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BERNSTEIN'S WEIGHTED APPROXIMA TION ON
�

STILL HAS PROBLEMS �

D.S. LUBINSKY �

Dedicatedto EdSaff on theoccasionof his60thbirthday

Abstract. Let �����	��

������� becontinuous.Bernstein's approximationproblem,posedin 1924,dealtwith
approximationby polynomialsin thenorm �����
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The qualitative form of this problemwassolved by Achieser, Mergelyan,andPollard,in the 1950's. Quantitative
formsof theproblemwereactively investigatedstartingfrom the1960's. We survey old andrecentaspectsof this
topic. Onerecent�nding is that thereareweightsfor which thepolynomialsaredense,but which do not admit a
Jackson-Favard inequality. In fact theweight �!
#"%$&�('�)�*+
-,/. "0. $ exhibits this peculiarity. Moreover, not all 132

spacesarethesamewhendegreeof approximationis considered.Wealsoposesomeopenproblems.

Keywords. weightedapproximation,polynomialapproximation,Jackson-Bernsteintheorems

AMS subject classi�cation. 41A17

1. Intr oduction. Supposewe wish to approximateby polynomialson the whole real
line, obtaininganaloguesof Weierstrass'Theorem.Thenwe have to dealwith theunbound-
ednessof polynomialsonunboundedintervals.To copewith thisdif�culty , thatdistinguished
approximatorS.N. Bernsteinmultipliedby aweight,consideringweightedpolynomialssuch
as
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where
4

is a polynomial,or moregenerally,
4I5J739LKM58739ON

Here
K

decayssuf�ciently fastat PRQ to counteractthegrowth of everypolynomial.
The most intriguing questionis what can be approximated,and in what sense. This

problemis known asBernstein's approximationproblem, after it wasposedby Bernsteinin
1924.A moreprecisestatementis asfollows: let
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We saythenthat the polynomialsaredense. The restrictionthat \

K

haslimit
X

at PRQ is
essential:if

73~%KM58739

is boundedon therealline for everynon-negative • , then
7O~�K€5-739

has
limit

X

at PRQ for every such • , andsothesameis trueof every weightedpolynomial
4gK

.
So we could not hopeto approximatein the uniform norm, any function \ for which \

K

doesnot have limit
X

at PRQ . Theversionof Bernstein's problemconsideredhereis not the
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mostgeneralform: in someversions,
K

is notassumedto becontinuous,or de�ned onall of
�

, allowing (for example),a weightde�ned ona countablesetof points.
Bernstein's approximationproblemwassolved independentlyby Achieser, Mergelyan,

andPollard,in the1950's. Their solutionsinvolve regularizationof theweight.For example
[10, p. 153]Mergelyanshowedthatthereis a positiveanswerto Bernstein'sproblemiff
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whereMergelyan'sregularizationof
K

is
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In anotherformulation,thereis a positiveanswerif f

† 58Ž�9•j
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for at leastonenon-real
Ž

(andthen
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Q for all non-real
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).
Akhiezer[10, p. 158]usedinsteadtheregularization
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Heshowedthatthepolynomialsaredenseiff
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Finally, Pollard[10, p. 164]showedthatthepolynomialsaredenseessentiallyif f
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Of course,thesearenot very transparentcriteria. When the weight is in somesense
regular, simpli�cations arepossible. If

K

is even,and
_#£

Y¥¤%K€5-¦

d

9

is even andconvex, a
simplernecessaryandsuf�cient conditionfor densityof thepolynomialsis [10, p. 170]
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In particular, for
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thepolynomialsaredenseiff ­Š®
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. As regardsnecessaryconditions,Hall showedthat
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is necessaryfor density. Whendensityfails, only a limited classof entirefunctionscanbe
approximated.A comprehensive treatmentof this topic is given in Koosis' book [10]. A
conciseelegantexpositionappearsin [9, p. 28 ff.].

