q%

£

'65

×

�

Ø

™.Ù

y

£

q

/

O
'

C …a4é0

`

…

q

�

£

"

'��h�

/

q

`

q

'

y

M

7

for any
`

…X�_Hg… . Theconclusionfollows from theestimate(3.12).
Comparingtheabove lemmawith Lemma5.2of [8], we remarkthat theuseof Lemma

3.5allows to avoid the &
�
-regularityof thesolutionof (1.1).

It remainsto estimatetheerrorboundon • , which is obtainedby adaptingLemma5.1of
[8]. We startwith aHelmholtzlike decompositionof thiserror.

LEMMA 5.5. There exist Õ

�Š&
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�)�#" and G �Š&
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�)�#" in 2D or G ��k &
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  in 3D
such that
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W curl G 7(5.6)

with theestimates
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Proof. Firstly weconsiderÕ

��& '

(

�)�#" astheuniquesolutionof
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which clearly satis�es (5.7). Secondlywe remarkthat • 4€/10

Õ is divergencefree so by
TheoremI.3.1 or I.3.4 of [17], thereexists G �l& ' �)�#" in 2D or G �­k & ' �!�#"nm

  in 3D such
that
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with theestimate
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7

which leadsto (5.8) thanksto (5.7).
For thesakeof shortness,in theabovelemma,weuseexceptionallythenotationG in 2D

for thescalarfunctionappearingin thedecomposition(5.6).
LEMMA 5.6. If Õ and G are fromLemma5.5thenthenext estimateholds

q

•

q

§ �^Ó�W

0

'

�•G 7h‡g"ƒ"

ˆ

•(5.9)

Proof. SinceGreen's formulayields
Ð

M

0

Õ

Q curl G �f[A7

we maywrite
Ð

M

�)/

O
'

• ">Q–• �

Ð

M

�)0

Õ

"RQ–• W

Ð

M

�”/

O
' curl G ">Q curl G •(5.10)

We now estimateseparetelythe two termsof this right-handside. For the �rst oneap-
plying Green's formulaweget

Ð

M

�)0

Õ

"RQ–• �54

Ð

M

Õ

*\+.-

•

By Cauchy-Schwarz's inequalitywe obtain

�

�

�

�

Ð

M

�)0

Õ

"·QY•

�

�

�

�

§

q

*\+.-

•

q q

Õ

q

'

y

M

•

Using�nally thefactthat
*,+b-

C �c46� andtheestimate(5.7), we conclude

�

�

�

�

Ð

M

�)0

Õ

"·QY•

�

�

�

�

§

q

��W

*,+.-

C …

q q

•

q

•(5.11)

For thesecondtermof the right-handsideof (5.10) we take G
…

�E!

"�#

G . By (5.6) and
Green's formula,we have

Ð

M

�”/

O
' curl G "·Q curl G …‹�

Ð

M

�)/

O
'

• ">Q curl G …A•
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As curl G
… belongsto E … (dueto (2.5)), by theorthogonalityrelation(2.2) theaboveidentity

becomes
Ð

M

�)/

O ' curl G ">Q curl G … �

Ð

M

•

*,+b-

curl G … ��[\•

This identity allows to write
Ð

M

�”/

O ' curl G ">Q curl G �

Ð

M

�)/

O ' curl G "RQ curl �•G 4;G … "p•

UsingtheHelmholtzdecomposition(5.6) andthefactthat C �f/80‹$ it becomes
Ð

M

�)/

O ' curl G "·Q curl G �

Ð

M

�)0Z�´$•4

Õ

"·4l/

O '

C …B"RQ curl �–G 4?G …B"p•

Green's formulain � (theboundarytermbeingzerosince$Œ4

Õ

��[ on theboundary)leads
to

Ð

M

�”/

O
' curl G "·Q curl G �54

Ð

M

�)/

O
'

C …B"RQ curl �–G 4;G …B"p•

Now applyingGreen's formulaoneachelement® weget
Ð

M

�”/

O
' curl G "RQ curl G �Ô4—%

£

'65

Ð

£

curl �)/

O
'

C …B"RQ �–G 4;G …B"

W
%

¼
'>=

Ð

¼

„

¼

y …

�DC
…

"·QV�–G 4?G
…

"p•

ContinuousanddiscreteCauchy-Schwarz's inequalitiesyield

�

�

�

�

Ð

M

�”/

O
' curl G ">Q curl G

�

�

�

�

¬

-

%

£

'65

×

�

Ø

™bÙ

y

£

q

curl �)/

O
'

C …B"

q

�

£

/

'��h�

-

%

£

'65

×

O
�

Ø

™.Ù

y

£

q

G 4;G …

q

�

£

/

'��=�

W

-

%

¼
'>=

×

�

Ø

™bÙ

y

¼

×

O
'

