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ANALYSIS ON THE UNIT BALL AND ON THE SIMPLEX
�

YUAN XU
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Dedicatedto EdSaff on theoccasionof his60thbirthday

Abstract. Many resultson the unit ball and thoseon the simplex canbe deducedfrom eachother or from
the correspondingresultson the unit sphere. The areasin which sucha connectionappearsinclude orthogonal
polynomials,approximation,cubatureformulasandpolynomialinterpolation.Weexplain thisphenomenonin some
detail.
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1. Intr oduction. Recentstudiesshow that, for severalproblemsin analysis,resultson
theunit ball �������
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can often be deducedfrom eachother or deducedfrom resultson the unit sphere
.

�
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3�4�5� in �
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� , makinguseof elementarymapsbetweenthe threedomains
andsymmetryof the polynomialspaceson thesedomains.Hereandin the following, 
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denotetheEuclideannorm.Problemsfor which thathasoccurredall involvepolynomialsin
oneform or other. They appearin theareasof orthogonalpolynomials,approximationtheory,
cubatureformulas,andpolynomialinterpolation.Thepurposeof this paperis to explain this
phenomenonin somedetail. We will mainly take orthogonalpolynomialsandbestapproxi-
mationby polynomialsasexamples,but will mentionwhatelseis known in this regard.

The unit sphereis a manifold without a boundary, it is homogeneousin the sensethat
any point canbetranslatedto any otherpoint by a simplerotation. In contrast,theunit ball
andthesimplex aremanifoldswith a boundary, pointsneartheboundaryaredifferentfrom
pointsinside.Analysison thesetwo domainswill have to catchtheboundarybehavior. This
considerationseemsto indicatethat theresultson �8� and

�

� shouldnot bededuciblefrom
thoseon

.

�
. Thekey, however, lies in thenotionof weightedspaces.More speci�cally, we

will work with weighted90: spaceson thesedomains.For thedomain
.

�
we will consider

mainly theweightfunction ;=< > , where
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which becomeszeroon the coordinateplane 	
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� . Consequently, a function
K(L
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@ canhave singularitieson theintersectionsof thesphereandthecoordinates

planes. When we work with the weightedspaces,theseintersectionsplay the role of the
boundaryon thesphere

.

� . Correspondingto ;�< > , wehave theweightfunction
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de�ned on � � , where\_�`H

�76

� , andtheweightfunction

(1.3) Oba >5Q R
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de�ned on
�

� . Thesearetheweight functionsthatwill beusedin this paper. Many results
thatwewill discussholdfor moregeneralweightfunctions,mainlyfor thoseweightfunctions
thatareinvariantundera �nite re�ection group.Theweight function ;

> in (1.1) is a special
case,which is invariantunderthegroup d

�e6

�

<

, and O

P

>5Q R in (1.2) is invariantunderthegroup
d �

<

. Wewill notdiscussthemostgeneralcasein orderto keepourexpositionsimpleandkeep
themainideaclear.

Thesethreeweight functionsarecloselyrelatedandthe relationextendsto orthogonal
polynomialsandcubatureformulaswith respectto theseweight functions,as explored in
[26, 27]. More recently, it hasbeenrealizedthatwe cangeta completecharacterizationfor
thebestapproximationon � �

andon
�

�
this way [34, 35, 36]. It is this latterdevelopment

thatwe chooseasexamplesfor themain idea.Our goal is to explain how resultson theball
�

�
andon thesimplex

�

�
canbederived. We will not give a completesurvey of theresults

known on thesedomains,neitherwill westatetheresultsin theirmostgeneralform.
The paperis organizedasfollows. The backgroundandthebasicrelationbetweenthe

threedomainsaregiven in thenext section.Theresultson orthogonalpolynomialsandap-
proximationon theunit spherearediscussedin Section3. Theway to obtainresultson the
unit ball andon thesimplex is explainedin Section4 andin Section5, respectively. Finally,
in Section6, we give a brief accounton otherproblemsfor which resultson �

� andon
�

�

canbeobtainedfrom eachotheror from thoseon
.

� .

