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CONTINUOUS SYMMETRIZED SOBOLEV INNER PRODUCTS OF
ORDER

�

(II) �

M. ISABEL BUENO� , FRANCISCOMARCELLÁN � , AND JORGESÁNCHEZ-RUIZ ���

Abstract. Given a symmetrizedSobolev innerproductof order � , the correspondingsequenceof monic or-
thogonalpolynomials���
	�� satis�es ��
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for certainsequencesof monic
polynomials �

�

	 � and �

�

	�� . In this paperwe considerthe particularcasewhenall the measuresthatde�ne the
symmetrizedSobolev innerproductareequal,absolutelycontinuousandsemiclassical.Undersuchrestrictions,we
giveexplicit algebraicrelationsbetweenthesequences�

� 	 � and �

� 	 � , aswell ashigher-orderrecurrencerelations
thatthey satisfy.

Key words. Sobolev innerproduct,orthogonalpolynomials,semiclassicallinear functionals,recurrencerela-
tion, symmetrizationprocess
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1. Intr oduction. Let usconsiderthefollowing innerproductde�ned in thelinearspace
!#"$!

, where
!

denotesthelinearspaceof polynomialswith realcoef�cients,
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In the previous expression7H9 (I7

A

(

F�F�F

(I7

<

denotepositive and absolutelycontinuousBorel
measuressupportedona subsetof thereal line andsuchthatthecorrespondingsequencesof
momentsare�nite, &

D

?�E

denotesthe J th derivativeof & , and
C

?

arenonnegativerealnumbers
(

C

<LK

0NM ). The innerproductgiven in (1.1) is known asSobolev inner productof order
�

[7]. Sobolev inner productsandtheir correspondingsequencesof orthogonalpolynomials
have beenexhaustively studiedduring the last ten years,althoughmostof the resultshave
beenobtainedfor

�

0PO .
The product %IQ�(RQ ,

. is saidto be symmetrizedif %TS�U�(IS�VW,
.

0XM when YZ:\[ is an odd
nonnegativeinteger. In thiscase,7
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Thisconceptextendsthede�nition of symmetriclinear functional[5] to thebilinearcase.
Assumethat %IQ�(RQ ,/. is quasi-de�nite,that is, thereexistsa sequencejlk

U�m

of polynomi-
als orthogonalwith respectto %nQ�(eQo,+. . If %nQ�(eQo,/. is symmetrized,thenthereexist anothertwo
sequencesof polynomialsj�p

U�m

and j�q

U�m

suchthat
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In thesequel,wewill referto thesetwo sequencesasthesymmetriccomponentsof jwk

U
m

.
In this paperwe considerthebilinearsymmetrizationproblemassociatedwith (1.1), i.e.

theanalogin thebilinearcaseof Chihara's linearsymmetrizationproblem[5], whichconsists
in:x
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(1) �nding theexplicit expressionsof thebilinearfunctionalssuchthat j�p

U�m

and j�q

Uvm

arethecorrespondingsequencesof orthogonalpolynomials,
(2) determiningrecurrencerelationswith a �nite numberof termsthat jlp

U m

and j�q

U m

satisfy, and
(3) obtainingexplicit algebraicrelationsbetweenbothsequences.

Theproblem(1) wassolvedfor Sobolev innerproductsof order O in [3], andfor general
�

in [4]. As regardsproblems(2)and(3), till now they haveonlybeensolvedin theparticular
casewhen

�

0XO andthe two measuresthatde�ne theproduct %nQ�(eQo, . areequal,absolutely
continuousandsemiclassical[3]. In thispaperweextendtheseresultsfor anarbitrary

�Ly

O ,
underthesamerestrictionson themeasuresinvolved.

Thestructureof thepaperis thefollowing: First, in Section2, wepresentsomeauxiliary
resultsrelatedwith semiclassicalfunctionalsandsemiclassicalmeasures.In Section3, we
�nd explicit algebraicrelationsbetweenthe sequencesj�p

U�m

and j�q

U�m

. In Section4, we
determinerecurrencerelationswith a �nite numberof termsthatthesequencesjlp

U�m

, j�q

Uvm

and jlk

Udm

satisfy. Finally, in Section5, we applyour generalresultsto a particularcaseof
theso-calledFreud-Sobolev polynomials[2].

