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BERNSTEIN'S WEIGHTED APPROXIMATION ON STILL HAS PROBLEMS

D.S. LUBINSKY

Dedicatedto Ed Saf onthe occasiorof his 60th birthday

Abstract. Let be continuous.Bernsteins approximatiorproblem,posedin 1924,dealtwith
approximatiorby polynomialsin thenorm

The qualitatve form of this problemwassolved by Achieser Mergelyan,andPollard,in the 19505. Quantitatie
forms of the problemwereactiely investigatedstartingfrom the 1960%. We suney old andrecentaspectof this
topic. Onerecent nding is thatthereare weightsfor which the polynomialsare dense put which do not admita
Jackson-Bvardinequality In facttheweight exhibits this peculiarity Moreover, notall
space@rethesamewhendegreeof approximatioris consideredWe alsoposesomeopenproblems.

Keywords. weightedapproximationpolynomialapproximation,Jackson-Bernsteitheorems
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1. Intr oduction. Supposewne wish to approximateby polynomialson the whole real
line, obtaininganalogue®f WeierstrassTheorem.Thenwe have to dealwith the unbound-
ednes®f polynomialson unboundedntervals. To copewith this dif culty , thatdistinguished
approximatoiS. N. Bernsteirmultiplied by aweight,consideringveightedpolynomialssuch
as

where is apolynomial,or moregenerally

Here decayssufciently fastat to counteracthe growth of every polynomial.
The mostintriguing questionis what can be approximatedandin what sense. This
problemis known asBernsteins approximationproblem afterit wasposedby Bernsteinin

1924.A moreprecisestatements asfollows: let be continuous Whenis it
truethatfor every continuous with

thereexistsa sequencef polynomials with

We saythenthatthe polynomialsaredense The restrictionthat haslimit at is
essentialif is boundedntherealline for every non-ngyative , then has
limit at for every such , andsothe sameis true of every weightedpolynomial

So we could not hopeto approximatein the uniform norm, any function for which
doesnothavelimit  at . Theversionof Bernsteins problemconsideredereis not the
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mostgeneraform: in someversions, is hotassumedo be continuouspr de ned onall of
, allowing (for example),aweightde ned ona countablesetof points.
Bernsteins approximationproblemwas solved independenthpy Achieser Mergelyan,
andPollard,in the 1950's. Their solutionsinvolve regularizationof the weight. For example
[10, p. 153] Mergelyanshavedthatthereis a positive answerto Bernsteins problemiff

whereMergelyansregularizationof  is

apolynomialand _—

In anotherformulation,thereis a positive answelriff

for atleastonenon-real (andthen for all non-real ).
Akhiezer[10, p. 158]usedinsteadtheregularization

apolynomialwith

He shovedthatthe polynomialsaredenseff

Finally, Pollard[10, p. 164] shavedthatthe polynomialsaredenseessentiallyiff
apolynomialwith

Of course,theseare not very transparentriteria. Whenthe weightis in somesense
regular, simpli cations are possible. If is even, and is evenandcorvex, a
simplernecessargandsufcient conditionfor densityof the polynomialsis [ 10, p. 170]

In particular for

thepolynomialsaredensdff . As regardsnecessargonditions,Hall shovedthat

is necessaryor density Whendensityfails, only a limited classof entirefunctionscanbe
approximated.A comprehensie treatmentof this topic is givenin Koosis' book [10]. A
conciseelegantexpositionappearsn [9, p. 28ff.].

In the 1950'sthe searchheganfor a quantitatve form of Bernsteins Theorem Bernstein
andJacksorhadprovided quantitatve forms of WeierstrassTheorembeforethe rst World
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War, andit is naturalto look for analoguesn the weightedsetting. Let us rst recall the
classicaunweightedcase JacksorandBernsteinndependentlyprovedthat

(1.1) —

with  independenbf and , andtheinf beingover (algebraic)polynomialsof degree
atmost . Therateis bestpossibleamongstabsolutelycontinuousfunctions on
whosederivativeis boundedMore generallyif hasabounded th derivative,thentherate
is  — . In addition,Jacksorobtainedgeneralresultsinvolving moduli of continuity: for
example,if is continuousandits modulusof continuityis

and

then

where isindependentf and .

