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Abstract. TheclassicalHaarwaveletsystemof �����	��

� is commonlyconsideredto bevery local in space.We
introduceandstudyin thispaperpiecewise-constantframelets(PCF)thatincludetheHaarsystemasaspecialcase.
We show thatany bi-frameletpair consistingof PCFsprovidesthesameBesov spacecharacterizationsastheHaar
system.In particular, it hasJackson-typeperformance������� andBernstein-typeperformance��������� � . We then
constructtwo PCFsystemsthat areeither, in high spatialdimensions,far morelocal thanHaar, or areaslocal as
Haarwhile deliveringbetterperformance:��������� �!� . Both representationsarecomputedandinvertedby fast
algorithms.

Key words. frames,framelets,wavelets,Haarwavelets,piecewise-constantwavelets,PCF, Besov spaces,Uni-
taryExtensionPrinciple
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1. Intr oduction.

1.1. Local wavelet representation. In a recentpaper, [4], we developa novel method-
ology for wavelet constructions(underthe acronym CAMP) that yields very local wavelet
systemsin arbitrarily high spatialdimensions.The most local constructionof [4] is based
on piecewise-linearbox splines.In orderto develop“the mostlocal possibleconstruction”,
we employ in this papera piecewise-constantsetup. Sincethe general“performanceanal-
ysis” of [4] doesnot cover piecewise-constants,we precedethe actualconstructionwith a
generalanalysisof redundantpiecewise-constantwaveletrepresentations.We thenintroduce
andanalysetwo typesof local piecewise-constantwaveletsystems.Thehigh-pass�lters in
bothconstructionsaremostly " -tap(in thedecomposition,aswell asin theinversion),hence
aretheshortestpossible.Oneof thesystemsis exact,i.e.,bi-orthogonal,andtheotheroneis
slightly redundant,i.e.,a bi-frame.

1.2. Notations. For #%$'&(#�)+*-,�,�,-*.#0/214365

/ , we let 7 #�798	$;: #0<

)>=6?-?�?�=

#

<

/

. The inner
productof two vectors#@*.A in 5

/ is denotedby #

?

A . We usethefollowing normalizationof
theFouriertransform(for, e.g., BC3�DE)F&(5

/

1 ):
G
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We denoteby _`&a5

/

1 theSchwartzspaceof testfunctions,andby _cbd&(5

/

1 its dual,thespace
of tempereddistributions. Given a function spacewhoseelementsarede�ned on 5

/ , we
sometimesomit the domain 5
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bSegf the spaceof
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For any B�3o_Lb and ho3o_ , we de�ne

j

B[*.hmkp8l$qBH& hm1 with theusualextensions,by meansof
duality, to thevarioussubspacesof _cb .

Given B�8V5

/Cr

5 , wedenote
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,

Also, we usethenotation• for thecharacteristicfunctionof theunit cube € •2*-‚�1

/ .
Throughoutthepaper, ƒ standsfor agenericconstantthatmaychangewith everyoccur-

rence.We usethenotation„4…v† to meanthatthereis a constantƒ`‡ˆ• suchthat „Š‰ˆƒ�†g, We
usethenotation„4‹Œ† to denotetwo quantitiesthatsatisfy ƒ ) „�‰6†�‰ˆƒ

<

„ , for somepositive
constants.The speci�c dependenceof the constantsƒ ) *�ƒ

<

on the problem's parametersis
explainedin thetext, wheneversuchanexplanationis required.

1.3. The performance of piecewise-constantframelets. Let • be a �nite subsetof
D

<

&(5

/

1 . Thewaveletsystemgeneratedby themotherwavelets• is thefamily
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thereexist two positiveconstants¢�*�£ suchthat
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The sharpestconstants¢ and £ arecalled the framebounds.
Ž

&©••1 is a Besselsystemif
–��

—p˜Ÿ™�› is bounded,i.e., theright-handsideof (1.1) is valid.
We are interestedin wavelet framesthat are derived from a multiresolutionanalysis

(MRA) ([6],[8],[1]). Onebegins with the selectionof a function ªq3ND

<

&(5
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hand,onede�nes «­¬
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Theprimaryconditionof theMRA setupis thatthe &
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sg1ds sequenceis nested:
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Whenever this conditionholds,onerefersto ª asa re�nable function. In addition,onere-
quiresthat the union ¹

s

«

s is densein D

<

&(5

/

1 . However, if ª is compactlysupportedand
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G

ª°&(•
1»º $¼• , thedensityconditionalwaysholds. Thesimplestexampleof a re�nable function
is thesupportfunction • of theunit cube:

DEFINITION 1.1. Let &

«

s 1 s be theMRAassociatedwith • . A waveletsystem
Ž

&d••1 is
said to be piecewise-constantif •

¸

«

) . If, in addition, the system
Ž

&d••1 is a frame, we
referto it, aswell asto each of its elements,asa piecewise-constantframelet (PCF).
TheclassicalHaar(orthonormal)waveletis clearlya specialcaseof a PCF.

