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ANALYSIS ON THE UNIT BALL AND ON THE SIMPLEX
YUAN XU

Dedicatedto Ed Saf onthe occasiorof his 60th birthday

Abstract. Many resultson the unit ball and thoseon the simplex canbe deducedrom eachotheror from
the correspondingesultson the unit sphere. The areasin which sucha connectionappearsnclude orthogonal
polynomialsapproximationcubaturdormulasandpolynomialinterpolation.We explain this phenomenoin some
detail.
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1. Intr oduction. Recentstudiesshow that,for several problemsin analysis resultson
theunit ball in  andthoseonthe standardsimplex

in can often be deducedfrom eachother or deducedfrom resultson the unit sphere
in , makinguseof elementarymapsbetweernthe threedomains
andsymmetryof the polynomial spaceson thesedomains. Hereandin the following,
denotethe Euclideanmnorm. Problemdor which thathasoccurredall involve polynomialsin
oneform or other They appeain theareaf orthogonapolynomials approximatiortheory
cubaturdormulas,andpolynomialinterpolation.The purposeof this paperis to explain this
phenomenoin somedetail. We will mainly take orthogonalpolynomialsandbestapproxi-
mationby polynomialsasexamplesput will mentionwhatelseis known in this regard.

The unit sphereis a manifold without a boundaryit is homogeneous the sensehat
ary point canbetranslatedo ary otherpoint by a simplerotation. In contrastthe unit ball
andthe simplex aremanifoldswith a boundary pointsnearthe boundaryare differentfrom
pointsinside. Analysison thesetwo domainswill have to catchtheboundarybehaior. This
consideratiorseemdo indicatethattheresultson ~ and  shouldnot be deduciblefrom
thoseon . Thekey, however, liesin the notion of weightedspacesMore speci cally, we
will work with weighted  spacesn thesedomains.For thedomain  we will consider
mainly theweightfunction , where

(1.1)

which becomeszero on the coordinateplane if . Consequentlya function
canhave singularitieson the intersection®of the sphereandthe coordinates

planes. Whenwe work with the weightedspacestheseintersectiongplay the role of the

boundaryonthesphere . Correspondingo , we have theweightfunction

(1.2)
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denedon ,where , andtheweightfunction

(1.3)

denedon . Thesearetheweightfunctionsthatwill be usedin this paper Many results
thatwewill discussholdfor moregeneralveightfunctionsmainlyfor thoseweightfunctions
thatareinvariantundera nite re ection group. Theweightfunction in (1.1) is aspecial
casewhichis invariantunderthe group ,and in (1.2 is invariantunderthe group

. Wewill notdiscusshemostgenerakasen orderto keepour expositionsimpleandkeep
themainideaclear

Thesethreeweight functionsare closelyrelatedandthe relationextendsto orthogonal
polynomialsand cubatureformulaswith respectto theseweight functions, as exploredin
[26, 27]. More recently it hasbeenrealizedthatwe cangeta completecharacterizatiorior
thebestapproximatioron  andon  thisway[34, 35, 36]. It is this latter development
thatwe chooseasexamplesfor the mainidea. Our goalis to explain how resultson the ball

andonthesimplex  canbederived. We will not give acompletesurwey of theresults
known onthesedomainsneitherwill we statetheresultsin their mostgeneraform.

The paperis organizedasfollows. The backgroundandthe basicrelationbetweerthe
threedomainsaregivenin the next section. The resultson orthogonalpolynomialsandap-
proximationon the unit spherearediscussedn Section3. Theway to obtainresultson the
unit ball andon the simplex is explainedin Section4 andin Section5, respectiely. Finally,
in Section6, we give a brief accounton otherproblemsfor which resultson ~ andon
canbeobtainedfrom eachotheror from thoseon

2. Basicrelations. Let bethe spaceof polynomialsof realvari-
ablesandlet  bethesubspacef polynomialsof degreeat most . We alsodenoteby
thespaceof homogeneoupolynomialsof degree . It is known that

and
2.1. Polynomial spaceson and on . Denoteby and the re-
striction of and on , respectiely. The polynomialsin may not be
homogeneoudn fact,we have
sothat . Let denotethe upperhemispheredf . A simple-

mindedrelationbetween and s asfollows:

(2.1)
Clearly, a similar relationholdsfor the lower hemisphere.The domain  inducesa sym-
metryin the polynomialspace Let denotethe subspacef elementsn that
areevenin its -th coordinatesThe mapping(2.1) leadsimmediatelyto thefollowing
basicresult:

LEMMA 2.1. For each theequation

2.2)
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holdsin the sensehat for eat there exist uniqueelements and
sud that

In particular, there is a one-to-onecorrespondencbetween  and .
Proof. Let . We canwrite for some

. Usingthefactthat , we have , Wwhere
and . Clearly and areunique. d

Using(2.1) asa changeof variabledeadsimmediatelyto therelation

(2.3) -

where isthesurfacemeasurenthesphere
Thesesimpleobsenationshave importantapplicationsfor orthogonalpolynomialsand
approximatiorby polynomials,aswill bediscussedn Section4.

2.2. Polynomial spaceson and on . We startwith a simple mappingbetween
and . Let bethepositive quadranof . A
simplemindedelationbetween and s asfollows:
(2.4)
A polynomial of the form is invariantundersign changesof its
coordinatesthatis, it is invariantunderthe group . Let denotethemap
(2.5)

Thedomain canbelookeduponasthefundamentatiomainfor thepolynomialsinvariant
under . Letusde ne

invariantunder

Therelation(2.4) leadsto a correspondencleetweemolynomialspaces:
LEMMA 2.2. Themap introducesa one-to-onecorrespondencdetween  and

; more precisely correspondgo .
Proof. If then is evenin eachof its variables.Hence,it is easyto seethat
for some . Thecorrespondencieetween and

is evidentlyone-to-one. 0O
Using(2.4) asa changeof variabledeadsimmediatelyto therelation

(2.6)

Theseobsenationswill playimportantrolesin the studyof orthogonabpolynomialsand
approximatiorby polynomials which will be discussedn Section5.

3. Analysis on the unit sphere. In this sectionwe review resultsfor orthogonalpoly-
nomialsandapproximatiorwith respecto theweightfunction  ontheunitsphere . The
weightfunction is givenin (1.1), which hassingularityat the intersectionof the sphere
andcoordinateplanes.



ETNA

Kent State University
etna@mcs.kent.edu

ANALYSISON THE UNIT BALL AND ON THE SIMPLEX 287

3.1. Orthogonal polynomials on the sphere. Let  bede ned asin (1.1). We con-
siderorthogonabpolynomialswith respecto theinnerproduct

where is a constantsuchthat . Let denotethe subspace

of orthogonalhomogeneoupolynomialsof degree with respecto this inner product. It

is known that . The elementof this spaceare called
-harmonics.If , is the spaceof ordinarysphericalharmonicsof degree

. Theweightfunction in (1.1) is anexampleof a family of weightfunctionsinvariant
underre ection groups for whichthecorresponding -harmonicsenjoy propertiessimilarto
thoseof ordinarysphericaharmonicsseg[9, 10] andthereferencesherein.

We statethebasicpropertief -harmonicdbelon. Theessentiaingredientis theDunkl
operator which,for  in (1.1), isde nedby[9]

Theseare rst orderdifferential-diferenceoperatorgshatmaps to andthey commute
with eachother;thatis, for . The -Laplacianis de ned
by which playstherole of the usualLaplacian: If ,
then . Furthermorejn spherical-polacoordinates , , , the

-Laplaciantakestheform [30]

(3.1) _ — — where  —

a formula similar to the spherical-polaform of the usualLaplacian. The operator is

calledthe spherical -Laplacian.Whenrestrictedto , -harmonicsareeigenfunctionf
, thatis,

(3.2)
ThebasicHilbert spaceheoryshowsthat canbedecomposeds

where is the projectionoperatorfrom onto . It is known that

(3.3)

where is the reproducingkernel of (zonal -harmonic). The reproducing

kernelturnsoutto satisfya compactformula[25]
(3.4) o
where is the Gegenbauepolynomial of degree and s the intertwining operator

whichis alinearoperatomuniquelydeterminedy and ,
For in(1.1),itisknownthat satis es[24]

(3.5)
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The formula (3.4), just like the classicalzonal harmonics,plays an importantrole in the
studyof -harmonicexpansionswhich pointsout a connectionto Gegenbaueexpansions
andindicatesa possibleconnectiorto functionsof onevariable.

