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REMARKS ON RESTRICTION EIGENFUNCTIONS IN
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Dedicatedto EdSaff on theoccasionof his60thbirthday

Abstract. An elementaryinquiry, basedon examplesandcounterexamples,of somequalitative propertiesof
doublyorthogonalsystemsof analyticfunctionson domainsin ��� leadsto a betterunderstandingof thedeviation
from theclassicalHardyspaceof thedisk setting.Themainresultsrelayon Hilbert spacewith reproducingkernel
techniques.
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1. Intr oduction. Let 	 beaboundeddomainof
� �

andlet 
��
	�� beaHilbert spaceof
analyticfunctionsde�ned on 	 , with reproducingkernel
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In otherterms,thepoint evaluationat ��(,	 is continuousin thenormof 
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Thenormof 
��
	�� will simplybedenoted3

.

3 or 3

.

354 whennecessary.
Let 6 bea positivemeasure,compactlysupportedby 	 . Therestrictionoperator
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is thencompactby Montel'sTheorem.Themodulussquareoperator
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is positive,self-adjointandevenhasa�nite trace.Its spectrumis discreteandcanbearranged
into decreasingorder:
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Theassociatedeigenfunctions
.

X

� �

P

Z , form a doublyorthogonalsystemof functions,in
the spaces
-�
	�� andthe closedrange []\�^

7

of
7

, endowed with the norm of <

>

��6A� . By
convention,_'`OaOaO6 meanstheclosedsupportof themeasure6 .

Theeigenvaluesof
7

�
7

canbecharacterizedby themin-maxprinciple:
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Thisexplainstheir importancein thebestapproximationtheory(in the <

>

�@6A� normwith con-
trol on the 
-��	�� norm)andin estimatingthe w -widthsof suchspacesof analyticfunctions.
Mostof thereferencesat theendof this noteillustratevariousworks,old andnew, relatedto
theseconcepts.
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While theasymptoticestimateof thedecayof theeigenvalues
M X

hasreceivedconsider-
ableattention,the qualitative propertiesof theeigenfunctions

.

X

, very similar by their def-
inition to orthogonalpolynomials,is muchlessunderstood.In this respect,only two cases
standout: restrictionsfrom theHardyspace,andfrom theBergmanspace,bothof a simply
connectedplanardomainwith smoothboundary, see[5] respectively [7]. Basedon theanal-
ysis of thesetwo singlecomplex variablesituationswe raisea few naturalquestionsabout
the behavior of the eigenfunctions

. X

in general,andshow by simplemeans(reproducing
kernelidentitiesandsomeperturbationtheory)whatit is reasonablenot to expectfrom them
in

�y�

��z�{V| .

2. Preliminaries. We explore below a few examples,in oneor several complex vari-
ables. They will provide the basisfor our intuition anda startingpoint for our discussion.
Thenotationis thesameasin theIntroduction.

Theeigenvalueequationfor
.

X

canbewritten as
7 � 7

.

X

�

M X

.

X

, or better, afterevalu-
atingthis ona function }*(~
-��	�� :

•

.

X

}�€"6•�

M
X

�

.

X

� }Y#‚4�+

In particularthis impliesanintegralequationfor
.

X

:

.
X

���/���

|

M
X

•

.
X

�@ƒ„�

�

�
���'ƒK��€�6���ƒK�2�1��(,	�+(2.1)

In mostconcretecasesthereproducingkernel
�

������ƒ„� extendsanalyticallyto aneighborhood
of 	 when ƒ runsover a compactsubsetof 	 andthuseacheigenfunction

.
X

will sharethis
property. A secondderivation of the eigenfunctionidentity is obtainedby taking }…�

.
XH†

andthenpassingto realparts:
•ˆ‡

†
C .

X

C

>
€�6,�

M
X

‡

�

.

X

�

.

X
†

#�4�+(2.2)

We assumeof coursethat
†

is aboundedmultiplier of thespace
��
	�� .
EXAMPLE. Restrictionfrom ‰

>

��Š*� .
This is the caseanalyzedby FisherandMicchelli [5]. The outline of proof below is

reproducedfrom [7].
Via thepropernormalizationwe canassume
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Theeigenfunctionequation(2.1) readsthen:
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andconsequentlyevery
.

X

is analyticallyextendableto thesameneighborhoodof theclosed
disk. Equation(2.2) implies
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for every function ƒ harmonicin the disk and continuouson the closeddisk. The latter
equationcanbeinterpretedasabalayageof themeasure

C .
X

C

>

€"6 to theboundaryof thedisk.
Thus,
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Consequentlythemultiplicity of each
M X

is exactlyone,otherwisea linearcombination
.