In the1950'sthesearchbeganfor aquantitativeform of Bernstein'sTheorem.Bernstein
andJacksonhadprovidedquantitative formsof Weierstrass'Theorembeforethe�rst World
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War, and it is naturalto look for analoguesin the weightedsetting. Let us �rst recall the
classicalunweightedcase.JacksonandBernsteinindependentlyprovedthat
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at most ¿ . The rate is bestpossibleamongstabsolutelycontinuousfunctions \ on
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whosederivative is bounded.More generally, if \ hasa bounded• th derivative,thentherate
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. In addition,Jacksonobtainedgeneralresultsinvolving moduli of continuity: for
example,if \ is continuous,andits modulusof continuityis
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where
½

is independentof \ and ¿ .
Bernsteinalsoobtainedremarkableconversetheorems,which show thattherate(or de-

gree)of approximationis determinedby the smoothnessof \ . Theseare beststatedfor
trigonometricpolynomialapproximation:let

X¯Í
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. Bernsteinshowed that the error
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respectively denotethe integerandfrac-
tionalpartsof ­ ). Bernsteinneverresolvedtheexactsmoothnessrequiredfor a rateof decay
of ¿

ƒ

q

; thatwassolvedmuchlaterin 1945by A. Zygmund(thefatherof theChicagoschool
of harmonicanalysis,andauthorof theclassic“TrigonometricSeries”[24]). Zygmundused
a secondordermodulusof continuity.

For approximationby algebraicpolynomials,conversetheoremsaremorecomplicated,
asbetterapproximationis possibleneartheendpointsof theinterval of approximation.Only
in the 1980's were completecharacterizationsobtained,with the aid of the Ditzian-Totik
modulusof continuity[6]. An earlieralternativeapproachis thatof Brudnyi-Dzadyk-Timan
[3]. Weshalldiscussonly theDitzian-Totik approach,sincethathasbeenadoptedin weighted
polynomialapproximation.De�ne thesymmetricdifferences
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If any of theargumentsof \ liesoutsidetheintervalof approximation—
±b@RY%EDY[Z

in thissetting
— we adopttheconventionthat thedifferenceis

X

. The Ý th orderDitzian-Totik modulusof
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continuityin Þ+ß is
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multiplying the increment × . This forcesa smaller incrementnear the endpoints P
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independentof \ and ¿ . This implies the Jackson(or Jackson-Favard)estimate[3,
p. 260]
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This equivalenceis easilydeducedfrom the Jacksoninequalityabove, andthe general

converseinequality[6, Theorem7.2.4,p. 83]
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dependson Ý , but is independentof \ and
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.
For weightson thewholereal line, the �rst attemptsat generalJacksontheoremsseem

dueto Dzrbasjan.In the1960'sand1970's,FreudandNevai mademajorstridesin this topic
[22]. Let usreview someof thefundamentalfeaturesdiscoveredby Freud,in thecaseof the
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The constants
½

q

and
½

B can be taken independentof ¿

EÇ4 m

and even the Þ•ß parameter
ê

FI±éY�E

Q

Z

. Outsidetheinterval
±b@

½

q

ó

m E

½

q

ó

m Z

,
4 m Kª©

decaysquickly to zero. This meant
thatonecannothopeto approximate\

K

by
4+m0K

outside
±é@

½

q

ó

miE

½

q

ó

m}Z

. Soeithera “tail
term”

s

\

K ©

s[u�æ

¸

c d}c ø

õ

ñ ö ÷

¼

mustappearin theerrorestimate,or behandledsomeotherway.
Inequalitiesof the form (1.3) arecalledrestrictedrange inequalities, or in�nite-�nite range
inequalities.
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Moreover, ù
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of these;obviously onecanno longerhave equalityof the norm over the real line andthat
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Veryroughly, thisworksfor thefollowing reason:it seemsthatif
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In real terms,this approachworksonly for a smallclassof weights.Nevertheless,it at least
indicatedtheform thatgeneralresultsshouldtake. To obtainanestimateover thewholereal
line, Freudthenproveda “tail inequality,” suchas
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While this might illustratesomeof theideas,we emphasizethetechnicaldetailsunder-

lying properproofsof this Jackson(or Jackson-Favard)inequalityareformidable.Freudand
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which canbe iterated.The inequality(1.7) (andsometimeeven(1.6)) is calleda Favardor
Jackson-Favardinequality.

Freudalso obtainedestimatesinvolving moduli of continuity. Hereonecannotavoid
the tail term, andhasto build it directly into the modulus. Partly for this reason,thereare
many formsof themodulus,andmorethanoneway to decidewhich interval is theprincipal
interval, andoverwhatinterval wetakethetail. Weshallfollow essentiallythemodulusused
by DitzianandTotik [6], Ditzianandtheauthor[4], andMhaskar[19].
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Why the inf over the constant
�

in the tail term? It ensuresthat if \ is constant,then the
modulusvanishesidentically, asoneexpectsfrom a �rst ordermodulus. Why the strange
interval
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then
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for an appropriateconstant
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(independentof ¿ ). More generallyif Ý ®
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, the Ý th order
modulusis

