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NEW CONSTRUCTIONS OF PIECEWISE-CONSTANT WAVELETS

YOUNGMI HUR AND AMOS RON

Dedicatedto Ed Saf onthe occasiorof his 60th birthday

Abstract. TheclassicaHaarwaveletsystenof is commonlyconsideredo beverylocalin spaceWe
introduceandstudyin this paperpiecavise-constanframelets(PCF)thatincludethe Haarsystemasa specialcase.
We shaw thatary bi-frameletpair consistingof PCFsprovidesthe sameBesw spacecharacterizationasthe Haar

system.In particular it hasJadkson-typgperformance andBernstein-typg@erformance . Wethen
constructtwo PCF systemghatareeither in high spatialdimensionsfar morelocal thanHaar or areaslocal as
Haarwhile delivering betterperformance: . Both representationarecomputedandinvertedby fast
algorithms.

Keywords. frames frameletswavelets,Haarwavelets,piecavise-constantvavelets,PCF, Besw spacesUni-
tary ExtensionPrinciple
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1. Intr oduction.

1.1. Local waveletrepresentation. In arecentpaper[4], we developa novel method-
ology for wavelet constructiongunderthe acrorym CAMP) that yields very local wavelet
systemdn arbitrarily high spatialdimensions.The mostlocal constructionof [4] is based
on piecavise-linearbox splines.In orderto develop “the mostlocal possibleconstruction”,
we emplgy in this papera piecavise-constansetup. Sincethe general‘performanceanal-
ysis” of [4] doesnot cover piecavise-constantsye precedethe actualconstructionwith a
generaklnalysisof redundanpiecavise-constamivaveletrepresentationdVe thenintroduce
andanalysetwo typesof local piecavise-constantvavelet systems.The high-passlters in
bothconstructionaremostly -tap (in thedecompositionaswell asin theinversion),hence
aretheshortespossible.Oneof the systemss exact,i.e., bi-orthogonalandthe otheroneis
slightly redundanti.e., a bi-frame.

1.2. Notations. For , we let . Theinner
productof two vectors  in is denotedb . We usethe following normalizationof
the Fouriertransform(for, e.g., ):

We denoteby the Schwartz spaceof testfunctions,andby its dual,the space
of tempereddistributions. Given a function spacewhoseelementsarede ned on , we

sometimesomit the domain in our notation. Also, we denoteby the spaceof

equivalenceclasse®f (temperedyistributionsmodulopolynomials.For ary , we

de ne
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For ary and , we de ne ~ with the usualextensionspy meansof
duality, to the varioussubspacesf
Given , we denote

Also, we usethenotation for the characteristidunction of the unit cube
Throughouthepaper standdor agenericconstanthatmaychangewith everyoccur

rence.We usethe notation to meanthatthereis a constant suchthat We
usethenotation to denotetwo quantitiesthatsatisfy , for somepositive
constants.The speci ¢ dependencef the constants on the problems parameterss

explainedin thetext, wheneer suchanexplanationis required.

1.3. The performance of piecewise-constanframelets. Let bea nite subsetof
. Thewaveletsystengeneratedby the motherwavelets is thefamily

Theanalysisoperator is de ned as

the entriesof arethe waveletcoefcients of  (with respecto the system ).

The system is a frameif the analysisoperatoris boundedabove and below, viz., if
thereexist two positive constants suchthat

(1.2) for all

The sharpestonstants and arecalledthe framebounds is a Besselsystemif
is boundedj.e., theright-handsideof (1.1) is valid.
We are interestedin wavelet framesthat are derived from a multiresolutionanalysis
(MRA) ([6],[8],[1]). Onebeginswith the selectionof a function . With in
hand,onede nes

to be the closedlinear spanof the shiftsof , i.e., s the smallestclosedsubspacef
thatcontains . Then,with  the operatorof dyadic

dilation:

onesets

Theprimaryconditionof the MRA setupis thatthe sequencés nested:

Whenever this conditionholds,onerefersto  asare nable function In addition,onere-
quiresthatthe union is densein . However, if is compactlysupportedand
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, the densityconditionalwaysholds. The simplestexampleof are nable function
is thesupportfunction of theunit cube:

DEFINITION 1.1. Let bethe MRA associatedvith . A waveletsystem is
said to be piecewise-constantf . If, in addition, the system is a frame we
refertoit, aswell asto ead of its elementsasa piecewise-constanframelet (PCF).
TheclassicaHaar(orthonormal)waveletis clearlya specialcaseof a PCE

Next, we illustratethe way the “performance’of a waveletframe maybegraded,
andusethe -setupto this end. For , let be the usualSoboler space.We
wouldlike rst thewaveletsystem to beaframeandto satisfy
(1.2)

Here,
Thesupremum

satis es(1.2) for thegiven

is oneway to quantifythe “performance-gradetf aframe . Sincetheinequality(1.2)
is the counterparbf the Jackson-typénequalitiesin ApproximationTheory we referto the
abore  astheJackson-typegerformanceof . It is known thatthe essentiatondition

needgo satisfyfor having “performance-grade” is thateach has vanishing
moments

neartheorigin

Anotherway to measurehe performanceof is to insistthat, in additionto (1.2), the
inverseinequalityholdsaswell:

(1.3)
For aframe , we denote
satis es(1.2) and(1.3) for thegiven

The inequality (1.3) is the counterparbf the Bernstein-typanequalitiesin Approximation
Theory andthereforewe referto theabore  asthe Bernstein-typ@erformanceof
Obviously, , andusuallystrict inequalityholds. Thevalueof  is not connected
directly to ary easy-to-checkropertyof the system . As amatterof fact,the valueof
is relatedto the smoothnessf thedual frame , whichwe now introduce.
First,onede nesamap , andextendsit naturallyto (i.e.,
). Assumethat with is alsoa frame. The
frame is thensaidto bedualto if onehastheperfectreconstructiorproperty:
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Here, is thesynthesioperator:

Thus,onestrivesto build waveletframesthathave a highnumberof vanishingmoments,
andcanbeassociate@vith smoothdualframes.This bringsusto thequestiornof how wavelet
systemsare constructed. The most generalrecipein this regardis known asthe Oblique
ExtensionPrinciple(OER [1]). However, in this paperwe will needits specialandsimpler
casethe Unitary ExtensionPrinciple (UEP).Both leadto the simultaneougonstructiorof a
frameandits dualframe.We describenow the UER.

There nability assumptioronthefunction is equivalentto the conditionthat

forsome -periodicfunction , calledthere nementmask Let usassumédor simplicity that

is atrigonometricpolynomial. The assumptiorthat amounts
totheexistenceof -periodicfunctions(=:waveletmask$ suchthat
Again, we assuméor simplicity that are trigonometricpolynomials. Next, let us
assumehatthe dualre nable function  hasatrigonometricpolynomialre nementmask
. Theassumptiorthat amountsto the existenceof -
periodicfunctions suchthat

Again,we assumehatthe masks aretrigonometricpolynomials.
Supposenow thatthe two systems and areknown to be, each,a Bessel
systemandthey satisfythe Mix ed Unitary ExtensionPrinciple(MUEP) :

(1.4) - -
and . Then and form a pair of a waveletframeanda dual
waveletframe[9]. We referthento the pair asa (UEP)bi-framelet.

In 2, we explorethefunctionspacecharacterizationthatareprovidedby PCFs.As an
illustration,welist hereourresultfor the specialcaseof the Soboles spaces ,
The resultfollows from Theorems2.12and2.13 andis essentiallyknown, at leastfor the
caseof whenthe framesin the bi-frameletpair are Rieszbasesandnot only frames(in this
casethepairis morecustomarilyreferredto asa bi-orthogonalpair.)

