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QUASI-NEWT ON PRECONDITIONERS FOR
THE INEXACT NEWTON METHOD

L. BERGAMASCHI, R. BRU , A. MART'NEZ , AND M. PUTTI

Abstract. In this papempreconditionergor solvingthelinear systemsf the Newton methodin eachnonlinear
iterationarestudied.In particular we de ne asequencef preconditioneruilt by meanf Broyden-typerank-one
updates.Optimality conditionsare derived which guaranteehat the preconditionednatricesare not far from the
identityin amatrix norm. Somenoteson theimplementatiorof the correspondingnexactNewton methodaregiven
andsomenumericalresultson two modelproblemsillustratetheapplicationof the proposedreconditioners.
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1. Intr oduction. Newton's methodfor the solutionof systemf nonlinearequations

1.1)
with canbedescribedsfollows. If eachcomponenof |, | isdifferentiable,
the Jacobiarmatrix is de ned by:

Assumingthat is available,nonsingularand“easy” to compute Newton's methodcanbe
de ned by theiteration

(1.2)

When is largeandsparsege.g.,for problemsarisingfrom the discretizationof a nonlinear
PDE, preconditionedKrylov basediterative schemesan be employed for the solution of
thelinear system sothattwo nestedterative proceduresieedto be implemented.To avoid
oversolving,i.e., excessie andessentiallyuselessterationsof theinnerschemeit is crucial
to employ an “inexact” technique[5]. This approachtries to control the numberof linear
iterationsby allowing theaccurag of thelinearsolverto vary acrossonlineariterations| 7].
Anothercrucialissuefor thereductionof total lineariterationsis to useef cient precon-
ditioning techniques.In general |LU-type preconditionerg14], [17] canbe employed and
calculatedat every nonlineaiiteration. Techniquegor selectvely evaluatinga preconditioner
maybedevelopedto save onthe costof the calculationof thepreconditionerNotethatthe
two phasesvhereef ciency canbe mostlyimprovedarethe costof thelinearsystensolution
(thusincludingthe numberof iterations)andthe costof preconditioneevaluation.
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In this paperwe are mainly concernedvith the ef cient preconditioningof the linear
system.The“optimal” preconditioner would minimizethe constant of:

(1.3)

Note that, ideally onewould like  to be assmall as possibleor evento tendto zeroas
. This requiresthat information from the nonlineariteratve schemebe taken into
accountin the evaluationof

Standardpreconditionerssuchas|ILU, arecompletelyunavare of the underlyinglin-
earizationprocessActually, oftenthe Jacobiarmatrix tendsto becomeamoreill-conditioned
as grows,giving riseto increasechumericalinaccuraciesn the calculationof

The approachproposedn this paperis to solve system(1.2) with aniterative Krylov
subspacenethod,startingwith eitherlLU(0) [14] or AINV [2] preconditionerscomputed
from theinitial Jacobianandto updatethis preconditioneusingarankonesum.A sequence
of preconditioners canthusbe de ned by imposingthe secantcondition,asusedin the
implementatiorof quasi-Nevton methodq6]. We chooseto work with the Broydenupdate
asdescribedor instancein [9], andanalyzethe theoreticalpropertiesof the preconditioner
andthe numericalbehaior of theresultingscheme.

Our approachis in the framavork of the work of J. M. Martnezin [12], [13], where
computingthe preconditionenf choice(possiblyeventhe null matrix) at every Newton step
andthenenrichingit with alow-rankupdatds suggestedin thesepapergheauthoris mainly
concerneavith convergenceof the InexactNewton methodwhile we focuson the optimality
of the preconditionerat eachnonlineariteration. In additionwe solve the Newtonian lin-
earsystemsausing an arbitrary iterative methodwith the stoppingcriterion of [5], while in
Martinez's procedurehis criterionis notusedandthe rst iterateof theiterative linearsolver
shouldbeconstructedisingthepreconditionerMoralesandNocedaln [ 15] proposedrank-
two updateof the previously computedpreconditioneiin the acceleratiorof the Conjugate
Gradient(CG) method. The vectorsinvolvedin this updatedo not comefrom the Newton
iterationbut they are generatedisinginformationfrom the CG iteration. Anotherstudyon
updatingfactorizedpreconditionerganbefoundin [19].

