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Abstract. In this paperpreconditionersfor solvingthelinearsystemsof theNewton methodin eachnonlinear
iterationarestudied.In particular, wede�ne asequenceof preconditionersbuilt by meansof Broyden-typerank-one
updates.Optimality conditionsarederived which guaranteethat the preconditionedmatricesarenot far from the
identity in amatrixnorm.Somenotesontheimplementationof thecorrespondinginexactNewtonmethodaregiven
andsomenumericalresultson two modelproblemsillustratetheapplicationof theproposedpreconditioners.
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1. Intr oduction. Newton'smethodfor thesolutionof systemsof nonlinearequations
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with ������������� canbedescribedasfollows. If eachcomponentof � , ��� , isdifferentiable,
theJacobianmatrix �
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	 is de�ned by:
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Assumingthat � is available,nonsingular, and“easy” to compute,Newton's methodcanbe
de�ned by theiteration

(1.2)
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When � is largeandsparse,e.g.,for problemsarisingfrom thediscretizationof a nonlinear
PDE, preconditionedKrylov basediterative schemescan be employed for the solution of
the linearsystem,so that two nestediterative proceduresneedto be implemented.To avoid
oversolving,i.e.,excessiveandessentiallyuselessiterationsof theinnerscheme,it is crucial
to employ an “inexact” technique[5]. This approachtries to control the numberof linear
iterationsby allowing theaccuracy of thelinearsolver to varyacrossnonlineariterations[7].

Anothercrucialissuefor thereductionof total lineariterationsis to useef�cient precon-
ditioning techniques.In general,ILU-type preconditioners[14], [17] canbe employedand
calculatedateverynonlineariteration.Techniquesfor selectively evaluatingapreconditioner

8

maybedevelopedto saveonthecostof thecalculationof thepreconditioner. Notethatthe
two phaseswhereef�ciency canbemostlyimprovedarethecostof thelinearsystemsolution
(thusincludingthenumberof iterations)andthecostof preconditionerevaluation.
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In this paperwe aremainly concernedwith the ef�cient preconditioningof the linear
system.The“optimal” preconditioner

8

wouldminimizetheconstant< of:

(1.3) =/>?,
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Note that, ideally one would like < to be as small as possibleor even to tend to zero as
E

�GF . This requiresthat information from the nonlineariterative schemebe taken into
accountin theevaluationof

8

.
Standardpreconditioners,suchas ILU, arecompletelyunawareof the underlyinglin-

earizationprocess.Actually, oftentheJacobianmatrix tendsto becomemoreill-conditioned
as

E

grows,giving riseto increasednumericalinaccuraciesin thecalculationof
8

.
The approachproposedin this paperis to solve system(1.2) with an iterative Krylov

subspacemethod,startingwith eitherILU(0) [14] or AINV [2] preconditioners,computed
from theinitial Jacobian,andto updatethispreconditionerusingarankonesum.A sequence
of preconditioners

8

& canthusbe de�ned by imposingthe secantcondition,asusedin the
implementationof quasi-Newton methods[6]. We chooseto work with theBroydenupdate
asdescribedfor instancein [9], andanalyzethe theoreticalpropertiesof thepreconditioner
andthenumericalbehavior of theresultingscheme.

Our approachis in the framework of the work of J. M. Mart́�nez in [12], [13], where
computingthepreconditionerof choice(possiblyeventhenull matrix) at everyNewtonstep
andthenenrichingit with alow-rankupdateis suggested.In thesepaperstheauthoris mainly
concernedwith convergenceof theInexactNewtonmethodwhile we focuson theoptimality
of the preconditionerat eachnonlineariteration. In additionwe solve the Newtonian lin-
earsystemsusingan arbitrary iterative methodwith the stoppingcriterion of [5], while in
Martinez'sprocedurethiscriterionis notusedandthe�rst iterateof theiterative linearsolver
shouldbeconstructedusingthepreconditioner. MoralesandNocedalin [15] proposedarank-
two updateof the previously computedpreconditionerin the accelerationof the Conjugate
Gradient(CG) method. The vectorsinvolved in this updatedo not comefrom the Newton
iterationbut they aregeneratedusinginformationfrom theCG iteration. Anotherstudyon
updatingfactorizedpreconditionerscanbefoundin [19].