¼

q

„

¼

y …

�vC …B"

q

�

¼˜/

'��h�

-

%

¼
'>=

×

O
�

Ø

™bÙ

y

¼

×

¼

q

G 4?G …

q

�

¼™/

'��h�

•

By Lemma3.4we obtain

�

�

�

�

Ð

M

�”/

O
' curl G "RQ curl G

�

�

�

�

§

0

'

�–G 7=‡g"

ˆ

q

0”G

q

•

Accordingto (5.8) we arriveat theestimate

�

�

�

�

Ð

M

�”/

O
' curl G "RQ curl G

�

�

�

�

§

0

'

�•G 7=‡g"

ˆ

q

•

q

•(5.12)

The conclusiondirectly follows from the identity (5.10) and the estimates(5.11) and
(5.12).

Usingthetwo aboveLemmasandrecallingthat
*\+.-

• �54Ì�)�>W

*,+b-

C
…

" wehaveobtained
the

THEOREM 5.7 (Uppererrorbound). Let
`

�ék &l'@�)�#"Åm
� bethefunctionfromLemma5.4

and G thefunctionfromLemma5.5. Thentheerror is boundedglobally fromaboveby
q

•

q

W

q

•

q

r6svuYw xdy

MAz

§÷�^Ó�WŠ¦š�

`

7=‡g"¹W

0

'

�•G 7h‡g"ƒ"

ˆ

•(5.13)
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5.4. Applications to isotropic meshes.Our resultsapply to any elementpairs from
Section4 on isotropicmeshes.In thatcasewe have

× Ø

™bÙ

y

£

©

×

£

©

×

< for all facesÒ of
® (recall that

×

£

is thediameterof ® ), 0

'

�ƒQ.7h‡Š"1©¥Ó and ¦2�ƒQ.7h‡g"8§�Ó . As a consequence
theaboveresultsmayrephrasedasfollows: thelocal residualerrorestimatoris givenby (see
[8])

ˆ

�

£

iD�

q

�XW

*,+b-

C …

q

�

£

W

×

�

£

q

curl �”/

O '

C …B"

q

�

£

W

×

�

£

ÈX+bÛ

‰�M

'6Š

M

q

/

O '

C
… 4l0

`

…

q

�

£

W

×

£

%

¼™Œ

v

£

q

„

¼

y …

�DC … "

q

�

¼

•

With this de�nition thelowererrorbound(5.1) holdsunderthesameassumptionon C … than
in Theorem5.2, while theuppererrorbound(5.13) reducesto

q

•

q

W

q

•

q

r6svu–w x¹y

M~z

§

ˆ

7

withoutany regularityassumptionon thesolutionof (1.1).

6. Numerical experiments. In thissection,wepresenttwo �V’ experimentswhichcon-
�rm the ef�ciency and reliability of our estimator. The �rst exampletreatsthe caseof a
smoothsolutionpresentingaboundarylayer, while thesecondexampleconsidersthecaseof
a singularsolution(not in &

�
�!�#" ) having anedgesingularity. The�rst examplewaschosen

to show thatthealignmentandapproximationmeasuresarenotanobstaclefor theef�ciency
andreliability of theestimator, while thechoiceof thesecondexampleis motivatedby the
relaxationof the &

� -regularityof thesolution.

6.1. Solution with a boundary layer. The presentexperimentsconsistin solving the
threedimensionalmixedproblem(2.1) with /���õB� on theunit cube �€�è�”[A7–ÓT"

  . Here,we
usethe Raviart-ThomaselementV8®

( describedin Section4, on anisotropicShishkintype
meshescomposedof tetrahedra.Eachmeshis thetensorproductof a1D Shishkintypemesh
andof a uniform2D mesh,bothwith µ subintervals.With \��l�”[\7YÓT" beinga transitionpoint
parameter, thecoordinates�´U

™
7ƒÂ

˜
7

Õ

�

" of thenodesof thehexahedraarede�ned by

�VU

'

iÀ���4\šc¢µ>7•�VU

�

iÀ���\�ƒÓ#4;\A"|cNµ>7 �VÂX�5Ó�cNµ>7÷�

Õ

�cÓ4cNµ>7

I›

›

J

›

›

K

U
™ := œB�VU

'

�)[X¬Šœ�¬Šµ�c@�V"p7

U
™ := \‹Wf�”œd4Žµ�c@�V",� U

�

�”µ�c@�#WfÓP¬æœ3¬Ÿµ�"p7

Â
˜ := •��VÂ �)[X¬Ž•Œ¬æµ�"‚7

Õ

� := �<�

Õ

�)[X¬`�•¬Ÿµ�"p•

Eachhexahedronis thendivided in threetetrahedra,without addingany node(seeFigure
6.1).

