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NONCOMMUT ATIVE EXTENSIONS OF
RAMANUJ AN'S SUMMATION

MICHAEL SCHLOSSER
Abstract. Usingfunctionalequationsye derive noncommutatie extensionsf Ramanujars summation.
Keywords. noncommutatie basichypegeometricseries Ramanujars summation

AMS subjectclassi cations. 33D15,33D99

1. Intr oduction. Hypemgeometricserieswith honcommutatie parametersand argu-
ment,in the specialcaseinvolving squarematrices,have beenthe subjectof recentstudy
seee.g.the papersby Duval and Ovsienlo [4], Griinbaum[6], Tirao [16], andsomeof the
referencesnentionedtherein. Of course,this subjectis also closely relatedto the theory
of orthogonalmatrix polynomialswhich wasinitiated by Krein [12] andhasexperienceca
steadydevelopmentseee.g.DuranandL 6pez-Rodiguez] 3].

Veryrecently Tirao[16] consideredh particulartype of a matrix valuedhypeigeometric
function (which, in our terminology belongsto noncommutatie hypeigeometricseriesof
“type I"). He shaved, in particular thatthe matrix valuedhypeigeometridunction satis es
the matrix valuedhypeigeometricdifferentialequation,and corverselythat any solutionof
thelatteris a matrix valuedhypeigeometridunction.

In [14], the presentauthorinvestigatechypeigeometricandbasichypeigeometricseries
involving noncommutatie parametersandargument(short: noncommutativéypegeomet-
ric series andnoncommutativéasicor -hypegeometricserieg over a unitalring  (or,
when consideringnonterminatingseries,over a unital Banachalgebra ) from a different,
neverthelesgompletelyelementarypoint of view. Thesenvestigationsvereexclusively de-
votedto the derivation of summationformulae (which quite surprisinglyeven exist in the
noncommutatie case)aimingto build up atheoryof explicit identitiesanalogougo therich
theoryof identitiesfor hypeigeometriandbasichypeigeometricseriesn theclassicalcom-
mutative case(cf. [15] and[5]). Two closelyrelatedtypesof noncommmutatie series,of
“type I” and“type II", wereconsideredn [14]. Most of the summation®btainedtherecon-
cernterminatingseriesandwereprovedby induction. An exceptionarethe noncommutatie
extensionsof the nonterminating -binomial theorem[14, Th. 7.2] which were established
usingfunctionalequationsAsidefrom thelatterandsomeconjectured -Gaul3ssummations,
no otherexplicit summationgor nonterminatinghoncommutatie basichypeigeometricse-
ries were given. Furthermore nhoncommutatie bilateral basichypeigeometricserieswere
notevenconsidered.

In this paper we de ne noncommutatie bilateralbasichypeilgeometricseriesof typel
andtypell (overanabstracunital Banachalgebra ) andprove,usingfunctionalequations,
noncommutatie extensionsof Ramanujars summation.Thesegeneraliz¢éhe noncom-
mutative -binomialtheoremof [14, Th. 7.2]. Our proof of the sumhereis similar to
Andrews andAskey's[1] proofin theclassicacommutatve case.Ramanujars summa-
tion (displayedn (2.4)) is oneof thefundamentaldentitiesin -series.lt is thusjust natural
to look for differentextensionsjncludingnoncommutatie ones.

This paperis organizedasfollows. In Section2, we review somestandarchotationsfor
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basichypeigeometricseriesandthenexplain the notationwe utilize in the noncommutatie
case.Section3, is devotedto the derivationof noncommutatie summations.

We stressagain,asin [14], thatby “noncommutatie” we do not mean” -commutatve”
or“quasi-commutatie” (i.e., wherethevariablessatisfyarelationlike ; suchseries
areconsiderect.g.in [11] and[17]) but thattheparameterg our seriesareelementof some
noncommutatie unital ring (or unital Banachalgebra).

2. Preliminaries.

2.1. Classical (commutative) basic hypergeometric series. For corveniencewe re-
call somestandarcotationsfor basichypelgeometricseries(cf. [5]). Whenconsideringhe
noncommutatie extensionsn Subsectior?.2 andin Section3, thereademay nd it useful
to comparewith the classicalcommutatve case.

Let beacomplex numbersuchthat . De ne the -shiftedfactorial for all
integers (includingin nity) by

We write

2.1)

to denotethe (unilateral)basichypegeometric series Further we write

2.2)

to denotethe bilateral basichypegeometric  series

In (2.1) and(2.2), arecalledthe upperparametes, the lower pa-
rametes, istheargumentand the baseof the series. The bilateral seriesin (2.2
reducego a unilateral seriesf oneof the lower parameterssay , equals (or more
generallyanintegral power of ).