2. Auxiliary results. Considera quasi-de�nitelinear functional z in
!

, with integral
representation
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where7 isanabsolutelycontinuouspositiveBorelmeasureand| is thecorrespondingweight
function.Thefunctional z is saidto beasemiclassicallinear functionalif
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derivative operator. Theconditionof beingsemiclassicalcanalsobecharacterizedin terms
of theweightfunction | :

PROPOSITION 2.1. [6] Let z be a semiclassicallinear functionalwith integral repre-
sentation(2.1), where | is a continuouslydifferentiablefunctionin aninterval ˆ ‰�(+Š�‹ satisfying

Œ�•�Ž••l‘“’�” •

•6r

S�s–&

r

S�s}|

r

S�s;0—M with &Zg

!

. Then,

(2.3)
r˜•

|™sIš�0`•
|�(

and | is said to bea semiclassicalweight function. Equation(2.3) is theso-calledPearson
equation.

DEFINITION 2.2. [8] Givena semiclassicallinear functional z , let ›•œ bethesetof all
thepairsof polynomialssatisfying(2.2). Then,theclass ž

Ÿ of z is de�nedas
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LEMMA 2.3. [7] If | is a semiclassicalweight function, then for every nonnegative
integer

�

,

•

<

r

S�sn~

<�²

|

r

S�sI³W0\•

r

S)(

�

s}|

r

S�s�(

where

•

r

S)(+M8s
0´O
(

•

r

S)(

�

s
0

•Br

S�sn•™š

r

SB(

�

¬¯O�sH:µ•

r

S)(

�

¬¯O�seˆ •

r

S�sG¬

�

•

š

r

S�s}‹ (

�¶y

O

F



ETNA
Kent State University 
etna@mcs.kent.edu

CONTINUOUSSYMMETRIZED SOBOLEVINNER PRODUCTSOFORDER � (II) 57

LEMMA 2.4. [7] Givena semiclassicalweight function | , the polynomials•

r

S)(

�

s

de�nedin thepreviouslemmasatisfy
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where ž

Ÿ is theclassof thesemiclassicallinear functionalde�nedby | .
Considerthefollowing lineardifferentialoperatorin thelinearspace
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9 0´O and ~
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0`Á , theidentity operator.
PROPOSITION 2.5. Let z bea semiclassicallinear functionalwith integral representa-

tion (2.1). Usingthenotationsintroducedabove, for all nonnegativeintegers
�

and Y ,
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Notice that ~ÆV1_
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SvUdsh0ÇM when [È:ÉJhÂ¶Y . It follows that the upperboundson the
summationsover [ and J can be replaced,respectively, by Ê
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From(2.4), we know that ž
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If ž

Ÿ

¬À†¨Â‚M , thenthemaximumis attainedfor [Ô0
Ê

�

, andtheresultin (1) follows. On the
otherhand,if ž
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3. Explicit algebraicrelationsbetweenj�p

U
m

and j�q

U
m

. Letusconsiderasymmetrized
quasi-de�niteSobolev innerproductgivenby (1.1) with 7
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Wedenoteby jwk

U�m

thesequenceof monicpolynomialsorthogonalwith respectto (3.1), and
by jlp

U�m

and jlq

U�m

thecorrespondingsymmetriccomponentsde�ned by (1.2). Theweight
function | satisfying5�7{0‚|

r

S�sI5�S andthecorrespondinglinearfunctional z givenby (2.1)
arebothsymmetric.Furthermore,thesequencejR×

U m

of monicpolynomialsorthogonalwith
respectto z satis�esa three-termrecurrencerelation,
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denotesthesequenceof monickernelpolynomialsassociatedwith jlØ

U m

[5].
In the sequel,we assumethat z is a semiclassicallinear functional, and we usethe

notationsintroducedin the previoussection. The following propositionstatesan algebraic
relationbetweenthe sequencesjwk

U
m

and j�×

U
m

that will be useful to determinealgebraic
relationsbetweenj�p

U
m

and jlq

U
m

.
LEMMA 3.1. [7] Let & and * bearbitrary polynomials.Then,
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PROPOSITION 3.2. For every nonnegativeinteger Y
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Proof. Expandingthepolynomial
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Then,we useLemma3.1to computethecoef�cients Ù

U

” Ú

,

Ù

U

” Ú

0

%

•

<

r

S�s¿×

UHr

S�st(+k

Ú

r

S�s/,
.

