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WEIGHTED APPROXIMA TION OF DERIVATIVES ON THE HALF-LINE

KATHERINE BALAZS AND THEODOREKILGORE

Dedicatedo Ed Saf onthe occasionof his 60thbirthday

Abstract. Weightedpolynomialapproximatiorof derivativesonthehalfline is consideredTheweight
functionwill beof theform , a“folded” Freudweight. Thatis, that ,where isaFreud
weighton . Linearprocessewhich canbeusedfor approximatiorof deriativesincludeinterpolation,in

particularusingnode-setsecentlydevelopedby J. Szabados.
Keywords. Freudweights,derivatives, weightedapproximation
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1. Approximation of derivativeswith folded Freud weights on . Let
, thatis, let be continuousand as for
The goalis to approximate in the sameweightednorm, using
a linear projection,and using only dataabout . The weightednormswill involve folded
Freudweightson , which arerelatedto Freudweights.Thefunction isaFreud
weighton theinterval if thefunction is even,twice continuouslydifferentiable
on , with onthesameinterval,and alsosatis esthere

for two constants

The notation meansthat are continuousand
as for
Ontheinterval , theweightfunction will becalledafoldedFreudweight if
thereexistsafunction on suchthat and is aFreudweight.

In BalazsandKilgore [5], theweights werecalledsplit Freudweights,but calling them
folded Freudweightsseemdgo bebetter

Relerantbothto Freudweightsandto folded Freudweightsarethe Freudnumbes
whicharede nedfor astheleastpositive solutionof theequation . From
theirde nition it follows (Mhaskaq 8], (4.1.3))thatthereexist positive constants
dependingn , suchthat

(1.1) — —

Also, we usethe notations for a and for
to denotethe errorin the bestweightedapproximation.
The following Theoremgivesan estimatefor the weightedapproximatiornof ,
, baseduponthe approximatiorof
THEOREM 1.1. Let . For anygiven let beapolynomial
of degreeat most sud that ~ hasa remosablesingularityat and
sud thatfor some
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Thentheris a constant  sud that

LEMMA 1.2 (cf. Mhaskar[8], Theorem4.1.]). Thek existsa constant sud that if

then
LEMMA 1.3 (cf. Mhaskar[8], Theorem4.1.7). If and if is a
polynomialof degreeat most with

thenthere existsa constant , sud that,

Here,wegivein detailtheproofof TheoremLl.1for . Theresultis truefor arbitrary
, but the detailsarequiteinvolvedandlengthy
Proof of Theoem1.1 for the case . Without lossof generality the proof may be
simpli ed immediatelyby assuminghat . For, if onecanreplace
by and,asit is alreadyassumedhat , alsoreplace
by . Then,proceedingvith theassumptiorihat
, the transformation inducesan isometricisomorphismbetween
andthe even part of . Furthermorelet - . It follows
easilythat is anoddfunction, and - is mappedo anoddpolyno-
mial . Also,
1.2) - —
Furthermore,
(1.3) - e - —_—
and

Combiningtheseobsenations we seethat

Now, if ,thereis  between and suchthat,usingthe MeanValueTheoremandthe
monotonicityof , wehave
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andthus

Importantly from thisinequalityandfrom (1.2) we seealsothatthe hypothesis

implies

andby Lemmal.3thereexistsaconstant suchthat

Therefore,
(1.4)

From(1.3) we have

from whichit followsthat
(1.5) —
Furthermoreit is the casethat

(1.6) —

To seethis,let  beary polynomialof degreeat most suchthat andlet
Then,usingthe MeanValueTheoremthereisa between and suchthat

and,since , it followsthat
Since is arbitraryandsince presents0 additionaldif culty , it followsthat
As , it is clearlytruethatanypolynomialof degreeatmost canbewrittenas

givenasuitablechoiceof , whichestablishe$1.6).
Combining(1.5) with (1.6) now resultsin

1.7)
andcombining(1.4) with (1.7) gives

which completeghe proof of Theoreml.1 for thecase , with . O
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2. Approximation of a derivative by interpolation. As aconcretemethodfor choos-
ing an approximatingoolynomialfor our function , we consider_agrangenterpolationin
particular Firstwe needsomede nitions:

Theset , where , will beasetof nodesn
Theinterpolationoperatoffor onthenodes s givenby
in whichthefunctions arethefundamentapolynomialsde ned for by
(2.1) —_—

It is easilyseerthat

A secondnterpolationoperatoibasediponthenode-set is alsousefulhere.Theoperator

is de ned only for those which satisfy . Its rangewill
consistof the spanof its fundamentafunctions , de ned for by
(2.2) — —_—
afterwhich
We notethat is not a polynomialunlessits outputis zero,but - is a poly-
nomial.

