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Abstract. Usingfunctionalequations,wederive noncommutative extensionsof Ramanujan's ���	� summation.
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1. Intr oduction. Hypergeometricserieswith noncommutative parametersand argu-
ment, in the specialcaseinvolving squarematrices,have beenthe subjectof recentstudy,
seee.g.thepapersby Duval andOvsienko [4], Grünbaum[6], Tirao [16], andsomeof the
referencesmentionedtherein. Of course,this subjectis also closely relatedto the theory
of orthogonalmatrix polynomialswhich wasinitiated by Krein [12] andhasexperienceda
steadydevelopment,seee.g.DuránandLópez-Rodŕ�guez[3].

Very recently, Tirao [16] considereda particulartypeof a matrix valuedhypergeometric
function (which, in our terminology, belongsto noncommutative hypergeometricseriesof
“type I”). He showed, in particular, that thematrix valuedhypergeometricfunctionsatis�es
the matrix valuedhypergeometricdifferentialequation,andconverselythat any solutionof
thelatteris amatrix valuedhypergeometricfunction.

In [14], thepresentauthorinvestigatedhypergeometricandbasichypergeometricseries
involving noncommutative parametersandargument(short: noncommutativehypergeomet-
ric series, andnoncommutativebasicor 
 -hypergeometricseries) over a unital ring � (or,
whenconsideringnonterminatingseries,over a unital Banachalgebra� ) from a different,
neverthelesscompletelyelementary, pointof view. Theseinvestigationswereexclusively de-
voted to the derivation of summationformulae(which quite surprisinglyeven exist in the
noncommutativecase),aimingto build upa theoryof explicit identitiesanalogousto therich
theoryof identitiesfor hypergeometricandbasichypergeometricseriesin theclassical,com-
mutative case(cf. [15] and[5]). Two closelyrelatedtypesof noncommmutative series,of
“type I” and“type II”, wereconsideredin [14]. Most of thesummationsobtainedtherecon-
cernterminatingseriesandwereprovedby induction.An exceptionarethenoncommutative
extensionsof the nonterminating� -binomial theorem[14, Th. 7.2] which wereestablished
usingfunctionalequations.Asidefrom thelatterandsomeconjectured
 -Gaußsummations,
no otherexplicit summationsfor nonterminatingnoncommutative basichypergeometricse-
ries weregiven. Furthermore,noncommutative bilateral basichypergeometricserieswere
notevenconsidered.

In this paper, we de�ne noncommutativebilateralbasichypergeometricseriesof typeI
andtypeII (overanabstractunitalBanachalgebra� ) andprove,usingfunctionalequations,
noncommutativeextensionsof Ramanujan's �

�
� summation.Thesegeneralizethenoncom-

mutative 
 -binomial theoremof [14, Th. 7.2]. Our proof of the ����� sumhereis similar to
AndrewsandAskey's [1] proof in theclassicalcommutativecase.Ramanujan's ����� summa-
tion (displayedin (2.4)) is oneof thefundamentalidentitiesin � -series.It is thusjust natural
to look for differentextensions,includingnoncommutativeones.

This paperis organizedasfollows. In Section2, we review somestandardnotationsfor
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basichypergeometricseriesandthenexplain thenotationwe utilize in thenoncommutative
case.Section3, is devotedto thederivationof noncommutative � � � summations.

We stressagain,asin [14], thatby “noncommutative” wedonotmean“ � -commutative”
or “quasi-commutative” (i.e.,wherethevariablessatisfyarelationlike ����������� ; suchseries
areconsiderede.g.in [11] and[17]) but thattheparametersin ourseriesareelementsof some
noncommutativeunital ring (or unitalBanachalgebra).

2. Preliminaries.

2.1. Classical(commutative) basic hypergeometric series. For convenience,we re-
call somestandardnotationsfor basichypergeometricseries(cf. [5]). Whenconsideringthe
noncommutativeextensionsin Subsection2.2andin Section3, thereadermay�nd it useful
to comparewith theclassical,commutativecase.

Let � bea complex numbersuchthat ����� ���	��� . De�ne the � -shiftedfactorial for all
integers� (includingin�nity) by
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to denotethebilateral basichypergeometric1
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1 series.
In (2.1) and(2.2),
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We recall two importantsummations.Oneof themis the (nonterminating)� -binomial

theorem,

�

2

C
6

�

-

!

�

8&=F?