THEOREM 1.2. Supposehat is a bi-framelet,and both and

are PCFs.Then and

In 3, we describetwo PCF construc'uonsthat arevalid in all spatialdimensionsand
are,both, extremelylocal: Perhapsslocal asany wavelet constructioncanbe. Oneof the
constructionss of a bi-orthogonakystem(henceuses motherwavelets),while
the other, closelyrelated,oneis anhonestPCF(andemploys motherwavelets).We
usethentheresultsof 2 to identify the performancef thetwo systemsTheir Jackson-type
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performancds provedto be same,while the redundantsystemis provedto yield a higher
Bernstein-performanagrade:its  equals , too.

It maybeworth notingthatour performanceriteriaarebasednisotropic Besos spaces.
Thissetupis particularlysuitablefor analysingunctionswith isolatedsingularities As arule,
waveletrepresentationthat arebasedon isotropicdilationsmay fail to be optimally sparse
for functionswith othertypesof singularities.This dravbackof thewaveletrepresentatiois
well-known, andis only very partially offsetby a goodselectionof the motherwavelets.All
thatsaid,onemustalsokeepin mindthat,in mary instancesthe singlemostimportantprop-
erty of arepresentatiorespeciallywhendealingwith highdimensionablata,is its feasibility,
whichis primarily determinedy the compleity of thetransformandits inverse.Thelinear
compleity of our representatiorandthe associated@ery smallconstantsn thelinearbound
may proveto bevery valuableto this end.

2. Characterization of Besos spaceausing PCFs.

2.1. Besw spaces.Werecall rst (oneof) the(equivalent)de nition(s) of Besw spaces
[10]. Let be suchthat

(2.1) - -
Let , for .

For . , , the (homogeneousBesw space
is de ned to bethesetof all suchthat

with the usualmodi cation for
In [2], M. Frazierand B. Javerth shaved that the corvolution operatorin the above
de nition of canbediscretizedln orderto presentheir result,we will needthediscrete

analog, , oftheBeso spacewhichis de ned asthe spaceof all sequences
thatsatisfy

PROPOSITION 2.1. Let beasin (2.1). If ,then

in the senseof . Moreover,
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For , and , we de ne the inhomogeneouBeswy
space to bethe setof all suchthat

We note that mary of the traditional smoothnesspacescan be capturedby choosing

suitablythe parametersn a Besw space. The -spaceis . The Soboles space

,is . Also, is the Zygmundspacewhile, moregenerallyfor , is
theHolderspace.

2.2. Auxiliary results. We develop in this subsectiorthe technicalbackbonefor the
PCFfunctionspacecharacterizationsThe mainresultson this subjectareprovedin the next
subsectionWe startwith the de nition of aregularity class:

DEFINITION 2.2. Let . Wede ne to bethesetof all functions
sud that

For ,wede ne to bethesetof all functions sud that

The setof all the compactlysupportedfunctionsin is denotedby (andis trivially
independendf ).

Throughoutthe entire subsectionwe assumehat is a piecavise-constant
motherwavelet(morepreciselya nite linearcombinatiorof integertranslatesf ) with
one (or more) vanishingmoment(s),andthat is a functionwith one (or more)vanishing
moment(s)satisfying for all andfor all . Welet

with . Our objectwve hereis to prove

that , aswell asits adjointoperator , arewell-de ned boundedendomorphismsef

for suitablechoicesof , ,and . To thisend,we recalltwo pertinentresultsfrom [4]:
PROPOSITION 2.3. Let and . Let bea comple-valuedmatrix

whoserowsand columnsare indexedby

Suppos¢hatthere existsa constant sudthat,forall

Then isaboundedendomorphisnef  for all
PROPOSITION 2.4. Let , , and

Suppos¢ehatthere exist constants and sud thatfor all ,
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Thenwehave for all ,

We furtherneedaresultfrom [3]. We actuallylist belon a specialandsimpli ed version
of thatresultwhich sufces for our purposes.
PROPOSITION 2.5. Let and . Suppos¢hat . Then