Bernsteinalsoobtainedremarkablecorversetheoremswhich shav thattherate (or de-
gree)of approximationis determinedby the smoothnes®f . Theseare beststatedfor
trigonometricpolynomial approximation:let . Bernsteinshaved thatthe error
of approximationof a periodicfunction on by trigonometricpolynomialsof
degreeat most decayswith rate iff satis esa Lipschitz conditionof order . For
non-integer , the error decayswith rate iff the th derivative of satis es
aLipschitzconditionof order . (Here respectiely denotethe integerandfrac-
tional partsof ). Bernsteimeverresohedtheexactsmoothnessequiredfor arateof decay
of ; thatwassolvedmuchlaterin 1945by A. Zygmund(thefatherof the Chicagoschool
of harmonicanalysis andauthorof the classic“TrigonometricSeries”[24]). Zygmundused
a seconcrdermodulusof continuity.

For approximatiorby algebraicpolynomials,corversetheoremsaremorecomplicated,
asbetterapproximatioris possiblenearthe endpointsof theinterval of approximationOnly
in the 1980's were completecharacterizationgbtained,with the aid of the Ditzian-Totik
modulusof continuity[6]. An earlieralternatve approachs thatof Brudnyi-Dzadyk-Timan
[3]. Weshalldiscusnly theDitzian-Totik approachsincethathasbeenadoptedn weighted
polynomialapproximationDe ne the symmetricdifferences

sothat

If any of theargumentof liesoutsidetheinterval of approximation— in thissetting
— we adoptthe corventionthatthe differenceis . The th orderDitzian-Totik modulusof
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continuityin ~ is

Notethefactor

multiplying the increment . This forcesa smallerincrementnearthe endpoints  of
, re ecting the possibility of betterapproximatiorratesthere.
For , DitzianandTotik [6, p. 79] provedthe estimate

with  independenbf and . Thisimpliesthe Jackson(or Jackson-Bvard) estimate] 3,
p. 260]

, provided is absolutelycontinuousandthenormontheright-handsideis nite.
Moreover, they shavedthatif , then[3, p. 265]
(1.2)
iff
For example,if (1.2) holdswith -, thisimpliesthat has3 continuousderivatives
inside and satis esalipschitzconditionof order1/2in eachcompactsubintenal
of

This equivalenceis easilydeducedrom the Jacksonnequalityabove, andthe general
converseinequality[6, Theorem7.2.4,p. 83]

Theconstant depend®n , butisindependentf and .

For weightson the wholerealline, the rst attemptsat generalJacksortheoremsseem
dueto Dzrbasjanlin the 1960's and1970's, FreudandNevai mademajor stridesin this topic
[22]. Let usreview someof thefundamentafeaturesdiscoreredby Freud,in the caseof the
weight , . A little calculusshaws thatthe weightedmonomial

attainsits maximummoduluson therealline at

Thereafteit decaygjuickly to zero.With thisin mind, FreudandNevai provedthatthereare
constants and suchthatfor all polynomials  of degreeatmost ,

(1.3)
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The constants and  can be taken independenbf andeventhe  parameter
. Outsidetheinterval , decaygqquickly to zero. This meant

thatonecannothopeto approximate by outside . Soeithera “tail
term” mustappeaiin the error estimate pr be handledsomeotherway.
Inequalitiesof the form (1.3) arecalledrestrictedrange inequalities or in nite- nite range
inequalities

The sharpform of thesewasfound later by Mhaskarand Saf, using potentialtheory
[19], [2]], [23]. For example they shavedthatif , and

thenfor notidenticallyzeropolynomials  of degreeatmost

Moreover, is asymptoticallythe “smallest”’suchnumber Therearevarious analogues
of these;obviously one canno longerhave equality of the norm over the real line andthat

overa nite interval. Oneform, valid for all ,is[14, Thm.4.1,p. 95],[19, Thm.6.2.4,
p.142]
If insteadone x es andtakesthe“tail” over , oneobtains

forsome independendf and ,[19 Thm.6.2.4,p.142]

Thenumber iscalledtheMhaskarRakhmane-Saf numberfor . It playsanimportant
descriptie role in asymptoticof orthogonalpolynomialsfor the weights . It may be
de ned for very generalweights asthepositive root of theformula