X?˜

™

.Kš

X of two distincteigenfunctionscorrespondingto
M X

would vanishon theunit circle. By
deformingcontinuouslythemeasure€�6 to theareameasuresupportedby a concentricdisk

›

Š , sayalongthe path œ‚€"6

˜

��|•:žœ��‚Ÿ¡ 

Ž

€£¢]¤ ¥H\O��œ¦(¨§ ZO�H|2© , provesthen that each
. X

has
exactly � zerosin thedisk.

Theseobservationshave far reachingimplications.For instance,anoptimalsubspacein
themin-maxcomputationof the � -th eigenvalueis analyticallyinvariant,generatedby

. X

as
ananalyticmodule: ª

X

�

. X

‰

>

, codimª

X

�V� and

bn\po

q�r�«�¬

3

.„. X

3

>

I

3

.„. X

3

>

>

M X

+

Thus,thezerosof
. X

give theoptimalcon�guration ­

S

�G+H+G+G� ­

X

of � pointsin thedisk, such
thattherearecomplex coef�cients ®

S

�G+G+H+G� ®

X

andthequotient

3

.

:°¯

X

±

l

S

®

±

.

��­

±

�G3

>

I

3

.

3

>

>

is minimal amongall otherchoicesof � pointsand � weights.
In theabove considerationsthedisk canbereplacedby any simply connectedbounded

planardomainwith a suf�ciently regularboundary.
EXAMPLE. Restrictionfrom <

> ²

�
Š~� .
This is the caseof the Bergmanspaceof the disk, that is the Hilbert spaceof analytic

functionsin thediskwhicharesquareintegrablewith respectto theareameasure(henceforth
denoted€"³ ). The correspondingreproducingkernel is, up to normalizations:

�

�������T�n�

�‚|�:‹� ���µ´

>

.
Again 6 is a positive measuresupportedby a compactsubsetof the opendisk Š and

7�8

<

>
²

��Š*�J:Y;=<

>

�@6A� is therestrictionoperator. An eigenfunction
.

X

of
7

�
7

satis�es:
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and,exactlyasbefore,
•

ƒ
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M
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for everyharmonicfunction ƒ .
Thisis nolongeraclassicalbalayageidentity, andit is nottruein generalthat

.

X

is freeof
zerosontheboundaryof thedisk,seetheexamplein [7]. However, usingthepositivity of the
Greenfunctionof thebi-Laplacianandsomepositivity propertiesof theorthogonalprojection
in <

>

��Š-�'€£³T� onto harmonicfunctionsonecan prove that
.

X

��•��¶” �=ZO�

C

•

C

�·|��¸�

P

Z ,
whenever _'`OaOa�6•¹º�¼»

‘

:•|5�‚Š , see[7]. Thenthescenarioof theHardyspaceframework
holdswordby word.

Wewill seebelow asimpleexplanationwhy
.

N

mayacquirezerosin theBergmanspace
setting.

EXAMPLE. Restrictionbetweentwo Reinhardtdomains.
Let ½]� 	 be a pair of boundedReinhardtdomainsin

���

and let us assumethat ½ is
relatively compactin 	 . TheassociatedBergmanspaces,with respectto the

‘

z -dimensional
Lebesguemeasure€"¾ give riseto acompactrestrictionoperator:
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whosemodulussquare
7 � 7

producesa discretespectrum
MKÀ

�

™

()Á

�

, accumulatingto
zero. It is more convenientto label the spectrumby multi-indices ™

(ÂÁ

�

becausethe
eigenfunctionsareobviouslygivenby themonomials�

À

:
7

�

7

�

À

�

M À

�

À

�

™

(*Á

�

+

A simpleexplanationbeingthedoubleorthogonalityof �

À

's with respectto thetwo norms,
seefor instance[14].

Two pathologies,seenas deviations from the ‰

>

��Š*� scenario,can easily be derived
from this example.