2.2) -

If, in addition, hasonevanishingmomentand for some ,then

Finally, we needthe following simpleresult(seee.g.[9]) :
PROPOSITION 2.6. Let f and , then

In therestof this subsectiontheletter is usedfor a suitablylargeinteger. More precisely
given , onecanchoose to beary integer

Our immediateobjective is to provide estimateson the -norm of the operator
To this end,we obsenre thatwhen , the magnitudeof is
governedby the vanishingmomentof andthe smoothnes®f . Since is (minimally)
smooth the singlevanishingmomentof deliversto ustheboundwe need:

LEMMA 2.7. Let and . Thenwe have with , for all
(2.3) -

Proof. Forary x ed , wechoose sothat . FromProposition
2.5(for , and ), we get,with ,
Thusby Proposition2.4 (for ), we obtain(2.3). d

In the oppositecase when , the sizeof is governed

by the momentconditionof andthe smoothnessf . Since is notsosmooth,we need
to be a bit more carefulin arguingthis case. We use,to this end,the factthat is alinear
combinationof a nite numberof translateof , andthat decaysapidly andhasone
vanishingmoment.
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LEMMA 2.8. Let . Then
for and -

Theefore, by interpolation,wegetfor

Proof. We rst notethatby (2.2) of Proposition2.5 (for and )

where

Thusby Proposition2.4 (for and ), we obtain,for all

In particular we have

- for and -
Notethatthis estimationis goodenoughfor , , but not for . To
improvethe estimationof , We compute directly. Withoutloss,we can
replace by . Thatis, we estimate . In fact,for lateruse welook
atthemoregenerakexpression
We rst notethat,with ,
Thereforewith , we have

Now, with beingtheboundaryof ,wedene | , asfollows:

Then,we have
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Now we claim thatif , then

When theestimationis trivial from thefactthat -normof is nite, sowe assume
that f isoutside , thenfor every , ,

thuswe get

If is inside , we rst recall that , thusby the sameargumentas

above,we getwith ,

Since , we obtain,with ,
providedthat — . Thereforewe get
(2.4) - -
Usingthis estimatefor , we obtainthe desiredboundfor
d
Fromtheaborelemma,we getthatfor , and , thereexists
suchthat
- - - If ’
for

This bound,whencombinedwith Proposition2.3and(2.3), leadsto thefollowing boundon

(2.5) is aboundedendomorphisnof  for and satisfying

(2.6)
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Our next objective is to establishcomplementarypoundson the operator . We start
with thecase

LEMMA 2.9. Let , ,and
Supposehat and . Thenwe have with , for all ,

Proof. Forary x ed , wechoose sothat . FromProposition
2.5(for , and ), we get,with ,
Thusby Proposition2.4 (for ), we obtainthe statedresult. 0

Fromtheabore lemma,we getthatfor , and , thereexists
suchthat

- - if
2.7 f . '

2.7) or i
We needalsoto estimate when . Usinga similar agumentto the oneusedin
Lemmaz2.8, we obtainthefollowing result:

LEMMA 2.10. For wehave

- for -

Theefore, by interpolation,wegetfor

Proof. By (2.2) of Proposition2.5 (for and ), we have
Thusby Proposition2.4 (for and ), we obtain,for all ,
Note that this time we needto improve the estimationof , , hot of

. By (2.4) (with ), we get
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d

Thus, by the above lemma, we get that for , , , and with
(2.8) -

By combining(2.7) and(2.8), andby applyingProposition2.3, we getthe following:

(2.9 is boundedendomorphisnon  for and satisfying

(2.10)

We now recall(2.5), which, togethemwith (2.9), yields:

and areboundedendomorphismen  for and satisfying

(2.11)

We alsoneedthefollowing relatedcorollary:

COROLLARY 2.11. Let L f satis es(2.6), thenfor every
(2.12)
Also, if satis es(2.10), thenfor every ,
(2.13)