Inthecaseof , Freudsnumber and differ by amultiplicative constantandwe may
con ne oursehesto . However, especiallywhen growsfasterthanany polynomial,there
neednotbesucha simplerelation.In theremainderof this paperwe useonly

The next taskis to determinewhat happenson . Now if we hadto ap-
proximatein theunweightedsettingon this interval, a scalechangen the Jackson-Bernstein
estimatg(1.1) gives

Remarkablythe sameis truewhenwe insertthe weight in bothnorms:

(1.4) -
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Veryroughly, thisworksfor thefollowing reasonit seemghatif  is smallenoughwe can
approximate on by a polynomial of degree andthenuse
theremainingpart ~ degreepolynomialin  to approximate itselfon

In realterms,this approachworks only for a small classof weights. Neverthelessit at Ieast
indicatedthe form thatgenerakesultsshouldtake. To obtainanestimateoverthewholereal
line, Freudthenproveda “tail inequality’ suchas

(1.5) —_—

with  independendf and . Combining(1.4), (1.5), andthatsuitableweightedpolyno-
mialsaretiny outside yieldedanestimateof theform

(1.6) —

with  independentf and .

While this might illustrate someof theideas,we emphasizéhetechnicaldetailsunder
lying properproofsof this Jacksor{or Jackson-Bvard)inequalityareformidable.Freudand
Nevai developedan original theoryof orthogonalpolynomialsfor the weights partly to
usein this approximationtheory In this shortpaper we shall not presentall the technical
details.We notethatFreudproved(1.6) for for . Thetechnicalestimatesequired
to extendthis to the case wereprovided by the authorandEli Levin [13]. What
about ? Well, recallthatthe polynomialsareonly densef , sothereis no point
in considering . But is still worth considerationandwe shalldiscusshatbelow.

Oneconsequencef (1.6) is anestimateof the rateof weightedpolynomialapproxima-
tionof intermsofthatof .Indeedif isany polynomialof degree , then

andsince maybeary polynomialof degree , we obtain
1.7) —_—

which canbeiterated. Theinequality (1.7) (andsometimeeven (1.6)) is calleda Favard or
Jackson-Bvardinequality

Freudalso obtainedestimatesnvolving moduli of continuity. Here one cannotavoid
thetail term, and hasto build it directly into the modulus. Partly for this reasonthereare
mary forms of the modulus,andmorethanoneway to decidewhich interval is the principal
interval, andover whatinterval we take thetail. We shallfollow essentiallithemodulusused
by Ditzian andTotik [6], Ditzian andtheauthor[4], andMhaskar{19)].

The rst ordermodulusfor theweight hastheform

Why the inf over the constant in the tail term? It ensureghatif is constantthenthe
modulusvanishesdentically, asone expectsfrom a rst ordermodulus. Why the strange
interval — T ?It ensureshatwhenwe substitute
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then

for an appropriateconstant (independenbf ). More generallyif , the th order
modulusis

(1.8) I
Againtheinf in thetail termensureghatif is a polynomialof degree , thenthe

modulusof continuity vanishesdentically, asis expectedfrom an th ordermodulus. The
Jacksortheorentakestheform

(1.9) -
Thisis valid for , andtheconstant isindependendf and (butdepend®n
and ).

Onecanconsidemoregeneralveightsthan  of course Almostinvariablytheweight
consideredastheform , andtherateof growth of hasamajorimpacton

theform of the modulus.Let us supposdor example,that is of polynomialgronthat
theso-called-reudcase.Themostgeneraklassof suchweightsfor whicha Jacksorntheorem
is known is thefollowing:

DEFINITION 1.1 (FreudWeightg. Let , Whee is even,
existsand is positivein . Moreover, assumehat is strictly increasing with
right limit at , andfor some , .

Thenwewrite
Forsuch ,wetake tobethepositive rootof theequation

Again, this is the point where assumedts maximummoduluson therealline. To
replacethefunction =, we canusethefunction

Themodulusof continuitybecomes

The Jacksortheoremis the obviousanalogueof (1.9) [4, Theoreml.2,p. 102]:

(1.10) —
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Moreover, if satis esa mild additionalconditionon , or admitsan appropriate
Markov-Bernsteinnequality and , thenthereis theequivalencd 4, p. 105]

This equivalenceis an easyconsequencef the Jacksorinequality (1.10 andthe corverse
inequality[4, Cor. 1.6,p. 105]

Here and isindependentf and . Oneoftheimportanttoolsin establishing
thisis functionalsandthe concepf realization.Thisis atopic onits own. In thesetting
of weightedpolynomialapproximationit hasbeenexploredby FreudandMhaskarandlater
Ditzian andTotik, Damelinandthetheauthor See[1], [2], [4], [19], [20] for references.

