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CONTINUOUS SYMMETRIZED SOBOLEV INNER PRODUCTS OF
ORDER  (Il)

M. ISABEL BUENO , FRANCISCOMARCELLAN , AND JORGESANCHEZ-RJIZ

Abstract. Givena symmetrizedSobole inner productof order , the correspondingequencef monic or-
thogonalpolynomials satis es , for certainsequencesf monic
polynomials and . In this paperwe considerthe particularcasewhenall the measureshatde ne the
symmetrizedSobole innerproductareequal,absolutelycontinuousandsemiclassicalUndersuchrestrictionswe
give explicit algebraiaelationsbetweerthesequences and , aswell ashigherorderrecurrenceelations
thatthey satisfy
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1. Intr oduction. Letusconsidetthefollowing innerproductde nedin thelinearspace
,where denoteghelinearspaceof polynomialswith realcoefcients,

(1.1)

In the previous expression denotepositive and absolutelycontinuousBorel
measuresupportedn a subsebdf therealline andsuchthatthe correspondingequencesf
momentsare nite, denoteghe th derivativeof ,and arenonneativerealnumbers
( ). Theinnerproductgivenin (1.1) is known as Sobole inner productof order
[7]. Soboler inner productsandtheir correspondingequencesf orthogonalpolynomials
have beenexhaustvely studiedduring the lastten years,althoughmostof the resultshave
beenobtainedfor

The product is saidto be symmetrizedf when is anodd
nonngativeinteger. Inthiscase, , ,..., aresupportednasubsebftherealline which
is symmetricwith respecto the origin andthe measureshemselesarealsosymmetric,so
that

This conceptextendsthede nition of symmetridinear functional[5] to thebilinearcase.

Assumethat is quasi-de nite,thatis, thereexistsa sequence of polynomi-
als orthogonalwith respecto f is symmetrizedthenthereexist anothertwo
sequencesf polynomials and suchthat
(1.2)

In thesequelwe will referto thesetwo sequenceasthe symmetriccomponentsf

In this paperwe considerthe bilinear symmetrizatiorproblemassociateavith (1.1), i.e.
theanalogin thebilinearcaseof Chiharaslinearsymmetrizatiorproblem[ 5], which consists
in:
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(1) nding theexplicit expression®f thebilinearfunctionalssuchthat and
arethe correspondingequencesf orthogonapolynomials,

(2) determiningrecurrenceelationswith a nite humberof termsthat and
satisfy and

(3) obtainingexplicit algebraiaelationsbetweerbothsequences.
Theproblem(1) wassolvedfor Sobole innerproductsof order in [3], andfor general
in [4]. Asregardgproblemg2) and(3),till now they have only beensolvedin theparticular
casewhen andthe two measureshatde ne the product areequal,absolutely
continuousandsemiclassicdl3]. In thispapemwe extendtheseresultsfor anarbitrary ,
underthe samerestrictionson the measureivolved.

Thestructureof the paperis thefollowing: First,in Section2, we presensomeauxiliary
resultsrelatedwith semiclassicafunctionalsand semiclassicameasuresin Section3, we
nd explicit algebraicrelationsbetweenthe sequences and . In Section4, we
determineecurrenceelationswith a nite numberof termsthatthesequences
and satisfy Finally, in Section5, we apply our generalresultsto a particularcaseof
the so-calledrFreud-Sobole polynomialg 2].

2. Auxiliary results. Considera quasi-de nitelinear functional in , with integral
representation

2.1)

where isanabsolutelycontinuougositive Borelmeasurand isthecorrespondingveight
function. Thefunctional is saidto bea semiclassicalinear functionalif

(2.2) U U

where and arepolynomialswith and ,and denoteghe
derivative operator The conditionof beingsemiclassicatanalsobe characterizedh terms
of theweightfunction
PropPosITION 2.1. [6] Let bea semiclassicalinear functionalwith integral repre-
sentation2.1), where isacontinuoushdifferentiablefunctionin aninterval satisfying
with . Then,

(2.3)

and is saidto be a semiclassicalveightfunction Equation(2.3) is the so-calledPearson
equation.