Next, we illustratetheway the“performance”of a waveletframe
Ž

&d••1 maybegraded,
andusethe D
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-setupto this end. For ½q‡¾• , let ¿¾À
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Ž

&d••1 satis�es(1.2) for thegiven ½

•

*

is oneway to quantifythe“performance-grade”of a frame
Ž

&d••1 . Sincetheinequality(1.2)
is thecounterpartof theJackson-typeinequalitiesin ApproximationTheory, we refer to the
above

ÏgÐ

astheJackson-typeperformanceof
Ž

&©••1 . It is known thattheessentialcondition
• needsto satisfyfor having “performance-grade”
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Anotherway to measuretheperformanceof
Ž

&d••1 is to insist that, in additionto (1.2), the
inverseinequalityholdsaswell:
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For a frame
Ž

&©••1 , wedenoteÏ�Ú
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The inequality(1.3) is the counterpartof the Bernstein-typeinequalitiesin Approximation
Theory, andthereforewe referto theabove

Ï+Ú

astheBernstein-typeperformanceof
Ž

&©••1 .
Obviously,
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, andusuallystrict inequalityholds. The valueof
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directly to any easy-to-checkpropertyof thesystem
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&©••1 . As a matterof fact,thevalueof
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Here,
–

—`˜š™�› is thesynthesisoperator:
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Thus,onestrivesto build waveletframesthathaveahighnumberof vanishingmoments,
andcanbeassociatedwith smoothdualframes.Thisbringsusto thequestionof how wavelet
systemsare constructed.The most generalrecipein this regard is known as the Oblique
ExtensionPrinciple(OEP, [1]). However, in this paperwe will needits special,andsimpler,
case,theUnitaryExtensionPrinciple(UEP).Both leadto thesimultaneousconstructionof a
frameandits dualframe.We describenow theUEP.

There�nability assumptionon thefunction ª is equivalentto theconditionthat
G
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G
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for some"+æ -periodicfunction å , calledthere�nementmask. Let usassumefor simplicity that
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Again, we assumefor simplicity that &Så
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are trigonometricpolynomials. Next, let us
assumethat thedual re�nable function ª

Û hasa trigonometricpolynomialre�nementmask
åmÛ . The assumptionthat •�ÛÕ8l$'•-‘KÛ

)

*�,-,�,¶*�‘>Û

¦

•

¸

«

)V&aªßÛP1 amountsto the existenceof "Fæ -
periodicfunctions &(å2Û

W

1

¦

WŸç

)

suchthat
G

‘

Û

W

&a"

?

1ä$6å

Û

W

G

ª

Û

*éè9$q‚V*

?�?-?

*�Dp,

Again,weassumethatthemasks&Så­Û

W

1 aretrigonometricpolynomials.
Supposenow that the two systems

Ž

&d••1 and
Ž

&d••ÛV1 areknown to be,each,a Bessel
system,andthey satisfytheMixedUnitary ExtensionPrinciple(MUEP) :
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and
G

ªÝ&a•P1�$

G

ªßÛ­&a•P1p$¯‚ . Then
Ž

&d••1 and
Ž

&d•�ÛV1 form a pair of a wavelet frameanda dual
waveletframe[9]. We referthento thepair &

Ž

&©••1@*

Ž

&d•�ÛF1�1 asa (UEP)bi-framelet.

In î 2, we explorethefunctionspacecharacterizationsthatareprovidedby PCFs.As an
illustration,welist hereourresultfor thespecialcaseof theSobolev spaces¿àÀ

<

&(5

/

1 , ½Õ‡Ö• .
The result follows from Theorems2.12and2.13, andis essentiallyknown, at leastfor the
caseof whenthe framesin thebi-frameletpair areRieszbasesandnot only frames(in this
case,thepair is morecustomarilyreferredto asa bi-orthogonalpair.)

THEOREM 1.2. Supposethat &

Ž

&©••1@*

Ž

&d•�ÛV1�1 is a bi-framelet,and both
Ž

&d••1 and
Ž

&d•

Û

1 arePCFs.Then

Ï
Ð

$¼‚ and

Ï�Ú

$µ•­, ï .
In î 3, we describetwo PCFconstructionsthat arevalid in all spatialdimensionsand

are,both,extremelylocal: Perhapsaslocal asany wavelet constructioncanbe. Oneof the
constructionsis of a bi-orthogonalsystem(henceusesDv$¥"

/

x

‚ motherwavelets),while
theother, closelyrelated,oneis anhonestPCF(andemploys Dˆ$¼"

/ motherwavelets).We
usethentheresultsof î 2 to identify theperformanceof thetwo systems.Their Jackson-type
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performanceis proved to be same,while the redundantsystemis proved to yield a higher
Bernstein-performancegrade:its

Ï Ú

equals‚ , too.
It maybeworthnotingthatourperformancecriteriaarebasedonisotropicBesov spaces.

Thissetupisparticularlysuitablefor analysingfunctionswith isolatedsingularities.As arule,
wavelet representationsthatarebasedon isotropicdilationsmayfail to beoptimally sparse
for functionswith othertypesof singularities.Thisdrawbackof thewaveletrepresentationis
well-known, andis only verypartially offsetby a goodselectionof themotherwavelets.All
thatsaid,onemustalsokeepin mindthat,in many instances,thesinglemostimportantprop-
ertyof arepresentation,especiallywhendealingwith highdimensionaldata,is its feasibility,
which is primarily determinedby thecomplexity of thetransformandits inverse.Thelinear
complexity of our representation,andtheassociatedverysmallconstantsin thelinearbound
mayproveto beveryvaluableto this end.

