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ISOTROPIC AND ANISOTROPIC A POSTERIORI ERROR ESTIMATION OF
THE MIXED FINITE ELEMENT METHOD FOR SECOND ORDER OPERATORS
IN DIVERGENCE FORM

SERGENICAISE AND EMMANUEL CREUSE

Abstract. This paperpresentsan a posterioriresidualerror estimatorfor the mixed FEM of secondorder
operatoraisingisotropicor anisotropicmneshesn or . Thereliability andefciency of our estimatoris
establishedvithout ary regularity assumptionsn the solutionof our problem.
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1. Intr oduction. Letus x aboundeddomain of , or 3 with a polygonal

boundary( ) orapolyhedralone( ). In this papemwe considethefollowing second
orderproblem:For , let betheuniquesolutionof

(1.1) in

wherethe matrix is supposedo be symmetricand uniformly positive
de nite.

The mixed formulationof that problemis well-known [27, 31, 28, 7, 8], andconsistsn
nding in solutionof :

(1.2)

where

endavedwith the naturalnorm

and Sincethis problemhasat mostonesolution[31, p.16],the uniquesolution
is givenby , when istheuniquesolutionof (1.1).
Problem(1.2) is approximatedh aconforming nite elemensubspace of
basednatriangulation of thedomainmadeof isotropicor anisotropicelementsUnder
the property , the discreteproblemhasa uniquediscretesolution
. We thenconsideran ef cient andreliableresidualanisotropica posteriorierror
estimatoffor theerror_ inthe -normand inthe -norm.

Anisotropic a posteriorierror estimationsare highly recommendedor problem (1.2)
sincethe solution presentsedgeand cornersingularities[14, 17, 13, 22, 25] or boundary
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layers[23, 24], for which the useof suchelementss more appropriate¢hanisotropicones
(see[3, 18] for thetreatmenbf standarcelliptic problems).For cornersingularitiesin 2D or

edgesingularitiesn 3D apriori errorestimationsareavailablein specialgeometrie$ 15, 30]

but requirethe explicit knowledgeof the singularitieswhich may require somenumerical
efforts.

Isotropica posteriorierror estimatordor standarcelliptic boundaryalue problemsare
currentlywell understoodseefor instance 32] andthereferencesitedthere). Theextension
of thesemethodsto anisotropicmeshesstartswith the recentworks [29, 18, 16, 12]. The
analysisof isotropica posteriorierror estimatordor the mixed nite elementmethodwere
initiatedin [6, 2, 8] but the estimatoris ef cient andreliablein a non-naturahorm[6, 2] or
it is ef cient andreliablebut underthe  -regularity of the solutionof (1.1) [8] (whichis
oftennot the case seealso[9] for the elasticitysystem).Thereforethe goal of this paperis
to extendthe methodfrom [8] to the caseof isotropicor anisotropicmeshesn 2D and 3D,
usingsometechniquedrom [18], and moreover without any regularity assumption®n the
solutionof (1.1).

Theorganizatiorof the paperis thefollowing: Section2 recallsthe discretizatiorof our
problem,introducessomeanisotropicquantities somemild assumptionsn the meshesand
somenaturalconditionson the nite elementspacesin Section3 we give someanisotropic
interpolationerror estimatedor Clémenttype interpolationand prove the uniform discrete
inf-sup condition. Someexamplesof elementssatisfyingour theoreticalassumptionsare
presentedn Section4. Therewe further give sufcient conditionson the meshesnsuring
thestability of theschemeTheef ciency andreliability of theerrorareestablisheih Section
5. Finally Section6 is devotedto numericaltestswhich con rm ourtheoreticalnalysis.

Let us nish thisintroductionwith somenotationusedin thewhole paper:The -

normwill be denotedby . In thecase , we will droptheindex . Theusual
normandseminormof aredenoteday and . Thenotation_ meanghat
thequantity isavectorand _ meanghematrix ( beingtheindex of row
and theindex of column). For a vectorfunction _ we denoteby curl _

in 2D andcurl _ in 3D. On the otherhand
in 2D for a scalarfunction we write curl (notethatthe curl of a two-
dimensionalector eld is ascalarbut in orderto avoid a multiplicity of notationwe denote
it asavectorsinceno confusionis possible).Finally, thenotation and meanghe
existenceof positive constants and  (which areindependenbf  andof thefunction
underconsiderationyuchthat and , respectiely.

