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ON WEIGHTED -TYPE INTERPOLATION

MARGIT LENARD

Dedicatedto Ed Saf onthe occasiorof his 60th birthday

Abstract. Theweighted(0,2)-interpolatiorwith additionalHermite-typeconditionsis studiedin auni ed way
with respecto the existence uniguenessindrepresentatiofexplicit formulae). Sufcient conditionsaregivenon
thenodesandtheweightfunction,for the problemto beregular Examplesarepresente@nthe zerosof theclassical
orthogonalpolynomials.
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1. Intr oduction. P. Turan[17] initiatedthe studyof -interpolationin orderto get
anapproximatesolutionto the differentialequation

Theweighted -interpolationis ageneralizatiorof this problem,introducedby J. Balazs
[2]. Let the systemof nodes

(1.1)

be givenin the possiblyin nite openor closedinterval andlet be a

givenfunction (theweightfunction). Find apolynomial  of minimal degreesatisfyingthe
conditions

(1.2)
where , arearbitrarygivenrealnumbers.

If for any choiceof and thereexists a uniquepolynomial  of
degree satisfyingthe conditions(1.2), theweighted -interpolationproblemis

calledregular onthegivennodeg(1.1) with respecto theweightfunction . Thequestionis
how to choosehenodalpointsandtheweightfunction sothatthe problemis regular, and
in theregularcasehow to nd asimpleexplicit form of

J. Balazs[2] investigatedthe above problemon the intenal , whenthe nodes

arethe zerosof the ultrasphericapolynomial , andthe weight functionis

. He shawed, thatin this casetheredoesnot exist a polynomial of
degree satisfyingtherequirementg1.2). He proved,thatif is even,thenunder
thecondition

(1.3)
where representhe Lagrange-fundamentadolynomialscorrespondingo the nodal
points , thereexistsa uniquepolynomialof degree (if is odd,thentheuniqueness

fails). He gave the explicit form of this polynomialandprovedcorvergenceheorem.
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Severalauthorgnvestigatedheweighted -interpolationwith theadditionalBalazs-
typecondition(1.3) onthezerosof theclassicabrthogonapolynomials(l. Jab [6], I. Jab and
L. Szili[7], J.Prasad13], [14], [15], [16], L. Szili [19], [20]). Theadditionalcondition(1.3)
wasreplacedby interpolatorytype conditionsin specialcasedy J. Bajpai[1], S. Dattaand
P. Mathur[4], S.Eneduaga[5] andJ. Balazs[3]. Recentlytheauthor([8], [9], [10]) studied
the weighted -interpolationwith one andtwo additionalinterpolatoryconditionsin a
uni ed way with respecto the existence uniquenesandrepresentatiofexplicit formulae).

In this papemwe studythefollowing generalizatiorof theproblem: Therearetwo disjoint
setsof the nodes,andweighted -interpolationis prescribedn the pointsof oneof the
setswith Hermite-interpolatioron the pointsof the otherone. In the casewherethe second
setis empty we recover the original problemof J. Balazs[2].

The paperis organizedasfollows. In Section2 we describethe problemandwe give
generaformsof theexplicit formulaefor thefundamentapolynomials.In Section3 we give
necessanandsufcient conditionson the nodesandthe weightfunctionfor the problemto
be regularwith differentadditionalinterpolatoryconditions. In Section4 we presentsome
specialcasesPal-typeweighted -and -interpolationproblemson thezerosof
theclassicabrthogonapolynomials.

2. The problem. Onthe nite orin nite interval let and bedis-
joint setsof distinctpoints(node3, andlet be a givenfunction, calledweight
function Find a minimal degreepolynomial satisfyingthe weighted -interpolation
conditions
(2.1)

andtheadditionalHermite-typeinterpolationconditions
(2.2)

where , and arearbitrarygivenrealnumbers.

As thenumberof conditionsis , where , the problemis
regular, if for any choiceof thevalues , and thereexistsa uniquepolynomial
of degreeat most . (For thereareno Hermite-typeconditions,andwe recover
theoriginal problemof J. Balazs[2].)

Theproblemis notregularin generalbecausesucha minimal degreepolynomialmight
notexist ([2]), or if it exists,it might notbeunique.Thereforewe studythe problemwith ad-
ditional interpolatoryconditionsand nd conditionsfor the problemto beregular. In regular
caseswve give simpleexplicit formsfor . Finally we presenexampleson the zerosof the
classicabrthogonalpolynomials.