DEFINITION 2.2. [8] Givena semiclassicalinear functional , let bethesetof all
the pairs of polynomialssatisfying(2.2). Thentheclass of isde nedas

(2.4)

LEMMA 2.3. [7] If is a semiclassicalveightfunction,thenfor every nonngative
integer

whee
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LEMMA 2.4. [7] Givena semiclassicalveightfunction , the polynomials
de nedin thepreviouslemmasatisfy

whee is theclassof the semiclassicalinear functionalde nedby
Considetthefollowing lineardifferentialoperatorin thelinearspace :

(2.5)

where and , theidentity operator

PROPOSITION 2.5. Let  bea semiclassicalinear functionalwith integral representa-
tion (2.1). Usingthe notationsintroducedabove for all nonngativeintegers and

Q) If , then

(2) If ,then

Proof. From(2.5),

Notice that when . It follows that the upperboundson the
summationsover and can be replaced respectiely, by and

, with the conditionthat emptysumequalszeroif . UsingLemma
2.4,

From(2.4), we know that . Thereforethe maximumis attainedfor .

If , thenthe maximumis attainedfor , andtheresultin (1) follows. Onthe
otherhand.if , thenthe maximumis attainedfor ; sincetheterm
in hasexactdegree , (2) holds. O

COROLLARY 2.6. Let . Then,for all nonngjativeintegers ,

3. Explicit algebraicrelationsbetween and . Letusconsidelmsymmetrized
quasi-de niteSoboles innerproductgivenby (1.1) with forall ( ), i.e.,

(3.1)
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We denoteby thesequencef monicpolynomialsorthogonakwith respecto (3.1), and
by and the correspondingymmetriccomponentsle ned by (1.2). The weight
function satisfying andthecorrespondindinearfunctional givenby (2.1)
arebothsymmetric.Furthermorethe sequence of monicpolynomialsorthogonalwith
respecto satis esathree-ternrecurrenceelation,

(3.2)

where , andthereexistsa sequencef monicpolynomials suchthat

(3.3)

where denoteghe sequencef monickernelpolynomialsassociatedvith [5].

In the sequel,we assumethat is a semiclassicalinear functional, and we usethe
notationsintroducedin the previous section. The following propositionstatesan algebraic
relationbetweenthe sequences and thatwill be usefulto determinealgebraic
relationshbetween and

LEMMA 3.1. [7] Let and bearbitrary polynomials.Then,

PrROPOSITION 3.2. For every nonngativeinteger , there exist real numbes
sud that
(3.4)
Proof. Expandingthe polynomial in termsof the Sobole polynomialswe
get

Then,we useLemma3.1to computethe coefcients ,

Since is the sequencef polynomialsorthogonalwith respecto , Corollary 2.6 im-
pliesthat if . O

REMARK 3.3. If in the above proof Proposition2.5 is usedinsteadof Corollary 2.6, a
sharperlower boundcan be obtainedfor the summatiorin (3.4). This meanshat the r st
termsofthesumin (3.4) maybezen. Howerer, sincethe useof Proposition2.5wouldrequire
two parallel developmentsn whatfollows, for the sale of brevity we usethe geneml bound
givenby Corollary 2.6.
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3.1. Semiclassicafunctional  of evenclass.
PropPosITION 3.4. If theclass of thefunctional is even,thenthefollowing explicit

algebraic relationbetweerthe sequences and is obtained,
(3.5)
where and

Proof. Since isanevennumber is anevenpolynomial[3, Prop.2.6]. Thatis, there
existsanothempolynomial suchthat

(3.6)

Therefore, and arealsoevennumbersWe write and
For , Proposition3.2reads

(3.7)

Sincethetermin theleft-handsideof the previousidentity is anevenpolynomial,we get

Takinginto account(1.2), (3.3), and(3.6), the previousequationcanberewritten as
(3.8)

In asimilar way, for we obtain

(3.9)

Takinginto account(3.3) and(3.2) with replacedby , weget
(3.10)

Multiplying (3.10 by  andusing(3.8) and(3.9), we obtain

(3.11)

The resultin (3.5 canbe obtainedin a straightforvard way from the previous expression.
O
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3.2. Semiclassicafunctional  of odd class.
ProPOSITION 3.5. Lettheclass ofthefunctional beanoddnumber Thefollowing

explicit algebraic relationsbetweerthe sequences and are obtained:
() If isanevennumberand ,then
(2) If isanoddnumberand ,then

whele and

Proof. Since isanoddnumber isanoddpolynomial[3, Prop.2.6]. Thereforethere
existsanothempolynomial suchthat

(3.12)
Since and areoddnumberssoit is . In thesequelwe write and
(1) Assumethat is even. Then,we write , for somenonnayative integer

From(3.4), we get

Takinginto account(1.2), (3.12), and(3.3), we get

(3.13)

ConsiderProposition3.2 with to obtain,in asimilarway,

(3.14)

By multiplying both sidesof (3.10 by , (3.13 and(3.14) leadusto thefollowing
explicit algebraiaelationbetween and ,

(3.15)
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andtheresultfollowsin a straightforvardway.