3.2. Weighted approximation. We work with the space thatis equipped
with thenorm

for and for .

Theequation(3.3) andtheexplicit formula(4.6) suggestshe de nition of thefollowing
weightedconvolution: For and ,
(3.6)
For the surfacemeasurg ), thisis the sphericalconvolutionin [8]. It satis esthe
usualpropertiesof convolution. In particular it satis esYoung'sinequality:

PROPOSITION 3.1. For and ,
whee and .

This shavs that is nite for and . We note
that the projectionoperator in (3.3) canbe written asa corvolution of  with the

Gegenbauepolynomial , whichindicatesa possiblereductionin thestudyof -harmonic
expansiongo thatof GegenbaueexpansionsWe shallnotpursuethisline of studyhere;see,
for example,[29]. Insteadwe usethecorvolutionto de ne aweightedsphericaimeans,
whichis de ned implicitly asfollows:

where isary functionand . Young'sinequalitycanbe usedto shov
that  is well-de ned. In the caseof , theweightedsphericaimeanscoincideswith
theclassicakphericaimeans

(3.7)

whichwasstudiedin [5, 18]. Theweightedsphericameanssharesessentiallyall properties
of theclassicakphericaimeand 34], includingthoselistedbelow:
PrROPOSITION 3.2. Themeans satisfythefollowing properties:
1. Let ; then
2. If , then

and
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The last propertysuggestsmmediatelythe following de nition of a weightedmodulus
of smoothnesg-or and ,
(3.8)
For , this coincideswith the classicalimodulusof smoothnessn the spherethat has

beenusedby mary authors;see,for example,[5, 17, 18, 20] andthe referencesherein. It
satis estheusualpropertiesof modulusof smoothness.

Thereis alsoa weightedK-functional, de ned usingthe spherical -Laplacian in
(3.D): For and ,
(3.9)
wherethein mum is takenoverthespaceof all for which is nite.

Justasin the classicalapproximatiortheory the weightedmodulusof smoothnessnd
theweightedK-functionalareequivalent[34].
THEOREM 3.3. For , ,and ,

whee and areconstantsndependentf
Thesetwo equivalentgadgetscan be usedto characterizehe bestapproximationby
polynomials[34]. For , , we denoteby

(3.10)

theerrorof bestapproximatiorby polynomialsin theweighted  space.
THEOREM 3.4. For , ,

(3.11)

and,ontheotherhand,

In otherwords,bothdirectandinversetheoemsfor the bestapproximationhold.
Theseresultsprovide a completecharacterizatiomf the bestapproximatiorby polyno-
mials. For thesurfacemeasuren  ( ), they wereprovedin [20], which bringsalong
investigationwith variousearly resultsobtainedoy mary otherauthorsto a completion.See
theresultsin [5, 15, 17, 18, 20] andthereferencesherein. The proof of thesetwo theorems
areratherinvolved.
Let us mentiononeresultthat will be usedto explain how to obtainresultson the ball

andonthesimplex. Let beafunctionde ned by for

and if . De ne asequencef operators for by

(3.12) -

Since if , the seriedsis nite and is a sphericalpolynomialof degree
atmost . Furthermorethe operator preserespolynomialsof degree . Themain

propertienf  aregivenin thefollowing proposition:
PROPOSITION 3.5. Let , f then
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1. and for ;
2. for , ;
3. for ,

This propositionwas provedin [34], wherewe assumehat is in . The proofis
basedon theboundednessf the Cesaro -meandor the -harmonicexpansionswhich
holdsif asshawn in [24]. This givesthe condition . For the Lebesgue
measurg ), the de nition of the operator appearedrst in [14] andit playedan

importantrolein [20].
4. Analysison the unit ball. Ourgoalin this sectionis to shov how theresultson

canbededucedromthoseon . We consideranalysisin the weightedspace on
, where is givenin (1.2), which hasthenorm
for , and for , Where is the normalization

constanbf theweightfunction
Frequentlywe will referto theresultsin the previoussection.For this purposat is more
corvenientfor usto referto thoseresultsin termsof theweightfunction

whichis theweightfunction de nedin (1.1) with , Wherewe usethe notation
for . Notethat is in(1.1) with replaceby . Thus,

whenwe referto theresultsin theprevioussectionwewill replace by . Furthermore,

whene&erwereferto anotionthatappearedh the previoussectionanddenotedy a notation

that containsa subindex , we will thenreplace by . For example,we will use

to denotethe intertwining operatorin (3.5 associateavith anduse to denotethe

convolutionin (3.6) associatedvith

4.1. Orthogonal polynomialson . Underthe mapping(2.1), the weight functions
at(1.2) is relatedto theweightfunction by thefollowing relation:

