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GENERALIZED WEIGHTED SOBOLEV SPACESAND APPLICATIONS TO
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Abstract. In thispaperwe presentade�nition of Sobolev spaceswith respectto generalmeasures,prove some
usefultechnicalresults,someof themgeneralizationsof classicalresultswith Lebesguemeasureand�nd general
conditionsunderwhich thesespacesarecomplete.Theseresultshave importantconsequencesin Approximation
Theory. Wealso�nd conditionsunderwhich theevaluationoperatoris bounded.
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1. Intr oduction. WeightedSobolev spacesare an interestingtopic in many �elds of
Mathematics.In theclassicalbooks[7], [8], wecan�nd thepointof view of PartialDifferen-
tial Equations.(Seealso[20] and[6]). Weareinterestedin therelationshipbetweenthistopic
andApproximationTheoryin general,andSobolev OrthogonalPolynomialsin particular.

Thespeci�c problemswe wantto solvearethefollowing:
1) Given a Sobolev scalarproductwith generalmeasuresin � , �nd hypotheseson the

measures,asgeneralaspossible,so thatwe cande�ne a Sobolev spacewhoseelementsare
functions.

2) If aSobolev scalarproductwith generalmeasuresin � is well de�nedfor polynomials,
whatis thecompletion,���
	 � , of thespaceof polynomialswith respectto thenormassociated
to thatscalarproduct?This problemhasbeenstudiedin someparticularcases(seee.g. [4],
[3], [5]), but at this momentnogeneraltheoryhasbeenbuilt.

Our studyhasasapplicationananswerto thequestionof �nding themostgeneralcon-
ditionsunderwhich themultiplicationoperator, ��
�����������
������ , is boundedin thespace

���
	 � . We know by a theoremin [10] that,thezeroesof theSobolev orthogonalpolynomials
arecontainedin thedisk ������� � �"!$#%�&#(' . Thelocationof thesezeroesallows to prove re-
sultsontheasymptoticbehaviour of Sobolev orthogonalpolynomials(see[9]). In thesecond
partof this paper, [15], andin [17] and[1], we answerthequestionstatedalsoin [9] about
generalconditionsfor � to bebounded.

The completenessthat we study now is one of the centralquestionsin the theory of
weightedSobolev spaces,togetherwith thedensityof )+* functions.In particular, whenall
themeasuresare�nite, havecompactsupportandaresuchthat )

*

,

�-�.� is densein aSobolev
spacethat is complete,thentheclosureof thepolynomialsis thewholeSobolev space.This
is deducedfrom Bernstein's proofof Weierstrass'theorem,wherethepolynomialshebuilds
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andJuntadeAndaluć�a (FQM-210),Spain.

�
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approximateuniformly up to the 0 -th derivative any function in )��1�32 4�576789� (seee.g. [2],
p.113).

In the paperwe also prove someinequalitieswhich generalizeclassicalresultsabout
Sobolev spaceswith respectto Lebesguemeasure(seeTheorem3.2).

Whatwepresenthereis anabridgedversionof thepaper[14], wherethecompleteproofs
of theresultsmaybefound,togetherwith thecorrespondinglemmasandrelatedresults.

In the�rst partof thearticleweobtainagoodde�nition of Sobolev spacewith respectto
very generalmeasures.We allow themeasuresto bealmostindependentof eachother. The
mainresultthatwe presentin thepaperis Theorem3.1. It statesvery generalconditionson
themeasuresunderwhich this Sobolev spaceis complete.

2. De�nitions and previousresults. Themainconceptsthatweneedto understandthe
statementof our resultsarecontainedin thefollowing de�nitions. The�rst oneis a classof
weightsthatwill betheabsolutelycontinuouspartof our measures.

DEFINITION 2.1. We saythata weight : belongsto ;�<=�?>@� , if andonly if,

:�ACB�DFE

B3G%H

<

ACB3I
JLK

, �?>@� 5 for MN!POFQSRT5

:�ACB�DFEUB

JLK

,

�?>@� 5 for O��VRXW

This classcontainsthe classical YZ< weightsappearingin HarmonicAnalysis, but is
larger. We considervectorialmeasures[\�]�9[@^_5%W%W`W%5a[

�

� in the de�nition of our Sobolev
spaceand make for eachone the decompositionb_[Ccd�eb"��[�c��3fhg\:ic`b_� , where �9[ c��3f is
singularwith respectto theLebesguemeasureand :Uc is a Lebesguemeasurablefunction.