Also, naturallyrelatedto thenodes arethenodes satis-
fying
(2.3) and " and
On the nodes thereis alsoa Lagrangeinterpolationoperator . Denotingthe th
fundamentapolynomialfor by for , we have
(2.4) _—

andfor
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with

THEOREM 2.1. Let be a folded Freud weightand the related Freud
weight,and let the node-sets and berelatedasin (2.3. Thenfor ,
sud that , thefollowing estimatesold:
(2.5)
(2.6)
Also, -~ ,and
(2.7 - -

Furthermog, thereis a constant sud that

(2.8) - —
and
(2.9) - —
Theris aconstant sud thatfor every satisfying
(2.10)
(2.11)
If is not assumedo be , thenall of theseresultsremainvalid, as canthenbe
replacedby

Proof. (2.5 follows easilyfrom the Lebesgues theoremon boundedinear projection
operators.

(2.6) follows by combining (2.5 with the fact that , Which is true
because correspondsaturallyto the even part of andthe outputof

, which operate®nly on , alsonaturallycorrespondso the outputof oper
atingon theevenfunctionsin . More explicitly, if is de nedon by
, andif , then(2.6) follows from thefactthat

Now, let - , With . That is continuousshouldbeclear, as
itself is differentiableand . For the samereasons, is clearlyboundedon
Also, wheneer . Therefore, - isin . Important

in whatfollows is theidentity
(2.12) - - -
Thisis truebecause - , following from

for
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a consequencef (2.1) and (2.2). Therefore,(2.7) follows from Lebesgues theoremon
boundedinear projections. For, de nes a boundedinear projectionwhosedomainis
the setof functionsin whicharezeroat , andby (2.12 theinequalityin (2.7) is
equivalentto the statement

To prove (2.8 and(2.7), we now de ne afunction by , noticingthat

is odd Since and , it followsthat is de ned andcontinuous

on . In particular  is de ned andcontinuousat , with . Indeed, is
the odd extensionof , andit follows that , with

(2.8 follows from (2.7). Speci cally, we have

and,by usingLemmal.2 followedby (1.7), we get

and(2.8) follows, with

(2.9 follows from (2.8). To seethis, recall that is the odd extensionof
andthat . Thus , and exists.
Furthermorefrom (2.2) and(2.4) we have for every suchthat and
for theoddextensionof , that for every .
Therefore, . Theestimatg2.9) follows.

(2.10 follows directly now from the applicationof Theoreml.1to the inequality(2.8),
using and,also(2.1]) follows by the applicationof Theoreml.1to the

inequality(2.9), usinghere .

The nal statemenbf thetheoreminvolvespreconditioningof a function which does
not satisfy ; the statemenshouldbe obvious.

This concludeghe proof of Theorem2.1. O

REMARK 1. Therelationship(2.3) which givesthenodes  in termsof the nodes
is obviouslyreversible andit is clearly possibleto de ne operators  and  for usein

baseduponan operator de nedon with betterknownproper

ties. Theonly requirements that shouldbe baseduponnodeswhich are symmetriovith
respectto . If this constructionis carried out, thenthe three estimateg2.6), (2.9), and
(2.17), which are all givenin termsof , canbeveryuseful.

In the next section,we carry out preciselysucha construction basedupona node-set

and obtain error estimatesand corvergenceestimateswhich usetheseestimatefrom
Theorem2.1

3. A corvergenceresult for approximation of derivativesin . Here,we
give a particularsetof nodes  for the approximationof derivatives,usingthe methodsof
theprevioussection.

The constructionof thesenodesof interpolationrequiresthe MhaskarRahmano-Saf
numbers , de ned by theequation
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It is known (seeMhaskar 8], (6.1.21),p. 131)that

THEOREM 3.1. Let bea foldedFreudweight,andlet . For
letthenode-set  bede nedby and , with
chosenasthe zepesof the st-deggreeorthogonal polynomialwith respecto
the Freudweight

Letthenodes bederivedfromthe nodes by meansof (2.3), andlet theinterpo-
lation operator  bede neduponthenodes

Then,thefollowing estimatesold for interpolationof anyfunction , with
theconstants and dependingnly upon

and

Thus,
(3.2) as
and

3.2) if as

Proof. For the interpolationoperator uponthe node-set in the Theoremthere
existsaconstant independendf suchthat

This estimateis provedin Szabado$9], alongwith the constructionof the node-sets
Usingthis estimatefor , the rst two estimategjivenherefollow from Theorem2.1.
In particular theinequalitie(2.6) and(2.11) give estimateglirectly in termsof

Now, the estimatg3.1) alsofollows from (2.9), combinedwith the obsenationthat

— as

whichfollowsfrom (1.1).

Theestimatg3.2) is astraightforvardapplicationof thesecondestimaten theTheorem,
alreadyestablished. O

REMARK 2. For the operators the lower estimate for growthrate is also
shownto hold in geneal, in the presenceof any Freudweight(Vértesi[ 10]), andthusthe
estimategor thegrowth of cannotbeimprovedhere. For theparticular casethatthe
Freudweightis the Hermiteweightand the foldedweightis the Laguerre weight,the lower
estimategor growthrateof both and which appearin Theoem3.1are sharp.
For thesetwo weightfunctionsthe lower estimatefollows from the fact that the weighted
operator of interpolationobeysthe Bernstein-Edos conditions(Kilgore [ 6]), combinedwith
thefact that in any spacewhete the Bernstein-Edos conditionscharacterizeminimal norm
interpolation,thelower estimate musthold (Kilgore [ 7]).
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