Thepaperis organizedasfollows: Section2 de�nesthepreconditioner
8

& . In Section3,
weprovethatwecanmakethequantity =/>-,

8

&*�
���
&H	A= assmallaspossible.Section4 gives
the main lines of the implementationof the preconditionerapplication. Section5 reports
somenumericalresultson two modelproblems.Finally, Section6 givessomeconcluding
remarks.

2. Preconditioning by Broyden update. The idea is to start with a preconditioner
8

�JI�K

2

L for �

L . If thepreconditioneris in the form of a sparseapproximateinverse,then
I

K

2

L is known explicitly. Otherwise,if I

L

�NM

O

M

P

is anincompleteLU factorization,weonly
cancomputeI

K

2

L timesa vectorby solvingtwo triangularsparselinearsystems.
The proposedapproachtries to evaluate

8

&/132Q��I�K

2
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at every Newton iterationby
addingto thepreviouspreconditionera rankoneupdate.Let uswrite

(2.1) I
&$1R2

�SI
&

4UTWVYX
#

As in theBroydenscheme,I &$132 mustsatisfythesecantcondition

(2.2) IZ&$132[(*&?�]\

&

.

where \

&

�^��&$132Z,S��& . To uniquelydetermineT_.`V , we also imposethat I?&/132 be the
closestmatrix to IZ& in theFrobeniusnormamongall thematricessatisfying(2.2),

(2.3) I
&$132

� argmin
a0b adcfeAgYh$e
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Combiningthe secantcondition (2.2) with (2.1), since I & ( & 4
T@V

X

( & �j\

&

, we readily
obtain:
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Condition(2.3) is satis�edby choosing

Vm�

(*&
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Using T and V thusde�ned, for everymatrix I satisfyingthesecantequationwecanwrite
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from which, takingFrobeniusnorms,wehave that
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andthus(2.3) holds.Theexpressionfor I
&$1R2 is thenwrittenas

(2.4) I
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The �nal preconditioner
8

&$132
��I�K

2

&$132

canbe obtainedby inversionusing the Sherman-
Morrisonformulato yield:

(2.5) IyK
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In thenext sectionwe will provethat =/>?,UI�K

2

&

�
���
&

	}= canbemadeassmallaspossibleby
suitablechoicesof theinitial guess�

L andtheinitial preconditionerI

L . Notethatthismakes
ourpreconditioneralmostidealin thesenseof (1.3).

REMARK 2.1. Thede�nition of our preconditionerand the convergenceanalysisthat
followsis similar to thecorrespondingdevelopmentsof Broyden'smethod,asreportedin [ 9].
Themaindifferenceis that in our casethenew updateis calculatedbyNewtoniterationusing
thereal andnot theapproximateJacobianmatrix. Thusin all thefollowing stepsweneedto
take into accountthat \

&

,lIZ&H(*&�~ �
��&$1R2 .

3. Convergenceanalysis. We will makethestandard assumptionson � .

1. Equation(1.1) hasasolution �

�

.
2. �
���
	p��•C�€�

�"•‚� is Lipschitzcontinuouswith Lipschitzconstantƒ .
3. �
���

�

	 is nonsingular.

We will now boundthenorm of thedifferencebetweenI„&$1R2 and �
���
&/132A	 in termsof the
errorsin thecurrentandnew iterates.It is convenientto indicatewith thesubscript… every
vectoror matrixreferringto thecurrentiterateandwith 4 everyquantityreferringto thenew
iterate

E

4S† . Following this notationNewton'smethodcanbestatedas

�7‡)(o�i,-��‡}.

(3.1)
�d1{�C�

‡
46(v#
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We de�ne theerrorvectors ˆ

1U�

!

�

,

!

1‰.

