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SYSTEMS OF ORTHOGONAL POLYNOMIALS DEFINED BY
HYPERGEOMETRIC TYPE EQUATIONS

NICOLAE COTFAS

Abstract. A hypegeometridype equatiorsatisfyingcertainconditionsde neseithera nite or anin nite sys-
temof orthogonapolynomials.We presentn auni ed andexplicit way all thesesystem®f orthogonapolynomials,
theassociatedpecialfunctionsandthe correspondingaising/lavering operatorsThis generaformalismallows us
to extendsomeknawn resultsto alarger classof functions.
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1. Intr oduction. Many problemsin quantummechanicandmathematicaphysicdead
to equationf thetype

(1.1)

where and arepolynomialsof at mostsecondand rst degree,respectrely, and
is a constant.Theseequationsareusually calledequationsof hypegeometrictype[14], and
eachcanbereducedo the self-adjointform

by choosingafunction suchthat .
Theequation(1.1) is usuallyconsideredn aninterva , chosersuchthat

Sincetheform of theequation(1.1) is invariantundera changeof variable ,itis
sufcient to analysethe casegresentedn table1.1. Somerestrictionsmustbe imposedon
, in orderfor theinterval to exist.

Theequation(1.1) de neseithera nite oranin nite systemof orthogonabolynomials
dependingon the set A uni ed
view on all the systemsof orthogonalpolynomialsde ned by (1.1) was presentedn [8].
We think that certainresultsknown in particularcasescanbe extendedto a larger classof
functionsby usingthis generalformalism,and our aim is to presentsomeattemptsin this
direction.

Theliteraturediscussingspecialfunctiontheoryandits applicationto mathematicahnd
theoreticalphysicsis vast,andtherearea multitude of differentcorventionsconcerninghe
de nition of functions. Sincethe expressionof the raising/lovering operatorsdependdi-
rectly on the normalizing condition we use, a uni ed approachis not possiblewithout a
uni ed de nition for the associatedpecialfunctions. Our resultsarebasedon a de nition
presentedh section2. Thetablel.1allowsoneto passin eachcasefrom ourparameters,
to theparametersisedin differentapproachFor classicapolynomialswe usethede nitions
from [14].
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TAaBLE1l.1
Themainparticular cases

2. Orthogonal polynomials and associatedspecialfunctions. In this sectionwe re-
view certainresultsconcerningthe systemsof orthogonalpolynomialsde ned by equation
(1.1) and the correspondingassociatedspecialfunctions. It is well-known [14] that for

, where

theequation(1.1) admitsa polynomialsolution of atmost degree
(2.1)

If thedegreeof thepolynomial is thenit satis esthe Rodriguedormula

where isaconstantWe do notimposeary normalizingcondition.Eachpolynomial is
de ned only upto amultiplicative constantOnecanremarkthat

in thecase ,and
in thecase . Let

PROPOSITION 2.1. [14, 8] a) is a systenof polynomialsorthogonal with
weightfunction in

b) is a polynomialof degree for any

c) Thefunction ~ issquaeintegrableon for any
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d) Athreetermrecurrencerelation

is satis edfor

e)Thezeosof aresimpleandlie in theinterval , for any

Thepolynomials canbeexpressedn termsof the classicabrthogonalpolynomi-
alsbutin certaincasegherelationis notvery simple.

PROPOSITION 2.2. [8, 9] Up to a multiplicativeconstant

whee , and aretheHermite Laguerre and Jacobipolynomialsyespectively
Let , , andlet . By differentiatingtheequation(2.1)  times

we obtaintheequationsatis ed by the polynomials — ,namely

(2.2)

Thisis anequationof hypeigeometridype,andwe canwrite it in the self-adjointform
by usingthefunction

DEFINITION 2.3. Thefunctions
(2.3) —

, and , are calledtheassociatedpecialfunctions
Theequation(2.2) multiplied by canbewrittenas

where is thedifferentialoperator

PROPOSITION 2.4. [8] a) For each , the functions with are
orthogonalwith weightfunction in
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b) is squaeintegrableon for