�

� �

=

!

�$#

@

�

=

!

�$#

@

8(2.3)

where �

=

�"�T� (cf. [5, Appendix(II.3)]). It wasdiscoveredindependentlyby severalmathe-
maticians,includingCauchy, Gauß,andHeine. A bilateralextensionof (2.3) wasfoundby
thelegendaryIndianmathematicianRamanujan(seeHardy[8]),
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where �

=

�O�U� and �

<

R

�

=

�	�U� (cf. [5, Appendix(II.29)]). Unfortunately, Ramanujan(who
very rarelygave any proofs)did not provide a proof of theabove bilateralsummation.The
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�rst proof of (2.4) wasgivenby Hahn[7, VW��� in Eq. (4.7)]. Otherproofsweregivenby
Jackson[10], Ismail [9], Andrews andAskey [1], theauthor[13, Sec.3], andothers.Some
immediateapplicationsof Ramanujan'ssummationformulato arithmeticnumbertheoryare
consideredin [2, Sec.10.6].

2.2. Noncommutativebasichypergeometricseries. Mostof thefollowing de�nitions
aretakenfrom [14]. However, thede�nitions for noncommutativebilateral basichypergeo-
metricseriesin (2.8) and(2.9) (althoughobvious)arenew.

Let � be a unital ring (i.e., a ring with a multiplicative identity). When considering
in�nite seriesand in�nite productsof elementsof � we shall further assumethat � is a
Banachalgebra(with somenorm XHYEX ). Theelementsof � will bedenotedby capitalletters

Z
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/3/3/ . In generaltheseelementsdo not commutewith eachother; however, we may
sometimesspecifycertaincommutationrelationsexplicitly. We denotetheidentity by ] and
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wheneverwe write
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for all q
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Throughoutthis paper, 
 will be a parameterwhich commuteswith any of the other

parametersappearingin theseries.(For instance,a centralelementsuchas 
��Q�9] , a scalar
multiple of theunit elementin � , for �9]

_
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Similarly, we de�ne thegeneralizednoncommutative
 -shiftedfactorial of typeII by
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Note theunusualusageof brackets(“�oors” and“ceilings” areintermixed)on the left-
handsidesof (2.6) and(2.7) which is intendedto suggestthat theproductsinvolvenoncom-
mutingfactorsin a prescribedorder. In bothcases,theproduct,readfrom left to right, starts
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with a denominatorfactor. The bracketsin the form “ “�-‹” ” areintendedto denotethat the
factorsarefalling, while in “ •�-‹– ” thatthey arerising.

We de�ne thenoncommutativebasichypergeometricseriesof typeI by
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Further, we de�ne thenoncommutativebilateral basichypergeometricseriesof typeI by
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andthenoncommutativebilateral basichypergeometricseriesof typeII by
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We alsorefer to therespective seriesas(noncommutative)
 -hypergeometricseries. In
eachcase(of typeI andtypeII), the 1;2"134

� seriesterminatesif oneof theupperparameters
Z

c is of theform 
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Wealsoconsiderreversed(or “transposed”)versionsof generalizednoncommutative 
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shiftedfactorialsandnoncommutativebilateralbasichypergeometricseriesof typeI andII.
Thesearede�ned asfollows(comparewith (2.6), (2.7), (2.8) and(2.9)):
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Of course,reversedversionsof the unilateralnoncommutative basichypergeometricseries
arede�ned analogously.
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3. Noncommutative � � � summations. In [14, Th. 7.2], thefollowing two noncommu-
tative extensionsof thenonterminating� -binomialtheorem(which generalize[5, II.3]) were
given.

PROPOSITION 3.1. Let
Z

and ‰ benoncommutativeparametersof someunital Banach
algebra, andsupposethat 
 commuteswith both

Z
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Further, we we havethe following summationfor a noncommutativebasichypergeometric
seriesof typeII.
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Herewe extendProposition3.1 to summationsfor bilateralseries.Our proof is similar
to thatof theclassicalresultgivenin [1] (seealso[2, p. 502, �rst proof of Th. 10.5.1]),but
alsosimilar to theproofof Proposition3.1givenin [14].
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Clearly, Theorem3.2reducesto Proposition3.1when [
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Proof of Theorem3.2. We prove (3.3) using(3.1), leaving theproof of (3.4) using(3.2),

which is similar, to thereader.
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obtainedby shifting thesummationindex in Ÿ by one.
First, (3.5a) gives
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[