(4.1)

We considertheinnerproducton the unit ball

where is thenormalizationconstanof . Let denotethe spaceof orthog-
onalpolynomialsof degree with respecto . Severalexplicit baseof are
known explicitly; seefor example,[10]. In thecaseof theclassicalweightfunction

whichis thesameas , someof thesebasexanbetracedbackto Hermite;se€[ 3, 11].
Whatwe need however, is therelationbetweerorthogonalpolynomialson ~ andthoseon
. Thisrelationfollows asa consequencef Lemma2.1
PROPOSITION 4.1. Write , and . Then
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More preciselyif is a basisof and is a basisof ,then
thefunctions and arehomaeneougpolynomials

andtheir restrictionon  form a basisfor .
The propositionestablisheshe relationbetweenorthogonalpolynomialson the sphere
andthoseontheunit ball. It shavs,in particular that

is evenin

In otherwords,orthogonalpolynomialswith respecto on  corresponcne-to-one
to spherical -harmonicsassociatedvith that areevenin . Note that the ordi-
nary sphericalharmonicson  correspondso the orthogonalpolynomialswith respecto
on , while the orthogonalpolynomialswith respectto the

Lebesgueneasure on  correspondothe -sphericaharmonicsassociatedb
on .

The mapping(2.1) goesdeeperthanjust inducinga correspondencelt turnsout that,
underthis mappingthe spherical -Laplacian in (3.1) becomeg§30]

(4.2) .

where is the gradientand is the -Laplacianassociatedo . The
orthogonabpolynomialsin becomeeigenfunction®f , see(3.2),

(4.3)

For the classicalweight function , this is the secondorder partial differential

equatiorsatis ed by the classicabrthogonalpolynomialson
Becausef theequation(2.3) andthemapping(2.1), we de ne anoperator

(4.4)

where is theintertwining operatorfor  andit is given explicitly in (3.5 with

replacedby . Recallthat denotethe intertwining operatorfor . The new operator
is simply .

Using(2.3) and(3.4), thereproducingkernel of becomes
(4.5) _
where and with , Whichis anintegral

formulaaccordingo theexplicit formula(3.5). In particular for the classicalveightfunction
, the explicit integral formulabecome$28]

where ——. Theprojectionoperator is de ned by
(4.6)

The explicit formula (4.5 of thereproducingkernelplaysanimportantrole in the study of
thecorvergenceof orthogonalexpansionson



ETNA

Kent State University
etna@mcs.kent.edu

292 Y. XU

4.2. Weighted approximation on the ball. The operator canbe usedto de ne,

setting , a corvolution structure between and
, justasin (3.6),
4.7)
The equation(4.5) and(4.6) show that canbewritten asa corvolutionof ~ with
the Gagenbauepolynomial under . It turnsout that this convolution structureis

relatedto the corvolution structure ontheunit sphere:

(4.8)

where is de ned by . Clearly we canalsotake this equationasthe

de nition of . It follows immediatelyfrom (2.3) that also satis es Young's

inequality We cande ne ananalogueof theweighedsphericaimeans, , asfollows: For
, theoperator is de ned implicitly by

(4.9)

for every . Sincethecorvolutionson  andon  arerelatedby (4.9),

it follows readilythatthefollowing relationholds:

(4.10)
where , Whichcanalsobetakenasthede nition of . Asaconsequence
of this relation, the propertiesof this operatorfollows immediatelyfrom thoseof in

Proposition3.2:
PROPOSITION 4.2. Themeans satisfythefollowing properties:
1. Let ; then
2. If , then

and

The operator s calledthe generalizedranslationoperatorin [3€], sincethe prop-
erty 2 in the Proposition4.2 impliesthat

which becomeswhen and , the propertysatis ed by the translationoperator
for the Gegenbauemeight function on . Thetranslation
operator isusuallyde ned by

(4.11)
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which playsanimportantrole in the studyof orthogonalexpansionsn Gegenbauepolyno-

mials; see,for example,[4, 5, 7, 18, 22]. For and , we have
Furthermorein [36] ananalogueof (4.11) is foundfor theclassicaweightfunction
PROPOSITION 4.3. Let be the unitary matrix whose r st columnis and
. Thenthe genearlizedtranslationoperator for is

anintegral transform

whee is consideedasa row vectorand is the matrix multiplication.

