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WEIERSTRASS' THEOREM IN WEIGHTED SOBOLEV SPACES
WITH

�
DERIVATIVES: ANNOUNCEMENT OF RESULTS �

ANA PORTILLA � , YAMILET QUINTANA � , JOSE M. RODRIGUEZ � , AND EVA TOURIS �
Abstract. We characterize the set of functions which can be approximated by smooth functions and by polyno-

mials with the norm �������
	�� 
�������� ��������� ��� � � � ��� 
����! "�$#
for a wide range of (even non-bounded) weights % � ’s. We allow a great deal of independence among the weights% � ’s.
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1. Intr oduction. If & is any compactinterval, Weierstrass'Theoremsaysthat ')(*&�+ is
the largestsetof functionswhich canbeapproximatedby polynomialsin thenorm ,.-/(0&1+ ,
if we identify, asusual,functionswhichareequalalmosteverywhere.

In [29] and[24] westudythesameproblemwith thenorm ,2-/(43�+ de�ned by

5768579 
2:<;>=@?�A
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where3 is a (boundedor unbounded)weight,i.e. a non-negativemeasurablefunction.
Consideringweightednorms ,M-/(*3�+ , hasbeenprovedto beinterestingmainly because

of two reasons:on theonehand,it allows to wider thesetof approximablefunctions(since
the functionsin ,M-/(*3�+ canhave singularitieswheretheweight tendsto zero);and,on the
otherhand, it is possibleto �nd functionswhichapproximate

6
whosequalitativebehaviour

is similar to theoneof
6

at thosepointswheretheweighttendsto in�nity .
If 3 A (432N1L7OPO7O7LQ3.RS+ is a vectorialweight, we studythis approximationproblemwith

theSobolev norm T RVU -W(43�+ de�ned by

57685PX 	"� 
 :Y;>= ?ZA R[\Q] N ^^ 6 : \ = ^^ 9 
 :<;  = O
The papers[27], [28], [29], [30], [31], [1], [32], [24] and [25] are the beginning of a

theoryof Sobolev spaceswith respectto generalmeasuresfor _a`cbd`fe . This theory
playsan importantrole in the locationof thezeroesof theSobolev orthogonalpolynomials
(see[19], [20], [28] and[30]). The locationof thesezeroesallows to prove resultson the
asymptoticbehaviour of Sobolev orthogonalpolynomials(see[19]).g
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2. Main results. Thefundamentalresultsof this paperguaranteethata function
6

be-
longsto theclosureof thespaceof polynomials(respectively, smoothfunctions)in thenormT RVU -W(*3�+ ,if andonly if,

6 : \ =
belongsto the closureof polynomials(respectively, smooth

functions)in thenorm ,2-/(43 \ + , for every hi`kjl`nm .
Thisarticleis anabridgedversionof thepaper[26].
THEOREM 2.1. Let be a vectorial weight 3 A (43 N L7OPO7OPL�3 R + on o p@LQq>r satisfying:

(i) sutv _FwF3.RKxye .
(ii) 3 \{z ,|-}<~Q� (�o p@LQq>r����F� \ � L7OPO7OPLQ� \ �  F� +�L for every h)`�jlxnm .

(iii) 3 \ (4I�+8��� s B�  � _�w�(�_@�a3 \Q� � +���� `c� , a.e. in some neighborhood of � \ � , for every _�`� `�� \ , h�`�j�`ym���� , and 3.RV� � (*I�+H��� s B� 	"�1 � _FwF3.R���� `¡� , a.e. in some neighborhood of � RV� �� ,
for every _{` � `¢�WRV� � .

Then the closure of the space of polynomials in T RVU -/(*3�+ is£ � ?�A¥¤ 6 z T RFU - (43�+ ? 6 : R = z ¦l§ , - (*3 R + 9 
 :Y; 	 =7¨ O
REMARK 1.

(i) We observe that this theorem characterizes the closure of ¦©§ T RVU -ª(43�+ in T RVU -/(43�+ ,
in terms of the similar problem in , - (*3�RD+ . This question of approximation in , - (43.RD+ is
solved in [24].

(ii) The hypothesis (ii) is not restrictive at all, since if esslim supBF« � 3 \ (4IJ+ A e for
an infinite number of points � zn¬ , for some hk`­j�x®m , then h is the only polynomial in,|-/(*3 \ + , and it is trivial to find the closure of the space of polynomials in T RVU -W(*3�+ .