Thepaperis organizedasfollows: Section2 de nesthepreconditioner . In Section3,
we prove thatwe canmake the quantity assmallaspossible.Sectiond gives
the main lines of the implementationof the preconditionerapplication. Section5 reports
somenumericalresultson two model problems. Finally, Section6 givessomeconcluding
remarks.

2. Preconditioning by Broyden update. The ideais to start with a preconditioner
for . If the preconditioneiis in the form of a sparseapproximateanverse,then
is known explicitly. Otherwisejf is anincompletel U factorizationwe only
cancompute timesavectorby solvingtwo triangularsparsdinearsystems.
The proposedapproachtries to evaluate at every Newton iteration by
addingto the previouspreconditionearankoneupdate. Let uswrite

(2.1)
As in theBroydenscheme, mustsatisfythe secantondition
(2.2)

where . To uniquelydetermine , we alsoimposethat be the
closestmatrixto  in the Frobeniusmormamongall the matricessatisfying(2.2),

(2.3) argmin
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Combiningthe secantcondition (2.2) with (2.1), since , we readily
obtain:

Condition(2.3) is satis ed by choosing

Using and thusde ned,for everymatrix satisfyingthe secanequationwe canwrite

from which, taking Frobeniusnorms,we have that

andthus(2.3) holds. The expressiorfor is thenwritten as
(2.4)
The nal preconditioner can be obtainedby inversionusing the Sherman-

Morrisonformulato yield:

(2.5)

In the next sectionwe will provethat canbe madeassmallaspossibleby
suitablechoicesof theinitial guess andtheinitial preconditioner . Notethatthis makes
our preconditionealmostidealin the senseof (1.3).

REMARK 2.1. Thede nition of our preconditionerand the corvemenceanalysisthat
followsis similar to thecorrespondinglevelopmentsf Broydens method asreportedin [ 9].
Themaindifferenceis thatin our casethe new updateis calculatedoy Newtoniteration using
thereal and not the approximateJacobianmatrix. Thusin all thefollowing stepswe needto
take into accountthat

3. Convergenceanalysis. We will make the standad assumptionsn

1. Equation(1.1) hasasolution

2. is Lipschitzcontinuouswith Lipschitzconstant .
3. is nonsingular
We will now boundthe norm of the differencebetween and in termsof the

errorsin the currentandnew iterates.lIt is corvenientto indicatewith the subscript every
vectoror matrixreferringto thecurrentiterateandwith  every quantityreferringto thenew
iterate . Following this notationNewton's methodcanbe statedas

(3.1)
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We de ne theerrorvectors

andtheerrormatrices

The next lemmais the analogof Theorem?7.2.2in [9]. It stateghatthe sequence
remainscloseto as approaches .
LEMMA 3.1. Letthe standad assumptionsold. Then

Proof. Since

we have

(3.2)

where . From(2.4) we canwrite

(3.3)

Then,setting —— andsubstituting(3.2) into (3.3) we obtain

(3.4)

Usingthe standardassumptiongndtakingnorms,since we have

(3.5) O

Thenext Lemma3.2andTheorem3.3 provethatif theinitial Newtonpoint  is sufciently
nearthesolution,and  sufciently near , thenthe sequence is well de ned.
Theproofof Lemma3.2is notgivensinceit is analogougo thatof Theorem7.2.3in [9].
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LEMMA 3.2. Letthe standad assumption&old. Fix . Thenthereare , sud
thatif and then
THEOREM 3.3. Let the standad assumptiondold. De ne . Fix
—. Thenthere exist and sud that if and then
(3.6) _—

Proof. FromLemma3.2

(3.7)

Rewriting (3.7) we have

from which thethesis by the hypothesis d

We now provethatwe canmake assmallaspossible.To thisendwe need
thefollowing two Lemmaswhich boundthedifferencebetween  and
LEMMA 3.4. Letthe standad assumption&old. Thensetting

and
wehave
Proof. Since and
, €0.(3.4) becomes
(3.8)