ˆ
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andtheerrormatrices Š
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Thenext lemmais theanalogof Theorem7.2.2in [9]. It statesthat thesequence‹ŒIZ&�•

remainscloseto �
���

�

	 as �
& approaches�
�

.
LEMMA 3.1. Let thestandard assumptionshold. Then
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Then,setting
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andsubstituting(3.2) into (3.3) we obtain
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Usingthestandardassumptionsandtakingnorms,since =

8

c

=_�i† wehave
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Š

1
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Thenext Lemma3.2andTheorem3.3provethatif theinitial Newtonpoint �

L is suf�ciently
nearthesolution,and I

L suf�ciently near �
���

�

	 , thenthesequence‹ŒI
K

2

&

• is well de�ned.
Theproofof Lemma3.2is notgivensinceit is analogousto thatof Theorem7.2.3in [9].
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LEMMA 3.2. Let thestandard assumptionshold. Fix œ 2Z• � . Thenthere are œ , œ

a such
that if =

ˆ

L

=�ž]œ and =

Š

L
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a then =
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THEOREM 3.3. Let the standard assumptionshold. De�ne ¡€�¢=Œ�
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Proof. FromLemma3.2
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Rewriting (3.7) wehave
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We now provethatwe canmake =/>?,QI�K
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&'	A= assmallaspossible.To thisendweneed
thefollowing two LemmaswhichboundthedifferencebetweenI‘& and �
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Now takingnorms,andusingthestandardassumptions,
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andthethesisholds.
LEMMA 3.5. Let thestandard assumptionshold. Fix œ
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Proof. Analogousto thatof Lemma3.2.

Thenext theoremwill establisha boundof =A>?,QI
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THEOREM 3.6. Let thestandard assumptionshold. Fix �ož]œ'2�ž

†

¡

, œ
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Proof. Let œ , œ

a , œ

¥

a beasin Lemmas3.2 and3.5. FromLemma3.5 andTheorem3.3 we
have

(3.9) =/>?,QIyK
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4. Noteson implementation. In this sectionwe give themain linesof the implemen-
tation of the productof our preconditionertimes a vector, which is neededwhen using a
preconditionedKrylov method.

At acertainnonlineariterationlevel,
E

, andgivena vector ©dª¬«®­

&

, we wantto compute
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Here with superscript° we indicatethe linear iteration index. For
Ei±

� , I„&/132 is given
inductively by (2.5):
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At the initial nonlineariteration
E

�µ� , underthehypothesisthat I
K

2

L (or I

L ) is explicitly
known, we simplyhave
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Beforedoingthis we haveto compute²

L
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2

L

T

L
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2

L

T

L
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If
E

•
† , let us supposethat T

�
.`V

�
.�²

� are known, ¶m�·�n.A#}#A#/.

E
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•

. Then to be able
to compute ¯Ž�¸I
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, beforestartingthe linear systemsolution we have to evaluate

V
&

K

2
.�T

&

K

2 and ²
&

K

2
�

T

¥

&

K

2

†W4{V

X

&

K

2

T

¥

&

K

2

whereT

¥

&

K

2

�ŽI
K

2

&
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2

T
&

K

2 canbeevaluatedusing

(4.3) at thepriceof anapplicationof I�K

2

L ,
E

,C† dot productsand
E

,C† daxpy operations.
Now we arereadyto compute
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©
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&

at thepriceof anapplicationof I�K

2

L ,
E

dotproductsand
E

daxpy operations.
Notethattheupdatingof thepreconditionerjust described,beingbasedon scalarprod-

uctsanddaxpy operations,is well suitedto parallelization.
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4.1. TheNewton-Broydenalgorithm. Theimplementationof theInexactNewtonmeth-
od requiresthede�nition of a stoppingcriterionfor thelinearsolver (1.2) basedon thenon-
linear residual. Following [5], we stop the linear iterationassoonas the following test is
satis�ed

(4.4) =Œ�
��� & 	`( & 46����� & 	}=DB6¹ & =A����� & 	}=�#

Superlinearor evenquadraticconvergenceof theInexactNewtonmethodcanbeachievedby
properlysettingthesequence‹}¹7&*• .

We cannow write theNewton-BroydenAlgorithm asfollows:

NEWTON-BROYDEN (NB) ALGORITHM

Input: �

L

.•��.�ºY°�»³¼

!

. tol
½ WHILE =A���“�
&'	A= •
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žŸºY°x»�¼

!

DO

1. ComputeI

L

��I
K

2

L

	 approximating�

L

�¾�
K

2

L

	 ;
E

�C�

2. IF
E

•
� THEN updateI

K

2

&

from I
K

2

&

K

2

.
3. Solve �
�“�

&
	)(

&
��,-���“�

&
	 by a Krylov methodwith preconditioner

I
K

2

&

andtolerance¹
& .