(iii) Notice that hypothesis, 3 \ (4I�+8��� s B�  � _Fw�(�_|�a3 \Q� � +S��� `n� , is much weaker than3 \ (4IJ+ ��� s B�  � _�wF3 \Q� � ��� `¡� , since some 3 \Q� � are allowed to be h .
(iv) The possibility of some 3 \ to be bounded is, naturally, allowed. That is to say,�V� \ � L7O7OPO¯LQ� \ �  � might be the empty set.

Sketch of the proof. It is obviousthattheclosureof thespaceof polynomialsin T RFU -W(43�+
is containedin

£ �
.

Then,it suf�ces to provethatevery functionin
£ �

canbeapproximatedby polynomials
in thenorm T RVU -W(43�+ . Let usconsiderthen,

6 z £ � and �Qb�° � ° a sequenceof polynomials
convergingto

6 : R = in thenorm ,M-/(43.RD+ . Fromthesequence��b�° � ° wewill constructanother
oneof polynomialsconvergingto

6
in thenorm T RVU -W(*3�+ .

Thekey ideain orderto carryoutsuchaprocess,is to �nd, from b±° , apolynomial ²P°�U R in³
, where

³
is thespaceof polynomialswhichhaveaprimitiveof order m in T RFU -W(43�+ . If ¦

wereaHilbert spaceand
³

aclosedsubspace,it wouldsuf�ce to takeas ²�°�U R theorthogonal
projectionof b ° on

³
. However, sinceour normsdo not comefrom an innerproduct,the

problemis muchmorecomplicated;fortunately, we can�nd a �nite setof polynomialś in, - (*3 R + , suchthat ² °�U R canbeexpressedasa linearcombinationof b ° andelementsof ´ .
DEFINITION 2.2. We say that a vectorial weight 3 A (43.N1L7O7OPO7LQ3�RD+ in o ��L�µ�r is of type _

if _�wF3 R z , � (�o ��L�µ�r4+ and 3 N L7OPO7OPL�3 RV� � z ,M-ª(�o �¶L"µ�r4+ .
In thefollowing theoremswedescribetheclosureof smoothfunctionsin Sobolev spaces

with weights.
THEOREM 2.3. Let us consider a vectorial weight 3 A (*3.N!LPO7OPO¯L�3.RD+ of type _ in a

compact interval & A o ��L�µ�r . Then the closure of ¦�§ T RVU -/(0&�LQ3�+ , '
-/( ¬ + § T RFU -W(*&¶L�3�+
and ' R ( ¬ + § T RVU -W(*&¶L�3�+ in T RFU -W(*&¶L�3�+ are, respectively,
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£ � ?ZA ¤ 6 z T RVU - (*&¶L�3�+ ? 6 : R = z ¦l§ , - (0&�LQ3 R + 9 
 :<¸ U ; 	 = ¨ L£)¹{?ZA ¤ 6 z T RVU - (*&¶L�3�+ ? 6 : R = z ' - (0&1+ § , - (*&¶L�3.RD+ 9 
 :Y¸ U ; 	 = ¨ L£)º{?ZA®¤ 6 z T RVU - (*&¶L�3�+ ? 6 : R = z ')(0&1+ § , - (*&¶L�3.RS+ 9 
 :Y¸ U ; 	 = ¨ O
REMARK 2.

(i) We observe that Theorem 2.3 characterizes the closure of ' R ( ¬ + §T RVU -W(0&�LQ3�+ , '
-W( ¬ + § T RVU -W(*&¶L�3�+ and ¦ª§ T RVU -/(*&¶L�3�+ in T RVU -W(0&�LQ3�+ , in terms of the
similar problem in ,M-/(*&¶L�3.R!+ . This question of approximation in ,2-ª(*&¶L�3.R!+ is solved in
[24].

(ii) If 3 R z ,M-ª(*&�+ , then the closure of ' R ( ¬ + , ¦ and '
-W( ¬ + are the same. This is a
consequence of Bernstein’s proof of Weierstrass’ Theorem (see e.g. [5, p. 113]), which gives
a sequence of polynomials converging uniformly up to the m -th derivative for any function in' R (*&�+ .

Sketch of the proof. Theinclusion

' R ( ¬ + § T RFU - (*&¶L�3�+ X 	�� 
 :Y¸ U ;>=¼» £iº
is obvious. Let usnow considera function

6 z £ º , andlet ½ z ')( ¬ + , bea functionwhich
approximates

6 : R = in ,|-/(0&�LQ3 R + norm.If weconsiderthefunction

¾ (*I�+ ?�A RF�
�[\Q] N 6 : \ = (*��+ (*I¿�k��+

\j�À ��Á B� ½>(4Â�+ (*Il��Â�+ RV� �(0mi�¡_V+�ÀÄÃ Â|L
it is possibleto show that

¾
approximates

6
in T RFU -/(*&¶L�3�+ norm.