¢) Thethreetermrecurrencerelation

(2.4) —_—
is satis edfor any andany . In addition,we have
(2.5) —_—
For ary , andary , by differentiating(2.3), we obtain

thatis, therelation

which canbewritten as

(2.6) —
If thenby substituting(2.6) into (2.4) we get
thatis,
(2.7) —_ —
for all . From (2.5 it follows that this relation is also satis ed for

Therelations(2.6) and(2.7) suggestve shouldconsiderthe rst orderdifferentialoper
ators[11, 7, 9]

for .
PROPOSITION 2.5. [10, 6, 11, 8] We have

(2.8)

(2.9)

(2.10)
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From (2.8), (2.9 and(2.10 it follows thatthe normalizedassociatedspecialfunctions
satisfytherelations

(2.11)

3. A group theoretical approachbasedon projection method. The systemof func-
tions is the projectionof the systemof functions[ 1, 2, 13]

(3.1)

orthogonalwith respecto the scalarproduct

More exactly, we canidentify eachfunction with therestrictionof to the subset
. By usingtherelation — obtaineddirectly from de nition
(3.1, and(2.11) we get

Theserelationssuggestve shouldconsidetthe rst orderdifferentialoperators

(3.2) _ o

satisfyingtherelations

Onecanremarkthat and
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for all
Legendrepolynomials

, but, generally
, and
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. For example,in the caseof

whence

and . The
is invariantunderthe actionof
The operatorgle ned by (3.2) satisfytherelations

where is theidentity operator TheLie algebra generatedby and

sional.
THEOREM 3.1.

Proof. If thenthe operators

satisfytherelations and
In thecase theoperators ,
therelations and
If the operators ,
satisfytherelations and

In thecase , thefunctions
where is the Casimiroperatorof
In thecase , thefunctions

-dimensionaVectorspacespanniedy theset
, and

and

is nite dimen-

and
and —— satisfy

and —
a

satisfytherelations

and -

satisfytherelations
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where is the Casimiroperatorof and -
The Casimiroperatorof is theidentity operator belongingto thealgebrd 5].
Our approachs differentfrom the one presentedn [12] basedon and Miller

algebra . Generallyouralgebra doesnotcontain

4. Somesystemsof coherent states. In this sectionwe restrictusto the case
Foreach , thesequence is anorthonormal
basisin theHilbert space

Thelinearoperatorde ned by (see gure 4.1)

is aunitary operatoythe operators aremutuallyadjoint,and

(4.1)

Since

we getthefactorization andtherelation
(4.2)

By usingtheoperator

therelation(4.2) canbewrittenas . Since

it followsthatthelLie algebra  generatedy is nite dimensional.
THEOREM 4.1,

Proof. In thecase theoperator  is aconstanbperatornamely
. Since , theoperators , and form abasisof
suchthat
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FIG. 4.1. Theopeators , . and relatingthefunctions

thatis, is isomorphicto the Heisenbeg-Weyl algebra

If then , and form a basisof suchthat
O
In thecase , thefunctions , satisfytherela-
tions
where is the Casimiroperatorof . If we denote

thenthe above relationscanbewritten as

andshaw that[3, 15], in case , therepresentatioof
in istheirreduciblediscreterepresentation - .
Let bea x ednaturalnumber Thefunctions ,

satisfytherelations

de ned by (4.1)

, where
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where

Someusefulsystemof coherensstatescanbe de ned [3] by usingtheserelations,the con-
uent hypeigeometridunction

andthemodi ed Bessefunction

THEOREM 4.2. a) If then , whee

is a systenof coheentstatesn  sud that

b) If then , Wwhee

is a systenof coheentstatesn  sud that

whee

(4.3)

Proof. [3] By denoting — andusingtheintegrationby partswe get

Denoting we get
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andhencewe musthave therelation(Mellin transformation)
(4.4)

Theformula[4]

for , -, — becomes
(4.5)

Therelations(4.4) and(4.5) leadto (4.3). O
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