2. Characterization of Besov spacesusingPCFs.

2.1. Besov spaces.Werecall�rst (oneof) the(equivalent)de�nition(s) of Besov spaces
[10]. Let ð²3Š_ besuchthat
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with theusualmodi�cation for ÷•$Nö .
In [2], M. Frazierand B. Jawerth showed that the convolution operatorin the above
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PROPOSITION 2.1. Let ð!3~_ beasin (2.1). If B�3Š_Lb
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For
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‡ • , ‚Œ‰;õÞ‰ ö and •àô ÷¥‰ ö , we de�ne the inhomogeneousBesov
space£
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We note that many of the traditionalsmoothnessspacescanbe capturedby choosing

suitably the parametersin a Besov space. The D
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2.2. Auxiliary results. We develop in this subsectionthe technicalbackbonefor the
PCFfunctionspacecharacterizations.Themainresultson this subjectareprovedin thenext
subsection.We startwith thede�nition of a regularityclass:
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Supposethat there existsa constant8%8	$982&	õÝ*

Ï

1L‡ˆ• such that, for all zP*

* ,

¤:5
s�t '

¤

ù

8l$à¤:5
s�t '

¤@Á

þ

˜;�

Q

›�<

Á

þ

˜;�

Q

›

…v"

˜

'

U

s

›©˜

Ø=�

Q w

U

Q

þ

›

"
U

�

'

U

s

� >

,

Then5 is a boundedendomorphismof ø
†

Ø

ù-ú for all •»ôˆ÷%‰µö .
PROPOSITION 2.4. Let zV*

*

3�} ,

Ï

3�5 , •»ô õo‰6ö and

ê

8	$ ?

@BA�C

•P‚P*(õ

•

,

Supposethat there exist constants��‡

ê

and ��3~5 such that for all
y

*,('3�}

/ ,

7 5
s�t '

&

y

*,(o1�7V…

"

˜

'

U

s

›©˜

Ø=�

Q
w

›

"

U

�

'

U

s

�

�

"

˜

'

U

s

›ED

�

�

‚

=

7 "

'

U

s

y%x

(Õ7

"

'

U

s

�

	

U

�

*â"GF

�

8	$

@IH4J

•g"KFP*�‚

•

,
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Thenwehave, for all •4ô�õo‰µö ,

¤05 s�t ' ¤

ù

…v"

˜

'

U

s

›©˜

Ø=�

Q

w

U

Q

þ

›

"±U

�

'

U

s

�

�

,

Wefurtherneedaresultfrom [3]. Weactuallylist below aspecialandsimpli�ed version
of thatresultwhichsuf�ces for ourpurposes.

PROPOSITION 2.5. Let z“‰

* and ��‡

?

=

‚ . Supposethat L2*NM43��

¬�

. Then

7

j

L s�t u *+M 'Jt 1 k�7
…v" U

˜

'

U

s

›

Q

wPO

‚

=

7 "

'

U

s

y’x

(�7

"

'

U

s Q

U

�

,(2.2)

If, in addition, M hasonevanishingmomentand L“3�� �

�

for some•4ôR�Õôv‚ , then

7

j

L-s�t u2*+M�'Jt 1•k�7V…N"

U

˜

'

U

s

›©˜

�

�

Q

w

›

O

‚

=

7 "

'

U

s

y’x

(Õ7

"

'

U

s Q

U

�

,

Finally, we needthefollowing simpleresult(seee.g.[5]) :
PROPOSITION 2.6. Let *

3�} . If
y

3�}

/ and �C‡

?

, then

§

1

ž

�

Q

O

‚

=

7 "

'

y%x

(Õ7

"

'

�

Q

U

�

…µ"

'
/

�

,

In therestof this subsection,theletter � is usedfor a suitablylargeinteger. More precisely,
given •»ô õo‰µö , onecanchoose� to beany integer ‡

/

SUT VXW

)
t

ùXY

=

?

=

‚ .

Our immediateobjective is to provide estimateson the õ -norm of the operator
&

s�t ' .
To this end,we observe thatwhen ziÔ

* , themagnitudeof 7

&

s�t '0&

y

*,(o1�7�$ 7

j

!@s�t um*)"
'Jt 1•k�7 is
governedby the vanishingmomentof ! andthe smoothnessof " . Since " is (minimally)
smooth,thesinglevanishingmomentof ! deliversto ustheboundwe need:

LEMMA 2.7. Let

Ï

ô ‚ and zŒÔ

* . Thenwe have, with 8
)!8	$Z8P)+&

Ï

1�‡;• , for all
•4ô�õo‰µö ,

¤

&

s�t '
¤

ù

…v"

˜

'

U

s

›^˜

Ø=�

Q w

U

Q

þ

›

"
U

�

'

U

s

� >

Î

,(2.3)

Proof. For any �x ed

Ï

ôq‚ , we choose sothat @BH
J

•

Ï

*�•

•

ô# iôq‚ . FromProposition
2.5(for L48l$[" , M48	$\! and �Õ8	$9 ), we get,with 8

)
8l$[ 

x

Ï

‡²• ,

7

&

s�t '
&

y

*,(o1�7V…N"±U

˜

s

U

'

›^˜

�

�

Q
w

›

O

‚

=

7 "

s

U

'

(

x�y

7

"

s

U

' Q

U

�

$N"

˜

'

U

s

›©˜

Ø��

Q
w

›

"
U

�

'

U

s

� >

Î

Ê

‚

=

7 "

'

U

s

y’x

(Õ7

Ë

U

�

,

Thusby Proposition2.4(for �i8	$\8P) ), we obtain(2.3).
In theoppositecase,when *

‡Nz , thesizeof 7

&

s�t '
&

y

*,(o1�7�$'7

j

!
s�t u

*,"
'Jt 1

k-7 is governed
by themomentconditionof " andthesmoothnessof ! . Since ! is not sosmooth,we need
to be a bit morecareful in arguing this case.We use,to this end,the fact that ! is a linear
combinationof a �nite numberof translatesof •K&d"

?