2.1. The fundamental polynomials. In whatfollows,let and be polynomialsof
degree and |, respectiely, associatedvith theinterpolationconditions thatis

2.3)
(2.4)

LEmMmMA 2.1. If , and
(2.5)
thenfor any

(2.6)
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Thegeneralexplicit formulaefor the fundamentapolynomialsof rst andsecondkind,
associateavith theweighted -interpolation,canbeprovedin thesameway asin [8].
LEMMA 2.2, If onthenodes and theweightfunction satis es(2.5),
, thenthe fundamentapolynomialsof r st kind, which satisfythe
conditions

canbewrittenin theform

2.7) —

whee

(2.8)

and
(2.9)
Furthermoe, the fundamentapolynomialsof secondkind are

(2.10)

for , Which satisfythe conditions

LEmMMA 2.3. If onthenodes and theweightfunction satis es(2.5),
, and — is a polynomial,thenthe fundamentapolynomialsassociatedvith the
additional Lagrange-typeconditionsat bewrittenin theform

(2.11)

whee
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with
andful Il theconditions
for .
Proof. Thepolynomials  for areto bedeterminedn theform

where isapolynomial.Onusing(2.6) and

from the conditions we obtain
If — is apolynomial,then
is apolynomial,aswell, andby integrationwe get(2.11) for thepolynomial . O

3. Additional interpolatory conditions. We study the interpolationproblem (2.1)—
(2.2) with differentadditionalinterpolatoryconditionsprescribeditthepoints  and

. We nd conditionsonthe nodesandthe weightfunctionfor the problemto beregular.
Theresultscanbe summarizedn thefollowing

THEOREM 3.1. If on the nodes and the weightfunction  satis es
(2.9, , thentheinterpolationproblem(2.1)—(2.2) is regular under
theadditional condition(s)(i)-(ix) if andonly if the condition(s)in the third columnof Table
3.1lis(are)ful lled.

Proof. For the sale of simplicity we will prove only thecase , the othercasesare
similar. We studythe homogeneouproblem:Find a polynomialof degreeat most

for which

It is obviousthatthepolynomial ~ canbewrittenin theform , Wwhere
and arede nedin (2.3) and(2.4), respectiely, and is a polynomialof degreeat most
. OnusingLemma?2.1 theweighted(0,2)-interpolatoryconditionsare
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TABLE 3.1

Additional Interpolatory

Condition(s) Conditionfor Regularity Degreeof

@

(i)

(iii) ,

(iv) ’

(vi) '

(vii) ' ' '

(viii) ' .

() ’

where , , . Hence for , thatis
and

From it follows and . Finally,
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hasthe uniquesolution if andonly if

which completeghe proof. O

4. Specialcases.

4.1. Pal-type weighted -interpolation. Letusconsidetheweight-
ed -interpolationproblemon the zerosof
with Hermite-typenterpolationonthe zerosof , Wherethederivativesupto the -st

orderareprescribed.
LEMMA 4.1. If onthezeosof

thenthe r standseconckind fundamentapolynomialsof the Pal-typeweighted
-interpolationwith respecto the weightfunction are
givenby (2.7)—(2.10, whee and
Proof. It is easyto seethat

for andwe canapplyLemma2.2 O
For we obtain the Pal-type weighted -interpolationproblem, which is
weighted -interpolationon the zerosof ~ with Lagrangeinterpolationon the zerosof
4.1.1. Pal-type weighted -inter polation on the zerosof Hermite polynomials.
Let and be the zerosof and |, respectiely, where  denoteghe

Hermitepolynomialof degree , for which

with

for odd ,
-—— foreven .

It is known [18], that

andonthe zerosof
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Furthermordet

Onusingthe propertiesof we get

Basedon Theorem3.1we canstatethefollowing result.
THEOREM 4.2. If and are the zenos of and , respectively

and the weight functionis —, thenthe Pal-type weighted -
interpolationis regular with theadditionalcondition(ii) for any or with (vi) for even , but
it is not regular with the condition(i), (iii), (iv) or (v).
Proof. We studyonly the case(ii), the othercasecanbediscussedn a similar way. In
case(ii) theadditionalconditionis

where s arbitraryrealnumberandtheregularity is assuredy

On usingthe propertiesof the Hermite polynomialsand Lemma4.1 with , ,

and —, one canverify by (2.7)-(2.17) that the minimal degree
interpolationalpolynomialis

of degreeatmost , where

for ,

for ,and
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where
forodd , — forodd ,
—— foreven , for even . H

