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WEIGHTED APPROXIMA TION OF DERIVATIVES ON THE HALF-LINE
�
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�

AND THEODOREKILGORE
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Dedicatedto EdSaff on theoccasionof his60thbirthday

Abstract. Weightedpolynomialapproximationof derivativeson thehalf line � �����	� is considered.Theweight
functionwill beof theform 
���
������ , a“folded” Freudweight.Thatis, that ����������� �!���"� , where
#��$%�'&(� isaFreud
weighton �*)+�,�-�.� . Linearprocesseswhichcanbeusedfor approximationof derivativesincludeinterpolation,in
particularusingnode-setsrecentlydevelopedby J.Szabados.
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1. Approximation of derivatives with folded Freud weights on / 0%1�243 . Let 576
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Ontheinterval / <=1>2?3 , theweightfunction G
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In BalázsandKilgore [5], theweightsv
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foldedFreudweightsseemsto bebetter.

Relevantboth to Freudweightsandto folded FreudweightsaretheFreudnumbers Wyx
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Here,wegivein detailtheproofof Theorem1.1for W
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W , but thedetailsarequiteinvolvedandlengthy.
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andthus
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2. Approximation of a derivative by interpolation. As a concretemethodfor choos-
ing anapproximatingpolynomialfor our function 5 , we considerLagrangeinterpolationin
particular. Firstwe needsomede�nitions:
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with
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N

<�3

U

< . For thesamereasons,5X• is clearlyboundedon / <Y1�m(Ê .
Also, œ

5
•

NKO

3

œ

g

œ

5

NKO

3

œ whenever O

¥Ëm . Therefore,O

H

„

ˆ

5

NPO

3

U

5
• is in

8

;

/ <=1>2?3 . Important
in whatfollows is theidentity

O

H

„

ˆ

G�H

;

@CJKD�N

5

NPO

3

]

·

x

N

5[1

O

3•3

U

O

H

„

ˆ

G�H

;

@CJKD�N

5

NPO

3

]¿O

„

ˆ

·

�

x

N

5
•

1

O

3^3�F(2.12)

This is truebecause
·

x

N

5[1

O

3

U

O

„

ˆ

·!�

x

N

5�•}1

O

3•3 , following from

5

NKO

L

3•º

L

NKO

3

U

O

„

ˆ

5
•

NKO

L

3-º

�

L

NPO

3�1 for
TtU

m"1�F#F#F#1^z’1
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a consequenceof (2.1) and (2.2). Therefore,(2.7) follows from Lebesgue's theoremon
boundedlinear projections. For,

·š�

x

de�nes a boundedlinear projectionwhosedomainis
thesetof functionsin

8

;

/ <Y1�243 which arezeroat < , andby (2.12) the inequalityin (2.7) is
equivalentto thestatement

G H

;

@CJKD(œ

5"•

NPO

3

]

·

�

x

N

5�•}1

O

3

œ

g

N

m!˜

§

·

�

x

§

;

3jŒ x

N

5"•

NPO

3�ŽEG H

;

@CJKD

3�F

To prove (2.8) and(2.7), we now de�ne a function ‘

• by c=‘

•

NPc

3

U

5

NKc[w

3 , noticingthat
‘

• is odd. Since 5

N

<I3

U

< and 5l6

8

;

/ <Y1>2?3 , it follows that ‘

• is de�ned andcontinuous
on Nj]

2u1>2?3 . In particular, ‘

• is de�ned andcontinuousat < , with ‘

•

N

<�3

U

< . Indeed,‘

• is
theoddextensionof 5 •

NPc w

3 , andit follows that ‘

• 6

8

Z

Nj]

2u1>2?3 , with
§

G

H[Z

@�\�D

‘

•

NPc

3

§

U

§

G

H

;

@CJKD•5 •

NPO

3

§

.
(2.8) follows from (2.7). Speci�cally, we have

Œex

NPO

H

„

ˆ

5

NKO

3(Ž•G�H

;

@CJKD

3

U

Œex

NK‘

• Ž•G�H�Z

@�\�D

3�1

and,by usingLemma1.2followedby (1.7), weget

Œex

NPO

H

„

ˆ

5

NPO

3�ŽEG"H

;

@CJKD

3

g

¢

N

W#x�£yz¤3jŒex

H

•

NK‘Xa

•

ŽEG"H�Z

@�\�D

3

g|µ

¢

N

W#x=£yz¤3jŒex

H

•

N

5

a*NPO

3�ŽEG"H

;

@CJKD

3�1

and(2.8) follows,with  

U

µ

¢ .
(2.9) follows from (2.8). To seethis, recall that ‘

•

NPc

3 is the odd extensionof 5I•

NPc�w

3

andthat ‘

•Á6

8

Z

N^]

2_1�243 . Thus
§

G

H[Z

@�\�D

‘

•

NKc

3

§

U

§

G

H

;

@CJKDj5"•

NKO

3

§

, and —

w

x

NK‘

•}1

c

3 exists.
Furthermore,from (2.2) and(2.4) we have for every 5V6

8

;

/ <=1>2?3 suchthat 5

N

<�3

U

< and
for ‘ theoddextensionof 5

NPc[w

3 , that œ

G

H

;

@�\

ˆ

D

·!�

x

N

5[1

c[w

3

œ

U

œ

G

H[Z

@�\�D•—

w

x

N�‘

1

c

3

œ for every c .
Therefore,

§

·Ã�

x

§

;

g

§

—

w

x

§

Z

. Theestimate(2.9) follows.
(2.10) follows directly now from theapplicationof Theorem1.1 to the inequality(2.8),

using ›

U

 