4. �
&$132

�S�
&

4Ÿ(
&

5.
E

�

E

4C†

½ END WHILE

Sincethe actualcomputationof the preconditioneris never performedexplicitly, the
statedalgorithmsuffers from two main drawbacks,namelyincreasingcostsof memoryfor

¿

& and À
& andof preconditionerapplication.Thesedrawbacksarecommonto many itera-

tive schemes,suchasfor examplesparse(Limited Memory)Broydenimplementations[16],
GMRES[18] andArnoldi methodfor eigenvalueproblems[11]. Severaloptionscanbede-
visedto alleviatethesedif�culties, all basedonvariationsof arestartprocedure,by whichthe
schemeis resetaftera chosennumberof iterations.Our implementationis describedin the
following section.

4.2. Restart. If the numberof nonlineariterationsis high (e.g. more than ten itera-
tions),theapplicationof Broydenpreconditionermaybetooexpensiveto becounterbalanced
by a reductionin the iterationnumber. To this aim we de�ne

E7Á0Â�Ã

the maximumnumber
of rank one correctionswe allow. After

E*Á0Â�Ã

nonlineariterationsthe previous computed
²

�
.�V

�
.�¶R�w†H.}#A#}#/.

EHÁ0Â�Ã

arediscarded,anda new preconditionerI
K

2

L is computed.

RESTARTED NEWTON-BROYDEN (RNB) ALGORITHM

Input: �

L

.•��.

EHÁ0Â�Ã

.�ºY°�»³¼

!

. tol
½ ComputeI

L

�“I�K

2

L

	 approximating�

L

�¾�dK

2

L

	 ;
E

�
� , restart=TRUE
½ WHILE =A���“�
&'	A=

•
tol AND

E

žŸºY°x»�¼

!

DO

1. IF (NOT restart)THEN updateI
K

2

&

from I
K

2

&

K

2

; restart= FALSE.
2. Solve �
�“�
&'	)(�&Q��,-���“�
&'	 by a Krylov methodwith preconditioner

I
K

2

&

andtolerance¹
& .

3. �
&$132

�S�
&

4Ÿ(
&

4.
E

�

E

4C†

5. IF
E

MOD
E

Á0Â�Ã

= 0 THEN

– restart= TRUE; computeI
&

��IyK

2

&

	 approximating�
&

�¾�dK

2

&

	

½ END WHILE
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REMARK 4.1. Our preconditionercanbeviewedasa particular caseof theonede�ned
in [12] as I & �
<s�“� & 	›4kÄ & , where weset

<s���
&H	@�µÅ

>

O‰P_Æ

Ä�>�ÇÉÈy�¾�*&�	$. if
E

MOD
EHÁ0Â`Ã

�S�n.

�n. otherwise#

5. Numerical results. In this sectionwe reportthenumericalperformanceof our pre-
conditionersin solving two nonlineartestproblemsof largesize. As initial preconditioners
( I

L ), we considereither the incompleteCholesky factorizationILU(0) [14] or the approx-
imate inversepreconditionerAINV [2], [3]. Note that, in the �rst case,I

L is known and
theapplicationof I K

2

L resultsin two triangularsparselinearsystemsolutions.On theother
hand, I�K

2

L is explicitly providedby AINV, asthe productof two sparsetriangularfactors,
andhenceits applicationneedstwo matrix-vectorproducts.Our aim is to give experimental
evidencethattheBroydencorrection,implementedasexplainedin theprevioussections,pro-
ducesan accelerationof theconvergenceof the iterative solver, independentlyof the initial
preconditionerof choice.

All the numericalexperimentswereperformedon a CompaqES40equippedwith an
alpha-processor“ev6.8” at833Mhz,4.5GB of corememory, and16MB of secondarycache.
The CPU timesaremeasuredin seconds.The solutionof systems(2) is performedby the
BiCGstabiterative method[20] becausein our examplesthe Jacobianis symmetricbut is
not guaranteedto bepositive de�nite. We stoptheiterationwhenever theexit test(4.4) with
constant¹�&?�w†}�

KšÊ

is ful�lled.