2. Basicrelations. Let f
�

���'g 	��"!$#
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�$h

bethespaceof polynomialsof i realvari-
ablesandlet f

�

j bethesubspaceof polynomialsof degreeat most k . We alsodenoteby l
�

j

thespaceof homogeneouspolynomialsof degreek . It is known that
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2.1. Polynomial spaceson
.

� and on �
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denotetheupperhemisphereof
.

�
. A simple-

mindedrelationbetween
.

�

6

and �
� is asfollows:
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Clearly, a similar relationholdsfor the lower hemisphere.The domain
.

�

6

inducesa sym-
metryin thepolynomialspace.Let l

6

j

?

.

�
@ denotethesubspaceof elementsin l

j

?

.

�
@ that

areevenin its ?

i�s`��@ -th coordinates.Themapping(2.1) leadsimmediatelyto thefollowing
basicresult:

LEMMA 2.1. For each k(� � theequation
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holdsin the sensethat for each •

L

l

j

?
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� @ there exist uniqueelementsŽ

L
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j and •
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In particular, there is a one-to-onecorrespondencebetweenf �

j and l 6

j

?

.

� @ .
Proof. Let •
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Using(2.1) asachangeof variablesleadsimmediatelyto therelation
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wherei5š is thesurfacemeasureon thesphere
.

� .
Thesesimpleobservationshave importantapplicationsfor orthogonalpolynomialsand

approximationby polynomials,aswill bediscussedin Section4.

2.2. Polynomial spaceson �
�

and on
�

�
. We startwith a simplemappingbetween
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and
�

�
. Let �
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Therelation(2.4) leadsto acorrespondencebetweenpolynomialspaces:
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Using(2.4) asachangeof variablesleadsimmediatelyto therelation
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Theseobservationswill play importantrolesin thestudyof orthogonalpolynomialsand
approximationby polynomials,whichwill bediscussedin Section5.

3. Analysis on the unit sphere. In this sectionwe review resultsfor orthogonalpoly-
nomialsandapproximationwith respectto theweightfunction ;�<

> ontheunit sphere
.

�
. The

weight function ;

> is givenin (1.1), which hassingularityat the intersectionsof thesphere
andcoordinateplanes.
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3.1. Orthogonal polynomials on the sphere. Let ;

> be de�ned asin (1.1). We con-
siderorthogonalpolynomialswith respectto theinnerproduct
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is known that
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; -harmonics.If ;
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;�< > @ is thespaceof ordinarysphericalharmonicsof degree
k . The weight function ;

> in (1.1) is an exampleof a family of weight functionsinvariant
underre�ection groups,for which thecorresponding; -harmonicsenjoy propertiessimilar to
thoseof ordinarysphericalharmonics;see[9, 10] andthereferencestherein.

Westatethebasicpropertiesof ; -harmonicsbelow. Theessentialingredientis theDunkl
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The formula (3.4), just like the classicalzonal harmonics,plays an importantrole in the
studyof ; -harmonicexpansions,which pointsout a connectionto Gegenbauerexpansions
andindicatesapossibleconnectionto functionsof onevariable.

3.2. Weighted approximation. We work with the space90:
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Theequation(3.3) andtheexplicit formula(4.6) suggeststhede�nition of thefollowing
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For thesurfacemeasure( ;

>
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	=@��¢� ), this is thesphericalconvolution in [8]. It satis�esthe
usualpropertiesof convolution. In particular, it satis�esYoung's inequality:
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for example,[29]. Instead,we usetheconvolutionto de�ne a weightedsphericalmeans,
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which wasstudiedin [5, 18]. Theweightedsphericalmeanssharesessentiallyall properties
of theclassicalsphericalmeans[34], includingthoselistedbelow:
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The lastpropertysuggestsimmediatelythe following de�nition of a weightedmodulus
of smoothness:For Ä

J

� and �ª�cŽ��Uâ ,
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For H,�/� , this coincideswith the classicalmodulusof smoothnesson the spherethat has
beenusedby many authors;see,for example,[5, 17, 18, 20] andthe referencestherein. It
satis�estheusualpropertiesof modulusof smoothness.