(2) Assumethat is odd. Then for somenonneativeinteger . In this
case the term on the left-handside of (3.7) is an odd polynomial,andtaking into account
(1.2), (3.12), and(3.3), we get

(3.16)

A similar proceduregives,usingProposition3.2 with ,

(3.17)

From(3.2) with ,and(3.3),
(3.18)

Replacing(3.16 and(3.17) into (3.18, thefollowing relationis obtained,

(3.19)

andtheresultfollows straightforvardly. O

4. Recurrencerelations. In this sectionwe deducerecurrenceelationswith a nite
numberof termsfor the sequences , and . The numberof termsin these
relationsdepend®n theclassof thefunctional andthedegreeof the polynomial .

4.1. Recurrencerelationsfor
PrRoOPOSITION 4.1. If theclass of is an evennumbey thenthe sequence

satis esthefollowing| ]-term recurrencerelation,
whee and )
Proof. Assumethat is anevennumber Multiplying bothsidesof (3.18 by ,and

plugging(3.8) and(3.9) into it, we get

(4.1)
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Now, we multiply bothsidesof (3.11) by andreplace(4.1) in it to obtain

Fromthe previous expressionve getthe ( )-termrecurrenceelationfor
givenin the statemenof the proposition. O
ProPOSITION 4.2. Lettheclass of beanoddnumberandput and
. Thenthe sequence satis esthe following -term
recurrencerelations:
(1) If isanevennumberand ,then
(2) If isanoddnumberand ,then

Proof. Again, we mustdistinguishbetween beingoddor even.
(1) Assumethat is even. Multiplying bothsidesof (3.18 by andapplying
(3.13 and(3.19) into it, we get

(4.2)

Now, multiplying bothsidesof (3.15 by andusing(4.2) in theresultingequationwe obtain
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thefollowing -termrecurrenceelationfor

from which the statemen(1) of the propositionfollows straightforwardly.
(2) Assumenow that is odd. Considering3.10), (3.16), and(3.17), we get

(4.3)

Now plug the previous resultin (3.19. We getthe following -term
recurrenceelationfor

whichimpliestheresult(2) in the statemenbf the proposition. d

4.2. Recurrencerelationsfor . In thesequelandfor the sale of brevity, we will
omit the extendedexpressiorof therecurrenceelations.
ProPosITION 4.3. If theclass of is anevennumberthe sequence satis es

thefollowing [ ]-term recurrencerelation,
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whee and )

Proof. Replacing(3.11) into (4.1), we gettheresult. d

PrRoOPOSITION 4.4. Lettheclass of beanoddnumberandput and

. Thenthe sequence satis esthe following -term

recurrencerelations:

(1) If iseven,and , then

(2) If isodd,and , then

Proof. We mustdistinguishagainbetween evenor odd. In thecase even,replace
(3.19 into (4.2), andin the case odd, replace(3.19 into (4.3), and so the resultsare
obtained. O

4.3. Recurrencerelation for
ProOPOSITION 4.5. Thesequence satis es the following ( )-term
recurrencerelation,

Proof. Multiplying bothsidesof (3.4) by , from (3.2) we get

Applying twice Proposition3.2 to the previousexpressionwe obtain
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from which theresultfollows straightforvardly. 0

5. Example: Freud-Sobole orthogonal polynomials. Considerthe following inner
productof type(1.1),
(5.1)

andlet us applytheresultsobtainedn the previous sectiongo this particularexample. The

polynomials orthogonalwith respectto (5.1) are a particularcaseof the so-called
Freud-Sobole polynomials[2].

It is well known that is a semiclassicalveightfunction[2]. In fact,
satis esthe Pearsorequation(2.3) with and . Hence,usingthe
notationsn Section2, , ,and . Since is anevennumberwe canstatethat

(1) Thesequences and satisfy( )-termrecurrenceelations(seePropo-
sitions4.1and4.3).

(2) Thesequence satis esa ( )-termrecurrenceelation (seeProposition
4.5).

(3) An explicit algebraicrelation between and canbe established.This
relationinvolves termsof thesequence and termsof thesequence

(seeProposition3.4).
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