2. Discretizationof the problem. Thedomain isdiscretizey aconformingmesh
cf. [10. In 2D, all elementsareeithertrianglesor rectanglesin 3D the meshconsistsither
of tetrahedrapf rectangulathexahedraor of rectangulapentahedrdi.e. prismswherethe
triangularfacesareperpendiculato therectangulafaces)cf. alsothe gures of Section2.2
The restrictionto rectanglesrectangulahexahedraor rectangulapentahedras only made
for thesale of simplicity; theextensionto parallelogramhexahedrar pentahedrss straight-
forwardusingaf ne transformations.

Elementswill bedenotecby , or ,itsedgegin 2D) or faces(in 3D) aredenoted
by . Thesetof all (interiorandboundary)edgeq2D) or faceg3D) of thetriangulationwill
bedenotecdby . Let_ denoteanodalpoint,andlet bethesetof nodesof themesh.The

measuref anelementbor edge/aceis denotedhy meas and meas ,
respectiely.

Foranedge ofa?2D element introducetheouternormalvectorby .
Similarly, foraface of a3Delement set_ . Fromnow, theword “f ace”

will denoteeitheran edgein the 2D caseor a facein the 3D case. Furthermorefor each
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face we x oneof thetwo normalvectorsanddenoteit by _ . In the 2D caseintroduce
additionallythe tangentvector . _ suchthatit is orientedpositively

(with respecto ). Similarly set_

Thejump of some(scalaror vectorvalued)function acrossaface atapoint
is thende ned as

for aninteriorface ,

for aboundaryface

Note that the sign of dependwn the orientationof _ . However, termssuchasa
gradienfump _ areindependenof this orientation.

Furthermorenerequiredocal subdomaingalsoknown aspatches)As usuallet  be
theunionof all element$aving acommonfacewith . Similarlylet  betheunionof the
elementdhaving asface.By  wedenotetheunionof all elementdhaving _ asnode.

Later on we specify additional, mild meshassumptionghat are partially due to the
anisotropiadiscretization.

2.1. Discreteformulation. Thediscretegroblemassociatewvith (1.2) isto nd
suchthat

(2.1)

where  (resp. )isa nite dimensionakubspacef (resp. ).
Recallthattheerrorsarede ned by

Thereforesubtracting(1.2) with  and from (2.1) we obtainthe 'Galerkin
orthogonality'relations

2.2)

(2.3)

2.2. Someanisotropic quantities. In our exposition canbe a triangle or rectangle
(2D case)pr atetrahedrona (rectangularhexahedronpr aprismaticpentahedro(3D case).
Partsof the analysisrequirerefeenceelements thatcanbe obtainedfrom the actual
element via someafne linear transformation . The table below lists the reference
elementdor eachcase. Furthermorefor anelement we de ne 2 or 3 anisotiopy vectos
thatre ect themainanisotroy directionsof thatelement.Theseanisotroy
vectorsarede ned andvisualizedin thetablebelov aswell.
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Reference Anisotropy vectors
element

longestedge

heightvector

=4 m
Sl @
W% 3
« D
o =1

|

Rectangle longestedge
heightvector

\

Tetrahedron longestedge
heightin largestface
thatcontains

remainingheight

— longestedge
heightin largestface
thatcontains
remainingheight

2\
.al

Pentahedron (Prism) longestedgein triangle;
heightin triangle;

height over triangle (see
gure, vectorsorderedby
length)

RS
[
’
/
/
/
’
/

Theanisotrofy vectors  areenumerateduchthattheirlengthsaredecreasing,e.
3 3 in the3D caseandanalogouslyn 2D. Theanisotiopiclengthsof anelement
arenow de ned by

which implies in 3D. The smallestof theselengthsis particularly
important;thuswe introduce

Finally theanisotropy vectors arearrangedcolumnwiseto de ne amatrix

(2.4) - - n2D
in 3D.
Notethat is orthogonakincetheanisotroly vectors  areorthogonatoo, and
diag

Furthermorewe introducethe height — overanedge/fce of anelement .
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2.3. Meshassumptions. The meshhasto satisfysomemild assumptions.