The basichypeigeometric seriesterminatedf one of the upperparameterssay

, is of theform , for anonn@ativeinteger . If the basichypeigeometricseriesdoes

not terminatethenit corvergesby the ratio testwhen . Similarly, the bilateralbasic
hypeigeometricseriesconvergeswhen and

We recall two importantsummations.One of themis the (nontermlnatmg) -binomial
theorem,

(2.3)
where (cf. [5, Appendix(11.3)]). It wasdiscoveredindependentipy severalmathe-

maticians,ncluding Cauchy Gauf3,andHeine. A bilateralextensionof (2.3) wasfound by
thelegendaryindianmathematiciaiRamanujar{seeHardy|[8]),

(2.4)

where and (cf. [5, Appendix(11.29)]). Unfortunately Ramanujariwho
very rarely gave ary proofs)did not provide a proof of the above bilateralsummation.The
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rst proof of (2.4) wasgivenby Hahn[7, in EqQ. (4.7)]. Otherproofsweregiven by
Jacksor{10], Ismail[9], Andrews andAskey [1], theauthor[13, Sec.3], andothers.Some
immediateapplicationsof Ramanujars summatiorformulato arithmeticnumbertheoryare
consideredn [2, Sec.10.6].

2.2. Noncommutative basichypergeometricseries. Most of thefollowing de nitions
aretakenfrom [14]. However, thede nitions for noncommutatie bilateral basichypegeo-
metricseriesn (2.8) and(2.9) (althoughobvious)arenew.

Let be aunital ring (i.e., a ring with a multiplicative identity). When considering
in nite seriesandin nite productsof elementsof  we shall further assumethat is a
Banachalgebra(with somenorm ). Theelementof will bedenotedby capitalletters

In generaltheseelementsdo not commutewith eachother; however, we may
sometimespecifycertaincommutatiorrelationsexplicitly. We denotetheidentityby and
thezeroelementoy . Whenever a multiplicative inverseelementexistsfor ary , we
denoteit by . (Since is aunital ring, we have .) Ontheother
hand,aswe shallimplicitly assumethat all the expressionsvhich appeararewell de ned,
wheneerwe write we assumats existence.For instancejn (2.6) and(2.7) we assume
that is invertiblefor all , .

An importantspecialcaseis when is thering of squaramatriceg(our notationis
certainlysuggestie with respecto this interpretation) pr, moregenerally onemay view
asaspaceof someabstracbperators.

Let bethesetofintegers.For wede ne thenoncommutatie product

asfollows:

Notethat

(2.5)

for all .

Throughoutthis paper  will be a parametewhich commuteswith ary of the other
parameterappearingn the series.(For instancea centralelementsuchas , ascalar
multiple of theunit elementn , for , trivially satis esthisrequirement.)

Let . We de ne thegeneralizechoncommutative -shiftedfactorial of type
| by
(2.6)

Similarly, we de ne the generalizecdhoncommutative -shiftedfactorial of typell by

2.7)

Note the unusualusageof braclets(“ oors” and“ceilings” areintermixed)on the left-
handsidesof (2.6) and(2.7) whichis intendedto suggesthatthe productsinvolve noncom-
mutingfactorsin a prescribecbrder In bothcasesthe product,readfrom left to right, starts
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with a denominatorfactor The bracletsin the form “ " areintendedto denotethat the
factorsarefalling, whilein “ " thatthey arerising.

We de ne thenoncommutativeasichypegeometricseriesof typel by

andthenoncommutativeasichypegeometricseriesof typell by

Further we de ne thenoncommutativeilateral basichypeigeometricseriesof typel by
(2.8)

andthenoncommutativeilateral basichypegeometricseriesof typell by

(2.9)

We alsoreferto therespectie seriesas(noncommutative) -hypegeometricseries In
eachcase(of typel andtypell), the seriesterminatesf oneof the upperparameters
is of theform . If the seriesdoesnot terminatethen(implicitly assuminghat
is a unital Banachalgebrawith somenorm ) it corvergeswhen . Similarly,
the seriescorvergesin - when and .
We alsoconsidereversedor “transposed”yersionsof generalizecdhoncommutatie -
shiftedfactorialsandnoncommutatie bilateralbasichypelgeometricseriesof type | andll.
Thesearede ned asfollows (comparewith (2.6), (2.7), (2.8) and(2.9)):

and

Of course reversedversionsof the unilateralnoncommutatie basichypeigeometricseries
arede ned analogously
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3. Noncommutative summations. In [14, Th. 7.2], thefollowing two noncommu-
tative extensionf the nonterminating -binomialtheorem(which generalizg5, 11.3]) were
given.