1 , andthat " decaysrapidly andhasone
vanishingmoment.
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LEMMA 2.8. Let *

‡iz . Then

¤

&

s�t ' ¤

ù

…µ"

˜

'

U

s

›^˜

U

Q
w

›

for •»ôiõo‰v‚P* and ¤

&

s�t ' ¤




…N"

˜

'

U

s

›©˜

Q
w

U

)

›

,

Therefore, by interpolation,weget for ‚”‰�õo‰µö

¤

&

s�t ' ¤

ù

…N"

˜

'

U

s

›©˜

Q w

U

Q

þ

›

"

U

˜

'

U

s

›©˜

)

U

Î

þ

›

,

Proof. We �rst notethatby (2.2) of Proposition2.5(for L48l$[! and M»8	$\" )

7

&

s�t ' &

y

*)(�1-7V$à7

j

! s�t u *)" 'Jt 1 k�7P…v" U

˜

'

U

s

›

Q
w O

‚

=

7 "

'

U

s

y’x

(Õ7

"

'

U

s Q

U

�

$

"

˜

'

U

s

›

Q

w

"

U

�

'

U

s

�

˜

/

U

D+›

"

˜

'

U

s

›�D

O

‚

=

7 "

'

U

s

y»x

(Õ7

"

'

U

s Q

U

�

*

where
ê

8	$

/

SUT VXW

)
t

ùXY

, Thusby Proposition2.4(for ��8l$

?

x�ê

and

Ï

8l$µ• ), weobtain,for all
•»ô õo‰µö ,

¤

&

s�t '.¤

ù

…µ"

˜

'

U

s

›©˜

Q w

U

Q

þ

›

"

U

�

'

U

s

�

˜

/

U

D+›

,

In particular, we have

¤

&

s�t '0¤

ù

…N"

˜

'

U

s

›©˜

U

Q w

›

* for •»ôiõo‰N‚P* and ¤

&

s�t '.¤




…N"

˜

'

U

s

›

Q w

,

Notethat this estimationis goodenoughfor ¤

&

s�t '.¤

ù , •~ô²õ�‰ ‚ , but not for ¤

&

s�t '.¤


 . To
improvetheestimationof ¤

&

s�t '.¤


 , wecompute7

j

!@s�t u±*,"G'Jt 1�k-7 directly. Without loss,wecan
replace!@s�t u by •�s�t u . Thatis, weestimate]

1

ž

�

Q

7

j

•�s�t u±*)"
'Jt 1•k�7 . In fact,for lateruse,welook
at themoregeneralexpression

§

1

ž

�

Q

7

j

•�s�t u±*)"
'Jt 1•k�7

À

*é½!‡ˆ•2,

We �rst notethat,with ^

¬

8	$¾€ •­*�‚�1

/ ,
j

•�s�t u±*)"
'Jt 1•kä$

j

•�s

U

'Jt

¬

*)"

¬

t 1

U

<+_a`
b

u

kä$v"

˜

s

U

'

›

Q w

M

<

b=`K_

�

žGced

"�&��

=

"

'

U

s

y’x

(�1.]K�

$v"

˜

s

U

'

›

Q

w

M

�

ž

<
_a`
b

˜

u

�

cfd

›

"�&��

x

(o10]g�­,

Therefore,with ^à8	$µ"

'

U

s

&

y�=

^

¬

1 , we have

§

1

ž

�

Q

7

j

•�s�t u±*)"
'Jt 1•k�7

À

$µ"

˜

s

U

'

›

Q
w

À

§

1

ž

�

Qih

h

h

h

M

�

žGc

"�&��

x

(o10]g�

h

h

h

h

À

,

Now, with jk^ beingtheboundaryof ^ , wede�ne lnm , o 3p$

¬

8	$\$Õ¹~• , asfollows:

l

¬

8l$¼•q(;3~}

/

8Gr

A

Ñ,sÝ&E(i*)jk^�1K‰Œ‚

•

*

ltm¼8l$¼•q(;3~}

/

8P"

m

U

)

ô#r

A

Ñ,sÝ&E(i*)jk^�1L‰ˆ"

m%•

*uo 3%$L,

Then,we have

§

1

ž

�
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h

h

h

M

�
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h

h

h

h

À
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mxw

¬

§

1
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h

h

h
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�
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h

h

h

À

,
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Now we claim thatif ('3Pl|m , then

h

h

h

h

M

�

žGc

"R&}�

x

(�1.]K�

h

h

h

h

…µ" U

m

˜

�

U

/

›

,

When o;$N• theestimationis trivial from thefactthat DE) -normof " is �nite, sowe assume
that o 3p$ . If ('3~l m is outsidê , thenfor every �43~^ , 7 �

x

(�7mÔ�r

A

Ñ�s°&E(i*)jk^�1L‡6"

m

U

) ,
thuswe get

h

h

h
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x
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�

U

/

›

,

If ( 3�l m is inside ^ , we �rst recall that €�"�&}�
1.]K�³$;• , thusby the sameargumentas
above,we getwith ^�• 8l$v5

/Ýí

^ ,

h
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h

h
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,

Since ƒ„ltmN…¾&a"

m

1

/

"

˜

'

U

s

›©˜

/

U

)

›

, we obtain,with ƒ�8l$vƒF&
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*,��1 ,
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*

providedthat ��‡
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1 . Thereforewe get
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À

…µ"

˜
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,(2.4)

Usingthis estimatefor ½ $¥‚ , we obtainthedesiredboundfor ¤

&

s�t '.¤
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,

Fromtheabovelemma,wegetthatfor *

‡Õz , •4ôiõ�‰6ö and

Ï

3~5 , thereexists 8

<

‡Ö•

suchthat

¤
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s�t '.¤
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›©˜
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* for ˆ

Ï

‡

?

