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Abstract. In this papera modelof an � –steppedbarwith variableCross-sectionscoupledwith foundationby
meansof lumpedmassesandspringsis studied.It is assumedthat theprocessof vibrationsin eachsectionof the
bar is describedby a wave equation.Theanalyticaltoolsof vibrationanalysisarebasedon �nding eigenfunctions
with piecewise continuousderivatives,which areorthogonalwith respectto a generalizedweight function. These
eigenfunctionsautomaticallysatisfytheboundaryconditionsat theendpointsaswell asthenon-classicalboundary
conditionsat the junctions. The solution of the problemsis formulatedin termsof Greenfunction. By means
of the proposedalgorithm a problemof arbitrarycomplexity could be consideredin the sametermsas a single
homogeneousbar. This algorithmis ef�cient in designof low frequency transducers.An exampleis given to show
thepracticalapplicationof thealgorithmto a two-steppedtransducer.

Key words. PDE with discontinuouscoef�cients, numericalapproximationof eigenvalues,steppedstructure,
transducers,waveguide,variablecross-section,non-classicalboundaryconditions,Greenfunction,resonance

AMS subject classi�cations. 35B34,35R05,34B27,34L16

1. Intr oduction. Classicalmodelsof steppedbarvibrationsarebasedonsolutionof the
waveequation.Typicalmodelsincludelow-frequency underwatertransducers,acoustichorns
andwaveguides,steppedshaftsandelectromagneticwaveguideswith variablecross-sections.
Conventionalapproachesmainlyconsistof formulatinganequivalentelectriccircuit (Mason,
Redwood,KLM equivalentcircuits[1]) or on state�o w models[2], for individual segments
with their subsequentintegrationinto thesystem[3].

Despiteof theadvantagesof theseapproachesit is necessaryto stressthe lack of phys-
ical clarity in interpretationof non-classicalboundaryconditions. Thesemodelsweresub-
stantiallybasedon the fact that eachsectionis describedby the wave equation. However,
thesemodelscannotbe easilygeneralizedto moresophisticated,which make useof more
complicatedequationsmodelssuchasRayleighandBishopmodels[4], whereasour model
canbegeneralizedeasily.

The purposeof the paperis to formulatean algorithmbasedon the analysisof an � –
steppedbar in termsof a singlehomogeneousbar. To this endthesystemof boundarycon-
ditionswasderived,whichhasanobviousphysicalinterpretationandcouldbeautomatically
generalizedfor a steppedbarwith variablecrosssectionsof anarbitrarycomplexity.

The eigenvaluesof this systemare determinedby solution of a transcendentialequa-
tion. Thenext stepconsistsof derivationof a systemof eigenfunctionscorrespondingto the
eigenvalues,which automaticallysatisfytheboundaryconditionsandareorthogonalwith a
generalizedweightfunction.

Theclosedform solutionof this systemis derivedusingGreenfunctionandanexample
of applicationof theabove-mentionedalgorithms,is consideredfor thecaseof a two-stepped
barwith cylindrical andconicalcross-sections.

2. Model of steppedbar with variable cross-sectionsgoverning equationsand bou-
ndary conditions. Let usconsideran � –steppedbarwith variablecross-sections(Fig. 2.1)
coupledwith foundationby lumpedmassesand springs. Supposethat the length of each
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FIG. 2.1.

sectionof thebar is muchgreaterthanthe lineardimensionof its cross-section.In this case
theelementarytheoryof vibrationof bars,basedonwaveequations,describesa longitudinal
motionof thesteppedbar.

Supposethat ��� – massdensity, 	
� – modulusof elasticity, ����
���� – areaof cross-section
of � th section. By meansof lumpedmasses
���������� andspringswith stiffness ������� that
are locatedat junctionsof � th and 
��� "!#� th sectionsthe bar is attachedto an immovable
foundation.

Equationsof motioncouldbeobtainedas:

�$���%��
��&�

'�(*)

�

'&+

(-,

	.�

'

'

�

/

�%�0
����

'&)

�

'

�214365

��


+87

�&�

7

�29�: ;<�>=?�

7

;<�>@

7


��

3

!

7BAC7*D�D*D>7

�E�

(2.1)
with thefollowing systemof boundaryconditions:
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andinitial conditions:

+

3gF�H

)

�

S�

7

F

�

3gh

�

S�&�

Q i

)

�

S�

7

F

�

36j

�

S�&�k
��

3

!

7BAC7*D�D*D87

�[�

D

(2.3)

Let usintroducethefollowing notationfor system(2.1):
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In this equationwe supposethat
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We have to solve (2.4), satisfyingboundaryconditions(2.2) andinitial conditions(2.3),
writtenas:
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To solve problem(2.4) – (2.2) – (2.3) theFouriermethodis used.For eachsectionwe
representsolution(2.4) asthesumof
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Note that the cross-sectionof arbitrarycomplexity could be approximatedby conical
sectionswith eigensolutions(2.7) andhence,the methodsdevelopedin presentreport are
applicablefor approximateanalysisof steepedbarswith arbitrarycross-sections.
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Theeigenvaluescanbeobtainedby substitutionof
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The resultingsystemhasnon-trivial solution if andonly if the main determinantof the
systemis equalto zero: ·
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This is the systemof transcendentialequations,which have enumerablesolutions–
eigenvalues •R¹.
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3. Solution of the problem. Transformingequation(2.4) asfollows:
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After substitutionof (3.2) – (3.3) into (3.1) weobtain:
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Thesolutionof theproblem(3.4) – (3.5) is
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Substituting(3.6) into (3.2) yields
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4. Example. Letusconsideratwo-steppedbar, consistingof cylinderandcone(Fig. 4.1)
with lumpedmass( � = 0.2kg) betweenthesections,attachedto animmovablefoundation
by a lumpedspring( � = 10�

r Nm ={� ) thatis attachedto thelumpedmass.