Ä

à

º

ß

5

\

EÁK © E�ˆ�9•jâ•‘•0=

§<ã

Õ

·

”

s

K © 5

Ô

à

Õ

\

9

s

u�æ

¸

ƒ

Õ

ñ

ñ����

º

Õ

ñ

ñ����

¼

‰ `#£�²

³<´�µ

vb¶Oz�·

à

ƒ

q

s

5

\

@t4g90K ©

s

u�æ �

x&ÿ ¸

ƒ

”

ñ

ñ����

º

”

ñ

ñ����

¼!�

N

(1.8)

Again the inf in the tail term ensuresthat if \ is a polynomialof degree
™

Ý

@VY

, thenthe
modulusof continuity vanishesidentically, asis expectedfrom an Ý th ordermodulus. The
Jacksontheoremtakestheform
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This is valid for
Y

™ªêë™

Q , andtheconstant
½

is independentof \ and ¿ (but dependson
ê

and
Kª©

).
Onecanconsidermoregeneralweightsthan

K¯©

of course.Almost invariablytheweight
consideredhastheform

K jV:[;�=g5ï@��g9

, andtherateof growth of
�

hasa majorimpacton
theform of themodulus.Let ussupposefor example,that

�

is of polynomialgrowth at Q ,
theso-calledFreudcase.Themostgeneralclassof suchweightsfor whichaJacksontheorem
is known is thefollowing:

DEFINITION 1.1 (FreudWeights). Let
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existsand is positivein
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Thenwewrite
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.
For such

K

, we take ó

m

to bethepositiveroot of theequation
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Again, this is thepoint where
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m
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assumesits maximummoduluson thereal line. To
replacethefunction
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Themodulusof continuitybecomes
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TheJacksontheoremis theobviousanalogueof (1.9) [4, Theorem1.2,p. 102]:
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Moreover, if
K

satis�es a mild additionalconditionon
�

À À

, or admitsan appropriate
Markov-Bernsteininequality, and ­

Í

Ý , thenthereis theequivalence[4, p. 105]
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This equivalenceis an easyconsequenceof the Jacksoninequality(1.10) andthe converse
inequality[4, Cor. 1.6,p. 105]
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Here °

B

�}ñ

Syj

°

§ and
½

is independentof \ and ¿ . Oneof theimportanttoolsin establishing
this is 9

@

functionalsandtheconceptof realization.This is a topicon its own. In thesetting
of weightedpolynomialapproximation,it hasbeenexploredby FreudandMhaskar, andlater
DitzianandTotik, Damelinandthetheauthor. See[1], [2], [4], [19], [20] for references.

In the (technical)proof of the Jacksontheorem(1.10), the function \ is �rst approx-
imatedby a piecewise polynomial (or spline). Thenspecialpolynomialsthat approximate
characteristicfunctions,andWhitney's theoremon local polynomialapproximationareused
to turn thesplineapproximationinto a polynomialapproximation.For thecasewhere

�

is
of fasterthanpolynomialgrowth, themodulusof continuitybecomesmorecomplicated,as
againthereareendpointeffects,closeto P

½

ó

m

. We refer the readerto [2]. Therearealso
analogousdevelopmentsfor exponentialweightson

±é@RY�E<Y[Z

[15].
In recentyears,therehasbeenlessfocuson this type of weightedapproximation.In-

steadmuchof the focushasbeenon Saff 's PolynomialApproximationProblem, which in-
volvesvarying weights, ratherthan a �x ed weight. Thus one might seekto approximate
by weightedpolynomialsof the form
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or
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m
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, where ù

m

is the
Mhaskar-Rakhmanov-Saff numberfor

�

de�ned above. Saff 's approximationproblemand
its circle of ideashasapplicationsin asymptoticsof orthogonalandextremalpolynomials,
mathematicalphysics,randommatrices

N<NDN

— seefor example[19], [14], [23].
Recallthat we left discussionof

K¯q+58739•j�:[;�=g5ï@Š“ 7r“ 9

till later. Curiouslyit is issues
closeto thatweight thathave arisenmostrecently— andhave served to renew at leastthe
author's interestin classicalweightedapproximation. While investigatingasymptoticsof
Sobolev orthogonalpolynomials,the questionaroseof which weightsadmit someform of
theJacksoninequality(1.6). Curiously, theseinequalitiesenableoneto relateasymptoticbe-
havior of derivativesof Sobolev orthogonalpolynomialsto classicalorthogonalpolynomials
[8].