DEFINITION 2.2. LetusconsiderM�!POF!SR andavectorialmeasure [j�k��[@^_5%W`W%W%5a[

�

� .
For lm!onp!d0 , wede�ne theopenset

q

cN�r�s�
�FDt�u��v anopenneighbourhoodw of � with :xc�DF;y<z�-w��{'|W

Observe that we alwayshave :
c

D\;
<

�

q

c
� , for any ld!&nS!X0 . In fact,

q

c is the
largestopenset } with :

c
Do;

<
�~}�� . Obviously,

q

c dependson O and [ , althoughO and [

do not appearexplicitly in thesymbol
q

c . It is easyto checkthatif 

H

c

I
DPE

<

�

q

c
53:

c
� with

l•!sn€!$0 , then, 
•H

c

I�D‚EUB

JLK

,

�

q

c
� , andtherefore
ƒH

c

ACB3I�DdY�)

JLK

,

�

q

c
� if M„!Vn…!$0 . The
notationY�)

JLK

, refersto theclassof locally absolutelycontinuousfunctions.
Wedenoteby

q

H

c

I thesetof “good” pointsatthelevel n for thevectorialweight ��:Z^†5%W%W`W%5

:

�

� . Thesearein essencethepoints � for which thereexistsaweight :�‡ with nˆQ‚‰|!S0 that
is, in a neighbourhoodof � , in theclass;�< .

Let uspresentnow theclassof measuresthatweuseandthede�nition of Sobolev space.
DEFINITION 2.3. We saythat thevectorialmeasure [j�Š�9[@^_5%W%W`W%5a[

�

� is O -admissibleif
�9[�c
�af(���Œ‹

q

H

c

I

�|�•l , for M�!€npQŽ0 , and ��[

�

�3fy•Sl .
Remarks.

1. The hypothesisof O -admissibilityis natural. It would not be reasonableto consider
Diracdeltasin [

c in thepointswhere 
ƒH

c

I is not continuous.
2. Observethatthereis notany restrictiononsupp�9[

^
�

f .
3. Everyabsolutelycontinuousmeasureis O -admissible.
DEFINITION 2.4. Let usconsider Mˆ!‚O…!kR , an openset

q$•

� anda O -admissible
vectorial measure [•�‘��[C^_5%W`W%W%5a[

�

� in
q

. We de�ne theSobolev space’Š�
	

<

�

q

5a[@� as the
spaceof equivalenceclassesof

w

�
	

<

�

q

5a[@�x�“��” 
j�

qd•—–d˜




H

c

I

DFY�)

JLK

,

�

q

H

c

I

� for n™�•l=5%Mš5`W%W`W›570�œ‚M and

#•


H

c

I

#%ž Ÿ

H ¡¢	 £�¤3I

Q•R for n™�•l=5%Mš5`W%W`W›570@¥+5
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with respectto theseminorms

#%
.#
¦ˆ§{¨ Ÿ

H ¡C	 £(I

�r�ª©

�

«

ca¬¢^

#%


H

c

I

#

<

ž Ÿ

H ¡C	 £ ¤ I?­

BaG

<

5 for MN!€OFQSRX5

#%
.#`¦

§{¨ ®

H ¡C	 £(I

�r�°¯ˆ±(²

^`³zc•³

�

#%


H

c

I

#%ž

®

H ¡¢	 £ ¤ I

W

Here

#{´¢#

ž�®

Hµ¡C	 £ ¤ I

�r�S¯ˆ±(²�¶.·
¸a¸"¸3¹zº

»š¼

¡

� ´ �����½:|c �9���`�r5 ¸a¹zº

»¾¼ supp
Hµ£ ¤ I-¿

� ´C�9� �%�µÀZ5

whereesssupreferstoLebesguemeasure, andweassumetheusualconventioņa¹zºZÁ��kœ�R .
Beforewe stateour theorems,let us recall a classicalresult thatwill be generalizedin

ourTheorem3.2.
Muckenhoupt inequality. ([12], [11]) Let usconsider, Mm!ÂOoQsR and [@^š53[

B

measuresin
��4�5{678 with :

B

�r�•b_[

B

˜

bš� . Thenthereexistsa positiveconstantÃ such that

Ä

Ä

Ä•Å‚Æ

»

´C�9Ç3�1b_Ç

Ä

Ä

Ä

ž
Ÿ

H�HµÈ
	

Æ�É

	 £(Ê3I

!‚ÃË#{´¢#

ž1Ÿ

H9HÌÈ
	

Æ�É

	 £šÍ½I

for anymeasurablefunction ´ in ��4�576{8 , if andonly if
Î

<
�9[

^
53[

B

�y�“�Ï¸a¹zº

È
Ð�Ñ%Ð

Æ

[
^

�a��4�53Ò
89�%#›:

ACB

B

#

ž

Í~Ó½Ô

Ÿ•Õ

Í�Ö

H9× Ñ3	

Æ

I9I

QŽRXW

3. Completenessof the Sobolev spaces.And now, hereis our main theoremin the
paper. In it and in Theorem3.2 we considerspecialclassesthat we call Ø and Ø=^ . The
conditions�

q

53[@�xDÙØ1^ and �

q

5a[@�xDÙØ arenotveryrestrictive. The�rst oneconsists,roughly
speaking,in consideringmeasures[ suchthat �µ�ÛÚa�µ�

¦
§›¨

Ÿ

HÌÜÞÝ 	 £(I

is anormfor somesequenceof
compactsets�(�…ß"' growing to

q

. As to theclassØ , it is aslightmodi�cation of Ø=^ , in which
we considermeasures[Œ�ª��[

^
5`W%W%W`53[

�

� suchthatby addinga minimal amountof deltasto
[

^ we obtaina measurein theclassØ
^ .