Now takingnorms,andusingthe standardassumptions,

andthethesisholds.O

LEMMA 3.5. Letthestandad assumptionsold. Fix . Thenthereare , sud
thatif and then

Proof. Analogousto thatof Lemma3.2. O

Thenext theoremwill establisha boundof in termsof
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THEOREM 3.6. Letthestandad assumptionsold. Fix -, . Thenthere
are , , sudithatif , and then

Proof Let , beasin Lemmas3.2 and3.5. FromLemma3.5andTheorem3.3 we
have

(3.9) O

4. Noteson implementation. In this sectionwe give the main lines of theimplemen-
tation of the productof our preconditionettimes a vector, which is neededwhenusinga
preconditione&rylov method.

At acertainnonlineariterationlevel, , andgivenavector ,wewantto compute
(4.1)

Here with superscript we indicatethe linear iterationindex. For , is given
inductively by (2.5):

(4.2)

If weset _—, —— and — . then

(4.3)

At theinitial nonlineariteration , underthe hypothesighat (or ) is explicitly

known, we simply have

Beforedoingthis we have to compute

If , let us supposethat are known, . Thento be able
to compute , before startingthe linear systemsolution we have to evaluate

and — where canbeevaluatedusing
(4.3) atthe price of anapplicationof , dot productsand daxpy operations.

Now we arereadyto compute

atthepriceof anapplicationof , dotproductsand daxpy operations.
Note thatthe updatingof the preconditionejust describedbeingbasedon scalarprod-
uctsanddaxpy operationsis well suitedto parallelization.
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4.1. The Newton-Broydenalgorithm. Theimplementatiorof thelnexactNewtonmeth-
od requiresthede nition of a stoppingcriterionfor thelinearsolver (1.2) basedon the non-
linear residual. Following [5], we stopthe linear iteration as soonasthe following testis
satis ed

(4.4)

Superlineaor evenquadraticcorvergenceof the InexactNewton methodcanbeachievedby
properlysettingthe sequence
We cannow write the Newton-BroydenAlgorithm asfollows:

NEWTON-BROYDEN (NB) ALGORITHM

Input: tol

WHILE tol AND DO
1. Compute approximating ;
2. IF THEN update from
3. Solwe by a Krylov methodwith preconditioner

andtolerance

4,
5.

END WHILE

Sincethe actualcomputationof the preconditioneris never performedexplicitly, the
statedalgorithmsuffers from two main dravbacks,namelyincreasingcostsof memoryfor

and andof preconditionempplication. Thesedravbacksare commonto mary itera-
tive schemessuchasfor examplesparsdLimited Memory) Broydenimplementation$16],
GMRES[18] andArnoldi methodfor eigervalueproblemg[11]. Severaloptionscanbe de-
visedto alleviatethesedif culties, all basedbn variationsof arestartprocedureby whichthe
schemads resetaftera chosemumberof iterations. Our implementations describedn the
following section.

4.2. Restart. If the numberof nonlineariterationsis high (e.g. morethanten itera-
tions),theapplicationof Broydenpreconditionemaybetoo expensveto becounterbalanced
by a reductionin the iterationnumber To this aim we de ne the maximumnumber
of rank one correctionswe allow. After nonlineariterationsthe previous computed

arediscardedanda new preconditioner is computed.

RESTARTED NEWTON-BROYDEN (RNB) ALGORITHM

Input: tol

Compute approximating ; , restartTRUE

WHILE tol AND DO
1. IF (NOT restart)THEN update from ; restart= FAL SE.
2. Solwe by a Krylov methodwith preconditioner

andtolerance

3.
4,
5.1F MOD =0 THEN

— restart= TRUE; compute approximating
END WHILE




ETNA

Kent State University
etna@mcs.kent.edu

QUASI-NEWTON PRECONDITIONERS FOR THE INEXACT NEWTON METHOD 83

REMARK 4.1. Our preconditionercanbeviewedasa particular caseof theonede ned
in[12] as , where weset

