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ANOTHER APPROACH TO VIBRATION ANALYSIS OF STEPPEDSTRUCTURES

IGOR FEDOTOV , STEVE JOUBER' , JULIAN MARAIS, AND MICHAEL SHATALOV

Abstract. In this paperamodelof an —steppedarwith variableCross-sectionsoupledwith foundationby
meansof lumpedmassesndspringsis studied. It is assumedhatthe procesf vibrationsin eachsectionof the
baris describedy a wave equation.The analyticaltools of vibration analysisarebasedon nding eigenfunctions
with piecavise continuousderiatives, which are orthogonalwith respecto a generalizedveightfunction. These
eigenfunctionsutomaticallysatisfythe boundaryconditionsat the endpointsaswell asthe non-classicaboundary
conditionsat the junctions. The solution of the problemsis formulatedin termsof Greenfunction. By means
of the proposedalgorithm a problemof arbitrary compleity could be consideredn the sametermsas a single
homogeneoubar This algorithmis ef cient in designof low frequenyg transducersAn exampleis givento shav
the practicalapplicationof thealgorithmto a two-steppedransducer

Keywords. PDE with discontinuousoefcients, numericalapproximationof eigewvalues,steppedstructure,
transducersyaveguide,variablecross-sectiomon-classicaboundaryconditions,Greenfunction,resonance

AMS subjectclassi cations. 35B34,35R05,34B27,34L16

1. Intr oduction. Classicamodelsof steppedarvibrationsarebasedn solutionof the
wave equation.Typicalmodelsincludelow-frequeng undervatertransducersacoustichorns
andwaveguides steppedhaftsandelectromagnetivaveguideswith variablecross-sections.
Corventionalapproachemainly consistof formulatinganequialentelectriccircuit (Mason,
Redwood,KLM equialentcircuits[1]) or on state o w models[ 2], for individual sgments
with their subsequerintegrationinto the system{ 3].

Despiteof the advantage®f theseapproachet is necessaryo stresshe lack of phys-
ical clarity in interpretationof non-classicaboundaryconditions. Thesemodelswere sub-
stantiallybasedon the fact that eachsectionis describedy the wave equation. However,
thesemodelscannotbe easily generalizedo more sophisticatedwhich make useof more
complicatedequationsmodelssuchasRayleighandBishopmodels[ 4], whereasour model
canbegeneralizedasily

The purposeof the paperis to formulatean algorithmbasedon the analysisof an —
steppeddarin termsof a singlehomogeneoubar To this endthe systemof boundarycon-
ditionswasderived,which hasanobviousphysicalinterpretatiorandcouldbe automatically
generalizedor a steppedarwith variablecrosssectionsof anarbitrarycompleity.

The eigervaluesof this systemare determinedby solution of a transcendentiaéqua-
tion. The next stepconsistsof derivationof a systemof eigenfunctiongorrespondindo the
eigervalues,which automaticallysatisfythe boundaryconditionsandare orthogonalwith a
generalizedveightfunction.

The closedform solutionof this systemis derivedusing Greenfunctionandanexample
of applicationof theabove-mentionealgorithms,s consideredor the caseof atwo-stepped
barwith cylindrical andconicalcross-sections.

2. Model of steppedbar with variable cross-sectiongoverning equationsand bou-
ndary conditions. Let usconsideran —steppedarwith variablecross-sectioné~ig. 2.1)
coupledwith foundationby lumpedmassesand springs. Supposehat the length of each
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sectionof the baris muchgreaterthanthe linear dimensionof its cross-sectionln this case
theelementarytheoryof vibrationof bars,basecn wave equationsdescribes longitudinal
motionof the steppedar.

Supposghat —masgsdensity —modulusof elasticity —areaof cross-section
of th section. By meansof lumpedmasses and springswith stiffness that
arelocatedat junctionsof th and th sectionsthe bar is attachedo an immovable
foundation.

Equationsof motioncouldbe obtainedas:

(2.1)
with thefollowing systemof boundaryconditions:

2.2)

andinitial conditions:
(2.3)

Let usintroducethefollowing notationfor system(2.1):
(2.4) _— — —

In this equatiorwe supposéhat
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if

otherwise  (Heavisidefunction)

We have to solve (2.4), satisfyingboundaryconditions(2.2) andinitial conditions(2.3),
written as:

To solve problem(2.4) — (2.2) — (2.3) the Fourier methodis used. For eachsectionwe
represensolution(2.4) asthe sumof , where - eigervalueand -
eigenfunction®f the problem,satisfyingthe equation:

(2.5) - — —

and satis es boundary conditions for th section. Let us supposethat
,where —realnumber In this casetheeigenfunctiorof th sectionis

(2.6)

where — , — — Bessefunctionsof the rst andsecond

kindsof order —.
In the particularcaseof cylindrical cross-section the
solution(2.6) couldberepresenteds:

where — coordinateof junctionof “ and“ " —sections.
For a conicalcross-sectiolf , where —vertexof th—
cone)solution(2.6) couldbetransformednto

2.7)

Note that the cross-sectiorof arbitrary complexity could be approximatedoy conical
sectionswith eigensolutiong2.7) and hence,the methodsdevelopedin presentreportare
applicablefor approximateanalysisof steepedarswith arbitrarycross-sections.