#

8

or equivalently

�

]b-

[š‰

4

�

Z
4

�

‰

#GŸ

�

Z

8&[




8�‰

#£�

�

]b-

[

#

�

]b-

[š‰

4

�

Z
4

�

#GŸ

�

Z

8&[¢8�‰

#

8

thus

Ÿ

�

Z

8&[\80‰

#£�

�

]b-

[j‰

4

�

Zy4

�

#

4

�

�

]b-

[š‰

4

�

Zy4

�

‰

#

�

]¡-

[

#

4

�

Ÿ

�

Z

8&[




8�‰

#0/(3.9)

Iterationof (3.9) gives

Ÿ

�

Z

8&[¢8�‰

#£�(3.10)

@

*

+&,	Cv¤

�

]¡-

[j‰

4

�

Zy4

�




+

#

4

�

�

]b-

[š‰

4

�

Zy4

�

‰




+

#

�

]b-

[




+

#

4

��¥

Ÿ

�

Z

8

^

80‰

#5/

We still needto computeŸ

�

Z

8

^

80‰

# . It is noteasyto do this directlybut we know thevalue
of Ÿ

�

Z

8




8�‰

# (by Proposition3.1). We set [

�›
 in (3.10) whichgives

Ÿ

�

Z

8




8�‰

#7�

@

*

+&,	C`¤

�

]¡-

‰

4

�

Zb4

�




+&•
�

#

4

�

�

]¡-

‰

4

�

Zy4

�

‰




+&•
�

#

�

]¡-¦


+&•
�

#

4

�>¥

Ÿ

�

Z

8

^

80‰

#

8

thusweobtain

Ÿ

�

Z

8

^

8�‰

#£�

6

@

*

+&,	C

�

]y-¦


+&•
�

#

?

ˆ

‰

4

�

Z

4

�




‰

4

�

Z

4

�

‰




!




8

]

Š

@

Ÿ

�

Z

8




8�‰

#0/(3.11)

Combinationof (3.10), (3.11) and(3.1) establishestheresult.
In the ����� summationsof Theorem3.2, the lower parameter[ commuteswith both

Z

and ‰ while
Z

doesnot commutewith ‰ . In the next theoremthe rolesof
Z

and [ are
interchanged.Here

Z

commuteswith both [ and ‰ while [ doesnot commutewith ‰ .
THEOREM 3.3. Let

Z

, [ and ‰ benoncommutativeparameters of someBanach alge-
bra, supposethat 
 and

Z

bothcommutewith anyof theotherparameters. Further, assume
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that X

‰

Xd�§� and X

[š‰

4

�

Z

4

�

Xy�S� . Thenwehavethefollowing summationfor a noncom-
mutativebilateral basichypergeometricseriesof typeI.

�0���

ˆ

Z

[

!




8�‰ Š

�(3.12)

‰

4

�

•




8�‰`[š‰

4

�

Z

4

�

Z

4

�




80‰

!




8

]

‘

@

ˆ

Z

‰

‰™[j‰

4

�

!




8

]

Š

@

•

‰

4

�

Z

4

�




[š‰

4

�

Z

4

�

!




8

]

‘

@

‰

/

Further, wehavethe following summationfor a noncommutativebilateral basichypergeo-
metricseriesof typeII.

�0�£�

•

Z

[

!




8�‰.‘

�(3.13)

‰

4

�

•

•

‰

4

�

Z

4

�




[j‰

4

�

Z

4

�

!




8

]

‘

@

•

Z

‰™8




Z

4

�




8>[

!




8

]

‘

@

•

•

Z

4

�

[

‰

!




8

]

‘

@

‰

/

Proof. We indicatethe derivationof (3.12) from (3.3). (The derivationof (3.13) from
(3.4) is analogous.)Thesumon theleft-handsideof (3.3) remainsunchangedif thesumma-
tion index, say � , is replacedby -`� . Using(2.5), wecompute

ˆ

Z

[

!