Proof. We notethat the sequence compriseshe -row of
thematrix . Since(2.5 givesthe boundednessf , the number mustbe
nite for every . However, for the choice , we have that

, hencg(2.12) is true.
Similarly, (2.13 is obtainedby inspecting  insteadof , andusing(2.9) insteadof

(5. O

2.3. Characterizations of Beso spacesusing PCFs. In this subsectionwe obtain
Besw spacecharacterizationgn termsof the wavelet coefcients of a piecavise-constant
systemby usingtheresultsobtainedn the previoussubsectionThroughoutthis subsection,

we let be afunctionsatisfyingthe conditionsin (2.1). We derive the characterization
in two steps.The rst stepinvolvesa Jackson-typiequality:
THEOREM 2.12. Let , andlet satisfy(2.6). Supposdhat isa

piecavise-constamvaveletwith onevanishingmomentThen
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Remark. Following the discussionin [3] and[4], the expression , for anda
piecavise-constant , is de ned by

The de nition makessense sincethe sumin the right-handside convergesabsolutely by
virtue of (2.12 of Corollary2.11 (for and ) andProposition2.1.

Proof of Theoem?2.12 By thepreviousremark,the expression is well de ned.
Thatmeanghe (suggestie) identity

is valid for every Since is boundedon (by (2.9, for
and ) and is a bijectionfrom to by Proposition2.1, we concludethat
is bounded

We now stateandprove thefull- edged characterization:
THEOREM 2.13. Let , and let satisfy(2.11). Supposehat
is a bi-framelet,and both and are PCFs. Thenfor every
, wehave

Proof. It wasalreadyprovedin Theoren?.12thattheexpression iswell-de ned
for every , , andthat , for every

For the otherdirection,we prove that,for every ,

(2.14)

in the senseof . To thisend,let . We
needto shawv that

By (2.13 of Corollary2.11(for ), , andthede nition of , we

get
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Next, we notethat

which follows from the factsthat is boundedon
by (2.5 (for , ) andthat , and by Corollary 2.11 (for
). Thuswe have

For thesecondequality we usedthat inthesensef ,and
thusin thesenseof . Finally, thelastequalityis dueto thefactthat
in the senseof (cf. Proposition2.1).

Now that(2.14) is veri ed, we useit to concludethat,for every ,

Thatis,

Since,for each is bounded by (2.9 (for and ), we
obtain

Invoking Proposition2.1, we obtainthe statedresult. d

The rangeof parameters for which Theorem2.12 and Theorem2.13 hold is de-
pictedin Fig. 2.1

3. Extremelylocal PCFs. TheclassicaHaarwaveletsystemis commonlyconsidered
to beverylocal in space In this section,we constructtwo PCFsthat,in high spatialdimen-
sions,areeitherfarmorelocal thanHaar(the rst constructionpr areaslocal asHaarwhile
deliveringbetterperformancethe secondconstruction).Both representationare computed
andinvertedveryfast,aswe now explain.

3.1. Extremelylocal PCFs: the algorithms. Let . We bggin with a se-
guence , which s consideredo be “the dataat full resolution”. We derive the
MRA representationf the dataiteratively:
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1
I I
I I
I I
I I
I I
I I
I I
1 _ _
-1
FiG.2.1. For insidethe polygonwith thick boundarywehavethe Jadkson-typgerformanceof Theoem
2.12 For in smallerlined region, we havethe Bernstein-typ@erformanceof Theoem?2.13
This resultedVIRA is theMRA associateavith , i.e.,assuming ,

, for somefunction , it follows that

(I) Bi-orthogonal construction.
Each is associateavith asequence of detail coefcients, thatarede ned as
follows:

Bi-orthogonalconstructiondecomposition:

The inversion(reconstruction)s iteratve. At eachiteration,it accepts and asits
inputandrecovers

Bi-orthogonalconstructionyeconstructionFirst, we compute , by:

It is easyto seethatthisrecoverscorrectly  attheevenintegers.Therestis trivial, since