Themeshis conforminﬁin the standardsenseof [10]. )
A node_ of the meshis containedonly in a boundednumberof elementquni-

formly in _ ) o
Thesizeof neighbouringelementgloesnot changerapidly, i.e.

Sometimest is more corvenientto have facerelateddatainsteadof elementrelated data.
Hencefor aninterior face we introduce

and

Forboundanyfaces simplyset , . Thelastassumption
from above readilyimplies

and

2.4. Finite elementspacesassumptions. We assumeéhatthe elementspaces
satisfy

(2.5)

(2.6)

We supposeéhatthe commutingdiagrampropertyholds[7, 8]: Thereexistsaninterpo-
lation operator , Where , With , suchthatthe
next diagramcommutes

(2.7)

where isthe -orthogonalprojectionon . This propertyimpliesin particular
(2.8)

theorthogonalitybeingin the -senseand meaningtheidentity operator

We furtherassumehattheinterpolantsati es the global stability estimate

(2.9)

We will seethatthisassumptiormddedo (2.6) and(2.7) leadsto theuniform discreteinf-sup
condition. Evenif our further methoddoesnot requirethis condition, it is recommendedb
have arobustdiscreteanalysis.

Finally we assumeéhat  satis estheapproximatiorproperty

(2.10)

Suchpropertieswill bechecledin someparticularcasesn Section4.



ETNA

Kent State University
etna@mcs.kent.edu

ISOTROPICAND ANISOTROPICA POSTERIORI ERROR ESTIMATION 43

3. Analytical tools. Sincewe treatanisotiopic elementssomeanalyticaltools which
are known from the standardtheory have to be reinvestigated. This is mainly due to the
factthattheaspectatio of the elementss nolongerboundedasit is the casewith isotropic
elements.Thieadsto theintroductionof aso-callecalignmentmeasue andaapproximation
measue, cf. below. It is importantto notice that thesemeasuresre not a (theoreticalor
practical)obstacleo ef cient andreliableerrorestimationfurthermorefor isotropicmeshes
they areequialentto 1.

3.1. Bubble functions, extensionoperator, inverseinequalities. For the analysiswe
requirebubblefunctionsandextensionoperatorghatsatisfycertainproperties We startwith

thereferenceelement andde ne anelemenbubblefunction . We alsorequire
an edge bubblefunction for anedge (2D case),anda facebubble
function for aface (3D case).Withoutlossof generalityassumehat

isonthe axis (2D case)orin the  plane(tetrahedrabnd hexahedralcase). For the
pentahedratase the triangularface is alsoin the  planebut therectangulaface
isinthe  plane.
Furthermorean extensionoperator will be necessaryhatactson
somefunction . Thetablebelow givesthe de nitions in eachcase. For vector
valuedfunctionsapplythe extensionoperatorcomponentwise.

Ref. element | Bubblefunctions | Extensionoperator

Theelementbubblefunction  for theactualelement is obtainedsimply by the cor-
respondingaf ne lineartransformation.Similarly the edge/acebubblefunction is de-
ned. Lateronanedge/Acebubblefunction is needednthedomain . This
is achiezedby anelementwiseale nition, i.e.

Analogouslythe extensionoperatoris de ned for functions . By the sameele-



ETNA

Kent State University
etna@mcs.kent.edu

44 S.NICAISE AND E. CREUSE

mentwisede nition obtainthen . With thesede nitions oneeasilychecks
on on

Next, oneneedsso-callednverseinequalitiesprovedfor instancen Lemmad.1of [12].
LEMMA 3.1 (Inverseinequalitiey. Let be an edge/faceof an element .