ProPosITION 3.1. Let and benoncommutativparametes of someunital Banadh
algebra, andsuppose¢hat commutesvith both and . Further, assumehat
Thenwe havethefollowing summatiorfor a noncommutativeasichypegeometricseriesof

typel.
(3.1)

Further, we we havethe following summatiorfor a noncommutativéasic hypegeometric
seriesof typell.

(3.2)

Herewe extend Proposition3.1 to summationdor bilateralseries.Our proofis similar
to that of the classicalresultgivenin [1] (seealso[2, p. 502, rst proof of Th. 10.5.1]),but
alsosimilarto the proof of Proposition3.1givenin [14].

THEOREM 3.2. Let , and benoncommutativparametes of someunital Banadh
algebra, supposehat and both commutewith any of the other parametes. Further,
assumehat and . Thenwe havethe following summatiorfor a

noncommutativeilateral basichypegeometricseriesof typel.

(3.3)

Further, we havethe following summatiorfor a noncommutativéilateral basichypegeo-
metricseriesof typell.

(3.4)

Clearly, Theorem3.2 reducedo Proposition3.1when

Proof of Theoem3.2. We prove (3.3) using(3.1), leaving the proof of (3.4) using(3.2),
whichis similar, to thereader

Let denotethe serieson theleft-handsideof (3.3). We make useof thetwo
simpleidentities

(3.5a)
(3.5b)

to obtaintwo functionalequationdor . We alsomake useof the simplerelation

(3.6)
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obtainedby shifting thesummatiorindex in by one.
First, (3.59 gives

(3.7)
while (3.5 gives
(3.8)

Combining(3.8), (3.7), and(3.6), onereadilydeduces

or equialently

thus
(3.9

Iterationof (3.9 gives

(3.10)
We still needto compute . It is noteasyto dothis directly but we know thevalue
of (by Proposition3.1). We set in (3.10 which gives

thuswe obtain

(3.11)

Combinationof (3.10), (3.11) and(3.1) establishesheresult. O
In the summation®f Theorem3.2, the lower parameter commuteswith both

and while doesnot commutewith . In the next theoremtherolesof and are
interchangedHere commutesvith both and while doesnotcommutewith
THEOREM 3.3. Let , and benoncommutativ@arametes of someBanad alge-

bra, supposdhat and bothcommuteawith anyof the otherparametes. Further, assume
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that and . Thenwe havethe following summatiorfor a noncom-
mutativebilateral basichypegeometricseriesof typel.

(3.12)

Further, we havethe following summatiorfor a noncommutativéilateral basichypegeo-
metricseriesof typell.

(3.13)

Proof. We indicatethe derivationof (3.12 from (3.3). (Thederivationof (3.13 from
(3.4) is analogous.)rThesumontheleft-handsideof (3.3 remainsunchangedf the summa-
tionindex, say , isreplacecby . Using(2.5), we compute

Thus, by performingthe simultaneougeplacements , ,
,in (3.3), we obtain(3.12. O
We completethis paperwith four more summationsjmmediatelyobtainedfrom
correspondingummation$n Theorems3.2and3.3by “reversingall products™(cf. [14, Sub-
sec.8.2]) on eachsideof therespectie identities.

THEOREM 3.4. Let , and benoncommutativparametes of someunital Banadh
algebra, supposehat and both commutewith any of the other parametes. Further,
assumehat and . Thenwe havethe following summatiorfor a

reversednoncommutativeilateral basichypegeometricseriesof typel.



ETNA

Kent State University
etna@mcs.kent.edu

NONCOMMUTATIVE SUMMATIONS 101

Further, we havethe following summatiorfor a noncommutativéilateral basichypegeo-
metric seriesof typell.

THEOREM 3.5. Let , and benoncommutativparametes of someBanad alge-
bra, supposdhat and bothcommuteawith anyof the otherparametes. Further, assume
that and . Thenwe havethe following summatiorfor a noncom-

mutativebilateral basichypegeometricseriesof typel.

Further, we havethe following summatiorfor a noncommutativéilateral basichypegeo-
metric seriesof typell.
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