In the (technical)proof of the Jacksortheorem(1.10), the function is rst approx-
imatedby a piecavise polynomial (or spline). Thenspecialpolynomialsthat approximate
characteristi¢unctions,andWhitney's theoremon local polynomialapproximatiorareused
to turn the splineapproximationinto a polynomialapproximation.For the casewhere is
of fasterthanpolynomialgrowth, the modulusof continuity becomesnorecomplicatedas
againthereare endpointeffects, closeto . We referthereaderto [2]. Therearealso
analogousievelopmentgor exponentialweightson [15.

In recentyears,therehasbeenlessfocuson this type of weightedapproximation.In-
steadmuch of the focus hasbeenon Saf's Polynomial ApproximationProblem which in-
volves varying weights, ratherthana x ed weight. Thus one might seekto approximate
by weightedpolynomialsof the form or , Wwhere isthe
MhaskarRakhmanwe-Saf numberfor de ned above. Saf's approximationproblemand
its circle of ideashasapplicationsin asymptoticof orthogonaland extremal polynomials,
mathematicaphysicsrandommatrices — seefor example[19], [14], [23].

Recallthat we left discussiorof till later Curiouslyit is issues
closeto thatweightthat have arisenmostrecently— andhave senedto renav at leastthe
authors interestin classicalweightedapproximation. While investigatingasymptoticsof
Soboler orthogonalpolynomials,the questionaroseof which weightsadmit someform of
theJacksonnequality(1.6). Curiously theseinequalitiesenableoneto relateasymptotidbe-
havior of derivativesof Sobole orthogonalpolynomialsto classicabrthogonalpolynomials
[8].

This forcedthe authorto revisit somevery old resultsof Freud.In 1978,Freud,Giroux
andRahmar{7, p. 360] provedthat

where
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Here isindependendf and ,and = couldbereplacedy forarny x ed
Ditzian, theauthor Nevai andTotik [5] later extendedthis resultto a characterizatiofn
The techniqueusedby Freud, Giroux and Rahmanwas essentiallyan  techniqueusing
therelationbetweernone-sidedveightedapproximationGaussgquadraturesand Christofel
functions. Only recentlyhasit beenpossibleto establistthe analogousesultsin
[16]. Theauthormodi ed thesplinemethodfrom [4]. As thepeakingpolynomialsusedthere
donotworkfor , they werereplacedvy thereproducingkernelfor orthogonalpolynomi-
alsfor , andin the proofs, the authorneededboundsfor theseorthogonalpolynomials,
implied by recentwork of KriecherbaueandMcLaughlin[12].
If we examinethe modulususedin (1.8) for , we seethat the interval
— ~ isnolongermeaningfufor . It turnsoutto bereplacedy —
— ,forsomex ed . Themodulusbecomes

Theauthorproved[16] thatfor and
(1.112)

Here areindependendf and .
While this may be a technicalachievement,it is scarcelysurprising,given that Freud,

GirouxandRahmaralreadyhadtherate ~—— . Whatis perhapsmoreinterestings that

therate for , becomes— as . This suggestshatwe oughtto
obtainananalogueof (1.6) of theform

Remarkablyenoughthisis false,andthereis no Jackson-Bvardinequalityfor ~ , noteven

if we replace—— by a sequencealecreasingarbitrarily slovly to . More generallywe

answeredn [17] the question: which weightsadmit a Jacksorntype theorem,of the form

(1.6), with replacedoy somesequence with limit 2 We proved:
THEOREM 1.2. Let be continuousThefollowing are equivalent:

(a) Thee existsa sequence of positivenumbes with limit  andwith the following

property For each , andfor all absolutelycontinuous with nite,

wehave

(1.12)

(b) Both

(1.13)

and

(1.14)
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with analogouslimits as . Two fairly directcorollariesof this are:
COROLLARY 1.3. Let be continuouswith , whee is
differentiablefor large , and
and
Thenthere existsa sequence of positivenumbes with limit  sud that for each
, andfor all absolutelycontinuous with nite , wehave(1.12.
COROLLARY 1.4. Let be continuouswith , Whee
is differentiablefor large , and is boundedor large . Thenfor both and
, there doesnot exist a sequence of positivenumbes with limit  satisfying
(1.12 for all absolutelycontinuous with nite .