Consider and . Thenthe following equivalences/inequalities
hold. Theinequalityconstantslependnthe polynomialdegree  or  butnoton , or

(3.1)
(3.2)
(3.3)
(3.4)
(3.5)

3.2. Cléementinter polation. For our analysiswe needsomeinterpolationoperatorthat
mapsa functionfrom to theusualspace madeof continuousandpiecavise
polynomialfunctionson the triangulation. HenceLagrangeinterpolationis unsuitable but
Clementlike interpolantis more appropriate. Recall that the nodal basisfunction

associateavith anode_ is uniquelydeterminedy the condition

andby thepolynomialspaceof
Finite elementdomain Localspace of
Triangle, Tetrahedron
RectangleHexahedron

Pentahedron span
Then is de ned asthe spacespannedy the functions _, for all nodes_
Equivalently, it canbe expresseds

(3.6)

with asdescribedn theabovetable.
Next, the Clémentinterpolationoperatorwill be de ned via the basisfunctions

DEFINITION 3.2 (Clementinterpolationoperatoj. We de ne the Clémentinterpolation
operator by

Theinterpolatiorerrorestimate®nanisotropidriangulationsaredifferentto theisotropic
case.Theanisotropicelementave to bealignedwith theanisotropy of thefunctionin order
to obtainsharpestimatesTo this endwe introducea quantitywhich measureghe alignment
of meshandfunction.
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DEerINITION 3.3 (alignmentmeasurg. For , set

(3.7)

Fromthatde nition we seethat

Theseestimatesmply thatfor isotropic meshes and consequentlyor such
mesheghealignmentmeasuralisappeari otherconstants.

For anisotropicmesheghe term containsdirectionalderivativesof alongthe
mainanisotropidirections of . Therefore will bealignedwith if long(resp.small)
anisotropicdirection (resp. _ ) is associatedvith small (resp. large) directional
derivative (resp. ). If all elementsarealignedwith thenthe numerator
anddenominatoof ~ will beof thesamesizeandconsequently . We
referto [18, 19] for moredetails.

Finally we may statetheinterpolationestimates.

LEMMA 3.4 (Clémentinterpolationestimatey. For any it holds

(3.8)

(3.9) S

Proof. The proof of the estimateq3.8) and(3.9) is givenin [18] andsimply usesome
scalingarguments
At theendfor we introduceits approximationmeasue

(3.10) B - -

Roughly speakingthis quantity measureshe alignementof the mesh ~ with . For
isotropicmeshedt is thenboundedrom above by 1 (seeSection4).

3.3. Surjectivity of the divergenceoperator. Herewe focuson the surjectvity of the

divergenceoperatorfrom to . Thisresultwill beusedin the next subsection
aswell asin Subsectiorb.3.

LEMMA 3.5. Let bean arbitrary functionin , thenthere exists_
sud that
(3.11) _ in
(3.12) _

Proof. Consideradomain with asmoothboundarysuchthat . Weextend by
zerooutside toget in . Let betheuniqueweaksolutionof
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As and hasasmoothboundary belonggo with the estimate
(3.13)

Therefore_de nedin by

in

belongsto andsatis es(3.11) aswell as(3.12 asaconsequencef (3.13. O
This lemmadiffers from the classicalresulton the divergenceoperatof{ 17] by the fact
that_ is no morezeroon the boundaryandthenallows to leave the zeromeanconditionon

3.4. Uniform discreteinf-sup condition. We endthis sectionby shaving thatthecom-

muting diagrampropertyand the continuity of from into guaranteghe
uniform discreteinf-sup condition.
LEMMA 3.6. If (2.7) and (2.9 hold thenthere existsa constant independenof

suc thatfor every

(3.14) S

Proof. Letus x . It sufces to shaw thatthereexists suchthat
(3.15) B in
(3.16) B

Let_ bethesolutionof (3.11) with obtainedn Lemma3.5. Take

By (2.7) it satis es(3.15. Indeedby (2.8), we have

or equialently

whichleadsto (3.19 since  belongsto by theassumptior{2.6).
Theestimatg3.16) directly follows from (2.9) and(3.12. O

4. Examples. In this sectionwe presentlist of nite elementpairsful lling thetheo-
retical assumption®f the previous sections.For an easiemreadibility, sinceour a posteriori
error analysisfrom section5 is independenbf the choiceof the elementsthe readernot
interestedn all the detailsfrom this sectionmay skip the remaindeiof this section.