The mapping(2.1) and(4.10 canbe usedto give anintegral equationfor the weighted
sphericalmeans  for theweightfunction onthesphere . We do not
know if suchan integral formula holdsfor with respecto the weightfunction or

equivalentlyfor  for de nedin (1.1).
As a consequencef the property3 of the Proposition4.2 we cande ne a modulusof

smoothnessn  asfollows: For , , and ,

(4.12)

By (4.10), thismodulusof smoothnests relatedto themodulus associatedvith
asde nedin (3.9). In fact,we have

(4.13)

Hence propertieof follow from thosesatis ed by
Usingthedifferential-diferenceoperator in (4.2), wecanalsode ne aK-functional

asfollows: For , ,

(4.14)

wherethein mum is takenoverall for which is nite.
Sincetheoperator is deducedrom thatof , thereis alsoa connectiorbetweerthe
K-functionals and associatedvith asde nedin (3.9). If
fact,we alsohave

(4.15)

Consequentlythefollowing equivalencefollows from Theorem3.3right away:
THEOREM 4.4, For , ,

whele and areconstantsndependentf
Again thesetwo gadgetsanbe usedto characterizeéhe bestapproximatiorby polyno-
mials. For , , let

denotethe error of the bestapproximationby polynomialsof degreeat most . Usingthe
basicrelations(2.1) and(2.2), we canprove that
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Consequentlythefollowing theoremfollows immediatelyfrom Theorem3.4.
THEOREM 4.5. For , ,

Ontheotherhand,

To further illustrate how the resultson the unit ball canbe derived from thoseon the
spherewe stateandprove a theoremanalogougo Proposition3.5. Let asin
(3.12. We de ne asequencef operators by

(4.16) —
PROPOSITION 4.6. Let , , and if L f
then
1. and for ;
2. for , ;
3. for ,

Proof. Usingthede nition of theoperator , it follows easilyfrom (3.4) and(4.5) that

(4.17) -

from which we derive from (3.3) and(4.6) thatthefollowing relationholds:

Consequently , fromwhichthestatedresultsfollow from the
equation(2.3) andPropositioré.6. O

5. Analysison the simplex. In this sectionwe shov how resultson the simplex canbe
deducedrom thoseontheball. Sincethebasicrelation(2.4) amountgo anon-linearchange
of variablesthedeductioris morecomplicatedhanthedeductiorfrom thesphereo theball.

Recallthe weightfunction givenin (1.3). We will consider spacewith
norm de ned similarly as . Recallthemap in (2.5. Using(2.6), it is
easyto seethat is equivalentto ; furthermorewe have

5.1. Orthogonal polynomials on the simplex. Under the mapping , ,
, becomes , , sincetheJacobiarof changingvariablesrom

is . Let denotethe spaceof orthogonalpolynomialsof degree
with respecto theinnerproduct
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on . Underthemapping(2.5), theinnerproduct is relatedto by
fromwhichtherelationbetween and followsimmediately Letusde ne

on , whichcontaingpolynomialsin that

areinvariantunder  (invariantundersignchanges).
PROPOSITION 5.1. Themapping(2.5) inducesan one-to-onecorrespondencéetween
and .
Since isinvariantunder ,themapping alsotranslatesheoperator de ned
in (4.2) to thedifferentialoperator [30] de ned by

(5.1) _

andtheorthogonalpolynomialsin aretheeigenfunctionof ,

This is the classicalpartial differentialequationssatis ed by orthogonalpolynomialson