&

)

ù

x

‚�1¶* if õo‰Œ‚ ,
Ï

‡

)

ù

x

‚V* if õoÔŒ‚ .

This bound,whencombinedwith Proposition2.3and(2.3), leadsto thefollowing boundon
&

:

&

is a boundedendomorphismof ø
†

Ø

ù-ú for •4ô�õÝ*�÷’‰6ö and

Ï

satisfying(2.5)

ˆ

?

&

)

ù

x

‚�1Lô

Ï

ôN‚P* if õo‰N‚ ,
)

ù

x

‚•ô

Ï

ôv‚P* if õoÔN‚ .
(2.6)
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Our next objective is to establishcomplementaryboundson theoperator
&¨�

. We start
with thecase*

Ôiz .
LEMMA 2.9. Let

Ï

3o5 , •4ô�õo‰µö , and

‰

8	$

?

&

‚

@„A�C

•
‚V*aõ

•

x
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x

Ï

,

Supposethat
‰

ôv‚ and *

ÔÕz . Thenwehave, with 8±)`8	$#8P)+&Yõ¡*

Ï

1L‡ˆ• , for all •4ô õo‰6ö ,
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,

Proof. For any �x ed
‰

ôŒ‚ , we choose sothat @IH4J

•

‰
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•

ô�  ôN‚ . FromProposition
2.5(for L»8	$[" , M48l$[! and �Õ8l$\ ), weget,with 8
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Thusby Proposition2.4(for ��8	$98
) ), we obtainthestatedresult.

Fromtheabovelemma,wegetthatfor *

Ô�z , •4ôiõ�‰6ö and

Ï

3~5 , thereexists 8
)

‡²•

suchthat
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* for ë
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x

‚V* if õoÔŒ‚ .
(2.7)

We needalsoto estimate¤

& �

s�t '

¤

ù when zo‡

* . Usinga similar argumentto theoneusedin
Lemma2.8, weobtainthefollowing result:

LEMMA 2.10. For z“‡

* wehave
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Therefore, by interpolation,weget for ‚”‰�õo‰µö
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Proof. By (2.2) of Proposition2.5(for L48	$\! and M48	$9" ), wehave
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Thusby Proposition2.4(for ��8	$µ• and

Ï

8	$µ• ), we obtain,for all •4ô�õo‰µö ,
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Note that this time we needto improve the estimationof ¤
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Thus, by the above lemma,we get that for z¾‡

* , •qô õ¨‰ ö ,

Ï

3ì5 , and with
8

<

8l$

)

ù
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,
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By combining(2.7) and(2.8), andby applyingProposition2.3, we getthefollowing:

&à�

is boundedendomorphismon ø†

Ø

ù-ú for •»ôiõ¡*�÷%‰6ö and

Ï

satisfying(2.9)

ˆ

?

&

)

ù

x

‚�1

x

‚”ô

Ï

ô

)

ù

* if õo‰v‚ ,

x

‚•ô

Ï

ô

)

ù

* if õoÔv‚ .
(2.10)

We now recall(2.5), which, togetherwith (2.9), yields:

&

and
&à�

areboundedendomorphismson ø

†

Ø

ù-ú for •»ôiõ¡*�÷%‰µö and

Ï

satisfying

ˆ

?

&

)

ù

x

‚�1Lô

Ï

ôN‚P* if õo‰N‚ ,
)

ù

x

‚•ô

Ï

ô

)

ù

* if õoÔN‚ .
(2.11)

We alsoneedthefollowing relatedcorollary:
COROLLARY 2.11. Let •³ô¼õ¡*�÷�‰ ö . If

Ï

3v5 satis�es (2.6), thenfor every
�

8l$

&

�

&

*

*,(o1L8

*

3�}”*,(ì3o}

/

1L3ˆø †

Ø

ù-ú ,

§

'Jt 1

7

�

&

*

*,(o1�7Ÿ7

j

!m*,"
'St 1�k-7môµö6,(2.12)

Also,if

Ï

3�5 satis�es(2.10), thenfor every
�

8	$¥&

�

&

*

*,(o1L8

*

3�}”*,(ì3o}

/

1c3Öø †

Ø

ù-ú ,

§

'Jt 1

7

�

&

*

*,(o1�7Ÿ7

j

"R*,!
'Jt 1

k-7±ô6öµ,(2.13)

Proof. We notethat the sequence&�7

j

!m*,"
'Jt 1

k�7 1
'Jt 1 comprisesthe &Ÿz³$

y

$ •
1 -row of
the matrix

&

. Since(2.5) givesthe boundednessof
&

, the number
&

&

�

b
1�&(•­*�•P1 mustbe

�nite for every
�

b 3

ø

†

Ø

ù-ú . However, for the choice
�

bp8l$ 7

�

7 , we have that
&

&

�

b 1¶&a•2*�•
1%$

]

'Jt 1

7

�

&

*

*)(�1-7š7

j

!m*)"
'Jt 1

k�7 , hence(2.12) is true.
Similarly, (2.13) is obtainedby inspecting

&
�

insteadof
&

, andusing(2.9) insteadof
(2.5).