if MoD
otherwise

5. Numerical results. In this sectionwe reportthe numericalperformanceof our pre-
conditionersin solving two nonlineartest problemsof large size. As initial preconditioners
(), we considereitherthe incompleteCholesly factorizationlLU(0) [14] or the approx-
imate inversepreconditionerAINV [2], [3]. Notethat,in the rst case, is known and
the applicationof resultsin two triangularsparsdinear systemsolutions.On the other
hand, is explicitly provided by AINV, asthe productof two sparseriangularfactors,
andhenceits applicationneedgwo matrix-vectorproducts.Our aim is to give experimental
evidencethatthe Broydencorrectionjmplementedisexplainedin the previoussectionspro-
ducesan acceleratiorof the corvergenceof the iterative solver, independentlyof the initial
preconditionenf choice.

All the numericalexperimentswere performedon a CompagES40equippedwith an
alpha-processdev6.8” at833Mhz,4.5GB of corememory and16 MB of secondargache.
The CPU timesare measuredn seconds.The solution of systemg?2) is performedby the
BiCGstabiterative method[20] becausén our examplesthe Jacobianis symmetricbut is
not guaranteedo be positive de nite. We stoptheiterationwheneerthe exit test(4.4) with
constant is ful lled.

5.1. Example 1: the Bratu problem. We considera generalizatiorof the classical
discreteBratuproblem[8]:

where is asymmetricpositive de nite matrix arisingfrom a 2d or 3d discretizatiorof the
diffusionequationon the unitarydomain:

(5.1)

with variablediffusioncoefcient , and is areal parameter We used and
. We considematricesarisingfrom discretizatioremploying Finite Elements
(FE) andMix ed Finite Elementg MFE).

5.1.1. 2d MFE discretization. Matrix has28600rowsand142204nonzercelements.

It arisesfrom a Mix ed Finite Elementdiscretizatiorof the diffusion operator(with constant
) in two spatialdimensionn trianglesof uniform sizes.

Tables5.1 and5.2 reportthe resultsof the nonlinearcorvergence giving the numberof
nonlineariterations,the cumulatve numberof linear iterations,the total CPU time andthe
CPUtime neededo evaluatethe preconditione{computatiorof whenneededlusall
the updates).Whenthe Broydenacceleratioris used,we also provide the valuesof
With ILU(0) we meanthatthe preconditioneis computedonceandfor all atthe begin-

ning of the nonlineariteration,while ILU(0O) indicatesthattheincompletefactorization
is accomplishedt eachnonlineariteration.
Inbothcased = ILU(0)/AINV) theRNB algorithmproducesnacceleratiorin terms

of both numberof iterationsand CPUtime. The simpleNB algorithm (without restart)ap-
peargo belessef cient. Thisis notsurprisingsincetheresultsof Theorem3 only holdwhen
is nearthe solution. In the NB algorithm,  is computedonly once,whentheiterateis
still farfrom , while in the RNB approachthe“initial” preconditioneis computedevery
iterations thustakingadwancefrom the nonlinearcorvergence.



ETNA

Kent State University
etna@mcs.kent.edu

84 L. BERGAMASCHI, R. BRU, A. MARTINEZ AND M. PUTTI
TABLES.1
Resultoan MFE matrix with ILU(0).
preconditioner nlit  iter CPU

tot precond

ILU(0) - 7 851 11.59 0.01
ILU(0) - 7 754 8.65 0.04
RNB-ILU(0) 1 7 442 6.51 0.08
RNB-ILU(0) 2 7 470 6.56 0.06
RNB-ILU(0) 3 7 501 6.93 0.06
RNB-ILU(0) 5 7 529 7.09 0.06
NB-ILU(0) 6 515 9.67 0.06
TABLES.2
Resultson MFE matrix with AINV(0.1).
preconditioner nlit  iter CPU
tot precond
AINV(0.1) - 7 882 18.35 0.17
AINV(0.1) - 7 908 19.70 1.27
RNB-AINV(0.1) 1 8 574 14.62 1.57
RNB-AINV(0.1) 2 7 517 13.07 0.81
RNB-AINV(0.1) 3 7 647 16.10 0.63
RNB-AINV(0.1) 4 7 502 1261 0.44
RNB-AINV(0.1) 5 7 561 14.08 0.44
NB-AINV(0.1) 7 655 17.15 0.26

5.2. Example 2. We considerherea slight modi cation of the Bratu problemwhich
leadsto anincreasinglyill-conditionedJacobiammatrix. This is easilyaccomplishedy tak-
ing a negative valuefor the parameter . We chooseto work with andthe same
initial vectorasin thepreviousexample.