THEOREM 3.1. LetusconsiderM�!POF!SR , anopenset
qà•

� anda O -admissiblevec-
torial measure [P���9[

^
5`W%W`W%53[

�

� in
q

with �

q

5a[@�ZDtØ . ThentheSobolev space’Š�
	

<

�

q

5a[@�

is complete.
The main ingredientof the proof of this result is Theorem3.2. It allows us to control

the Ei* norm (in appropriatesets)of a function andits derivativesin termsof its Sobolev
norm. It is alsousefulby its applicationsin the papers[15], [16], [17], [18], [1], [19] and
[13]. Furthermore,it is importantby itself, sinceit answersto thefollowing mainquestion:
whentheevaluationfunctionalof 
 (or 
�H

c

I ) in apoint is aboundedoperatorin ’k��	

<

�

q

53[@� ?
THEOREM 3.2. Let us consider Mt!sOS!&R , an openset

qá•

� and a O -admissible
vectorialmeasure [ in

q

. If âmc is a �nite unionof compactintervalscontainedin
q

H

c

I , for
lm!€npQŽ0 , then:

(a) If �

q

5a[@�xD�Ø
^ thereexistsa positiveconstantÃ

B

�•Ã

B

�-â
^

5`W%W%W`5aâ

��ACB

� such that

Ã

B

��ACB

«

ca¬C^

#{´
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c

I

#

ž

®
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§{¨
Ÿ
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5

for all ´�DFw+��	

<

�

q

53[@� .
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(b) If ä

q

5a[@åˆD€Ø there existsa positiveconstantÃ

�

�ŠÃ

�

�-â ^ 5`W%W`W%5aâ

�
ACB

� such that for
every ´…D‚w��
	

<

�

q

5a[@� , there exists ´ ^ D‚w��
	

<

�

q

53[@� , independentof â ^ 5%W`W%W•57â

�
A¢B

and Ã

�

,
with

#{´ ^ œP´C#
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§{¨ Ÿ

H ¡¢	 £(I

�àly5

Ã

�
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A¢B

«

ca¬C^

#›´

H
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I

^

#

ž ®
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W

Furthermore, if ´ ^ 57
 ^ are theserepresentativesof ´ 57
 respectively, we havefor the same
constantÃ

�

Ã

�

��ACB

«

ca¬C^

#›´
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I
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œ…


H

c

I

^

#
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W

This theoremhasthefollowing corollary, thatwe usein theproofof Theorem3.1:
COROLLARY 3.3. Let usconsider, M™!…OP!VR , an openset

q\•

� anda O -admissible
vectorialmeasure [ in

q

. If âˆc is a �nite unionof compactintervalscontainedin
q

H

c

I , for
l™!onpQŽ0 , then:

(a) If �

q

53[@�xD„Ø1^ thereexistsa positiveconstantÃ

B

�•Ã

B
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�
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� such that,
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B

�
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«
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#
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(b) If ä

q
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�
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� such that for
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Furthermore, if ´š^_57
�^ are therepresentativesof ´ 57
 respectively, wehavefor thesamecon-
stant Ã

�

Ã

�
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«
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As a consequenceof theorems3.2 and3.1, we can prove the densityof the spaceof
polynomialsin theseSobolev spaces(see[15], [16], [18], [1] and[19]) andtheboundedness
of themultiplicationoperator(see[15], [17] and[1]).

Proof of Theorem3.1: Let ��
(ß"' bea Cauchysequencein ’k�
	

<

�

q

53[@� . Then,for each
l•!\no!$0 , ��


H

c

I

ß

' is a Cauchysequencein E

<

�

q

53[�c
� andit convergesto a function ´(ctD

E

<

�

q

5a[�c
� .
First of all, let usshow that ´(c canbeextendedto a functionin )m�

q

H

c

I3� (if l�!ŽntQV0 )
andin ExB

JµK

,

�

q

H

c

A¢B½Ia� (if l™Q…nˆ!d0 ).
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If lm!onpQd0 , let usconsiderany compactinterval â

•dq

H

c

I . By part(b) of Theorem3.2
we know thereexists a representative (independentof â ) of the classof 
 ß DS’��
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q
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¾ß ) anda positiveconstantÃ suchthatfor every è.53é‘Dtê
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As �(
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•
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Sincewe cantakeas â any compactinterval containedin
q

H

c

I , we obtainthatthefunc-
tion í1c canbeextendedto

q

H

c

I andwehave in fact í1c�DF)m�

q
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c

I3� . It is obviousthat ´�cÞ�àí1c

in
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H

c
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If lsQTn�!ï0 , let us considerany compactinterval >
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Corollary3.3gives
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As �(
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Sincewecantakeas > any compactinterval containedin
q

H

c

A¢B½I , weobtainthatthefunction
ñ=c canbeextendedto

q

H

c

A¢B½I andwehave in fact ñ"c�DtEUB

JLK
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q

H

c
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[18] J. M. RODRÍGUEZ, Approximationby polynomialsandsmoothfunctionsin Sobolev spaceswith respectto

measures, J.Approx.Theory, 120(2003),pp.185–216.
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