The discreteproblem(2.1) is solved with an Uzawa-typealgorithm. The numberof
degreesof freedomfor the determinationof C … is equalto the numberof facesœ_Ò of the
mesh.Thetestsareperformedwith thefollowing prescribedexactsolution $ :

$R�´Ud7ƒÂ27

Õ

" � U·�^Ót4ŽUš"^Â„�^Ó#4lÂ\"

Õ

�^Ó<4

Õ

"^•

O

.

• ž

•

This allows to have in particular $

à Ÿ

� [ . Note that
v¡ 

v

¶

presentsan exponentialboundary
layeralongtheline U•�f[ thatdoesnotconvergeuniformly towardszerowhen¢ goestowards
zero. The transitionparameter\ involved in the constructionof the Shishkin-typemeshis
de�ned by \ŸiÀ�

ÈX+.Û

jBÓ�c �,7h�
^

¢A•

Ç

Û

^
¢\•Do , which is roughly twice theboundarylayer width.

Themaximalaspectratio in themeshis equalto Ó4c,�!�4\A" .
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FIG. 6.1. Shishkintypemeshon theunit cubewith £a�U¤ and ¥t�Y¦¡§ 	©¨ .

Now we investigatethemaintheoreticalresultswhich aretheupperandthelower error
bounds. In order to presentthe underlyinginequalities(5.13) and (5.1) appropriately, we
reformulatethemby de�ning theratiosof left-handsideandright-handside,respectively:

á

Sqª)«P�

•.• •,•.•YW�•b• • •b•

r6s div y

MAz

ˆ

asa functionof œ_Ò ,

á

Sq¬ ­P®l�

È¯84:

£

'65

ˆ

£

•b• • •.•

r6s div y �
•

z

W�•.• •,•.•

£

asa functionof œ_Ò .

The�rst ratio S
ª•« is frequentlyreferredto aseffectivityindex. It measuresthereliability

of theestimatorandis relatedto theglobaluppererrorbound.In orderto investigatethis er-
ror bound,recall�rst thatthefactor �ƒÓRW�¦2�

`

7h‡‹"~W

0

'

�•G37h‡�"=" is expectedto beof moderate
sizesincewe employ well adaptedmeshes(cf. Theorem5.7). Hencethecorrespondingratio

Sqª)« shouldbeboundedfrom above. This is actuallycon�rmed by theexperiments(left part
of Figure6.2), wherewe evennoticethatthequality of theuppererrorboundis independent
of ¢ . Thustheestimatoris reliable.

The secondratio is relatedto the local lower error boundand measuresthe ef�ciency of
theestimator. Accordingto Theorem5.2, Sq¬ ­P® hasto be boundedfrom above. This canbe
observed indeedin the right part of Figure 6.2, assoonas a suf�ciently resolutionof the
boundarylayeris achieved(thesmaller¢ is, thelarger œ_Ò mustbe). Hencetheestimatoris
ef�cient.

6.2. Singular solution. Let usnow considerthethreedimensionalmixedproblem(2.1)
with /†�èõB� on thetruncatedcylinder domain � de�ned in theusualcylindrical systemof
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FIG. 6.2. °�±�² (left) and °�³ ´¶µ (right) in dependenceof ·¹¸ , anisotropic solutions.

coordinates�•º¢7

d

7

Õ

" by :
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›

›

›
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›

›

›

›
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[X¬»º�¬­[\•bÓ 7

[X¬

d

¬

 |¼

�

7

[X¬

Õ

¬æ[A•.ÓV•

The testsare performedwith the following prescribedexact solution $ satisfyingthe
homogeneousDirichlet boundaryconditionson —„� andde�ned by :

$·�–º¢7

d

7

Õ

"3�½º

|¾

�)[\•bÓ#4;º@"

H

+bÛÀ¿

�KÁ

 ÃÂ

Õ

�”[A•.Ó<4

Õ

"‚•

This solution $ doesnot belongto &
�

�)�#" , andhasthe typical edgesingularbehaviour
nearthe edge º€� [ . Becauseof this edgesingularity, the meshis re�ned in the radial
direction nearthe axis of the cylinder, making it anisotropic(seeFigure 6.3). The �nite
elementandthealgorithmarethesameasin Section6.1.

Onceagain,we plot S•ª)« and S
¬ ­R® de�ned in Section6.1 versusœ_Ò . This is donein

Figure6.4. Eachof thesetwo parametersis boundedfrom above. Thatcon�rms thattheesti-
matoris actuallyreliableandef�cient, evenfor asingularsolutionastheoreticallyexpected.

The testspresentedin this sectionhave beenperformedwith thehelp of theNETGEN
meshgenerator(JohannesKeplerUniversity of Linz in Austria) and the SIMULA+ �nite
elementcode(MACS,University of ValenciennesandLPMM, University andENSAM of
Metz,bothin France).
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