For ary element , we describein the next tablethe nite dimensionalspaces

and ,Where , for theRaviart-Thomaselementgin shortRT), theBrezzi-
Douglas-MarinielementgBDM), andthe Brezzi-Douglas-Brtin-Marini elementgBDFM).
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Name | Element

RT Triangle/Tetra _
RT Rectangle

RT Hexahedra

RT Pentahedra

BDM Triangle/Tetra
BDFM | Triangle/Tetra

Here meanghe spaceof polynomialsof degree in  andof degree

in and , meanghespaceof homogeneoupolynomialsof degree , while
denoteghe spaceof functionsde nedin which area polynomialof degreeatmost on
eachedge/fceof . With thesesetswe mayde ne

(4.1)
(4.2)

For theseelementpairs , exceptthe pentahedratase the assumptiong2.6),
(2.7 and(2.10 arechecledin Sectionlll.3 of [7]. Thecaseof pentahedrés provedsimilarly
by usingthe standardiegreesof freedom

We now shaw thatthe stability estimatg(2.9) holdsin someparticularsituations.
We startwith agenerakesult.

LEMMA 4.1. If theelements satisfy
(4.3)
then(2.9) holds.
Proof. Usingtheaf ne transformation_ - whichmapsthereferenceslement

to andPiola'stransformation

which preseresthe degreeof freedomwe have

Sinceby Lemma2.20f [18] we have and , theaboreestimate
andtheassumptior{4.3) yields
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The sumof this estimateon leadsto the conclusion
For boundarylayer meshes and , Wwhere B ~, the

thicknesof thelayerbeing = (se€[3, 18, 20]), thereforetheassumptior{4.3) becomeshen
andcouldbetoorestrictve. Similarly for re ned mesheslongedgesingularitiesthen

~and , Where is thesmallesiedgesingularexponen{4, 3, 18, 5],
in that case(4.3) reducesto . Again this condition is too restrictive for strong
edgesingularities( is always for the Laplaceequation but for generakransmission

problemg piecaviseconstant), couldbeassmallaswewant[14, 22, 25, 26, 11]). These
considerationmotivatetheuseof ner argumentgo get(2.9), namelyadaptinghearguments
of Sections4 and5 of [1], we canprove thefollowing results.

LEMMA 4.2. Assumgjivena 2D triangulation madeoftriangles which satisfy

4.4)
whee is themaximalangleof . Assuméhat correspondgo the Raviart-
Thomaslemenbforder0 (i.e. de nedby (4.1)-(4.2) with ). Then(2.9) holds.

Proof. By Lemmas4.1and4.2 of [1] for ary , we have

Theassumptior{4.4) directly yieldsthedesiredestimate

Remarkthat the assumption(4.4) is muchwealer than(4.3). Indeedit is satis ed for
ary tensomproductmeshesfor any meshesatisfyingthe maximalanglecondition(i.e. there
exists suchthat ), while suchmesheamay not satisfy (4.3). The
condition(4.4) is wealer thanthe maximalangleconditionsinceit is equivalentto

for some andthenallows to tendto
In asimilar mannemve provethe
LEMMA 4.3. Assumgjivena 3D triangulation madeoftetraheda satisfying

(4.5)
where is a matrix madeof threevectos _, , whee _ are thedirectionof the
edgessharinga commorvertex andsud that _ . Assumehat corresponds

to the Raviart-Thomaglemenbf order O (i.e. de nedby (4.1)-(4.2) with ). Then(2.9)
holds.
Proof. By Lemmasb.1and5.2 of [1] for ary , we have

andwe concludewith theassumptior{4.5). O

Notethattheregularvertex propertyintroducedn [1] implies(4.5), notefurthermorehat
Theorem5.100f [1] impliesthat (2.9 holdsunderthe maximalangleconditionintroduced
by Krizek [21] andquite oftenusedfor anisotropiomesheg4, 3].

Let usnow passto rectangulameshes.

LEMMA 4.4. Assumgjivena 2D triangulation madeof rectanglesud thattheedges
of theelementsre parallel tothe or  axis. Assumehat correspondgo the
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Raviart-Thomaglemenibf order 0 or 1 (i.e. de ned by (4.1)-(4.2) with or 1). Then
(2.9 holds.

