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WEIERSTRASS' THEOREM IN WEIGHTED SOBOLEV SPACES
WITH  DERIVATIVES: ANNOUNCEMENT OF RESULTS

ANA PORTILLA , YAMILET QUINTANA , JOSE M. RODRIGUEZ , AND EVA TOURIS

Abstract. We characterize the set of functions which can be approximated by smooth functions and by polyno-
mials with the norm

for a wide range of (even non-bounded) weights  ’s. We allow a great deal of independence among the weights

5

s.
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1. Intr oduction. If is any compactinterval, WeierstrassTheoremsaysthat is
thelargestsetof functionswhich canbe approximatedy polynomialsin the norm ,
if we identify, asusual functionswhich areequalalmosteverywhere.

In [29] and[24] we studythe sameproblemwith thenorm de ned by

esssup

where is a(boundedr unboundedyveight,i.e. a non-ngyative measurabléunction.

Consideringveightednorms , hasbeenprovedto beinterestingmainly because
of two reasonson the onehand,it allows to wider the setof approximableunctions(since
the functionsin canhave singularitieswherethe weighttendsto zero); and,on the
otherhand, it is possibleto nd functionswhichapproximate whosequalitatve behaiour
is similarto theoneof atthosepointswheretheweighttendsto in nity .

If is a vectorialweight, we studythis approximationproblemwith
the Soboler norm de ned by

The paperd[27], [29], [29], [30], [31], [1], [37], [24] and[25] arethe beginning of a
theory of Soboler spaceswith respectto generalmeasuregor . This theory
playsanimportantrole in the locationof the zeroesof the Soboles orthogonalpolynomials
(see[19], [20], [28] and[30]). The locationof thesezeroesallows to prove resultson the
asymptotidbehaiour of Soboler orthogonabolynomials(see[ 19]).
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2. Main results. The fundamentatesultsof this paperguaranteehata function be-
longsto the closureof the spaceof polynomials(respectiely, smoothfunctions)in thenorm

,if andonly if, belongsto the closureof polynomials(respectiely, smooth
functions)in thenorm , for every
Thisarticleis an abrldgeo\/ersmnof the paper{26]
THEOREM 2.1. Let be a vectorial weight on satisfying:
(i)
(i) for every
(iii) , a.e. in some neighborhood of , for every

, , and , a.e. in some neighborhood of s

for every
Then the closure of the space of polynomials in is
REMARK 1.

(i) We observe that this theorem characterizes the closure of in ,
in terms of the similar problem in . This question of approximation in is
solved in [24].

(il) The hypothesis (i) is not restrictive at all, since if esdim sup Sfor
an infinite number of points , for some , then is the only polynomial in
, and it is trivial to find the closure of the space of polynomials in .

(i) Notice that hypothesis, , Is much weaker than

, since some are allowed to be .
(iv) The possibility of some to be bounded is, naturally, allowed. That is to say,
might be the empty set.

Sketch of the proof. It is obviousthattheclosureof thespaceof polynomialsin
is containedn

Then,it sufces to prove thateveryfunctionin canbeapproximatedy polynomials
in thenorm . Letusconsidetthen, and asequencef polynomials
convergingto inthenorm . Fromthesequence wewill construcanother
oneof polynomialscorvergingto in thenorm

Thekey ideain orderto carryoutsuchaprocessis to nd from ,apolynomial in

,Where isthespaceof polynomialswhichhaveaprimitive of order in f
wereaHilbertspaceand aclosedsubspacet would sufce to take as theorthogonal
projectionof on . However, sinceour normsdo not comefrom aninner product,the
problemis muchmorecomplicatedfortunately we can nd a nite setof polynomials in
, suchthat canbeexpressedsallinearcombinationof  andelementf

DEFINITION 2.2. We say that a vectorial weight in is of type
if and .

In thefollowing theoremave describehe closureof smoothfunctionsin Soboles spaces
with weights.

THEOREM 2.3. Let us consider a vectorial weight of type ina
compact interval . Then the closure of ,
and in are, respectively,
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REMARK 2.
(i) We observe that Theorem 2.3 characterizes the closure of
, and in , in terms of the
similar problem in . This question of approximation in is solved in
[24].
@iy 11 , then the closure of ,  and are the same. This is a

consequence of Bernstein’s proof of Weierstrass’ Theorem (see e.g. [5, p. 113]), which gives
a sequence of polynomials converging uniformly up to the -th derivative for any function in

Sketch of the proof. Theinclusion

is obvious. Let usnow considera function , andlet , beafunctionwhich
approximates  in norm. If we considerthefunction
it is possibleto shav that approximates in norm.
DEFINITION 2.4. We say that are comparablgunctions in the set  if there exists
a positive constant  such that a.e. in
DEFINITION 2.5. We say that a vectorial weight in is of type
if there exist real numbers such that
(i) , and ,
(i) if , then  is comparable to a finite non-decreasing weight in for
(i) if , then is comparable to a finite non-increasing weight in Sfor
THEOREM 2.6. Let us consider a vectorial weight of type ina
compact interval . Then the closure of in is
for
Sketch of the proof. Givenafunction , we cansplitit asa sumof threefunctions
by usinganappropriatepartition of unity. Thefunctionin canbeapproximatedvith
similar agumentsthan the measuref type . In the approximationof the functionsin
and we useshift agumentsthat allow us to constructa corvolution with an

approximatiorof theidentity.
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The next theoremmalkesthe resultsof this papermorevaluablesinceit allows to deal
with weightswhich canbe obtainedby “gluing” simplerones.
THEOREM 2.7. Let us consider strictly increasing sequences of real numbers ,

( belonging to a finite set, to or ) with for every . Let

be a vectorial weight in the interval . Assume that for

each there exists an interval with . Let us assume

also that for each  we have either is of type in , or . Then
the closure of in is

We candeducehefollowing consequence.
THEOREM 2.8. Let us consider a vectorial weight in the interval
, with and . Then the closure of in
is

Proof. Thistheoremis a directconsequencef Theorems2.3and?2.7. It is enoughto

split asaunionof compactntervals ( belongingto a nite set,to , or ),
with for every . We havethat is of type in each , since
and for every . If wechoose , then

we canapply Theorems2.3and2.7. O
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