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GENERALIZED WEIGHTED SOBOLEV SPACESAND APPLICATIONS TO
SOBOLEV ORTHOGONAL POLYNOMIALS: A SURVEY

JOS M. RODRGUEZ , VENANCIO ALVAREZ , ELENA ROMERA , AND DOMINGO PESTANA

Abstract. In this paperwe presentde nition of Sobole spacewith respecto generaimeasuresprove some
usefultechnicalresults,someof themgeneralization®f classicalresultswith Lebesgueneasureand nd general
conditionsunderwhich thesespacesare complete. Theseresultshave importantconsequenceis Approximation
Theory Wealso nd conditionsunderwhich the evaluationoperatoris bounded.
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1. Intr oduction. WeightedSoboler spacesare an interestingtopic in mary elds of
Mathematicsin theclassicabooks[ 7], [8], we can nd thepointof view of Partial Differen-
tial Equations(Seealso[20] and[6]). We areinterestedn therelationshipoetweerthistopic
andApproximationTheoryin generalandSoboler OrthogonalPolynomialsin particular

Thespeci ¢ problemswe wantto solve arethefollowing:

1) Givena Soboler scalarproductwith generalmeasuresn , nd hypothese®n the
measuresasgeneralaspossible sothatwe cande ne a Soboles spacewvhoseelementsare
functions.

2) If aSoboler scalaproductwith generameasures  is well de nedfor polynomials,
whatis thecompletion, , of the spaceof polynomialswith respecto thenormassociated
to thatscalarproduct?This problemhasbeenstudiedin someparticularcaseqseee.qg.[4],
[3], [5]), but atthis momentno generakheoryhasbeenbuilt.

Our studyhasasapplicationan answerto the questionof nding the mostgeneralcon-
ditions underwhich the multiplication operator , is boundedn the space

. We know by atheoremin [10] that,the zeroesof the Soboler orthogonalpolynomials
arecontainedn thedisk . Thelocationof thesezeroesallows to prove re-
sultsontheasymptotidoehaiour of Soboler orthogonabpolynomials(seg[9]). In thesecond
partof this paper[15], andin [17] and[1], we answerthe questionstatedalsoin [9] about
generakonditionsfor  to bebounded.

The completenesshat we study now is one of the centralquestionsin the theory of
weightedSobole spacestogethemwith the densityof functions.In particular whenall
themeasuresre nite, have compacsupportandaresuchthat is densdn a Sobole
spacethatis complete thenthe closureof the polynomialsis the whole Soboles space.This
is deducedrom Bernsteins proof of Weierstrasstheoremwherethe polynomialshe builds
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approximateuniformly up to the -th derivative ary function in (seee.qg. [2],
p.113).

In the paperwe also prove someinequalitieswhich generalizeclassicalresultsabout
Soboler spacesvith respecto LebesgueaneasurgseeTheorem3.2).

Whatwe presenhereis anabridgedversionof thepapef 14], wherethecompleteproofs
of theresultsmaybefound,togethewith the correspondindfemmasandrelatedresults.

In the rst partof thearticlewe obtainagoodde nition of Soboles spacewith respecto
very generalmeasuresWe allow the measure$o be almostindependenof eachother The
main resultthatwe presenin the paperis Theorem3.1 It statesvery generalconditionson
themeasuresinderwhich this Soboles spaceas complete.

2. De nitions and previousresults. Themainconceptghatwe neecdto understandhe
statemenbf our resultsarecontainedn thefollowing de nitions. The rst oneis aclassof
weightsthatwill betheabsolutelycontinuougpartof our measures.

DEFINITION 2.1. We saythataweight belongsto , if andonlyif,

for
for

This classcontainsthe classical ~ weightsappearingin Harmonic Analysis, but is

larger. We considervectorial measures in the de nition of our Sobole

spaceand make for eachone the decomposition , Where is

singularwith respecto the Lebesguaneasurend  is aLebesgueneasurabléunction.
DEFINITION 2.2. Letusconsider andavectorialmeasue

For , wede ne theopenset

anopenneighbourhood of with

Obsenre that we always have , for ary . Infact, isthe
largestopenset  with . Obviously, depend®on and , although and
do notappearexplicitly in thesymbol . It is easyto checkthatif with

, then, , andtherefore if . The
notation refersto the classof locally absolutelycontinuougunctions.

We denoteby thesetof “good” pointsatthelevel for thevectorialweight

. Thesearein essencéhepoints for whichthereexistsaweight  with that

is, in aneighbourhooaf , intheclass

Letuspresennow theclassof measurethatwe useandthede nition of Soboler space.

DEFINITION 2.3. We saythatthevectorialmeasue is -admissiblaf

, for ,and

Remarks.