TABLES.3
Resultson MFE matrix with ILU(0).
preconditioner nlit iter CPU
tot precond
ILU(0) - 14 849 1561 0.01
ILU(0) - 14 597 7.04 0.08
RNB-ILU(0) 1 14 436 6.51 0.15
RNB-ILU(0O) 2 14 415 6.56 0.12
RNB-ILU(0) 3 14 419 6.93 0.11
RNB-ILU(0) 4 14 407 7.09 0.11
NB-ILU(0) 15 595 14.86 0.17

5.2.1. 2d MFE discretization. We reportin Table 5.3 the resultsof the variousalgo-
rithms describedin Section4, comparedwith the Inexact Newton methodpreconditioned
with the simple ILU(0) computedat the initial iteration. Table 5.4 providesthe sameout-
comeasTable5.3but employing the AINV preconditionerln thelattercasewe alsoprovide
thevalueof thedroptoleranceusedin thetest.

Analyzing Table5.3 we noticethatthe Broydenacceleratiorproducesa mild reduction
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of the CPU time ascomparedwith the computationof ILU(O) at every iteration. The opti-
mal valueis 1. The simple Newton-Broydenalgorithm(i.e. with no restart)doesnot
give ary improvementin termsof CPU time anditerationnumber In Table 5.4 the results
relative to the AINV preconditionemwith drop toleranceof 0.05enhanceshe ef ciency of
the proposedbreconditioner Herethe optimal valueis largerthanl. Using
producesa saving in the CPUtime neededor computingthe costly AINV preconditioner

TABLES.4
Resulton MFE matrix with AINV(0.05).
preconditioner nlit iter CPU

tot precond
14 852 18.99 0.19
14 545 29.96 5.42

AINV(0.05)
AINV(0.05)

RNB-AINV(0.05) 1 14 332 1834 506
RNB-AINV(0.05) 2 14 347 1772 291
RNB-AINV(0.05) 3 14 348 16.13  2.06
RNB-AINV(0.05) 4 14 333 1557 1.67
RNB-AINV(0.05) 5 14 353 16.27 1.26
NB-AINV(0.05) 14 630 18.73  0.34

5.2.2. 3d FE discretization. Matrix istheresultof a3D Finite Elementdiscretization
of (5.1) with coefcient  varyingin spaceandusingtetrahedraklements.It has268515
rowsand nonzercelements.

For this testcasewe alsocomparethe Broydenacceleratiorwith the resultobtainedby
selectvely computingthe preconditionefboth ILU(0) andAINV) every iterations;see
Tables5.5and5.6. In Figure5.1we reportthelineariterationsemployedat eachnonlinear

TABLE 5.5
Resulton the 3DFE matrix with ILU(0).
preconditioner nlit iter CPU

tot precond

ILU(0) - 17 1880 11254 0.4
ILU(0) - 16 354 1934 6.4
ILU(0) 2 16 353 194.1 6.2
RNB-ILU(0) 1 16 230 137.7 9.4
RNB-ILU(0) 2 16 232 1378 6.3
RNB-ILU(0) 3 16 250 149.7 5.5
RNB-ILU(0) 4 16 251 150.8 4.8
NB-ILU(0) 17 1132 826.4 4.7

iterationfor thelLU(0) andAINV/( ) preconditionersomputecdateachnonlinearteration
and using the Broyden acceleratiorfor a couple of values. As is clearfrom gure
5.1, in this problemthe Jacobiarmatrix becomesmoreill-conditionedduring the nonlinear
iteration. For this reasonusingthe AINV preconditionemwith a x ed drop tolerancevalue
( ), yieldsa sequencef preconditionersvith increasingnumberof nonzeroelements
andconsequenincreasingevaluationcost. This explainsthe CPU timesfor preconditioner
evaluationin Table5.6. TheRNB preconditioneprovidesasubstantiateductionof thelinear
iterationsespeciallynearthe solutionof the nonlinearproblem,as expectedby the ndings
of thetheoryin Section2.
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TABLE 5.6
Resulton the 3DFE matrix with AINV(0.03).
preconditioner nlit iter CPU
tot precond