Thereis alsoa weightedK-functional,de�ned usingthespherical; -LaplacianÁ]Â

Q

} in
(3.1): For Ä
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wherethein�mum is takenover thespaceof all ®

L

90:
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is �nite.
Justasin theclassicalapproximationtheory, theweightedmodulusof smoothnessand

theweightedK-functionalareequivalent[34].
THEOREM 3.3. For Ä
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where Ú�� and Ú

<

areconstantsindependentof
K

.
Thesetwo equivalent gadgetscan be usedto characterizethe bestapproximationby

polynomials[34]. For
K�L
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��@ , �ª�üŽ��`â , we denoteby
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theerrorof bestapproximationby polynomialsin theweighted9S: space.
THEOREM 3.4. For
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In otherwords,bothdirectandinversetheoremsfor thebestapproximationhold.
Theseresultsprovide a completecharacterizationof thebestapproximationby polyno-

mials.For thesurfacemeasureon
.

�
( H]�`� ), they wereprovedin [20], whichbringsa long

investigationwith variousearlyresultsobtainedby many otherauthorsto a completion.See
theresultsin [5, 15, 17, 18, 20] andthereferencestherein.Theproof of thesetwo theorems
areratherinvolved.

Let usmentiononeresultthatwill be usedto explain how to obtainresultson theball
andon thesimplex. Let �

L

Ö

³

g �"!7sªâ,@ bea functionde�ned by �
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	=@��¤� for �‡�b	u�”�
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Since�

?��

� k†@)��� if �

�

›

k , theseriesis �nite and �

j

K

is a sphericalpolynomialof degree
at most

›

k�& � . Furthermore,theoperator�

j preservespolynomialsof degree k . Themain
propertiesof �

j aregivenin thefollowing proposition:
PROPOSITION 3.5. Let

K�L

9�:

?

;�< >N@ , �à�cŽ��Uâ . If �

���

Ç��

s`� then
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1. �

j

KüL

f

<

j

V

�

?

.

� @ and �

j

•b�¦• for •

L

f

j
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.

� @ ;
2. for k

J

� , 
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;
3. for k
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#

This propositionwasproved in [34], wherewe assumethat � is in Ö

É

. The proof is
basedon theboundednessof theCes�aro ? Ö

!���@ -meansfor the ; -harmonicexpansions,which
holdsif �

J

Ç

asshown in [24]. This givesthecondition �

���

Ç��

s�� . For theLebesgue
measure( H,�/� ), the de�nition of the operator�

j

K

appeared�rst in [14] andit playedan
importantrole in [20].

4. Analysis on the unit ball. Our goal in this sectionis to show how theresultson � �

canbededucedfrom thoseon
.

� . We consideranalysisin theweightedspace90:

?

O

P

>5Q R @ on
� � , where O

P

>5Q R is givenin (1.2), whichhasthenorm
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for Žó�¢â , where ±

P

>5Q R is thenormalization
constantof theweightfunction O

P

>5Q R .
Frequentlywewill referto theresultsin theprevioussection.For thispurposeit is more

convenientfor usto referto thoseresultsin termsof theweightfunction

;

>�Q R
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which is theweight function ;

> de�ned in (1.1) with H

�76

�ª�‹\ , wherewe usethenotation
& ;

>
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	=@'�)(

�
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�

F

	

C
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for 	

L

�
�
. Notethat & ;

> is ;

> in (1.1) with iàs`� replaceby i . Thus,
whenwereferto theresultsin theprevioussection,wewill replace;

> by ;

>5Q R . Furthermore,
wheneverwereferto anotionthatappearedin theprevioussectionanddenotedby anotation
that containsa subindex H , we will thenreplaceH by H†!%\ . For example,we will use Ô

>5Q R

to denotethe intertwiningoperatorin (3.5) associatedwith ;

>�Q R anduse
è

>5Q R to denotethe
convolution in (3.6) associatedwith ;

>5Q R .