Proof Denoteby , theedgesf paralleltothe axis. Thenby de nition of the
interpolant of weremarkthat hasameanzeroon and
hasameanzeroon , thereforeby astandardscalingagumentwehave

(4.6) B B B B
where meansherethelengthof . It thenremainsto estimate . For
thatpurposewe distinguishbetweerthe cases and
For we shallprovethat
4.7 B B
while for , we shallprove that
(4.8)

In bothcasedheseestimateyield

andthe conclusiorfollows by summingthe squareof this estimateon
In thecase , we remarkthat

for somerealnumbers . Consequentlyve get

Now by Greensformula,thefactthattheedgesof areparallelto the axesandtheinterpo-
lation propertiesyve may successiely write

By thefactthat is constanaindby Cauchy-Schwrz'sinequalitywe obtain

Integratingthe squareof this estimateon  we arrive at

Sincea similarargumentyields
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we have proved(4.7) (recallingthe form of ).
For , _ hastheform

for somerealnumbers . Consequentlyve get

For the estimationof _, applying Greens formula andthe interpolationproperties
we have

By Cauchy-Schwrz'sinequalitywe obtain

By symmetrywe actuallyhave

(4.9 B B for
For the estimationof _, recallingthatit is constantve may startwith
where arelocal Cartesiarcoordinatesuchthat  is asubsebfthe axisand
is a subsebf theline . In the above right-handside, applying Greens formulawe
get

sincetheboundarytermis zero.Usingtheinterpolationpropertiesve obtain
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This provestheidentity

Cauchy-Schwrz'sinequalityanddirectcalculationsyield

Integratingthe squareof thisinequalityon leadsto

Exchangingherole of and2, we have provedthat

(4.10) for

Theestimateg4.9) and(4.10 immediatelygive (4.8). O
Obviously theabove resultis still valid for a 3D triangulationmadeof rectangulahexa-
hedrawith or .
Let usgoonwith thecaseof pentahedra.
LEMMA 4.5. Assumeajivena 3D triangulation madeof rectangulampentaheda
,whee isarealintervaland isa 2D triangle, which satis es

(4.11)

Assumehat correspondso the Raviart-Thomaglemenbf order0 (i.e. de nedby
(4.D-(4.2) with ). Then(2.9) holds.
Proof. Argumentdike Lemmas4.1and4.2of [1] yield

for

Theassumptior{4.11) thenyields

(4.12) B B B B
It thenremainsto estimate _ . Remarkingthat
for somerealnumbers , we seethat

whichin particularimply
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Denoteby thetwo facesof perpendiculato the axis. As beforeby
Greensformulaandtheinterpolationpropertiesywe maysuccessiely write

By thefactthat is constantindby Cauchy-Schwrz'sinequalitywe obtain

Integratingthe squareof this estimateon  we arrive at

A similarargumentieadsto

By theform of _, thetwo above estimatesmply that

Thisestimaten (4.12) gives

whichleadsto theconclusion[]

We endthis sectionby shaving thattheapproximatiormeasure is boundedrom above
by 1 for isotropicmeshes:

LEMMA 4.6. For anyisotropicmesh andtheabove nite elemenspaces,

Proof. By theproofof Lemma4.1, we have

Sincefor anisotropicmeshwe have and , we get

We concludeby summingthis estimateon .0
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5. Error estimators.

5.1. Residual error estimators. For we de ne the jump of _inthe
tangentialdirectionacrossaface by

3 in 2D,
- - _ in 3D.

In2D, is ascalarquantity but for shortnessve write it asavector, allowing us
to treatthe 2D and3D casesn thesametime.

DEFINITION 5.1 (Residualerror estimatoy. For any , the local residualerror
estimatoris de ned by

curl

Theglobalresidualerror estimatoris simply

5.2. Proof of the lower error bound. We proceedasin [8] with the necessarpdapta-
tion dueto theanisotroy of the meshegcomparewith [18, 12)).