REMARK 4.3. P. MathurandS.Datta[ 11] statedtheregularity of theweighted -
interpolationon the zeos of the Hermite polynomialswith the condition(ii) at only
for odd . For even they presenteda constructionwith the condition (i) but it is not of
minimaldegree

4.1.2. Pal-type weighted -inter polation on the zerosof Laguerre polynomi-
als. Let denotethe Laguerrepolynomialof degree , for which

with thenormalization
(4.1)

It is known [1§], that

andonthe zerosof

Basedon Theorem3.1 we canstatethefollowing result.
THEOREM 4.4, If and are zeos of and , respectively

and the weight functionis — —, thenthe Pal-type weighted -
interpolationis regular with the additional condition(i), (ii) or (iv) for any ,butit is
regular with (v) only for - andwith (iii) or (vi) onlyfor -
Proof. We discusdn detailsthecase(i) only, whentheadditionalconditionis

where is arbitraryrealnumber Theregularity of the problemis appravedby

With the notations

andby the propertief the Laguerrepolynomialswe have
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On usingthe above propertiesand Lemma4.1 with , , and
~— —,onecaneasilyverify that

for and

To applytheconstructiorin Lemma2.3with , weneed

whichis notapolynomial,sowe have to modify thenumeratoin thede nition of  in order
to getapolynomialfor . Hencelet

and

for . Finally, theminimaldegreepolynomial is of degreeat most ,
andit canbewrittenin theform

In a similar way we obtainthefollowing result.
THEOREM 4.5. If and are zeos of and , respectively
and the weightfunctionis — —, thenthe Pal-typeweighted
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-interpolationis regular with the additional condition (ii) for any , butit is
regular with (iii) or (vi) onlyfor -
THEOREM 4.6. If and are zeps of and , respectively
andtheweightfunctionis —, thenthe Pal-typeweighted -
interpolationis regular with the additional condition(ii), (iii) or (vi).
Proof. Let , , , , -, . Using
(ct. [18])
we have
for , henceonusingTheorem3.1 with we canverify theregularity of the

-interpolationproblemwith the additionalcondition(ii), (iii) or (vi).
Applying (2.7)-(2.11) with

we obtainthefundamentapolynomials

for . Theparameterareto bedeterminedrom theadditionalconditions. [
Usingthefact

we canstate
COROLLARY 4.7. Onthezesof the Pal-typeweighted -interpolationis

regular with respecto theweightfunction
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-inter polation on the zeros of Jacobi polynomials.

Let denotethe Jacobipolynomialof degree , for which
where , with thenormalization
(4.2)

It is known [18], that

andonthezerosof

Furthermordet

where arethe zerosof
polynomialswe get

. Onusingthe propertiesof the Jacobi

Basedon Theorem3.1andLemma4.1 we canstate

THEOREM 4.8. If and
, andtheweightfunctionis

arethezewosof and

, respectively
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thenthe Pal-typeweighted -interpolationis regular with the additional condition i),
(ii) or (iv) for any , butit is regular with (v) only for -, andwith (iii) or (vi)
onlyfor -. Furthermoe, it is regular with (vii) for any if iseven,andfor
,if isodd.
THEOREM 4.9. If and are the zenos of and ,
respectively andtheweightfunctionis
thenthe Pal-typeweighted -interpolationis regular with the additional condition i),
(ii) and(iv) for any , but it is regular with (iii) only for -, with (v) only for
-, andwith (vi) for —if or - if
THEOREM 4.10. If and are the zeos of and ,
respectively , andtheweightfunctionis
thenthe Pal-typeweighted -interpolationis regular with the additional condition(ii)
for any , but it is regular with (iii) or (vi) onlyfor -
4.2, Pal-type weighted -interpolation. Let usconsideHermite-

typeinterpolationproblemon the zerosof

wherethe derivativesup to the -storderareprescribecandweighted -interpola-
tion onthe zerosof .
LEMMA 4.11. If onthezeosof theweightfunction satis es

(4.3)

thenthe r standseconckind fundamentapolynomialsof the Pal-typeweighted
-interpolationare givenby (2.7)—(2.10, whee and
Proof. With and

andwe canapplyLemma2.2 O
For we getthe Pal-typeweighted -interpolationproblem,whereLagrange
interpolationis prescribedat the zerosof andweighted -interpolationat the zerosof
. Basedon Lemma4.11we canapply (2.7)-(2.11) for thefundamentapolynomials.
THEOREM 4.12. If onthezeosof theweightfunction satis es(4.3) and
, thenfor the Pal-typeweighted -interpolationwe obtain




ETNA

Kent State University
etna@mcs.kent.edu

218 M. LENARD
for , Whee
and
for , Wwhee
4.2.1. Pal-type weighted -inter polation on the zerosof Hermite polynomials.
Let and be the zerosof and , respectiely, where  denoteshe

Hermitepolynomialof degree . Now

hencewith , and — we canapply Theorem4.12to getthe
fundamentapolynomials , and .