%˜k

Ú

r

S�st(+k

Ú

r

S�s/,
.

0

z

²

×

U�r

S�sn¸

D

<

E

²

k

Ú

r

S�s
³�³

%˜k

Ú

r

S�st(+k

Ú

r

S�s/,
.

F

Since j�×

U�m

is thesequenceof polynomialsorthogonalwith respectto z , Corollary 2.6 im-
pliesthat Ù

U

” Ú

0\M if M¨·#Ü•Ì¯Y$¬
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Ÿ .
REMARK 3.3. If in theaboveproof Proposition2.5 is usedinsteadof Corollary 2.6, a

sharperlower boundcan be obtainedfor thesummationin (3.4). This meansthat the �r st
termsof thesumin (3.4) maybezero. However, sincetheuseof Proposition2.5wouldrequire
two parallel developmentsin what follows,for thesake of brevity weusethegeneral bound
givenbyCorollary 2.6.
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3.1. Semiclassicalfunctional z of evenclass.
PROPOSITION 3.4. If theclass ž

Ÿ of thefunctional z is even,thenthefollowing explicit
algebraic relationbetweenthesequencesj�p

U m

and j�q

U m

is obtained,
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For YZ0—­w[ , Proposition3.2reads
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Sincethetermin theleft-handsideof thepreviousidentity is anevenpolynomial,we get
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Takinginto account(1.2), (3.3), and(3.6), thepreviousequationcanberewrittenas
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In asimilar way, for YÞ0`­w[N:\O weobtain
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Takinginto account(3.3) and(3.2) with Y replacedby ­w[ , we get
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Multiplying (3.10) by ž
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The result in (3.5) canbe obtainedin a straightforward way from the previous expression.
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3.2. Semiclassicalfunctional z of odd class.
PROPOSITION 3.5. Let theclass ž

Ÿ of thefunctional z beanoddnumber. Thefollowing
explicit algebraic relationsbetweenthesequencesj�p
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are obtained:
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where
Ê

†•0

r

†•¬¯O�s/Ý�­ and
Ê

Ÿ

0

r

Ÿ

¬ÃOls/Ý�­ .
Proof. Since ž

Ÿ is anoddnumber,
•

is anoddpolynomial[3, Prop.2.6]. Therefore,there
existsanotherpolynomial Ê

•

suchthat

(3.12)
•6r
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Ê
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^
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F

Since† and ž

Ÿ areoddnumbers,soit is Ÿ . In thesequel,wewrite †º0ß­

Ê

†;:‚O and Ÿ

0ß­

Ê

Ÿ

:\O .
(1) Assumethat

�

is even. Then,we write
�

0P­-× , for somenonnegative integer × .
From(3.4), we get
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Takinginto account(1.2), (3.12), and(3.3), we get
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ConsiderProposition3.2with YÞ0—­-[Í:\O to obtain,in asimilar way,

(3.14) S

à

Ê

•

<

r

S�sIØ

�

V

r

S�s�0

V1_Hà

Û

>

Ú

@

V

½

à

.

Ù

^

V1_

A

”

^

Ú

_

A

q

Ú

r

S�s

F

By multiplying bothsidesof (3.10) by S�à•Ê

•

<

r

S�s , (3.13) and(3.14) leadusto thefollowing
explicit algebraicrelationbetweenjlp

U�m

and jlq
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(3.15)
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andtheresultfollows in a straightforwardway.
(2) Assumethat

�

is odd. Then
�

0P­-×á:ßO for somenonnegative integer × . In this
case,the term on the left-handsideof (3.7) is an odd polynomial,andtaking into account
(1.2), (3.12), and(3.3), weget
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A similarproceduregives,usingProposition3.2with YZ0ß­w[Ñ:`O ,
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From(3.2) with YÞ0`­-[Ñ:`O , and(3.3),
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Replacing(3.16) and(3.17) into (3.18), thefollowing relationis obtained,
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(3.19)

andtheresultfollowsstraightforwardly.