In particularfor  , thereis no Jackson-Bvardinequality sinceboth(1.13 and(1.14)
are false. Thusthereis a real differencebetweendensity of weightedpolynomials,and
weightedJackson-Bvardtheoremslt is possibleto have theformerwithoutthe latter

Essentially(1.13 is necessarandsufcient for an Jacksortheoremand(1.14) is
necessargndsufcient foran  Jacksortheorem.An obviousquestionis theindependence
of theseconditions(1.13 and(1.14). Doeseitherimply the other?In factthey areindepen-
dent. Moreover, thereareweightssatisfyingonebut not the other andalsoadmittingan
Jacksortheorembut notan Jacksortheorem(or corversely).Thisis ahighly unusuabc-
currencdan weightedapproximation in factthe rst occurrencef this phenomenofnown
to this author Densityof polynomials,andthe degreeof approximatioris almostinvariably
thesamefor ary  space(suitablyweightedof course).Koosis[10, pp.210-211]makesa
lengthyremarkaboutthe latter. We proved:

THEOREM 1.5. (a) Thee existscontinuous with
admittingan Jadksontheoem,butnotan  Jacksontheoem.Thatis, for , there
exist withlimit at  satisfying(1.12), but there doesnot exist suc a sequence
for
(b) Thee existscontinuous with
admittingan  Jadksontheoiem,but notan Jacksontheoem. Thatis, for , there
exist withlimit at  satisfying(1.12), but there doesnot exist suc a sequence
for

We notethattheweightsin thisresultareequalto theHermiteweight
“most” of thetime, with spikesupwardsor downwardsin smallintervals. The weightswe

constructarenotdecreasingn , thoughthey canbemadein nitely differentiable.We
expectthat with morework onecanconstructdecreasing in still satisfyingthese
conclusions.

A key ingredientin theabove theoremis anestimatefor tails:

THEOREM 1.6. Assumehat is continuous.
(a) Assume satis es(1.13 and(1.14), with analogouslimits at . Thenthere existsa
decrasingpositivefunction withlimit at sud thatfor
and ,

(1.15)
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for all absolutelycontinuousfunctions for which andtheright-hand
sideis nite.
(b) Corverselyassumehat (1.15 holdsfor andfor , for largeenough . Then
thelimits (1.13 and(1.14) in Theoem1.2are valid, with analogouslimits at
Theaboveresultsdealwith ~ for all . Whathappensf we focusonasingle
spaceVe recentlyproved[18]:
THEOREM 1.7. Let becontinuousandlet and- -
Thefollowing are equivalent:
(a) Thee existsa sequence of positivenumbes with limit  andwith the following
property For all absolutelycontinuous with nite, we have
(b)
(1.16)

with analogouslimits as .

As a consequencenecanconstructweightsthatadmita Jacksortheoremin ~ but not
in for ary with . Finally, we notethat weightscloseto are
worthwhile candidatesor investigatinglacksortheoremsnvolving moduli of continuity. To
be explicit, we pose:

ProBLEM 1. Findtheanalogueof (1.11) for theweight

For , Bernsteins polynomial approximationproblemdoesnot have a positive so-

lution, and so therecannotbe an analogueof (1.11). Even for , therecanbe no
Jackson-Bvardinequality(1.12), sincetheseweightsviolateboth (1.13 and(1.14).

Oneshortcomingf (1.12) is thatno informationis givenregardingtherateof decayof

. Onecouldrecastt in theform of a Jackson-Bvardinequality anditerateto obtain

providedtheright-handsideis meaningful.However, this doesnot really helpwithout infor-
mationonthesizeof . Accordingly, we pose:

PrROBLEM 2. Whatis thebestchoiceof in(1.12, foragiven satisfying(1.13 and
(1.142

While our proof of (1.12) givesno information,we know that for fairly generalFreud
weightsthecorrect is
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