DEFINITION 2.4. We say that Å©L�Æ�L are comparablefunctions in the set Ç if there exists
a positive constant � such that � � � Å�`¡Æl`n��Å a.e. in Ç .

DEFINITION 2.5. We say that a vectorial weight 3 A (43.N!LPO7OPO7L�3.RS+ in o ��L�µ�r is of type �
if there exist real numbers �¿`�� � xn� ¹ x¡� º xn�!È
`yµ such that

(i) _FwF3 R z , � (Qo � � LQ� È r4+ , and 3 N L7OPO7O7LQ3 RV� � z ,M-É(Qo ��L"µ�rÊ+ ,
(ii) if �kxÄ� � , then 3 \ is comparable to a finite non-decreasing weight in o ��LQ� ¹ rËL forhi`kjl`nm ,
(iii) if �1È�xÌµ , then 3 \ is comparable to a finite non-increasing weight in o � º L"µ�rËL forhi`kjl`nm .

THEOREM 2.6. Let us consider a vectorial weight 3 A (*3.N!LPO7O7O7L�3.RD+ of type � in a
compact interval & A o �¶L"µ�r . Then the closure of ' R ( ¬ + § T RFU -W(*&¶L�3�+ in T RVU -�(*&¶L�3�+ is£ È ?�A ¤ 6 z T RVU - (*&¶L�3�+ ? 6 : \ = z ')(0&1+ § , - (*&¶L�3 \ + 9 
 :Y¸ U ;  = for h�`�j�`nm ¨ O

Sketch of the proof. Givena function
6 z £ È , we cansplit it asa sumof threefunctions

by usinganappropriatepartitionof unity. Thefunctionin o � � LQ�1È7r canbeapproximatedwith
similar argumentsthan the measuresof type _ . In the approximationof the functionsino ��L�� ¹ r and o � º L�µ"r we useshift argumentsthat allow us to constructa convolution with an
approximationof theidentity.
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The next theoremmakesthe resultsof this papermorevaluablesinceit allows to deal
with weightswhichcanbeobtainedby “gluing” simplerones.

THEOREM 2.7. Let us consider strictly increasing sequences of real numbers �V�¶° � ,�Fµ¯° � ( Í belonging to a finite set, to Î , Î � or Î � ) with µ�°�� � xÏ��° � � xÐµ�° for every Í . Let3 A (*3MN1L7OPO7OPL�3.RS+ be a vectorial weight in the interval & ?�AÒÑ °>o ��°JL�µ�°1r . Assume that for
each Í there exists an interval &P°�ÓÌo ��° � � L�µ�°1r with 3 � L7O7OPO7LQ3�R z ,M-/(*&¯°¶+ . Let us assume
also that for each Í we have either 3 is of type _ in o ��°>L"µ�°!r , or _FwF3.R z ,M-/(�o �1°JL"µ�°1r4+ . Then
the closure of ' R (0&1+ § T RVU -/(0&�LQ3�+ in T RVU -/(0&�LQ3�+ is£ º ?�A¥¤ 6 z T RFU - (*&¶L�3�+ ? 6 : R = z ')(0&1+ § , - (*&¶L�3 R + 9 
 :Y¸ U ; 	 =±¨ O

We candeducethefollowing consequence.
THEOREM 2.8. Let us consider a vectorial weight 3 A (43 N L7OPO7O7LQ3 R + in the interval& , with 3 z ,M-}Y~�� (0&1+ and _�wF3.R z , �}Y~�� (0&1+ . Then the closure of ' R (*&�+ § T RVU -�(*&¶L�3�+ inT RVU -W(0&�LQ3�+ is£ º ?�A ¤ 6 z T RFU - (*&¶L�3�+ ? 6 : R = z ')(0&1+ § , - (*&¶L�3 R + 9 
 :Y¸ U ; 	 = ¨ O
Proof. This theoremis a direct consequenceof Theorems2.3 and2.7. It is enoughto

split & asa unionof compactintervals o � ° L�µ ° r ( Í belongingto a �nite set,to Î , Î � or Î � ),
with µ °�� � xÔ� ° � � xÕµ ° for every Í . We have that 3 is of type _ in each o � ° L�µ ° r , since3 z ,|-/(�o � ° L�µ ° r4+ and _�wF3 R z , � (Qo � ° L�µ ° rÊ+ for every Í . If wechoose& ° ?ZA o � ° � � L�µ ° r , then
we canapplyTheorems2.3and2.7.

REFERENCES
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