4. Recurrencerelations. In this sectionwe deducerecurrencerelationswith a �nite
numberof termsfor the sequencesj�p

U
m

, j�q

U
m

, and jwk

U
m

. The numberof termsin these
relationsdependson theclassof thefunctional z andthedegreeof thepolynomial

•

.

4.1. Recurrencerelationsfor j�p

U�m

.
PROPOSITION 4.1. If the class ž

Ÿ of z is an even number, then the sequencejlp

U�m

satis�esthefollowing [
�

r

Ê

Ÿ

:

Ê

†�sH:Ãâ ]-term recurrencerelation,

ã�ä€å)æ8änç ä€å)æ8è�é¿æ8äIê
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½•í

ä€å
ã�ä€åGç ä˜åBæ8è�é

E
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ð

½

ã8ä€å)æ�äIç ä

ð

½•í

ä€å)æ±ìnã8ä˜åGç ä
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where
Ê

†º0`†�Ý-­ and
Ê

Ÿ

0

Ÿ

Ý-­ .
Proof. Assumethat ž

Ÿ is anevennumber. Multiplying bothsidesof (3.18) by ž

•

<

r

S�s , and
plugging(3.8) and(3.9) into it, weget
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Now, we multiply bothsidesof (3.11) by S andreplace(4.1) in it to obtain
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Fromthepreviousexpressionwe getthe(
�

Ê

Ÿ

:

�

Ê

†¾:Ãâ )-termrecurrencerelationfor jlp

U m

givenin thestatementof theproposition.
PROPOSITION 4.2. Let theclass ž

Ÿ of z bean oddnumber, andput
Ê

†•0
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Proof. Again,wemustdistinguishbetween
�

beingoddor even.
(1) Assumethat

�

is even.Multiplying bothsidesof (3.18) by S�à
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Now, multiplying bothsidesof (3.15) by S andusing(4.2) in theresultingequation,weobtain
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thefollowing ×
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from which thestatement(1) of thepropositionfollowsstraightforwardly.
(2) Assumenow that
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is odd.Considering(3.10), (3.16), and(3.17), weget
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Now plug the previous result in (3.19). We get the following
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which impliestheresult(2) in thestatementof theproposition.

4.2. Recurrencerelationsfor jlq

U
m

. In thesequel,andfor thesakeof brevity, we will
omit theextendedexpressionof therecurrencerelations.
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where
Ê

†•0`†�Ý-­ and
Ê

Ÿ

0

Ÿ

Ý-­ .
Proof. Replacing(3.11) into (4.1), we gettheresult.
PROPOSITION 4.4. Let theclass ž
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(2) If
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Proof. We mustdistinguishagainbetween
�

evenor odd. In thecase
�

even,replace
(3.15) into (4.2), and in the case

�

odd, replace(3.19) into (4.3), and so the resultsare
obtained.

4.3. Recurrencerelation for jlk
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.
PROPOSITION 4.5. Thesequencejlk
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recurrencerelation,
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Proof. Multiplying bothsidesof (3.4) by S , from (3.2) we get

•

<

r

S�seˆ ×

U-_

A

r

S�sB:

]

U

×

U

½

A

r

S�s}‹�0

U-_

<1Û

>

Ú

@

U

½�<

.

Ù

U

” Ú

S�k

Ú

r

S�s

F

Applying twice Proposition3.2to thepreviousexpression,weobtain
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from which theresultfollowsstraightforwardly.

5. Example: Freud-Sobolev orthogonal polynomials. Considerthe following inner
productof type(1.1),
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andlet usapplytheresultsobtainedin theprevioussectionsto this particularexample.The
polynomials jlk

U m

orthogonalwith respectto (5.1) are a particularcaseof the so-called
Freud-Sobolev polynomials[2].
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sitions4.1and4.3).
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4.5).

(3) An explicit algebraicrelationbetweenj�p
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canbe established.This
relationinvolves
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