5.1. Example 1: the Bratu problem. We considera generalizationof the classical
discreteBratuproblem[8]:

Ä-T6�
ËšÌm��Í¨	/. ÌÎ�
Ï‚ÐÒÑHÓš��Ô/Õ‚Ö›�xÍY2/	/.A#}#A#A.`Ô/Õ‚Ö›��Í

�

	`	

where Ä is a symmetricpositive de�nite matrix arisingfrom a 2d or 3d discretizationof the
diffusionequationon theunitarydomain:

(5.1) ,-×Ž�xØl×‘ÍÙ	
�Ž�

with variablediffusioncoef�cient Ø , and Ë is a realparameter. We usedËk�Ú† and �

L

�

���v#¬†�.A#A#}#/.`�v#¬†Œ	

X . Weconsidermatricesarisingfrom discretizationemploying FiniteElements
(FE)andMixedFiniteElements(MFE).

5.1.1. 2d MFE discretization. Matrix Ä has28600rowsand142204nonzeroelements.
It arisesfrom a MixedFinite Elementdiscretizationof thediffusionoperator(with constant

ØjÛt† ) in two spatialdimensionson trianglesof uniformsizes.
Tables5.1and5.2 reporttheresultsof thenonlinearconvergence,giving thenumberof

nonlineariterations,the cumulative numberof linear iterations,the total CPU time andthe
CPUtime neededto evaluatethepreconditioner(computationof I�K

2

L whenneededplusall
the updates).Whenthe Broydenaccelerationis used,we alsoprovide the valuesof

E
Á0Â`Ã

.
With ILU(0) �¾�

L

	 we meanthatthepreconditioneris computedonceandfor all at thebegin-
ning of thenonlineariteration,while ILU(0) �¾�

&
	 indicatesthat the incompletefactorization

is accomplishedat eachnonlineariteration.
In bothcases( I

L = ILU(0)/AINV) theRNB algorithmproducesanaccelerationin terms
of bothnumberof iterationsandCPU time. ThesimpleNB algorithm(without restart)ap-
pearsto belessef�cient. This is notsurprisingsincetheresultsof Theorem3 only holdwhen

!

L is nearthesolution. In theNB algorithm, I

L is computedonly once,whenthe iterateis
still far from

!

�

, while in theRNB approach,the“initial” preconditioneris computedevery
E'Á0Â`Ã

iterations,thustakingadvancefrom thenonlinearconvergence.
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TABLE 5.1
ResultsonMFE matrixwith ÜRÝ
Þ ILU(0).

preconditioner
E Á0Â�Ã

nlit iter CPU
tot precond

ILU(0) �¾�

L

	 – 7 851 11.59 0.01
ILU(0) �¾�7&�	 – 7 754 8.65 0.04

RNB-ILU(0) 1 7 442 6.51 0.08
RNB-ILU(0) 2 7 470 6.56 0.06
RNB-ILU(0) 3 7 501 6.93 0.06
RNB-ILU(0) 5 7 529 7.09 0.06

NB-ILU(0) F 6 515 9.67 0.06

TABLE 5.2
ResultsonMFE matrixwith Ü Ý Þ AINV(0.1).

preconditioner
E�Á0Â�Ã

nlit iter CPU
tot precond

AINV(0.1) �¾�

L

	 – 7 882 18.35 0.17
AINV(0.1) �f�

&
	 – 7 908 19.70 1.27

RNB-AINV(0.1) 1 8 574 14.62 1.57
RNB-AINV(0.1) 2 7 517 13.07 0.81
RNB-AINV(0.1) 3 7 647 16.10 0.63
RNB-AINV(0.1) 4 7 502 12.61 0.44
RNB-AINV(0.1) 5 7 561 14.08 0.44

NB-AINV(0.1) F 7 655 17.15 0.26

5.2. Example 2. We considerherea slight modi�cation of the Bratu problemwhich
leadsto anincreasinglyill-conditionedJacobianmatrix. This is easilyaccomplishedby tak-
ing a negative valuefor the parameterË . We chooseto work with Ë
��,?† andthe same
initial vectorasin thepreviousexample.