THEOREM 5.2 (Lowererrorbound. Assumehatthereexists suctthat B
belonggo , forall . Thenfor all elements , thefollowinglocal lowererror bound
holds:

(5.1 _

Proof. Curl residualBy theinverseinequality(3.1) andGreens formula,onehas

curl curl

Theinverseinequality(3.2) yields
(5.2) curl

Tangential jump Set

which belongsto in 2D andto in 3D. Theinverseinequality(3.3) yields
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Elementwiséantegrationyields

. curl . curl -
cul . cudl
curl _ cul
By the estimatg5.2) we get
curl

Theinverseinequalitieg3.4) and(3.5) leadto

(5.3) S

Elementresidual Theinverseinequality(3.1) andthefactthat yield

Using Greensformulawe get

Cauchy-Schwarz'sinequalityandtheinverseinequality(3.2) leadto

(5.4)

Usingthe estimateg5.2) and(5.3) and(5.4) providesthedesiredbound(5.1). O

REMARK 5.3. The assumptiorof theorem5.2 is not always ful lled, evenif s
elementwisgolynomial,since is not necessarilyelementwisgolynomial. However, it
holdsif is piecaviseconstant.

5.3. Proof of the upper error bound. Theuseof Lemma3.5 allows to prove the fol-
lowing errorboundon .

LEMMA 5.4, Let_ be the solution of (3.11) with and satisfying
(3.12, obtainedin Lemma3.5. Thenthe next estimateholds

(5.5)

Proof. By (3.11) we maywrite
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By Greensformulaandthefactthat _ (recallthat on )weget

Now usingthecommutingproperty(2.8) we obtain

Thediscretemixedformulation(2.1) thenleadsto

SinceGreens formulaon eachelementandthepropertieq2.8) and(2.10 imply that

we have shavn that

for ary . Theconclusionfollows from theestimatg(3.12). O

Comparingthe above lemmawith Lemma5.2 of [8], we remarkthatthe useof Lemma
3.5allowsto avoidthe  -regularity of thesolutionof (1.1).

It remaingo estimateheerrorboundon _, whichis obtainedby adapting_emmab.1 of
[8]. We startwith a Helmholtzlike decompositiorof this error.

LEMMA 5.5. There exist and in 2D or in 3D
sud that B B

(5.6) curl
with theestimates

(5.7)
(5.8)
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Proof. Firstly we consider astheuniquesolutionof _,ie,
solutionof
which clearly satis es (5.7). Secondlywe remarkthat _ is divergencefree so by
Theoreml.3.10or 1.3.4 0f [17], thereexists in2Dor in 3D such
that
curl

with the estimate

whichleadsto (5.8) thanksto (5.7). 0
For thesale of shortnessin theabovelemma,we useexceptionallythenotation in 2D
for thescalarfunctionappearingn thedecompositior{5.6). B
LEMMA 5.6. If and  arefromLemmab.5thenthe next estimateholds

(5.9)

Proof. SinceGreens formulayields

we maywrite

(5.10) curl  curl

We now estimateseparetelythe two termsof this right-handside. For the rst oneap-
plying Greensformulawe get

By Cauchy-Schwrz'sinequalitywe obtain

Using nally thefactthat andthe estimatg5.7), we conclude
(5.11) _ o
For the seconderm of theright-handsideof (5.10 we take _.By(5.6and

Greensformula,we have

curl curl curl
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Ascurl  belonggo  (dueto (2.9), bytheorthogonalityrelation(2.2) theaboveidentity
becomes

curl  curl cul  curl
Usingthe Helmholtzdecompositior(5.6) andthefactthat it becomes
curl  curl =T
Greensformulain  (theboundarytermbeingzerosince ontheboundary)eads
to
curl curl curl

By Lemma3.4we obtain

(5.12) cul _ curl L

The conclusiondirectly follows from the identity (5.10 andthe estimateq5.11) and
(5.1?J'siungthetwo aboreLemmasandrecallingthat _ wehaveobtained
e THEOREM 5.7 (Uppererrorbound. Let _ bethefunctionfromLemma5.4

and_ thefunctionfromLemma5.5. Thentheerror is boundedglobally fromabove by
(5.13)
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5.4. Applications to isotropic meshes. Our resultsapply to ary elementpairs from

Section4 onisotropicmeshesin thatcasewe have for all faces of
(recallthat is thediameterof ), and . As aconsequence

theaboveresultsmayrephrasedsfollows: thelocal residualerrorestimatoris givenby (see

(&)

curl

With this de nition thelower errorbound(5.1) holdsunderthe sameassumptioron  than
in Theoremb.2, while theuppererrorbound(5.13 reducego

withoutany regularity assumptioron the solutionof (1.1).