Compleity. We measureompleity by countingthe numberof “operations’neededn
orderto fully derive and from , andaddthe numberof operationseededor the
inversion. Here, we de ne “an operation”asthe needto fetch an entry from someof our
arrays/ectors.Thus,for example,computingoneentryin requires operationsNote
that vanisheon , hencethatthosecoefcients canbeignored.
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With thatde nition in mind, it is quite trivial to obsene that the numberof operation
requiredto procesgheportionof  thatliesin acubeof lengthsize is about . This
meansthat the costof performingone completecycle of decomposition/imersionis about

operationsper one detail coefcient; in particular this costis independentf the spatial
dimension .

(I) Frame construction.
With , thedetailcoefcients arede ned asfollows:

Frameconstructiondecomposition:

The inversion(reconstruction)s iterative. At eachiteration,it accepts and asits
inputandrecovers
Frameconstructionreconstructionirst, we recover , by

Therestis trivial, since

Compleity. With compleity de ned asbefore,the only differencehereis the needto
compute atthe evenintegers. This addsaboutone operationper eachdetail coefcient.
Switchingbetweerthetwo reconstructioralgorithmsdoesnot affect complexity. Altogether
thecosthereis about operationgperonedetailcoefcient.

3.2. Extremely local bi-orthogonal systems. We now provide the details of the bi-
orthogonalwaveletsystemhatunderlieghe rst algorithmfrom the previoussubsection.
We notethat with

(3.1)

Let . Foreach ,wedene and as

and

Thatis,

Let and be the wavelet systemsawith motherwavelets

anddual motherwavelets . We notethateach is supportedon

two cubeseachof volume . Consideringhefactthateachof the motherwaveletsin the
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-dimensionalandreasonablyocal) Haarwavelet systemhasthe unit cubeasits support,
our is extremelylocalin high dimensions.In fact, eventhe convex hull of the supportof
is small: the sumof the volumesof the corvex hulls of thesupportsof  doesnotexceed

Next, we shav thatthetwo PCFsystems and arein factbi-orthogonal.
THEOREM 3.1. Supposéehat and arede nedasabove Then and
are Bessebystemsand
Proof. Notethat, for or , ,
thenormof asanendomorphisnof . Thus,to seethat is aBessebystem,
we estimate . It is easyto seethat is block-diagonalwith each
block being , for . Sincedirectcomputatiorgives

we needto nd thespectrumof the matrix

where istheidentity matrix of size and istherow vector of length
Thuswe get , hencewe seethat is Bessel.
Similarly, since

thevalue is thespectraradiusof the matrix
whichis . Thus is Bessel.

To verify that , we usethefactthat is block-
diagonaltoo, with eachblock being , . Sincedirectcomputatiorgives

we obtainthebi-orthogonality d
Note that we computedin the proof the exact frame boundsfor eachsystem,viz., for
every ,

The conditionnumberof the basis isthus ~. Thedualbasis,obviously, musthave
the sameconditionnumber

Finally, the performanceof the above bi-orthogonalsystemis accordingto Theorems
2.12and2.13
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3.3. Extremelylocal PCF : bi-frames. The bi-orthogonalpiecevise-constansystem
that was constructedn the previous subsectiorperformsas every systemwith piecavise-
constantdecompositionand reconstructiormotherwavelets. We will now shaov that, by
addingone additionalmotherwaveletto the constructionwe canimprove substantiallythe
Bernstein-typgerformancéTheorem2.13. The new systemis no morebi-orthogonal pbut
aframe.Thealgorithmsassociatedvith thisframerepresentatioweredetailedin 3.1.Here
arethe systemdetails.

Let and . For each ,wedene as
(3.2)
andlet where Thatis,
Notethat is Bessel.Sinceeach is a piecavise-constantvith onevanishing
momentthe factthat is Besselfollows from Theorem2.12with
(notingthat ,and ).