AINV(0.03)( )
AINV(0.03)( )

17 1991 755.3 3.5
16 682 470.4 151.9

AINV(0.03)( ) 4 16 705 355.6 34.0
RNB-AINV(0.03) 1 16 418 356.7 154.5
RNB-AINV(0.03) 4 16 448 262.1 37.4
RNB-AINV(0.03) 7 16 508 281.9 29.1
RNB-AINV(0.03) 10 16 556 289.9 17.7
NB-AINV(0.03) 17 1186 591.0 5.2
80 150 ‘ ‘
o— ILU(0)(IK) ®—@ AINV(0.03)(3K)
*—* RNB(2) 4—24 RNB(4)
>—=> RNB(4) *—* RNB(10)

60

=
o
<]

40 -

linear iterations
linear iterations

o
=}

20

| I I . .
0 5 10 15 20 0 5 10 15 20
nonlinear iterations nonlinear iterations

FiG. 5.1. Numberof linear iterationsvs nonlineariteration index in the solutionof Example2 discretizedby
3D FE. Theinitial preconditioneris ILU(0) (left) and AINV(0.03)(right).

Theinitial preconditionedoesnotremaina goodpreconditionefor the subsequeriter-
ationsascon rmed by the rst row in Tables5.5and5.6. The Broydencorrectionproduces
areductionin the numberof lineariterationsand CPU time with respecto thelLU (AINV)
preconditionefor smallvaluesof . Also, the proposedpreconditioneis moreef cient
thansimply computingselectiely ILU or AINV. Comparingfor examplethe resultsin the
third and fth rows of Table5.6 we seethatthe Broydenacceleratiomeduceghelineariter-
ationfrom 705to 448(35%reduction)andthe CPUtime from 355.6t0 262.1second$26%
reduction).Comparableeductionshold for the ILU(O) preconditioner

6. Conclusions. We have proposeda family of preconditionersbasedon the Broy-
den secantupdateformula, with the aim of acceleratinghe corvergencepropertiesof a
given preconditionerduring the nonlinearprocess. During the Newton iteration, starting
from a preconditioner approximatingthe inverseof the initial Jacobiammatrix, a se-
guenceof preconditioners  is de ned, by takinginto accouninformationof the previous
nonlineariterations. The developedtheoreticalanalysisprovesthat the sequencesatis es

,with  thatcanbemadearbitrarily small,dependingpn  and

The applicationof the proposedpreconditionemay be memoryandtime consuming,
especiallywhen islarge.However, comparedvith thestandargrocedureof computingthe
preconditionenf choiceat every Newtoniteration,alimited memoryvariantof the proposed
approactprovidesanimprovementof the performanceExperimentatesultson anumberof
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largetestproblemsshav substantiabavingsin termsof bothiterationnumberandcomputing
time.

Thealgorithmdescribedn this paperseemso beparticularlyappropriatdor parallelim-
plementation First, the improvementof the proposedreconditioneis importantespecially
whenthe computationof the initial preconditioneris costly, which is a commonsituation
whensolving systemsn a parallelframavork. Secondthe implementationof the Quasi-
Newton correctionsasdescribedn Section4, beingmadeup of a numberof daxpys and
scalarproductscanbe parallelizedin a straightformardmanner If the computatiorandap-
plication of the initial preconditionercanbe ef ciently parallelized(which is the casefor
approximatenversepreconditionerssee[ 1] for AINV or[4], [10] for otherapproaches}the
overall algorithmis completelyparallel.