2.3. Characterizations of Besov spacesusing PCFs. In this subsection,we obtain
Besov spacecharacterizationsin termsof the wavelet coef�cients of a piecewise-constant
systemby usingtheresultsobtainedin theprevioussubsection.Throughoutthis subsection,
we let ð63C_ bea functionsatisfyingtheconditionsin (2.1). We derive thecharacterization
in two steps.The�rst stepinvolvesaJackson-typeinequality:

THEOREM 2.12. Let •iôNõ¡*�÷ ‰ ö , and let

Ï

3ˆ5 satisfy(2.6). Supposethat ‘ is a
piecewise-constantwaveletwith onevanishingmoment.Then

¤

–

�

—`˜šÉ2›

B9¤Pü

�

ý

þ�ÿ

…¾¤�B9¤cü

Ú
ý

þ�ÿ

˜

O�Q

›

,
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Remark. Following thediscussionin [3] and[4], theexpression

j

B[*.‘ck , for B²3Åø £

Ø

ù�ú anda
piecewise-constant‘ , is de�ned by

j

B[*�‘Lkc8	$Œ§

'Jt 1

j

ð�'Jt 1’*.‘Lk

j

B[*�ðf'St 1•k¶,

The de�nition makessense,sincethe sumin the right-handsideconvergesabsolutely, by
virtueof (2.12) of Corollary2.11(for !’8	$µ‘ and "Š8	$vð ) andProposition2.1.

Proofof Theorem2.12. By thepreviousremark,theexpression

j

B[*�‘ s�t u k is well de�ned.
Thatmeansthe(suggestive) identity

–

�

—`˜šÉ2›

B�$¼&
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—p˜ŸÉ2›

–
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1

–

�

—`˜��
›

B

is valid for every B¯3 ø£

Ø

ù-ú

, Since
–��

—`˜šÉ2›

–

—`˜��
› is boundedon ø†

Ø

ù�ú (by (2.5), for !N8	$ ‘

and "Õ8	$àð ) and
–��

—`˜��
› is a bijection from ø£

Ø

ù�ú to ø

†

Ø

ù-ú by Proposition2.1, we concludethat
–��

—p˜ŸÉ2›

8oø £

Ø

ù-ú

r

ø
†

Ø

ù-ú is bounded:
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�
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,

We now stateandprovethefull-�edged characterization:
THEOREM 2.13. Let •¾ô õ¡*�÷¥‰ ö , and let

Ï

3Þ5 satisfy (2.11). Supposethat
&

Ž

&©••1@*

Ž

&d•`ÛF1.1 is a bi-framelet,and both
Ž

&©••1 and
Ž

&©•�ÛV1 are PCFs. Thenfor every
BC3

ø
£

Ø

ù�ú , wehave
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É
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—`˜šÉ2›

B9¤
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þ�ÿ
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Proof. It wasalreadyprovedin Theorem2.12thattheexpression

j

B[*.‘
s�t u

k is well-de�ned
for every ‘ 3¥• , z63q}”*

y

3q}

/ , and that ¤

–��

—`˜šÉ2›

B9¤Pü
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ý

þ�ÿ

… ¤�B9¤cü
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ô ö , for every
‘63o• .

For theotherdirection,weprovethat,for every B�3 ø£

Ø

ù�ú ,
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É
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™

§

'Jt 1

j

B[*.‘Œ'Jt 1”k±‘

Û

'Jt 1

$NB[*(2.14)

in thesenseof _Lb

e�f . To this end,let _
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needto show that
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,

By (2.13) of Corollary2.11(for !48l$v‘KÛ ),
–��

—`˜šÉ2›

B 3
ø

†

Ø

ù-ú , andthede�nition of

j

B[*�‘U'Jt 1”k , we
get
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Next, wenotethat

§

É

ž

™

§

'St 1

ÆÈ

§

s�t u

7

j

B[*�ð s�t u k-7š7

j

ð s�t u *.‘ 'Jt 1 k�7

ÌÍ

7
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which follows from the factsthat &�7
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*)( 3ˆ}
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1 is boundedon ø
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by (2.5) (for !²8	$;‘ , "N8l$;ð ) and that &�7

j
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ù-ú , andby Corollary 2.11 (for
!»8l$µ‘>Û ). Thuswehave
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For thesecondequality, weusedthat ]

É
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—`˜šÉ
á
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—`˜šÉ2›

ð¡s�t u”$vð¡s�t u in thesenseof D
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thusin thesenseof _Lb . Finally, thelastequalityis dueto thefactthat
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s�t u

$µB

in thesenseof _
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e�f (cf. Proposition2.1).
Now that(2.14) is veri�ed, weuseit to concludethat,for every Bo3 ø£
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Thatis,
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InvokingProposition2.1, weobtainthestatedresult.
The rangeof parameters&	õÝ*

Ï

1 for which Theorem2.12andTheorem2.13hold is de-
pictedin Fig. 2.1.

3. Extr emelylocal PCFs. TheclassicalHaarwaveletsystemis commonlyconsidered
to bevery local in space.In this section,we constructtwo PCFsthat, in high spatialdimen-
sions,areeitherfarmorelocal thanHaar(the�rst construction)or areaslocal asHaarwhile
deliveringbetterperformance(thesecondconstruction).Both representationsarecomputed
andinvertedvery fast,aswe now explain.

3.1. Extr emely local PCFs: the algorithms. Let Ž 8l$ •�•­*�‚

•

/ . We begin with a se-
quence•

¬

8ß}

/4r

ã , which is consideredto be“the dataat full resolution”. We derive the
MRA representationof thedataiteratively:

•
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y
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ž
‘

•
s
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y”=“’

1¶*{z’$v•2*
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y
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/

,
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FIG. 2.1. For � ™�šd��� insidethepolygonwith thick boundary, wehavetheJackson-typeperformanceof Theorem
2.12. For � ™�šd��� in smallerlined region,wehavetheBernstein-typeperformanceof Theorem2.13.