FIG. 4.1.

A timedependentforceexcitesthecylindrical sectionof this bar
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TABLE 4.1

Numberof section 1 2
Massdensity Õ×Ö�ØXÙBÚ`Û>Ü 7850 2700

Modulusof elasticity( Ý<ÞRß ) 200 70
Length( Ú ) 0.159 0.141
Radius( Ú ) 0.04 0.055- 0.075

where w�à

3ÐF

D

!`v#•s� ;
Ñ
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=&á sec. that is a �nite almostperiodicwave packet in the
vicinity of a �rst longitudinalresonanceof thesteppedbar(seebelow).

Supposethatmassdensities,modulesof elasticity, lengthsandradii of thesectionsare:
In this casethe �rst � ve eigenvaluesof thebar, de�ned by (2.5) – (2.6) areasfollows:
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First resonanceis a pendulummodeat which thesteppedbarvibratesas“rigid” pendu-

lum. All othermodesare“longitudinal”. Geometryof thebarwasspeciallychosenso that
vibrationamplitudeof thejunctionbetweenthecylindrical andconicalsectionsis smallcom-
parisonto endamplitudesat thesecondresonancefrequency. This is especiallyimportantfor
transducers,becauseit is possibleto usethis junctionfor suspensionof thetransducerin the
housing. In this casethemechanicalenergy of the transducerdoesnot leak to thehousing.
Correspondingeigenfunctionsfor the�rst � veeigenvaluesareshown in Fig. 4.2.

Thewavepacket (4.1), is shown in Fig. 4.3.
Initial conditionsaresupposedto bezero.Motion of theplanes�

3

;�� and �

3

;

(

3

;

areshown in Fig. 4.4.
Onecanseethatastheexcitationfrequency approachestheresonancefrequency •
� , the

amplitudeof oscillationsincreases(approximately)linearly. After it haspassedthroughthe
resonancefrequency at
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D
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! s, the amplitudeof oscillationsdecreases.The presence
of additionalharmonicsin thesolutionthenresultsin beats,whichareevidentin Fig. 4.4 for
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andno additionalenergy is addedto
thesystem.Thebeatsaremainly resultof the �rst andsecondharmonicsuperposition.The
oscillationscontinueuntil in�nity sincedampinghasbeenneglected.

5. Conclusion. It wasshown thatvibrationsof steppedbar, with variouscross-sections
coupledwith foundationby meansof lumpedmassesandsprings,could be consideredin
termsof piecewisecontinuouseigenfunctions,which areorthogonalwith respectto thegen-
eralizedweightandautomaticallysatisfytheboundaryconditionsat theendsaswell asthe
non-classicalboundaryconditionsat thejunctions.Thealgorithmof calculationwasformu-
lated,whichis applicableto steppedbarsof arbitrarycomplexity. Thisalgorithmcouldeasily
be generalizedfor moresophisticatedmodelsof bars,which arenot describedby the wave
equation.An exampleof applicationof thealgorithmwasconsideredfor thecaseof a near
resonanceexcitation.

REFERENCES

[1] G. S. K INO, AcousticWaves:Devices,Imaging andAnalog SignalProcessing, PrenticeHall, 1987.
[2] W.-J. HSUEH, Free and forced vibrations of steppedrods and coupledsystems, J. SoundVibration, 226

(1999),pp.891–904.
[3] C. N. BAPAT AND N. BHUTANI,General approach for freeandforcedvibrationsofsteppedsystemsgoverned

bytheone-dimensionalwaveequationswith non-classicalboundaryconditions, J.SoundVibration,172
(1994),pp.1–22.

[4] J. S. RAO, AdvancedTheoryof Vibration, JohnWiley & Sons,1992.



ETNA
Kent State University 
etna@mcs.kent.edu

VIBRATION ANALYSISOF STEPPEDSTRUCTURES 73

0 0.05 0.1 0.15 0.2 0.25
0

0.5

1
1

0

�I0 x( )

0

0.30 x

0 0.05 0.1 0.15 0.2 0.25
1

0

1

2
1.097

1��

�I1 x( )

0

0.30 x

0 0.05 0.1 0.15 0.2 0.25
1

0

1
1

1��

�I2 x( )

0

0.30 x

0 0.05 0.1 0.15 0.2 0.25
2

0

2
1.423

1.155��

�I3 x( )

0

0.30 x

0 0.05 0.1 0.15 0.2 0.25
1

0

1
1

1��

�I4 x( )

0

0.30 x

FIG. 4.2.

0 5��10
4

0.001 0.0015 0.002 0.0025 0.003
1

0

1
1

1��

f t( )

3 10
3��

�u0 t

FIG. 4.3.

0 5��10
4

0.001 0.0015 0.002 0.0025 0.003
1��10

8

0

1��10
8

7.816 10
9��

�u

7.622�� 10
9��

�u

u L t��( )

u L1 t��( )

3 10
3��

�u0 t

FIG. 4.4.