4.1. Orthogonal polynomials on �
�
. Underthe mapping(2.1), the weight functions

O

P

³

Q R

at (1.2) is relatedto theweightfunction ;

>�Q R by thefollowing relation:
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We considertheinnerproducton theunit ball
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P
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where±

>5Q R is thenormalizationconstantof O

>5Q R . Let *

j
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P
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onalpolynomialsof degreek with respectto
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P

. Severalexplicit basesof *
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?

O

P
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known explicitly; see,for example,[10]. In thecaseof theclassicalweightfunction
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	=@ , someof thesebasescanbetracedbackto Hermite;see[3, 11].
Whatwe need,however, is therelationbetweenorthogonalpolynomialson �

� andthoseon
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� . This relationfollowsasa consequenceof Lemma2.1.
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Moreprecisely, if ��•

j

/

� is a basisof *

j

?

O

P

>5Q R-@ and �10

j
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� isa basisof *
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Thepropositionestablishesthe relationbetweenorthogonalpolynomialson thesphere

andthoseon theunit ball. It shows, in particular, that
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In otherwords,orthogonalpolynomialswith respectto O

P

>5Q R on � �
correspondone-to-one

to spherical ; -harmonicsassociatedwith ;�< >�Q R that are even in 	

�76

� . Note that the ordi-
nary sphericalharmonicson
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correspondsto the orthogonalpolynomialswith respectto
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< on � �
, while the orthogonalpolynomialswith respectto the

LebesguemeasureiN	 on � � correspondto the ; -sphericalharmonicsassociatedto
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� .
The mapping(2.1) goesdeeperthanjust inducinga correspondence.It turnsout that,

underthismapping,thespherical; -LaplacianÁ
Â

Q

} in (3.1) becomes[30]
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@ is the gradientand Á½Â is the ; -Laplacianassociatedto
&

;

> . The
orthogonalpolynomialsin *

j

?

O

P

>5Q R"@ becomeeigenfunctionsof 3

P

>5Q R , see(3.2),

(4.3) 3

P
>5Q R

•��‹&Tk

?

kzs

›NÇ

R

@€•'! •

L

*

j

?

O

P
>�Q R

@�#

For the classicalweight function O

R , H‹� � , this is the secondorder partial differential
equationsatis�edby theclassicalorthogonalpolynomialson �

�
.

Becauseof theequation(2.3) andthemapping(2.1), wede�ne anoperator
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where
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> is the intertwining operatorfor & ;
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Theexplicit formula (4.5) of the reproducingkernelplaysan importantrole in thestudyof
theconvergenceof orthogonalexpansionson �

�
.
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4.2. Weighted approximation on the ball. The operatorÔ

P

>5Q R canbe usedto de�ne,
setting 	
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Theequation(4.5) and(4.6) show that
Ì"ÍeÎ�Ï 8NÑ;:

P�<

canbewritten asa convolution of
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the Gagenbauerpolynomial Ö
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j under
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>5Q R . It turnsout that this convolution structureis
relatedto theconvolutionstructure
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The operator
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í is calledthe generalizedtranslationoperatorin [36], sincethe prop-
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which playsan importantrole in thestudyof orthogonalexpansionsin Gegenbauerpolyno-
mials; see,for example,[4, 5, 7, 18, 22]. For i+� � and H¦�r� , we have

�

P

í

�

�

ø•ùeú

í .
Furthermore,in [36] ananalogueof (4.11) is foundfor theclassicalweightfunction O

R :
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where ˜ is consideredasa row vectorand ˜
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	�@ is thematrix multiplication.
Themapping(2.1) and(4.10) canbeusedto give an integral equationfor theweighted
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By (4.10), thismodulusof smoothnessis relatedto themodulusš
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Consequently, thefollowing equivalencefollows from Theorem3.3right away:
THEOREM 4.4. For
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Again thesetwo gadgetscanbeusedto characterizethebestapproximationby polyno-
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denotethe error of the bestapproximationby polynomialsof degreeat most k . Using the
basicrelations(2.1) and(2.2), we canprovethat
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Consequently, thefollowing theoremfollows immediatelyfrom Theorem3.4.
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To further illustratehow the resultson the unit ball canbe derived from thoseon the
sphere,we stateandprove a theoremanalogousto Proposition3.5. Let �

L

Ö

³

g �"!1â{@ asin
(3.12). We de�ne a sequenceof operators�

P

j by

(4.16) �

P

j

K

�¡� É|

³

D }

�

•

�

k

ž

Ì"ÍeÎ�Ï 8

�

:

P�<

K

#

PROPOSITION 4.6. Let
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Proof. Usingthede�nition of theoperatorÔ
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5. Analysis on the simplex. In this sectionwe show how resultson thesimplex canbe
deducedfrom thoseon theball. Sincethebasicrelation(2.4) amountsto anon-linearchange
of variables,thedeductionis morecomplicatedthanthedeductionfrom thesphereto theball.
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Theformula(5.4) of thereproducingkernelplaysanessentialrole in thestudyof orthogonal
expansionson
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. It shows, in particular, that theexpansionson
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areconnectedto Jacobi

expansions,ratherthanGegenbauerexpansions.
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5.2. Weightedapproximation on the simplex. UsingtheoperatorÔ
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Underthemapping(2.5) therelation(5.7) and(4.12) immediatelyshow that
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Consequently, thefollowing equivalencefollows from Theorem3.3right away:
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Hence,thefollowing characterizationfollows immediatelyfrom Theorem4.5and(5.9):
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5.3. Additional dif�culty for analysison the simplex. In theabovediscussionwe put
ouremphasisonthesimilarity betweenresultsontheball andonthesimplex. In fact,mostof
theresultsonthesetwo domainsappearto beequivalentin thesensethatthey canbededuced
from eachother, andbothcanbededucedfrom theresultsonthesphere.However, for certain
problems,thesimplex is moredif�cult to work with. Thedif�culty appearsin theconnection
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M

*p!
* @ and •

<

j

?

O

P

>5Q R
M

*E!$*¡@ shown in (5.2), which forcesus to switch from
Ö

Ø
j

?

ß%@ to Ž

:

Ø

V

�%X

<

Q

�%X

<

<

j

?

ß%@ asin (5.4). As aconsequence,theresultsfor certainproblemson
�

�

will not follow asanexactconsequenceof thoseon �
�
. This is soespeciallyfor thestudyof

orthogonalexpansions.
To illustratethispoint, let �

L

Ö

³

g �"!7â,@ asin (3.12) andde�ne operators�

a

j by

(5.12) �
a

j
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#

Themainpropertiesof �

a

j

K

is thefollowing theoremanalogousto Proposition4.6:
PROPOSITION 5.5. Let

K�L
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?

O

a
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Ö
?

�
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�
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This theorem,however, doesnot follow asa consequenceof Proposition4.6. In fact,
therelation(5.4) shows that

Ì"ÍeÎ�Ï
8

�

:

a
<

is relatedto
Ì[ÍYÎ5Ï

8

\

�

:

P�<

, which shows thatthereis no
direct relationbetween�

a

j and �

P

j , aseachis a sumover � from � to k . The proof of this
theoremcanbemodeledaftertheproofof Proposition3.5in [34], whichgoesbackto [14].

Thesamephenomenonalsoappearswhenwe try to �nd thecritical index of theCes�aro
?

Ö

!���@ -meansof theorthogonalexpansions.In fact,for O

P

>�Q R on �
�
, thesharpcritical index
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wasestablishedin [16], whilesfor O

a

>5Q R on
�

� theresultwasnotestablishedfor all parameter
ranges.Thestudyof ? Ö

!L��@ -meansof orthogonalexpansionson
�

� doesnot follow from the
oneon � � . See[16] for details.

For i+�“� , O
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	=@t� 	
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�w&+	=@
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Þ
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< is the Jacobiweight function on g �"!$�

h

.
However,

�

a

í is not theusualtranslationoperatorassociatedwith theproductformulaof the
Jacobiseries.In fact,it correspondsto the“wrong” productformula
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D
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ï

Î
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D

suã
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f[ß . Finally, wementionthatit would be
interestingto �nd if

�

a

í canbewritten asan integral transform,like the formulaof
�

P

í for
O

R in Proposition4.3.