This resultedMRA &E•
s

1
s

�

¬

is theMRA associatedwith • , i.e.,assuming•

¬

&

y

1K$

j

B[*.•

¬

t u
k ,

y

3~}

/ , for somefunction B , it follows that

•
s

&

y

1K$µ"

s

Q w

j

B[*.•
s�t u

k¶*{z“ôˆ•2*

y

3o}

/

,

(I) Bi-orthogonal construction.
Each •+s is associatedwith a sequence]Vs%8
}

/”r

ã of detailcoef�cients, thatarede�ned as
follows:

Bi-orthogonalconstruction,decomposition:

]
s

&a"

y”=“’

1L8	$[•
s

&a"

y•=“’

1

x

•
s

&d"

y

1¶*

y

3~}

/

*

’

3PŽ ,

The inversion(reconstruction)is iterative. At eachiteration, it accepts•
s

U

) and ]
s as its

inputandrecovers •+s :

Bi-orthogonalconstruction,reconstruction:First,we compute•PsP&a"

y

1 ,
y

3o}

/ by:

•
s

&a"

y

1ä$9•
s

U

)V&

y

1

x

"
U

/

§

•

ž
‘2›

¬

]
s

&a"

y”=œ’

1@,

It is easyto seethatthis recoverscorrectly •
s at theevenintegers.Therestis trivial, since

•
s

&a"

y”=œ’

1>$6]
s

&a"

y�=œ’

1

=

•
s

&a"

y

1@*

y

3�}

/

*

’

3pŽ

í

•2,

Complexity. We measurecomplexity by countingthenumberof “operations”neededin
orderto fully derive •

U

) and ]

¬

from •

¬

, andaddthe numberof operationsneededfor the
inversion. Here,we de�ne “an operation”as the needto fetch an entry from someof our
arrays/vectors.Thus,for example,computingoneentry in •

U

) requires"

/ operations.Note
that ]

s vanisheson "F}

/ , hencethatthosecoef�cients canbeignored.
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With that de�nition in mind, it is quite trivial to observe that the numberof operation
requiredto processtheportionof •

¬

thatlies in acubeof lengthsizeo is about•ž6„o

/ . This
meansthat the costof performingonecompletecycle of decomposition/inversionis about

• operationsper onedetail coef�cient; in particular, this cost is independentof the spatial
dimension

?

.

(II) Frame construction.
With ŸŠ8l$¾&0‚

?�?-?

‚�1L3PŽ , thedetailcoef�cients ]Vs arede�ned asfollows:

Frameconstruction,decomposition:
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y
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•2,

The inversion(reconstruction)is iterative. At eachiteration, it accepts• s

U

) and ] s as its
inputandrecovers •

s :

Frameconstruction,reconstruction:First,we recover •
s

&d"

y’x

Ÿ±1 ,
y

3�}

/ by

•
s

&a"

y’x
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s
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y

1

=

"±U

/

§

•

ž
‘

•
s

U

)V&

y”=“’Šx

Ÿ±1¶,

Therestis trivial, since

•+sF&d"
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Ÿ±1ä$µ]+s
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1

=

•gsP&a"

y’x
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y
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/

*

’

3PŽ

í

•2,

Complexity. With complexity de�ned asbefore,theonly differencehereis theneedto
compute]Fs at the even integers. This addsaboutoneoperationper eachdetail coef�cient.
Switchingbetweenthetwo reconstructionalgorithmsdoesnotaffectcomplexity. Altogether,
thecosthereis about   operationsperonedetailcoef�cient.

3.2. Extr emely local bi-orthogonal systems. We now provide the detailsof the bi-
orthogonalwaveletsystemthatunderliesthe�rst algorithmfrom theprevioussubsection.

We notethat
G

•K&d"

?

1>$ˆå

G

• with
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•
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Let ½°/~8l$v"

U

/K¢
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’
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/
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Thatis,
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Let
Ž

&d••1 and
Ž

&d•�ÛV1 bethewaveletsystemswith motherwavelets •¨8	$ •�‘

•

8

’

3œŽ

í

•

•

anddual motherwavelets •�Û�8	$ •�‘>Û

•

8

’

3\Ž

í

•

• . We notethat each‘

• is supportedon
two cubeseachof volume "

U

/ . Consideringthefactthateachof themotherwaveletsin the
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?

-dimensional(andreasonablylocal) Haarwavelet systemhastheunit cubeasits support,
our • is extremelylocal in high dimensions.In fact,eventheconvex hull of thesupportof

‘

• is small: thesumof thevolumesof theconvex hullsof thesupportsof • doesnotexceed
/

�

<

<

.
Next, weshow thatthetwo PCFsystems

Ž

&d••1 and
Ž

&d••ÛV1 arein factbi-orthogonal.
THEOREM 3.1. Supposethat
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Proof. Note that, for
Ž
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/ , hencewe seethat
Ž
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Similarly, since
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thevalue ¤
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—`˜š™
á

›

–

—`˜š™
á

›
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<

is thespectralradiusof thematrix
¦

x
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*

which is ‚ . Thus
Ž

&d•�ÛV1 is Bessel.
To verify that
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weobtainthebi-orthogonality.
Note that we computedin the proof the exact frameboundsfor eachsystem,viz., for

every Bo3oD
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The conditionnumberof thebasis
Ž

&d••1 is thus "

Q

w

. The dual basis,obviously, musthave
thesameconditionnumber.

