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ON WEIGHTED
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-TYPE INTERPOLA TION 	

MARGIT LÉNÁRD 


Dedicatedto EdSaff on theoccasionof his60thbirthday

Abstract. Theweighted(0,2)-interpolationwith additionalHermite-typeconditionsis studiedin auni�ed way
with respectto theexistence,uniquenessandrepresentation(explicit formulae).Suf�cient conditionsaregiven on
thenodesandtheweightfunction,for theproblemto beregular. Examplesarepresentedonthezerosof theclassical
orthogonalpolynomials.
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1. Intr oduction. P. Turán[17] initiatedthestudyof
���������

-interpolationin orderto get
anapproximatesolutionto thedifferentialequation
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Theweighted
���������

-interpolationis ageneralizationof thisproblem,introducedby J.Balázs
[2]. Let thesystemof nodes
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givenfunction(theweightfunction). Find a polynomial 7

$ of minimaldegreesatisfyingthe
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where


8 , 
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8 arearbitrarygivenrealnumbers.
If for any choiceof 


8 and 


� �

8

��=

�F?

���+���A�GBH�

thereexists a uniquepolynomial 7

$ of
degree �

�IB

�

? satisfyingtheconditions(1.2), theweighted
���������

-interpolationproblemis
calledregular onthegivennodes(1.1) with respectto theweightfunction 0 . Thequestionis
how to choosethenodalpointsandtheweightfunction 0 sothattheproblemis regular, and
in theregularcasehow to �nd asimpleexplicit form of 7

$ .
J. Balázs [2] investigatedthe above problemon the interval J
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?AK , when the nodes
are the zerosof the ultrasphericalpolynomial LNMPO�Q
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5 . He showed,that in this casetheredoesnot exist a polynomialof
degree �

�IB

�

? satisfyingtherequirements(1.2). He proved,that if
B

is even,thenunder
thecondition
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where ^
8

�

#

�

representthe Lagrange-fundamentalpolynomialscorrespondingto the nodal
points #

8 , thereexistsa uniquepolynomialof degree �

�aB

(if
B

is odd,thentheuniqueness
fails). He gavetheexplicit form of this polynomialandprovedconvergencetheorem.
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Severalauthorsinvestigatedtheweighted
�S�������

-interpolationwith theadditionalBalázs-
typecondition(1.3) onthezerosof theclassicalorthogonalpolynomials(I. Joó [6], I. Joó and
L. Szili [7], J.Prasad[13], [14], [15], [16], L. Szili [19], [20]). Theadditionalcondition(1.3)
wasreplacedby interpolatorytypeconditionsin specialcasesby J. Bajpai [1], S.Dattaand
P. Mathur[4], S.Eneduanya[5] andJ.Balázs[3]. Recentlytheauthor([8], [9], [10]) studied
the weighted

�S�������

-interpolationwith oneandtwo additionalinterpolatoryconditionsin a
uni�ed way with respectto theexistence,uniquenessandrepresentation(explicit formulae).

In thispaperwestudythefollowinggeneralizationof theproblem:Therearetwo disjoint
setsof thenodes,andweighted

�S�������

-interpolationis prescribedon thepointsof oneof the
setswith Hermite-interpolationon thepointsof theotherone. In thecasewherethesecond
setis empty, werecover theoriginalproblemof J.Balázs[2].

The paperis organizedasfollows. In Section2 we describethe problemandwe give
generalformsof theexplicit formulaefor thefundamentalpolynomials.In Section3 wegive
necessaryandsuf�cient conditionson thenodesandtheweight function for theproblemto
be regularwith differentadditionalinterpolatoryconditions. In Section4 we presentsome
specialcases,Pál-typeweighted

�S�����

:

���

- and
�S�

:

�������

-interpolationproblemsonthezerosof
theclassicalorthogonalpolynomials.

2. The problem. On the�nite or in�nite interval J
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[]( and h%m
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joint setsof distinctpoints(nodes), andlet 0o1�3p5
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bea givenfunction,calledweight
function. Find a minimal degreepolynomial 7rq satisfyingtheweighted
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-interpolation
conditions
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andtheadditionalHermite-typeinterpolationconditions
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where
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i and m
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i arearbitrarygivenrealnumbers.
As thenumberof conditionsis D
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, theproblemis
regular, if for any choiceof thevalues


i , 
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i and m




MyxGQ

i thereexistsa uniquepolynomial 7€q

of degreeat most D

�

? . (For
|

�

�

thereareno Hermite-typeconditions,andwe recover
theoriginalproblemof J.Balázs[2].)