6. Other problemson the unit ball and on the simplex. Besidesorthogonalpolyno-
mialsandapproximationdiscussedin theprevioussections,theconnectionbetween

.

� , � �

and
�

� canbeusefulin severalotherproblemsin analysis.In this sectionwe brie�y discuss
threeotherproblems.

6.1. Polynomial of least deviation fr om zero. For 	,�

?
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!$#
#$#�!Y	

�

@

L

�
� and g��

?

g
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�

@

Lih

�
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/
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/

Þ

�

*
*$*€	

/

—

�

. Thedegreeof themonomial
	

/
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F

g
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�jg
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sƒ#
#$#[s)g

�

. Let k be a region in �
� . If Ž

�

?

	�@ is a polynomial of best
approximationto themonomial 	

/

in theuniform normon k , then 	

/

&ŸŽ

�

?

	=@ is calledthe
polynomialof leastdeviation from zero.We shallalsocall Ž

�

?

	=@ a leastpolynomial.
Using the basicrelations(2.1) and (2.5) betweenthe threedomainsand the relations

betweenpolynomialspacesasgivenin Lemma2.1andLemma2.2, onecanoftenreducethe
problemof �nding leastpolynomialson �½� to thatof

.

� andto thatof
�

� . As anillustration
we stateonesuchresult[32].

THEOREM 6.1. Let g
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g
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g
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j

6

l

V
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on the domain �3< and
�

<

wereknown. Their relationasstatedin thetheoremwasusedin [6]. For i

J

›

, only a few
examplesof leastpolynomialswereknown, see[1, 2, 19, 21, 32]. Theabovetheoremcanbe
usedto �nd leastpolynomialsfor monomialsof lowerdegrees.It shows, in particular, thatin
orderto �nd a leastpolynomialfor 	�<

/

on �
� , it is enoughto work with 	

/

, whichhaslower
degree,on

�

�
. For example,oneleastpolynomialfor 	†�1	
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	Mm on
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m is givenby [32]
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whichgivesimmediatelya leastpolynomialfor 	
<

�

	
<
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<

m

on �

m usingthetheorem.

6.2. Cubatureformula. Theformulas(2.3) and(2.6) relatetheintegralin threeregions.
Togetherwith the connectionof the polynomialson thesedomains,they lead to relations
betweencubatureformulason

.

� , �
� and

�

� . Theserelationswerediscussedin [26, 27] and
they wereusedin [12, 13] to generatenew cubatureformulas.Westateonly onetheoremthat
capturesthespirit of sucharesult.

THEOREM 6.2. If there is a cubature formulaof degree t on
�

� giving by
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with all E

C

L
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� , thenthere is a cubature formulaof degree
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where �£?

E�@ denotethenumberof non-zero componentsin E . Moreover, a cubature formula
of degree

›

t s¦� in theform of (6.1) on � � impliesa cubature formulaof degree t in the
formof (6.2) on

�

� .
A similar resultholdsfor cubatureformulason

.

� andon � � , which alsoextendsto a
relationbetweencubatureformulason

.

� andon
�

� . We notethatacubaturefor thesurface
measureon

.

�
correspondsto a cubaturefor “Chebyshev” weight function O

}

?

	=@ on � � ,
which in turncorrespondsto acubaturefor “Chebyshev” weightfunction O

a

}

?

	�@ on
�

�
.

6.3. Polynomial Inter polation. The relation(2.1) betweenpolynomialspaceson � �

andthoseon
.

�
canalsobeusedin theproblemof polynomialinterpolation.
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�
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of thesetwo problemsarerelatedasfollows [33]:
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The relation (2.5) and the relation betweenthe polynomial spaceson �

�
and

�

�
as

describedin Lemma2.2 canalsobe usedfor interpolationproblem. However, becausethe
mapping	

©̈

§

?

	�@ is nonlinear, a polynomialof degreek thatinterpolateson y
�

j pointson
�

� correspondsto aninterpolationpolynomialon �
� thatbelongsto a subspaceof f

�

<

j ; see
[33] for adiscussionin thecaseof i3�

›

.
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