Finally, the performanceof the above bi-orthogonalsystemis accordingto Theorems
2.12and2.13.
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3.3. Extr emely local PCF : bi-frames. The bi-orthogonalpiecewise-constantsystem
that wasconstructedin the previous subsectionperformsasevery systemwith piecewise-
constantdecompositionand reconstructionmotherwavelets. We will now show that, by
addingoneadditionalmotherwavelet to theconstruction,we canimprove substantiallythe
Bernstein-typeperformance(Theorem2.13). Thenew systemis no morebi-orthogonal,but
a frame.Thealgorithmsassociatedwith this framerepresentationweredetailedin î 3.1.Here
arethesystemdetails.

Let ½°/~8l$v"
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< and Ÿ“8	$¥&.‚
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•

•

•

ž
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G
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•
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/
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x
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Notethat
Ž

&d•

¬

1 is Bessel.Sinceeach‘

•

3Õ•

¬

is a piecewise-constantwith onevanishing
moment,thefactthat

Ž

&(‘

•

1 is Besselfollows from Theorem2.12with

Ï

8	$Œ•2*aõ�8	$Œ÷48l$q"

(notingthat ø£

¬

<�<
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, and ø
†

¬
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<
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1 ).
We show next that theBernstein-typeinequality ¤-B9¤ ü

Ú
ý

þ�ÿ

…¯¤
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is valid for a
broaderrangeof spaces.Theimprovementis particularlynotablefor largevaluesof õ (e.g.,

õ�$vö ).
THEOREM 3.2. Let •“ô�õÝ*�÷»‰Nö , andlet

Ï

3C5 satisfy(2.6). Thenfor every B 3 ø£
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wehave
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Thus,remarkably, the Bernstein-typeperformanceof the system
Ž

&d•

¬

1 is identicalto
its Jackson-typeperformance!The &	õÝ*

Ï

1 -region for which Theorem3.2 holdsis depictedin
Fig. 3.1.

Discussion.Theadditionof themotherwavelet ‘

¬

is notonly enhancingtheperformanceof
therepresentation,but alsodegradesits extremelocality: whereasthesumof thevolumesof
thesupportsof "

/

x

‚ motherwavelets •�‘

•

•

•

ž
‘2›

¬

never exceeds" , ‘

¬

aloneis supported
in a cubeof volume "

/ . Thatsaid,theaveragevolumeof thesupportsof thewaveletsin the
currentPCFis
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/

=

"V1

e

"

/

‹¼‚P*

which is onparwith thetensorHaarsystem.However, thetensorHaarsystemperformsonly
accordingto Theorem2.13, henceis laggingin performancebehindour currentsystem.

To proveTheorem3.2, we �rst �nd adualframe
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1 .
LEMMA 3.3. Let ! beanytrigonometricpolynomialthat satis�es !2&(•
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FIG. 3.1. By Theorem3.2, theBernstein-typeperformanceis nowvalid for thesamerange of parameters as
theJackson-typeperformance. Compare this graphwith Fig. 2.1.
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where,for thesecondto lastequality, we used(3.1) andtheidentity T

U

© åŠ$6å .
Now we show thatthepair &

Ž

&©•

¬

1¶*

Ž

&©•`Û

¬

1.1 is a bi-framelet.
LEMMA 3.4. Let •oô¯�µô ‚ . Let •-å

•

•

•

ž
‘ beasin (3.2). Thenthere existsa framelet
system

Ž

&©•`Û

¬

1 associatedwith a re�nable function ª[ÛC3°� � andcorrespondingå2Û so that
thepair &

Ž

&©•

¬

1@*
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&d•`Û

¬

1.1 is a bi-framelet.
To provetheabove lemma,we �rst recalla resultfrom [4]. In fact,we statea simpli�ed

versionof it.
PROPOSITION 3.5. Supposethat M is some�xed trigonometricpolynomialwhich hasa

zero of order " at theorigin. Let ±ª besomere�nable functionwith a re�nementmask
±

å that
satis�es ±ªÖ3œ��À for some•�ô¥½Œô¨‚ . Then,for every 8�‡à• , there existsa trigonometric
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.
We alsoneedthefollowing (againsimpli�ed) resultfrom [7] :
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Proofof Lemma3.4. Firstwenotethatthere�nablefunction ±ª whosemaskis T

U

©
å�&a"

?

10å ,
with å beingasin (3.1), is acontinuouspiecewise-linearfunction,hencesatis�es ±ªC3���À for
any •Côq½Nô ‚ . For any given •oô³�µô ‚ , we choose½ so that �µô¼½vô ‚ . Thenwe use
Proposition3.5 to concludethat thereexists ! which givesthere�nable function ªRÛ 3°�

�
.

Herewe usedthefactthat M48l$¥‚

x

7 å�&d"
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< haszeroof order " at theorigin.

Now wearguethatthedualwaveletsystem
Ž

&d•
Û

¬

1 determinedby theabove ! is Bessel.
For that, it suf�ces to show that
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Proof of Theorem3.2. For any �x ed
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Thusby Proposition2.4 (for �³8	$78
µ ), we obtain(2.8) with 8

<

therereplacedby 8Gµ%‡µ• , for
any

Ï

ô¥‚ . Therestof theproof is identicalto theproof of Theorem2.13. Thereforewe get
theimprovedBernsteinresultwith

Ï

satisfying(2.6) insteadof

Ï

satisfying(2.11).
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