8�‰.Š

4

%

�

4

%

*

+&,
�

¤

�

]y-

[




4

%

4

+

#

4

�

�

]¡-

Z




4

%

4

+

#

‰

¥

�

C

*

+&,
�

4

%

¤

�

]b-

[




4

�
•M+

#

4

�

�

]¡-

Z




4

�
•"+

#

‰

¥

4

�

�

%

*

+&,
�

¤

‰

4

�

�

]¡-

Z




4

�

4

%

•"+

#

4

�

�

]b-

[




4

�

4

%

•"+

#

¥

�

%

*

+&,
�

¤

‰

4

�

Z
4

�

�

]y-

Z
4

�




�
•

%

4

+

#

4

�

�

]b-

[

4

�




�
•

%

4

+

#

[

¥

�

‰

4

�

Zb4

�

ˆ

[

4

�




Z

4

�




!




8>[š‰

4

�

Zb4

�

Š

%

Z

‰

/

Thus, by performingthe simultaneousreplacements
Z©¨ ª

[

4

�


 , [

ª̈ Z

4

�


 , ‰

ª̈

[š‰

4

�

Z

4

�

, in (3.3), weobtain(3.12).
We completethis paperwith four more �5��� summations,immediatelyobtainedfrom

correspondingsummationsin Theorems3.2and3.3by “reversingall products”(cf. [14, Sub-
sec.8.2]) oneachsideof therespective identities.

THEOREM 3.4. Let
Z

, [ and ‰ benoncommutativeparametersof someunital Banach
algebra, supposethat 
 and [ both commutewith any of the other parameters. Further,
assumethat X

‰

Xš�T� and X

Z

4

�

‰

4

�

[

Xj�ž� . Thenwehavethefollowing summationfor a
reversednoncommutativebilateral basichypergeometricseriesof typeI.

�0�

•

�

ˆ

Z

[

!




8�‰.Š

�

•

•

‰

Z

‰

!




8

]

‘

@

•

ˆ

Z

4

�

‰

4

�




‰

Z

4

�

‰

4

�




!




8

]

Š

@

•

•

‰

Z

4

�

‰

4

�

[¢8




Z

4

�

‰

4

�

[\8>[

!




8

]

‘

@

/
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Further, wehavethe following summationfor a noncommutativebilateral basichypergeo-
metricseriesof typeII.

�0�

•

�

•

Z

[

!




8�‰.‘

�

•

Z

4

�

[

Z

4

�

‰

4

�

[

!




8

]

‘

@

•

•




8

Z

4

�

‰

4

�




Z

4

�




8>[

!




8

]

‘

@

•

‰

Z

‰

!




8

]

‘

@

/

THEOREM 3.5. Let
Z

, [ and ‰ benoncommutativeparameters of someBanach alge-
bra, supposethat 
 and

Z

bothcommutewith anyof theotherparameters. Further, assume
that X

‰

Xd�«� and X

Z

4

�

‰

4

�

[

Xf�«� . Thenwehavethefollowing summationfor a noncom-
mutativebilateral basichypergeometricseriesof typeI.

�5�

•

�

ˆ

Z

[

!




80‰‹Š

�

‰

•

•

Z

4

�

‰

4

�




Z

4

�

‰

4

�

[

!




8

]

‘

@

•

ˆ

‰

Z

‰

4

�

[š‰

!




8

]

Š

@

•

•

Z

4

�

‰

4

�

[š‰™8




‰™8

Z

4

�




!




8

]

‘

@

‰

4

�

/

Further, wehavethe following summationfor a noncommutativebilateral basichypergeo-
metricseriesof typeII.

�
�

•

�

•

Z

[

!




80‰
‘

�

‰

•

[

Z

4

�

‰

!




8

]

‘

@

•

•




80‰

Z

[\8

Z

4

�




!




8

]

‘

@

•

Z

4

�

‰

4

�




Z

4

�

‰

4

�

[

!




8

]

‘

@

‰

4

�

/
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[3] A. J. DURÁN AND P. L ÓPEZ-RODRÍGUEZ, Orthogonal matrix polynomials, in LoredoLectureson Or-

thogonalPolynomialsAnd SpecialFunctions,Advancesin thetheoryof specialfunctionsandappli-
cations,Nova SciencePublishers,New York, 2004,pp.13–44.

[4] C. DUVAL AND V. OVSIENKO, Projectivelyequivariantquantizationandsymbolcalculus: noncommu-
tativehypergeometricfunctions, LettersMath.Phys.,57 (2001),pp.61–67.

[5] G. GASPER AND M. RAHMAN, BasicHypergeometricSeries, 2nded.,Encyclopediaof MathematicsAnd
Its Applications96,CambridgeUniversityPress,Cambridge,2004.
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