Sincetheelementsn areof theform with , thereproducing
kernelof satis es

(5.2)

where - ~ and . This equationsuggestghe

de nition of thefollowing operatorde ned onfunctionson ,

(5.3)
where is de nedin (4.4). Usingthefactthat , Where
is a constanaind denoteghe orthonormallacobipolynomialof degree , it follows

from (5.2) and(5.3) that

(5.4)

where - - and is de ned similarly. By the
de nition of andtheequation(3.5), thisgivesanexplicit compacformulafor thekernel.
Again, the projectionoperator is de ned by

Theformula(5.4) of thereproducingkernelplaysanessentiatole in the studyof orthogonal
expansion®on . It shows,in particular thatthe expansionon  areconnectedo Jacobi
expansionsratherthanGegenbaueexpansions.
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5.2. Weightedapproximation on the simplex. Usingtheoperator  , we cande ne

acornvolution for and on asin (4.7).
Thebasicmapping(2.5 shavsthat

(5.5)
which canalsobetakenasade nition of . Theequationg5.4) shavsthat can

be written asa corvolution of  andthe Jacobipolynomial. Using the corvolution, we can
de ne ananaloguef a generalizedranslationoperator by

(5.6)

for every . Notethatwe have in contrastto in (4.9,
which comesfrom . Fromtherelation(5.5) it follows that

(5.7)

fromwhichthepropertiesof  follows from thosein Propositiond4.2.
PrROPOSITION 5.2. Themeans satisfythefollowing properties:

1. Let ; then
2. If , then
3. For , , or ;
and
Justlike the caseof , the last property of this propositionsuggestghe following
de nition of amodulusof smoothnessn  : For and ,
(5.8)

Underthemapping(2.5) therelation(5.7) and(4.12 immediatelyshaw that

(5.9)

Asin thecaseof , we canusetheoperator in (5.1) to de ne aK-functionalas
follows: For , ,
(5.10)
wherethein mum is takenoverall for which is nite.
Since is obtainedfrom by a changeof variable(2.5), it followsthat

(5.11)
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Consequentlythefollowing equivalencefollows from Theorem3.3right away:
THEOREM 5.3. For , ,

whele and areconstantsndependentf
As before,the two gadgetsanbe usedto characterizéhe bestapproximatiorby poly-
nomials.For , , let

denotethe error of the bestapproximatiorby polynomialsof degreeat most . Using (2.5
andtakinginto consideratiorof the symmetryof , we canshaw that

Hence thefollowing characterizatioffiollows immediatelyfrom Theorem4.5and(5.9):
THEOREM 5.4. For , ,

Ontheotherhand,

5.3. Additional dif culty for analysison the simplex. In theabove discussiorwe put
ouremphasi®nthesimilarity betweerresultsontheball andonthesimplex. In fact,mostof
theresultsonthesetwo domainsappeato beequialentin thesensehatthey canbededuced
from eachother andbothcanbe deducedrom theresultsonthesphere However, for certain
problemsthesimplex is moredif cult to work with. Thedif culty appearsn theconnection
between and shavn in (5.2), which forcesus to switch from

to asin (5.4). As aconsequencéheresultsfor certainproblemson
will notfollow asanexactconsequencefthoseon . Thisis soespeciallyfor the studyof
orthogonakxpansions.

To illustratethis point, let asin (3.12 andde ne operators by
(5.12) -
Themainpropertieof is thefollowing theoremanalogougo Propositiond.6:
PROPOSITION 5.5. Let , , and if f
then
1. and for ;
2. for , ;
3. for ,
This theorem,however, doesnot follow asa consequencef Proposition4.6. In fact,
therelation(5.4) showvsthat is relatedto , which shawvs thatthereis no

directrelationbetween and , aseachisasumover from to . Theproofof this
theoremcanbe modeledafterthe proof of Proposition3.5in [34], which goesbackto [14].

The samephenomenorlsoappearsvhenwetry to nd thecritical index of the Cesro

-meansof the orthogonalkexpansionsin fact, for on ,thesharpcritical index
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wasestablishedh [16], whilesfor on theresultwasnotestablishedor all parameter
ranges.Thestudyof -meansof orthogonakxpansionon  doesnotfollow from the
oneon . See[16] for details.