TABLE 5.3
ResultsonMFE matrixwith Ü

Ý
Þ ILU(0).

preconditioner
E�Á0Â�Ã

nlit iter CPU
tot precond

ILU(0) �f�

L

	 – 14 849 15.61 0.01
ILU(0) �¾�*&�	 – 14 597 7.04 0.08

RNB-ILU(0) 1 14 436 6.51 0.15
RNB-ILU(0) 2 14 415 6.56 0.12
RNB-ILU(0) 3 14 419 6.93 0.11
RNB-ILU(0) 4 14 407 7.09 0.11

NB-ILU(0) F 15 595 14.86 0.17

5.2.1. 2d MFE discretization. We report in Table5.3 the resultsof the variousalgo-
rithms describedin Section4, comparedwith the Inexact Newton methodpreconditioned
with the simple ILU(0) computedat the initial iteration. Table5.4 providesthe sameout-
comeasTable5.3but employing theAINV preconditioner. In thelattercasewealsoprovide
thevalueof thedroptoleranceusedin thetest.

AnalyzingTable5.3 we noticethat theBroydenaccelerationproducesa mild reduction
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of the CPU time ascomparedwith thecomputationof ILU(0) at every iteration. The opti-
mal

E Á0Â`Ã

valueis 1. The simpleNewton-Broydenalgorithm(i.e. with no restart)doesnot
give any improvementin termsof CPU time anditerationnumber. In Table5.4 the results
relative to the AINV preconditionerwith drop toleranceof 0.05enhancesthe ef�ciency of
theproposedpreconditioner. Heretheoptimal

E*Á0Â�Ã

valueis largerthan1. Using
E�Á0Â`Ã

• †

producesa saving in theCPUtimeneededfor computingthecostlyAINV preconditioner.

TABLE 5.4
ResultsonMFE matrixwith Ü Ý Þ AINV(0.05).

preconditioner
E�Á0Â�Ã

nlit iter CPU
tot precond

AINV(0.05) �¾�

L

	 – 14 852 18.99 0.19
AINV(0.05) �f�*&�	 – 14 545 29.96 5.42

RNB-AINV(0.05) 1 14 332 18.34 5.06
RNB-AINV(0.05) 2 14 347 17.72 2.91
RNB-AINV(0.05) 3 14 348 16.13 2.06
RNB-AINV(0.05) 4 14 333 15.57 1.67
RNB-AINV(0.05) 5 14 353 16.27 1.26

NB-AINV(0.05) F 14 630 18.73 0.34

5.2.2. 3d FE discretization. Matrix Ä is theresultof a3D FiniteElementdiscretization
of (5.1) with coef�cient Ø varying in spaceandusingtetrahedralelements.It has268515
rowsand

§
ß

•Hà
á�•

§

nonzeroelements.
For this testcasewe alsocomparetheBroydenaccelerationwith theresultobtainedby

selectively computingthepreconditioner(bothILU(0) andAINV) every
E

Á0Â`Ã

iterations;see
Tables5.5and5.6. In Figure5.1 we reportthelinear iterationsemployedat eachnonlinear

TABLE 5.5
Resultson the3DFEmatrixwith ÜRÝ0Þ ILU(0).

preconditioner
E

Á0Â`Ã

nlit iter CPU
tot precond

ILU(0) �¾�

L

	 – 17 1880 1125.4 0.4
ILU(0) �f�*&'	 – 16 354 193.4 6.4
ILU(0) �f�*&'	 2 16 353 194.1 6.2

RNB-ILU(0) 1 16 230 137.7 9.4
RNB-ILU(0) 2 16 232 137.8 6.3
RNB-ILU(0) 3 16 250 149.7 5.5
RNB-ILU(0) 4 16 251 150.8 4.8

NB-ILU(0) F 17 1132 826.4 4.7

iterationfor theILU(0) andAINV( �n# �

§

) preconditionerscomputedateachnonlineariteration
and using the Broyden accelerationfor a coupleof

E
Á0Â`Ã

values. As is clear from �gure
5.1, in this problemtheJacobianmatrix becomesmoreill-conditionedduring thenonlinear
iteration. For this reason,usingtheAINV preconditionerwith a �x eddrop tolerancevalue
( �w�n# �

§

), yieldsa sequenceof preconditionerswith increasingnumberof nonzeroelements
andconsequentincreasingevaluationcost. This explainstheCPU timesfor preconditioner
evaluationin Table5.6. TheRNB preconditionerprovidesasubstantialreductionof thelinear
iterationsespeciallynearthesolutionof thenonlinearproblem,asexpectedby the �ndings
of thetheoryin Section2.
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TABLE 5.6
Resultson the3DFEmatrixwith ÜRÝ
Þ AINV(0.03).