1. Thehypothesioof -admissibilityis natural. It would not be reasonabléo consider
Diracdeltasin  in thepointswhere is not continuous.

2. Obsenethatthereis notary restrictionon supp

3. Everyabsolutelycontinuousneasurés -admissible.

DEFINITION 2.4. Letusconsider , anopenset anda -admissible
vectorial measue in . We de ne the Sobole space ~ asthe
spaceof equivalencelasseof

for and

— for
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with respecto theseminorms

— — for

Here

supp

wheeesssuprefeisto Lebesgueneasue, andweassumeheusualcorvention
Beforewe stateour theorems]et usrecall a classicalresultthatwill be generallzedn
our Theorem3.2.

Muckenhouptinequality. ([12], [11]) Letusconsider and measuesin
with . Thenthere existsa positiveconstant sud that
for anymeasuablefunction in , if andonlyif

3. Completenessof the Soboler spaces. And now, hereis our main theoremin the
paper In it andin Theorem3.2 we considerspecialclasseghatwe call and . The

conditions and arenotveryrestrictve. The rst oneconsistsroughly
speakingin consideringneasures suchthat is anormfor somesequencef
compacsets growingto . Astotheclass , it isaslightmodi cationof ,in which
we considermeasures suchthat by addinga minimal amountof deltasto
we obtaina measuren theclass

THEOREM 3.1. Letusconsider , anopenset anda -admissiblevec-
torial measue in~ with — . Thenthe Sobole space o
is complete

The main ingredientof the proof of this resultis Theorem3.2. It allows usto control
the norm (in appropriatesets)of a function andits dervativesin termsof its Sobole
norm. It is alsousefulby its applicationsin the paperq15], [16], [17], [18], [1], [19] and
[13]. Furthermoreit is importantby itself, sinceit answerdo the following main question:
whentheevaluationfunctionalof (or ) in apointis aboundecdbperatolin ?

THEOREM 3.2. Letusconsider , anopenset anda -admissible
vectorialmeasue in . If is a nite unionof compactintervalscontainedn , for

, then:

(@lf there existsa positiveconstant sud that

for all
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()yIf there existsa positiveconstant sud that for
every ~, there exists ~, independenof and
with
Furthermoge, if are theserepresentative®f respectivelywe havefor the same
constant

Thistheoremhasthe following corollary, thatwe usein the proof of Theorem3.1:

COROLLARY 3.3. Letusconsidey , anopenset anda -admissible

vectorialmeasue in . If is a nite unionof compactintervalscontainedin , for
, then:

@)If there existsa positiveconstant sud that,

()If there existsa positiveconstant sud that for
every -, ther exists - the samefunctionasin Theoem3.2 ,
with
Furthermog, if are therepresentativesf respectivelywe havefor the samecon-
stant

As a consequencef theorems3.2 and 3.1, we can prove the densityof the spaceof
polynomialsin theseSoboles spacegsee[19], [1€], [19], [1] and[19]) andthe boundedness
of themultiplicationoperator(see[15], [17] and[1]).

Proof of Theoem3.1: Let be a Cauchysequencén ~ . Then,for each
_ , is a Cauchysequencen - andit corvergesto a function
Firstof all, letusshav that canbeextendedto a functionin (if )

andin (if ).
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If , letusconsiderany compacinterval . By part(b) of Theorem3.2
we know thereexists a representatie (independenof ) of the classof -
(whichwe alsodenoteby ) anda positive constant suchthatfor every

As , thereexistsa function suchthat

Sincewe cantakeas ary compactnterval containedn , we obtainthatthefunc-
tion canbeextendedo andwe havein fact . It is obviousthat
in (exceptfor at mosta setof zero -measure)since corvergesto  in thenorm
of andto  uniformly on eachcompactinterval . Thereforewe can
assumehat .

If , let us considerany compactinterval . Now, part (b) of

Corollary3.3gives

As , thereexistsafunction suchthat

Sincewe cantakeas ary compactnterval containedn , we obtainthatthefunction
canbeextendedo andwe havein fact . It is obviousthat
in (exceptfor atmosta setof zeroLebesguaneasure)since corvergesto  in
andto locally uniformly in . Letusconsideraset which concentrates
the massof , With ; we cantake in . We only needto shav
in (recall that by hypothesis in ), but this is immediate
since andthecornvergencean impliesthecorvergencean
Thereforewe canassumehat .
In fact, we have seenthat corvergesto  in (if ) andin
(if )
Let us seenaw that in the interior of for . Letusconsider
a connecteccomponent of int . Given , let us considerthe cornvex hull
of supp . We have that is a compactinterval containedin . The uniform
convergenceof in andthe cornvergenceof in  givesthat

Then inint and int for . In orderto see
that , it is enoughto recallthat . O
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