Theproblemis not regularin general,becausesucha minimal degreepolynomialmight
notexist ([2]), or if it exists,it mightnotbeunique.Thereforewestudytheproblemwith ad-
ditional interpolatoryconditionsand�nd conditionsfor theproblemto beregular. In regular
caseswe givesimpleexplicit formsfor 7

q . Finally we presentexampleson thezerosof the
classicalorthogonalpolynomials.

2.1. The fundamental polynomials. In what follows, let •

$ and ‚ be polynomialsof
degree

B

and } , respectively, associatedwith theinterpolationconditions,thatis
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Thegeneralexplicit formulaefor thefundamentalpolynomialsof �rst andsecondkind,
associatedwith theweighted

���������

-interpolation,canbeprovedin thesameway asin [8].
LEMMA 2.2. If on thenodesh
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Furthermore, thefundamentalpolynomialsof secondkindare
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3. Additional interpolatory conditions. We study the interpolationproblem(2.1)–
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TABLE 3.1

Additional Interpolatory
Condition(s)

Conditionfor Regularity Degreeof ²§³

(i) ²§³šcW´IµAg�¶¸·Aµ cW¹{ºI»`g�cž´IµAg]¼ ¶&d ½
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hastheuniquesolution ‘
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Furthermorelet
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REMARK 4.3. P. MathurandS.Datta[11] statedtheregularity of theweighted
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4.1.3. Pál-type weighted
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thenthePál-typeweighted
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REMARK 4.14. P. Mathur and S. Datta [12] statedthe regularity of the weighted
�S�
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-interpolation on the zeros of the Hermite polynomialswith the condition (ii) at
#�°

�

�

only for odd
B

. For even
B

they presenteda constructionwith the condition (i)
but it is notof minimaldegree.

4.2.2. Pál-type weighted
�S�

:

�������

-interpolation on the zerosof Laguerre polynomi-

als. Let h%m

#
i

k

$

i
[]( and h

#
i

k

$�'j(

i
[]( bethezerosof ísMWO�Q

$ and í•MWO�Q

¤

$ , respectively, whereísMWO�Q

$ is the
Laguerrepolynomialof degree

B

with thenormalization(4.1). Now
Å

Ü

'

Ý

¥

#

î

¥

X

(

í

MWO�Q

¤

$

Ê

� �

�

#%i

�

�

� �vu

�†?

�����+�A�CB

�

?

�A�

hencewe canapplyTheorem4.12in orderto getthefundamentalpolynomials

•

8 ,
™

8

��=

�

?

�+�������CB

�

?

�

, and 3

8

��=

�@?

���+���A�GBH�

.
Let ususethenotations

^+8

�

#

�

�

í•MWO�Q

¤

$

�

#

�

í•MWO�Q

¤ ¤

$

�

#;8

�A�

#¬�Ò#,8

�

�>=

�@?

�����+�A�CB

�

?

�\�

m

^+8

�

#

�

�

íšMPO�Q

$

�

#

�

í
MWO�Q

¤

$

�

m

#
8

���

#¬�

m

#
8

�

��=

�Ÿ?

���+���A�GBH�\�

THEOREM 4.15. If h�m

#
i

k

$

i
[]( and h

#
i

k

$�')(

i
[]( are zeros of í•MWO�Q

$ and í•MWO�Q

¤

$ , respectively,
#�°

�

�

andtheweightfunctionis 0

�

#

�

�

Ü

'

Ý

¥

#

î

¥

X

(

, thenthePál-typeweighted
�S�

:

�������

-
interpolationis regular with theadditionalcondition(i), (ii) or (iv) for any

RVT

�

? , but it is
regular with (v) only for

R

�

�

andwith (iii) or (vi) only for
R

�

�

and
�

.
Proof. For theregularity we applyTheorem3.1 with ‚

�

íšMWO�Q

$ , •

$�'j(

�

íšMWO�Q

¤

$ , #%°

�

�

and 0

�

Ü

'
Ý

¥

#

î

¥

X

(

. In regular caseswe get the fundamentalpolynomialsfrom Theorem
4.12with ‚

(

�@? , 0

5

�Ÿ? .



ETNA
Kent State University 
etna@mcs.kent.edu

220 M. LÉNÁRD

For the sake of simplicity we discussin detailsonly the case(i), whenthe additional
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In a similarwaywe obtainthefollowing result.
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we canstate
COROLLARY 4.18. Onthezerosof theintegratedLegendrepolynomial(4.4) theweight-

edPál-type
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-interpolationis regular with respectto theweightfunction 0
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�4? if
andonly if
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is even.
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