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SYSTEMS OF ORTHOGONAL POLYNOMIALS DEFINED BY
HYPERGEOMETRIC TYPE EQUATIONS

�

NICOLAE COTFAS
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Abstract. A hypergeometrictypeequationsatisfyingcertainconditionsde�neseithera �nite or anin�nite sys-
temof orthogonalpolynomials.Wepresentin auni�ed andexplicit wayall thesesystemsof orthogonalpolynomials,
theassociatedspecialfunctionsandthecorrespondingraising/loweringoperators.Thisgeneralformalismallows us
to extendsomeknown resultsto a largerclassof functions.
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1. Intr oduction. Many problemsin quantummechanicsandmathematicalphysicslead
to equationsof thetype
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where ������� and ������� arepolynomialsof at mostsecondand�rst degree,respectively, and �

is a constant.Theseequationsareusuallycalledequationsof hypergeometrictype[14], and
eachcanbereducedto theself-adjointform
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by choosinga function � suchthat
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Theequation(1.1) is usuallyconsideredonaninterval �*),+.-/� , chosensuchthat
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Sincetheform of theequation(1.1) is invariantundera changeof variable �?N OQP/�R�#S , it is
suf�cient to analysethecasespresentedin table1.1. Somerestrictionsmustbe imposedon

T , U in orderfor theinterval �*),+.-A� to exist.
Theequation(1.1) de�neseithera �nite or anin�nite systemof orthogonalpolynomials

dependingon the set V/W

>(XZY
:CB<D
E$G[H

�������'�������\�^]��_:<BCD
E$G?J

�������'�������\�^]��`��a7L A uni�ed
view on all the systemsof orthogonalpolynomialsde�ned by (1.1) was presentedin [8].
We think that certainresultsknown in particularcasescanbe extendedto a larger classof
functionsby usingthis generalformalism,andour aim is to presentsomeattemptsin this
direction.

Theliteraturediscussingspecialfunctiontheoryandits applicationto mathematicaland
theoreticalphysicsis vast,andtherearea multitudeof differentconventionsconcerningthe
de�nition of functions. Sincethe expressionof the raising/lowering operatorsdependsdi-
rectly on the normalizingcondition we use,a uni�ed approachis not possiblewithout a
uni�ed de�nition for the associatedspecialfunctions. Our resultsarebasedon a de�nition
presentedin section2. Thetable1.1allowsoneto passin eachcasefrom ourparametersT , U

to theparametersusedin differentapproach.For classicalpolynomialsweusethede�nitions
from [14].
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TABLE 1.1
Themainparticular cases
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2. Orthogonal polynomials and associatedspecial functions. In this sectionwe re-
view certainresultsconcerningthe systemsof orthogonalpolynomialsde�ned by equation
(1.1) and the correspondingassociatedspecialfunctions. It is well-known [14] that for
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If thedegreeof thepolynomial ‡
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de�ned only up to amultiplicativeconstant.Onecanremarkthat
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PROPOSITION 2.1. [14, 8] a) V•‡

€„Y
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m
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a is a systemof polynomialsorthogonalwith
weightfunction ������� in �*),+.-/� .
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Ž

.

c) Thefunction ‡

€\�����A‘ ������� is square integrableon ��),+.-A� for any
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m

Ž
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d) A threetermrecurrencerelation
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Thepolynomials‡

u

e�ˆ

kwv

€ canbeexpressedin termsof theclassicalorthogonalpolynomi-
alsbut in certaincasestherelationis not verysimple.
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are theHermite, LaguerreandJacobipolynomials,respectively.
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This is anequationof hypergeometrictype,andwe canwrite it in theself-adjointform
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c) Thethreetermrecurrencerelation
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Therelations(2.6) and(2.7) suggestwe shouldconsiderthe�rst orderdifferentialoper-
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PROPOSITION 2.5. [10, 6, 11, 8] We have
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3. A group theoretical approachbasedon projection method. Thesystemof func-
tions
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is theprojectionof thesystemof functions[1, 2, 13]
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where
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c

+

c

� and
Ó

�

ƒ

�

e

h

n

c

.
TheCasimiroperatorof ®��
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andhence,wemusthavetherelation(Mellin transformation)
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Theformula[4]
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Therelations(4.4) and(4.5) leadto (4.3).
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