This forcedtheauthorto revisit somevery old resultsof Freud.In 1978,Freud,Giroux
andRahman[7, p. 360]provedthat
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Here
½

is independentof \ and¿ , and
˜

¿ couldbereplacedby ¿

q

ƒ"= for any �x ed Æ

Ft5-X0EDY�9

.
Ditzian, theauthor, Nevai andTotik [5] laterextendedthis resultto a characterizationin Þ

q

.
The techniqueusedby Freud,Giroux andRahmanwasessentiallyan Þ

q

technique,using
therelationbetweenone-sidedweightedapproximation,Gaussquadratures,andChristoffel
functions.Only recentlyhasit beenpossibleto establishtheanalogousresultsin Þ ß

E

ê

Ò

Y

[16]. Theauthormodi�ed thesplinemethodfrom [4]. As thepeakingpolynomialsusedthere
do not work for

Ktq

, they werereplacedby thereproducingkernelfor orthogonalpolynomi-
als for

K

B

q

, andin the proofs,the authorneededboundsfor theseorthogonalpolynomials,
impliedby recentwork of KriecherbauerandMcLaughlin[12].

If we examine the modulususedin (1.8) for
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Theauthorproved[16] thatfor
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While this may be a technicalachievement,it is scarcelysurprising,given that Freud,
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Remarkablyenoughthis is false,andthereis no Jackson-Favardinequalityfor
Kìq

, not even
if we replace

q
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µ

m by a sequencedecreasingarbitrarily slowly to
X

. More generallywe
answeredin [17] the question: which weightsadmit a Jacksontype theorem,of the form
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with analogouslimits as
7 U—@

Q . Two fairly directcorollariesof this are:
COROLLARY 1.3. Let
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COROLLARY 1.4. Let
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is differentiablefor large
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In particularfor

Ktq

, thereis no Jackson-Favardinequality, sinceboth(1.13) and(1.14)
are false. Thus there is a real differencebetweendensityof weightedpolynomials,and
weightedJackson-Favardtheorems.It is possibleto havetheformerwithout thelatter.

Essentially(1.13) is necessaryandsuf�cient for an Þ

f Jacksontheorem,and(1.14) is
necessaryandsuf�cient for an Þ

q

Jacksontheorem.An obviousquestionis theindependence
of theseconditions(1.13) and(1.14). Doeseitherimply theother?In fact they areindepen-
dent.Moreover, thereareweightssatisfyingonebut not theother, andalsoadmittingan Þ

q

Jacksontheorembut notan Þ

f Jacksontheorem(or conversely).Thisis ahighly unusualoc-
currencein weightedapproximation- in factthe�rst occurrenceof this phenomenonknown
to this author. Densityof polynomials,andthedegreeof approximationis almostinvariably
thesamefor any Þ

ß space(suitablyweightedof course).Koosis[10, pp.210–211]makesa
lengthyremarkaboutthelatter. We proved:
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Wenotethattheweightsin thisresultareequalto theHermiteweight
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“most” of the time, with spikesupwardsor downwardsin small intervals. The weightswe
constructarenotdecreasingin
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, thoughthey canbemadein�nitely differentiable.We
expectthat with morework onecanconstructdecreasing
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still satisfyingthese
conclusions.

A key ingredientin theabovetheoremis anestimatefor tails:
THEOREM 1.6. Assumethat
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for all absolutelycontinuousfunctions\

S&�ØU �

for which \

58X}9�j¾X

and theright-hand
sideis �nite .
(b) Converselyassumethat (1.15) holdsfor

ê

j!Y

andfor
ê

j

Q , for large enough# . Then
thelimits (1.13) and(1.14) in Theorem1.2are valid, with analogouslimits at
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Q .
Theaboveresultsdealwith Þ+ß for all
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Q . Whathappensif we focusonasingle
Þ¬ß space?We recentlyproved[18]:
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As a consequenceonecanconstructweightsthatadmita Jacksontheoremin Þ

ß but not
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. Finally, we notethat weightscloseto
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worthwhilecandidatesfor investigatingJacksontheoremsinvolving moduliof continuity. To
beexplicit, we pose:
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Jackson-Favardinequality(1.12), sincetheseweightsviolateboth(1.13) and(1.14).
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providedtheright-handsideis meaningful.However, this doesnot reallyhelpwithout infor-
mationon thesizeof E

m

. Accordingly, we pose:
PROBLEM 2. Whatis thebestchoiceof E

m

in (1.12), for agiven
K

satisfying(1.13) and
(1.14)?

While our proof of (1.12) givesno information,we know that for fairly generalFreud
weights,thecorrectE

m

is ó

m
¤

¿ .
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