ETNA

Kent State University
etna@mcs.kent.edu

VIBRATION ANALYSIS OF STEPPEDSTRUCTURES 69

Theeigervaluescanbeobtainedby substitutiorof in (2.2) andthechar
acteristicsystemcouldbe obtained.t is necessaryo keepin mind that:

- if
_ if
— — if  —arbitraryrealnumber
- if
_ if
— if  —arbitraryrealnumber

and

— if ~ —arbitraryrealnumber

— if ~ —arbitraryrealnumber

The resulting systemhasnon-trivial solutionif andonly if the main determinantof the
systemis equalto zero:

(2.10)
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This is the systemof transcendentiaéquations,which have enumerablesolutions—

eigervalues . Let us nd eigenfunctions , correspondingo each
eigervalue
where and arederived from the rst
equationof system(2.10 for every particulareigervalue

It is possibleto show thattheseeigenfunctionsareorthogonalon with weight
where — Dirac deltafunction.

3. Solution of the problem. Transformingequation(2.4) asfollows:

@1y — — — _

onecanobtainsolutionof the problemasfollows:

(3.2)

where —unknown functions. Theforce of excitationin the right handsideof equation
(3.)is

(3.3)

where

After substitutionof (3.2) — (3.3) into (3.1) we obtain:
(3.4)

with initial conditions(at ):

(3.5) S S

where ;
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Thesolutionof the problem(3.4) — (3.5) is

86 — — -

wherethe squareof thenorm is

Substituting(3.6) into (3.2) yields

wherethe Greenfunction is:

4. Example. Letusconsidemtwo-steppedbar, consistingof cylinderandcone(Fig. 4.1)
with lumpedmass( = 0.2kg) betweerthe sectionsattachedo animmovablefoundation
by alumpedspring( =10 Nm ) thatis attachedo thelumpedmass.

i, M

B B i ol i i .0 FERTERSPRUEE NS B

T
FIG. 4.1.
A time dependentorce excitesthe cylindrical sectionof this bar
S if
(4.1)
otherwise
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TABLE4.1
Numberof section | 1 | 2
Massdensity 7850 2700
Modulusof elasticity( ) 200 70
Length( ) 0.159 0.141
Radius( ) 0.04 | 0.055-0.075
where ; sec.thatis a nite almostperiodicwave pacletin the

vicinity of a rst longitudinalresonancef the steppedar (seebelow).
Suppose¢hatmassdensitiesmodulesof elasticity lengthsandradii of the sectionsare:
In this casethe rst ve eigervaluesof the bar, de ned by (2.5 — (2.6) areasfollows:
Hz, Hz, Hz, Hz,
Hz.

First resonancés a pendulummodeat which the steppedarvibratesas“rigid” pendu-
lum. All othermodesare“longitudinal’. Geometryof the barwasspeciallychosenso that
vibrationamplitudeof thejunctionbetweerthecylindrical andconicalsectionds smallcom-
parisonto endamplitudesatthe secondesonancé&equeng. Thisis especiallyimportantfor
transducerdyecausét is possibleto usethis junctionfor suspensiomwf thetransduceimn the
housing. In this casethe mechanicaknepy of the transducedoesnot leak to the housing.
Correspondingigenfunctiongor the rst veeigervaluesareshovnin Fig. 4.2,

Thewave paclet (4.1), is shovnin Fig. 4.3.

Initial conditionsaresupposedo bezero.Motion of theplanes and
areshowvnin Fig. 4.4.

Onecanseethatastheexcitationfrequeng approachetheresonancérequeny |, the
amplitudeof oscillationsincreasegapproximately)inearly. After it haspassedhroughthe

resonancérequeng at s, the amplitudeof oscillationsdecreasesThe presence
of additionalharmonicsn the solutionthenresultsin beatswhich areevidentin Fig. 4.4 for
s. At S, and no additionalenegy is addedto

the system.The beatsaremainly resultof the rst andsecondharmonicsuperpositionThe
oscillationscontinueuntil in nity sincedampinghasbeenneglected.

5. Conclusion. It wasshavn thatvibrationsof steppedar, with variouscross-sections
coupledwith foundationby meansof lumpedmassesand springs,could be consideredn
termsof piecavise continuouseigenfunctionswhich areorthogonalwith respecto the gen-
eralizedweightandautomaticallysatisfythe boundaryconditionsat the endsaswell asthe
non-classicaboundaryconditionsat the junctions. The algorithmof calculationwasformu-
lated,whichis applicableto steppedarsof arbitrarycompleity. Thisalgorithmcouldeasily
be generalizedor more sophisticatednodelsof bars,which arenot describecby the wave
equation.An exampleof applicationof the algorithmwasconsideredor the caseof a near
resonancexcitation.
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