preconditioner
E Á0Â�Ã

nlit iter CPU
tot precond

AINV(0.03)( �

L ) – 17 1991 755.3 3.5
AINV(0.03)( �7& ) – 16 682 470.4 151.9
AINV(0.03)( � & ) 4 16 705 355.6 34.0

RNB-AINV(0.03) 1 16 418 356.7 154.5
RNB-AINV(0.03) 4 16 448 262.1 37.4
RNB-AINV(0.03) 7 16 508 281.9 29.1
RNB-AINV(0.03) 10 16 556 289.9 17.7

NB-AINV(0.03) F 17 1186 591.0 5.2

0 5 10 15 20
nonlinear iterations

0

20

40

60

80

lin
ea

r 
ite

ra
tio

ns

ILU(0)(Jk)
RNB(2)
RNB(4)

PSfragreplacements

0 5 10 15 20
nonlinear iterations

0

50

100

150

lin
ea

r 
ite

ra
tio

ns

AINV(0.03)(Jk)
RNB(4)
RNB(10)

PSfragreplacements

FIG. 5.1. Numberof linear iterationsvsnonlineariteration index in thesolutionof Example2 discretizedby
3D FE. Theinitial preconditioneris ILU(0) (left) andAINV(0.03)(right).

Theinitial preconditionerdoesnot remainagoodpreconditionerfor thesubsequentiter-
ationsascon�rmed by the�rst row in Tables5.5 and5.6. TheBroydencorrectionproduces
a reductionin thenumberof lineariterationsandCPUtime with respectto theILU (AINV)
preconditionerfor smallvaluesof

E�Á0Â`Ã

. Also, theproposedpreconditioneris moreef�cient
thansimply computingselectively ILU or AINV. Comparingfor examplethe resultsin the
third and�fth rowsof Table5.6we seethattheBroydenaccelerationreducesthelineariter-
ationfrom 705to 448(35%reduction)andtheCPUtime from 355.6to 262.1seconds(26%
reduction).Comparablereductionshold for theILU(0) preconditioner.

6. Conclusions. We have proposeda family of preconditionersbasedon the Broy-
den secantupdateformula, with the aim of acceleratingthe convergencepropertiesof a
given preconditionerduring the nonlinearprocess. During the Newton iteration, starting
from a preconditionerI�K

2

L approximatingthe inverseof the initial Jacobianmatrix, a se-
quenceof preconditionersI

K

2

&

is de�ned,by takinginto accountinformationof theprevious
nonlineariterations. The developedtheoreticalanalysisproves that the sequencesatis�es

âÒâ

>5,�I�K

2

&

�*&n�

!

&H	

âÒâ

BC< , with < thatcanbemadearbitrarilysmall,dependingon �

L and I

L .
The applicationof the proposedpreconditionermay be memoryandtime consuming,

especiallywhen
E

is large.However, comparedwith thestandardprocedureof computingthe
preconditionerof choiceateveryNewton iteration,a limited memoryvariantof theproposed
approachprovidesanimprovementof theperformance.Experimentalresultsonanumberof
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largetestproblems,show substantialsavingsin termsof bothiterationnumberandcomputing
time.

Thealgorithmdescribedin thispaperseemsto beparticularlyappropriatefor parallelim-
plementation.First, theimprovementof theproposedpreconditioneris importantespecially
whenthe computationof the initial preconditioneris costly, which is a commonsituation
whensolving systemsin a parallel framework. Second,the implementationof the Quasi-
Newton correctionsasdescribedin Section4, beingmadeup of a numberof daxpys and
scalarproducts,canbeparallelizedin a straightforwardmanner. If thecomputationandap-
plication of the initial preconditionercan be ef�ciently parallelized(which is the casefor
approximateinversepreconditioners;see[1] for AINV or [4], [10] for otherapproaches),the
overallalgorithmis completelyparallel.

Acknowledgements.We would like to thankthe refereesandJ. M. Mart́�nezfor their
suggestionsthathave improvedthepresentationof this paper.
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