6. Numerical experiments. In thissectionwe presentwo  experimentsvhichcon-
rm the ef ciency andreliability of our estimator The rst exampletreatsthe caseof a
smoothsolutionpresentinga boundarylayer, while the secondexampleconsiderghe caseof
asingularsolution(notin ) having anedgesingularity The rst examplewaschosen
to shav thatthealignmentandapproximatiormeasurearenot anobstaclefor theef ciency
andreliability of the estimator while the choiceof the secondexampleis motivatedby the
relaxationof the  -regularity of the solution.

6.1. Solution with a boundary layer. The presentexperimentsconsistin solving the
threedimensionamixed problem(2.1) with ontheunit cube . Here,we
usethe Raviart-Thomaselement describedn Section4, on anisotropicShishkintype
meshesomposedf tetrahedraEachmeshis thetensormproductof a 1D Shishkintypemesh
andof auniform 2D meshbothwith  subintenals. With beingatransitionpoint
parameterthe coordinates of thenodesof the hexahedraarede ned by

Eachhexahedronis thendivided in threetetrahedrawithout addingarny node (seeFigure
6.0).

The discreteproblem (2.1) is solved with an Uzawa-typealgorithm. The numberof
degreesof freedomfor the determinatiorof is equalto the numberof faces of the
mesh.Thetestsareperformedwith thefollowing prescribedxactsolution

This allows to have in particular . Notethat — presentsan exponentialboundary
layeralongtheline thatdoesnotcorvergeuniformly towardszerowhen goestowards
zero. Thetransitionparameter involvedin the constructionof the Shishkin-typemeshis
de ned by B ~ , whichis roughly twice the boundarylayer width.
Themaximalaspectatio in the meshis equalto
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FIG. 6.1. Shishkintypemeshon the unit cubewith and

Now we investigatehe maintheoreticalresultswhich arethe upperandthe lower error
bounds. In orderto presentthe underlyinginequalities(5.13 and (5.1) appropriately we
reformulatethemby de ning theratiosof left-handsideandright-handside,respectiely:

- div

asafunctionof ,

asafunctionof

- div

The rst ratio is frequentlyreferredto aseffectivityindex. It measureshereliability
of the estimatorandis relatedto the globaluppererrorbound.In orderto investigatehis er
ror bound,recall rst thatthefactor _ is expectedo beof moderate
sizesincewe employ well adaptedneshegcf. Theorem5.7). Hencethe correspondingatio

shouldbe boundedrom above. This is actuallycon rmed by the experimentqleft part
of Figure6.2), wherewe evennoticethatthe quality of theuppererrorboundis independent
of . Thustheestimatoris reliable

The secondratio is relatedto the local lower error boundand measureghe efciency of
the estimator Accordingto Theorem5.2, hasto be boundedrom above. This canbe
obsened indeedin the right part of Figure 6.2, assoonas a sufciently resolutionof the
boundarylayeris achiesed(the smaller is, thelarger mustbe). Hencethe estimatoris
efcient.

6.2. Singular solution. Letusnow consideithethreedimensionamixedproblem(2.1)
with on thetruncatedcylinder domain de ned in the usualcylindrical systemof
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FIG. 6.2. (left)and (right) in dependencef , anisotiopic solutions.

coordinates by :

The testsare performedwith the following prescribedexact solution  satisfyingthe
homogeneouBirichlet boundaryconditionson  andde ned by :

This solution doesnot belongto , andhasthe typical edgesingularbehaiour
nearthe edge . Becauseof this edgesingularity the meshis re ned in the radial
direction nearthe axis of the cylinder, makingit anisotropic(seeFigure 6.3). The nite
elementandthe algorithmarethe sameasin Section6.1

Onceagain,we plot and de ned in Section6.1versus . Thisis donein
Figure6.4. Eachof thesetwo parametergs boundedrom above. Thatcon rms thatthe esti-
matoris actuallyreliableandef cient, evenfor asingularsolutionastheoreticallyexpected.

The testspresentedn this sectionhave beenperformedwith the help of the NETGEN
meshgenerator{JohanneKepler University of Linz in Austria) andthe SIMULA+ nite
elementcode(MACS, University of Valenciennesand LPMM, Universityand ENSAM of
Metz, bothin France).
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