THEOREM 4.13. If and arezeosof  and ,respectively
andtheweightfunctionis —, thenthe Pal-typeweighted -interpolationis

regular with theadditionalcondition(ii) for any or with (vi) for odd , butit is notregular
with (i), (iii), (iv) or (v).

Proof. We studyonly the case(ii), the othercasecanbediscussedn a similar way. In
case(ii) theadditionalconditionis

where is arbitraryrealnumberandtheregularity is assuredy

On using the propertiesof the Hermite-polynomialsand Theorem4.11 with and
onecanverify thatthe minimal degreepolynomial is

of degreeatmost , where
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for ,
for ,and
where
and
for odd , for odd ,
for even —— foreven .

REMARK 4.14. P. Mathur and S. Datta [12] statedthe regularity of the weighted
-interpolation on the zeios of the Hermite polynomialswith the condition (ii) at
only for odd . For even they presenteca constructionwith the condition (i)
but it is not of minimaldegree
4.2.2. Pal-type weighted -inter polation on the zerosof Laguerre polynomi-

als. Let and bethezerosof and , respectiely, where isthe
Laguerrepolynomialof degree  with thenormalization(4.1). Now

hencewe canapply Theorem4.12in orderto getthefundamentapolynomials

,and
Let ususethenotations
THEOREM 4.15. |If and are zeos of and , respectively
andthe weightfunctionis - — , thenthe Pal-typeweighted -

interpolationis regular with the additional condition(i), (ii) or (iv) for any ,butit is
regular with (v) only for andwith (iii) or (vi) onlyfor and .

Proof. For the regularity we apply Theorem3.1 with , ,
and ~ ~ . In regular caseswe getthe fundamentapolynomialsfrom Theorem

4.12with '
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For the sale of simplicity we discussin detailsonly the case(i), whenthe additional
conditionis

where s arbitraryrealnumber Theregularity of the problemis approedby

Onusingthe propertiesof the Laguerre-polynomialandTheorend.11with and
onecanverify thatthe minimal degreepolynomial is

of degreeat most , Where

for ,

and

for . d
In a similar way we obtainthefollowing result.
THEOREM 4.16. If and are zepos of and , respectively
andtheweightfunctionis ~— ~,thenthePél-typeweighted -
interpolationis regular with the additional condition (ii) for any , but it is regular
with (vi) only for andwith (i) onlyfor and .
Proof. OnusingTheorem4.12with and onecaneasilyverify that
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for ,and
for , Wherethe parametersreto be determinedby the additionalconditions.
0
4.2.3. Pal-type weighted -inter polation on the zeros of Jacobi polynomials.
Let and be the zerosof and , respectrely, where

denoteghe Jacobipolynomialof degree with thenormalization(4.2). Now

hencewe canobtainsimilar resultsto thosein Sectiond.1.3.Herewe give detailsof thecase

only.
THEOREM 4.17. Let and be the zewos of and , respectively
where  denoteghelegendiepolynomialofdegree , and , f ,
, andtheweightfunctionis , thenon thenodes and the
Pal-typeweighted -interpolationis regular with the additional condition(ii), (i) or
(vi) for any , butit is regular with (viii) or (ix) onlyfor odd .
Proof. Let , , , , , .
As (2.9 is ful lled, on using Theorem3.1 with and we canverify the
regularity of the -interpolationproblemwith the additionalconditions.

For thefundamentapolynomialsapplying(2.7)-(2.11) with

we obtain




ETNA
Kent State University
etna@mcs.kent.edu

222 M. LENARD
for ,
for . Theparameterareto bedeterminedrom theadditionalconditions. O

Usingthefacts

and
(4.4)
we canstate
COROLLARY 4.18. OnthezeosoftheintegratedLegendie polynomial(4.4) theweight-
ed Pal-type -interpolationis regular with respecto the weightfunction if

andonlyif iseven.
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