N

m!˜

§

·Ã�

x

§

;

3 and,also(2.11) followsby theapplicationof Theorem1.1to the
inequality(2.9), usinghere ›

U

 

N

mÈ˜

§

—

w

x

§

Z

3 .
The�nal statementof thetheoreminvolvespreconditioningof a function 5 which does

not satisfy 5

N

<�3

U

< ; thestatementshouldbeobvious.
Thisconcludestheproofof Theorem2.1.
REMARK 1. Therelationship(2.3) which givesthenodesÄ	x in termsof thenodes¶%x

is obviouslyreversible, and it is clearly possibleto de�ne operators
·

x and
·!�

x

for usein
8

;

/ <=1>2?3 baseduponan operator —

w

x de�ned on
8

Z

Nj]

2u1>2?3 with better-knownproper-
ties.Theonly requirementis that —

w

x shouldbebaseduponnodeswhich aresymmetricwith
respectto < . If this constructionis carried out, then the three estimates(2.6), (2.9), and
(2.11), which areall givenin termsof

§

—

w

x

§

Z

, canbeveryuseful.
In the next section,we carry out preciselysucha construction,basedupona node-set

Ä
x andobtainerror estimatesandconvergenceestimates,which usetheseestimatesfrom

Theorem2.1.

3. A convergenceresult for approximation of derivatives in Ì	Í

Î

/ 0%1�243 . Here, we
give a particularsetof nodes¶%x for theapproximationof derivatives,usingthemethodsof
theprevioussection.

The constructionof thesenodesof interpolationrequiresthe Mhaskar-Rahmanov-Saff
numbersÏXx , de�ned by theequation

­

Ð”Ñ

•

B

Ï
x

O

`:a

N

Ï
x

O

3�Ò

O

Æ

m

]¿O

w

U

z for z{¥nm"F
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It is known (seeMhaskar[8], (6.1.21),p. 131)that W x

g

Ï x

g

Æ

­

W

w

x .
THEOREM 3.1. Let G

H

;

@CJKD bea foldedFreudweight,andlet `

NKc

3

U

v

NPc�w

3 . For z{¥Âm

let thenode-setÄ
w

x bede�nedby c

x

U

Ï

w

x

H

• and c

H

x

U

]

Ï

w

x

H

• , with c

H

x"Ó • 1�F#F�F(1

c

x

H

•

chosenasthe
­

z

]

m zeroesof the N

­

z

]

m}3 st-degreeorthogonalpolynomialwith respectto
theFreudweight G

H

w

Z

@�\�D .
Let thenodes¶%x bederivedfromthenodesÄ

w

x by meansof (2.3), andlet theinterpo-
lation operator

·

x bede�neduponthenodes¶¤x .
Then,thefollowing estimateshold for interpolationof anyfunction 5”6

8

•

;

/ <Y1�243 , with
theconstants

8

and
8

• dependingonlyupon v

NKO

3 :

§

G H

;

@CJKD N

5

NKO

3

]

·

x

N

5[1

O

3•3

§

g 8¿Ô�Õ�Ö

z%Œ x

N

5AŽEG H

;

@CJKD

3

and

§

G�H

;

@CJKD�N

5

a�NKO

3

]lN

·

x

N

5[1

O

3^3

a

3

§

g 8

•

ÔMÕ"Ö

z%Œ x

N

5

a

Ž•G�H

;

@CJKD

3(F

Thus,
§

G�H

;

@CJKD�N

5

NPO

3

]

·

x

N

5[1

O

3•3

§

Q³< as z Q×2(3.1)

and

§

G
H

;

@CJKD
N

5

a
NKO

3

]lN

·

x

N

5[1

O

3^3

a

3

§

Qs< if
ÔMÕ"Ö

z%Œ
x

N

5

a

Ž•G
H

;

@CJKD

3�Qq< as z“Qs2uF(3.2)

Proof. For the interpolationoperator—

w

x uponthenode-setÄ

w

x in theTheoremthere
existsaconstant~ independentof z suchthat

§

—

w

x

§

Z

g

~

ÔMÕ"Ö

z’F

This estimateis proved in Szabados[9], alongwith the constructionof the node-setsÄ

w

x .
Usingthis estimatefor

§

—

w

x

§

Z

, the�rst two estimatesgivenherefollow from Theorem2.1.
In particular, theinequalities(2.6) and(2.11) giveestimatesdirectly in termsof

§

—

w

x

§

Z

.
Now, theestimate(3.1) alsofollows from (2.9), combinedwith theobservationthat

W#x

z

ÔMÕ"Ö

z“Qq< as z“Qs2u1

which followsfrom (1.1).
Theestimate(3.2) is astraightforwardapplicationof thesecondestimatein theTheorem,

alreadyestablished.
REMARK 2. For the operators —

w

x the lower estimate~

ÔMÕ"Ö

z for growth rate is also
shownto hold in general, in the presenceof any Freudweight(Vértesi [10]), and thusthe
estimatesfor thegrowthof

§

—

w

x

§

Z

cannotbeimprovedhere. For theparticular casethat the
Freudweightis theHermiteweightandthe foldedweightis theLaguerre weight,the lower
estimatesfor growthrateof both

§

·

x

§

; and
§

—

w

x

§

Z

whichappearin Theorem3.1aresharp.
For thesetwo weight functionsthe lower estimatefollows from the fact that the weighted
operator of interpolationobeystheBernstein-Erd�osconditions(Kilgore [6]), combinedwith
the fact that in anyspacewhere theBernstein-Erd�osconditionscharacterizeminimalnorm
interpolation,thelowerestimate~

ÔMÕ"Ö

z musthold (Kilgore [7]).
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