We shawv next thatthe Bernstein-typenequality is valid for a
broaderangeof spacesTheimprovements particularlynotablefor largevaluesof (e.g.,

).

THEOREM 3.2. Let , andlet satisfy(2.6). Thenfor every ,
wehave

Thus,remarkablythe Bernstein-typgerformanceof the system is identicalto
its Jackson-typ@erformanceThe -region for which Theorem3.2 holdsis depictedin
Fig.3.1

Discussion.Theadditionof themotherwavelet  is notonly enhancinghe performancef

therepresentatiorhut alsodegradests extremelocality: whereaghe sumof the volumesof

the supportsof motherwavelets neverexceeds , aloneis supported
in acubeof volume . Thatsaid,the averagevolumeof the supportof the waveletsin the

currentPCFis

whichis on parwith thetensorHaarsystem .However, thetensorHaarsystemperformsonly
accordingto Theorem2.13 hences laggingin performancéaehindourcurrentsystem.

To prove Theorem3.2, we rst nd adualframe for
LEMMA 3.3. Let beanytrigonometricpolynomialthat satis es . Wede ne
thedualre nementmask anddualwaveletmasks by

(3.3)
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1
I I
I I
I I
I I
I I
I I
1 I
1 — -
-1

FiG. 3.1. By Theoem3.2, the Bernstein-typeerformances nowvalid for the samerange of parametes as
the Jackson-typeperformance Compae this graphwith Fig. 2.1

Thenthemasks and satisfythe MUEP condition(1.4), i.e.

Proof. For , we have
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if ,
if ,

where for thesecondo lastequality we used(3.1) andtheidentity  — . O

Now we shaw thatthe pair is a bi-framelet.

LEMMA 3.4. Let . Let beasin (3.2. Thenthere existsa framelet
system associatedvith a re nable function andcorresponding sothat
the pair is a bi-framelet.

To provetheabove lemma,we rst recallaresultfrom [4]. In fact,we statea simpli ed
versionof it.

ProPOSITION 3.5. Supposéhat is somexed trigonometricpolynomialwhich hasa
zeo of order attheorigin. Let besomere nable functionwith a re nementmask that
satis es for some . Then,for every , there existsa trigonometric
polynomial sud that , andsud thatthere nable function with mask
belongsto

We alsoneedthefollowing (againsimpli ed) resultfrom [7] :

PrROPOSITION 3.6. Supposdhat , for some . Thenthe system

is Besself

Proofof Lemma3.4. Firstwe notethatthere nablefunction whosemaskis  ~ ,
with  beingasin (3.1), is acontinuougieceavise-linearfunction,hencesatis es for
ary . For ary given , we choose sothat . Thenwe use
Proposition3.5 to concludethatthereexists  which givesthe re nable function
Herewe usedthefactthat haszeroof order attheorigin.

Now we arguethatthe dualwaveletsystem determinedy theabove is Bessel.
For that, it sufces to shav that is Besselfor each , which will follow once
we verify that  satis es the assumptionsieededin Proposition3.6. Sinceall the dual
masks(cf. (3.3)) are trigopnometricpolynomials, implies that . The
condition is equivalentto . This latterconditiontrivially follows from
theassumption .

By combiningthe above resultswith Lemma3.3 andthe factthat is Besselwe
seethatall therequirementsor tobeaUEPbi-frameletaresatis ed. O

Proof of Theoem3.2. For ary x ed , welet besuchthat
Thenby Lemma3.4, we canconstructadualframeletsystem in away that
For each , welet

with , where is afunctionwith one
(or more)vanishingmomentandsatisfying for ary andfor ary

Since , by Proposition2.5 (for , and ), we get, for a
suitablylarge andfor , andwith ,

Thusby Proposition2.4 (for ), we obtain(2.8) with  therereplacedy , for
ary . Therestof the proofis identicalto the proof of Theorem2.13 Thereforewe get
theimprovedBernsteirresultwith  satisfying(2.6) insteadof satisfying(2.11). O
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