Acknowledgements. We would like to thankthe refereesandJ. M. Mart'nezfor their
suggestionshathave improvedthe presentatiomf this paper

REFERENCES

[1] M. BENzI, J. MARIN, AND M. TUMA, A two-level parallel preconditionerbasedon sparse approximate
inverses in D. R. Kincaid andA. C. Elster eds.,lterative Methodsin Scienti c ComputationV, Vol. 5
of IMACS Seriesn ComputationaindApplied MathematicsNew Brunswick,New Jersg, USA, 1999,
InternationalAssoc.for MathematicandComputersn Simulation,pp.167-178.
[2] M. BENzI AND M. TUMA, A sparse appoximateinverse preconditionerfor nonsymmetridinear systems
SIAM J.Sci.Comput.,19 (1998),pp. 968-994.
, A compaative studyof spaiseapproximateinversepreconditiones, Appl. Numer Math.,30(1999),
pp.305-340.
[4] L. BERGAMASCHI AND A. MARTINEZ, Parallel acceleation of Krylov solves by factorizedapproximate
inverse preconditiones, in M. Dayce et al., eds.,VECPAR 2004, LectureNotesin Comput.Sci., No.
3402,Springer Heidelbeg, 2005,pp. 623-636.
[5] R.S. DEMBO, S. C. EISENSTAT AND T. STEIHAUG, Inexact Newton methodsSIAM J. Numer Anal., 19
(1982),pp.400-408.
[6] J.E.DENNIS, JR. AND J. J. MORE, Quasi-Nevton methodsmotivationandtheory SIAM Rev., 19 (1977),
pp.46-89.
[7] S. C. EISENSTAT AND H. F. WALKER, Choosingthe forcing termsin an inexact Nevton method SIAM J.
Sci.Comput.,17 (1996),pp. 16-32.
[8] D.R. FOKKEMA, G. L. G. SLEJPEN AND H. A. VAN DER VORST, Acceleated inexact Newvton schemes
for large systemf nolinearequationsSIAM J. Sci. Comput., 19 (1997),pp. 657—-674.

. T. KELLEY, lterative Methodsfor LinearandNonlinearEquations SIAM, Philadelphial1995.

. Yu. KOLOTILINA AND A. YU. YEREMIN, Factorizedsparse approximateinverse preconditionings.
Theory SIAM J. Matrix Anal. Appl., 14 (1993),pp. 45-58.

[11] R. B. LEHOuCQ AND D. C. SORENSEN, De ation techniquesfor an implicit restartedArnoldi iteration,
SIAM J.Matrix Anal. Appl., 17 (1996),pp. 789-821.

[12] J. M. MARTINEZ, A theoryof secantpreconditiones, Math. Comp.,60 (1993),pp.681-698.

[13] , Anextensiorof thetheoryof secanpreconditiones, J. Comput Appl. Math.,60(1995),pp.115-125.

[14] J. A. MEIJERINK AND H. A. VAN DER VORST, Aniterative solutionmethodfor linear systemsf which the
coefcient matrixis a symmetridM-matrix, Math. Comp.,31(1977),pp. 148-162.

[15] J. L. MORALES AND J. NOCEDAL, Automaticpreconditioningby limited memoryQuasi-Neton updating
SIAM J.Optim.,10(2000),pp. 1079-1096.

[16] S. G. NAsSH AND J. NOCEDAL, A numericalstudyof the limited memoryBFGSmethodand the truncated-
Newtonmethodfor large scaleoptimization SIAM J.Optim., 1 (1991),pp. 358-372.

[17] Y. SAAD, ILUT: A dual thresholdincompleteLU factorization Numer Linear Algebra Appl., 1 (1994),
pp.387-402.

[18] Y.SAADAND M. H. ScHULTZ, GMRESA generlizedminimalresidualalgorithmfor solvingnonsymmetric
linear systemsSIAM J. Sci. Stat.Comput.,7 (1986),pp. 856—869.

[19] J. D. TEBBENSAND M. TUMA, Preconditionemupdatesfor solvingsequencesf large and spaisenonsym-
metric linear systemsTechnicalReport, Institute of ComputerScience Academyof Sciencef the
CzechRepublic,V-940,2005.

[20] H. A. vAN DER VORST, Bi-CGS™B: A fastand smoothlycorverging variant of BI-CG for the solutionof
nonsymmetritinear systemsSIAM J. Sci. Stat.Comput., 13 (1992),pp. 631-644.

(3]

[9]
[10]

o