For . is the Jacobiweight function on
However, is notthe usualtranslationoperatorassociateavith the productformulaof the
Jacobiseries.In fact,it correspondso the “wrong” productformula

where . Finally, we mentionthatit would be
interestingto nd if canbe written asanintegral transform lik e the formula of for
in Proposition4.3,

6. Other problemson the unit ball and on the simplex. Besidesorthogonalpolyno-
mialsandapproximationdiscussedn the previous sectionsthe connectiorbetween
and canbeusefulin severalotherproblemsin analysis.In this sectionwe brie y discuss
threeotherproblems.

6.1. Polynomial of leastdeviation from zero. For and
, we de ne themonomial . Thedegreeof themonomial
is . Let bearegionin . If is a polynomial of best
approximatiorto themonomial  in theuniformnormon , then is calledthe
polynomialof leastdeviation from zero.We shallalsocall aleastpolynomial.

Using the basicrelations(2.1) and (2.5 betweenthe three domainsand the relations
betweerpolynomialspacessgivenin Lemma2.1andLemma2.2, onecanoftenreducethe
problemof nding leastpolynomialson  tothatof andtothatof . Asanillustration
we stateonesuchresult[32)].

THEOREM 6.1. Let andwrite and Cf is
a leastpolynomialfor on |, then is a leastpolynomialfor on ;
corversely if  is a leastpolynomialfor on in the form ,
then is aleastpolynomialfor  on

For , the leastpolynomialsto from on thedomain  and
wereknown. Their relationasstatedin the theoremwasusedin [6]. For , only afew

examplesof leastpolynomialswereknown, see[1, 2, 19, 21, 32]. Theabove theoremcanbe
usedto nd leastpolynomialsfor monomialsof lower degrees.It shaws, in particular thatin
orderto nd aleastpolynomialfor on ,itisenoughtoworkwith , whichhaslower
degree,on . For example,oneleastpolynomialfor on isgivenby[37

which givesimmediatelya leastpolynomialfor on usingthetheorem.

6.2. Cubatureformula. Theformulas(2.3) and(2.6) relatetheintegralin threeregions.
Togetherwith the connectionof the polynomialson thesedomains,they leadto relations
betweercubaturdormulason , and . Theseelationswerediscussedh [26, 27] and
they wereusedin [12, 13] to generateew cubaturdormulas.We stateonly onetheorenthat
captureghe spirit of sucharesult.

THEOREM 6.2. If thereis a cubatue formulaof degree  on  giving by

(6.1)
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with all , thenthere is a cubatue formulaof degree on givenby
(6.2) - -
whee denotethe numberof non-zeo componentin . Moreover, a cubatue formula
of degree in theformof (6.1) on  impliesa cubatueformulaof degree  in the

formof (6.2) on

A similar resultholdsfor cubaturformulason  andon , which alsoextendsto a
relationbetweercubaturformulason  andon . We notethata cubaturdor thesurface
measureon  correspond$o a cubaturefor “Chebysh&” weight function on ,
whichin turn corresponds$o a cubaturefor “Chebyshe&” weightfunction on

6.3. Polynomial Inter polation. Therelation(2.1) betweenpolynomial spacesn
andthoseon canalsobeusedin the problemof polynomialinterpolation.

Let . We considetthefollowing interpolationproblemon
PROBLEM 1. Let bea setof pointson . Find conditionson  sud that, for any
givendata , thereis a uniquepolynomial satisfying , for and

Let . Theinterpolationproblemon  thatwe consideliis:
PROBLEM 2. Let bea setof distinctpointson . Find conditionson  sud that,
for anygivendata , there is a uniquepolynomial satisfying , for

and
Wecallthepointset on  symmetridf impliesthat
, where . Fromtherelation(2.1) betweerpolynomialsspacessolutions

of thesetwo problemsarerelatedasfollows[33]:

THEOREM 6.3. Let bea setof points on that solvesProblem1. Assume
that containsexactly pointson the boundary of and that

solvesProblem1 for . De ne

Then solvesProblem2. On the other hand,if  solvesProblem2, is symmetric,
andthere are exactly pointson the hyperplane , then
solvesProblem1.

The relation (2.5) and the relation betweenthe polynomial spaceson and as
describedn Lemma2.2 canalsobe usedfor interpolationproblem. However, becauseghe
mapping is nonlinear apolynomialof degree thatinterpolateson pointson

correspondso aninterpolationpolynomialon  thatbelongsto a subspacef ; see
[33] for adiscussiorin the caseof
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