Namely, take for instance	R�ÄÃ to betheunit ball in
���

and ½Å�

›

Ã aconcentricball
of radius›yÆ

| . Thentheeigenfunctionequationyields:
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Therefore
M

À

�

›

>
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>5Ê

À
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�

+

Thus theeigenvalues
M

À

dependonly on
C

™

C

andhavemultiplicities. On theotherhand,the
eigenfunctions�

À

�

C

™

C

�)� , correspondingto a �x edeigenvaluehave �nitely many common
zeros,or in otherterms Ë

Ê

À

Ê

l

X

C

�

À

C
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In this casethe optimumin the min-maxcriterion is achieved on an analytically invariant
subspace:

M
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Above Î denotesthemaximalidealof functionsvanishingat theorigin.
Second,let us considerthe unit polydisk 	Ï�ÐŠ

�

and ½Ñ�Ò�

›

S

Š*�yÓÄ+G+H+0Ó•�

›

�

Š~�

with radii ›

S
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›

�

Æ

| andsuchthat ÔdÕ�Ö

›

S

�G+H+G+2�'Ô×Õ"Ö

›

� arelinearly independentover the
rationals.Theeigenfunctionequationimplies:
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Thesenumbersareall distinctdueto theindependenceassumption.Thusall eigenvalues
are simpleand,exceptfor �

N

�Û| all eigenfunctions�

À

�

C

™

C

{ÄZ , havein�nitely manyzeros
in thepolydisk 	 . Notealsothattheoptimalsubspacesin themin-maxcriterion:
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areanalyticallyinvariant.This is dueto thefactthatmultiplicationof anelement
.

(•ª

À

by
any �

±
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à°ânà

z , is contractivewith respectto bothnorms,in particular:
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• Ù

C
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Along thesamelines,asimplesolutionto aninverseproblem,whichsinglesouttheclass
of Reinhardtdomains,is available.

THEOREM 2.1. Let ½ bea relativelycompactdomainin theunit ball ãˆ¹

���

. Assume
that ½ is pseudoconvex andhasa ä

>

-smoothboundary.
If the monomials�

À

�

™

()Á

�

, are the eigenfunctionsof the restrictionoperator
7å8

<

>

²

�
ãÈ��:Y;å<

>

²

�æ½¿� and ç�¥H¤

7 �

�WZ , then ½ is a completeReinhardt domain.
Proof. The technicalassumptionç�¥H¤

7 �

�èZ implies that the monomialsaredensein
<

> ²

�@½¿� . ThereforetheassociatedBergmankernelhastheform:

�

Ù

�������T�?�

Ë

À

®

À

�

À

�

À

�

where®

À*P

Z��

™

(*Á

�

.
On theotherhand,theBergmankernelof theunit ball is

�êé

�������T���

|

§×|�:ž�
���'�T#¼©

�pÉ

S

+

An osculationwith innerballs,tangentat boundarypointsof ½ , andthevariationalinterpre-
tationof

�

Ù

�
��� �£� show that
�

Ù

�����'�/�0ëÄì•cí_�î5�����'ï�½¿�

´

�

´

S

�

when � tendsto a point of ï�½ . Hence ðY�
�£�/Ôd^

�

Ù

�
��� �£� is a plurisubharmonicexhausting
functionfor ½ . Since

ðK��ñ$ò×ó

Ú

�

S

�H+G+G+H�'ñ$ò×ó

Ø

�

�

�‚ðY�
�£�2�

whenever �Q�9���

S

�G+H+G+H�'�

�

�J(¦½ andœ

S

�G+H+G+H��œ

�

(*ô , we�nd that ��(1½ whenever �
ñ

òõó

Ú

�

S

�G+H+G+2�

ñ

òõó

Ø

�

�

��(~½]�1œ

S

�G+H+G+2�'œ

�

(*ô . Thatis, ½ is a completeReinhardtdomain.
Due to theregularity of theboundaryassumption,condition ç�¥G¤

7
�

�¨Z is ful�lled for
everyRungedomain½ . In thecaseof asinglecomplex variable,astrongerform of theabove
theoremholds,see[7].

3. Reproducing kernel computations. This sectioncontainssomesimplederivations
of thereproducingkernelformulaandtheexistenceof doublyorthogonalsystemsof analytic
functions.

Let 	 beasbeforea boundeddomainin
���

andlet 
-�
	�� bea Hilbert spaceof analytic
functionson 	 , with reproducingkernel

�

��������� . We considera positive measure6 , com-
pactlysupportedby 	 , andtherestrictionoperator

7Û8


Ñ:K;å<

>

��6A� . Theeigenfunctionsof
7

�
7

will bedenotedby
.

X

�µ�

P

Z , andwill benormalizedby thecondition 3

.

X

3%öÄ�–| . The
associatedeigenvaluesaredenotedby

M
X

. We do not excludeherethepossibilityof a �nite
atomicmeasure,in whichcase

M
X

�WZ for large � .
Note�rst a directapplicationof Mercer's theorem(seefor instance[20]):

÷
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7

�
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Ë
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we infer

�

7

�

7

�

²

�µ�

²

#��

Ë

X

M�X C . X

��­•�

C

> �

whence
•

C

�

�����'­•�

C

>

�

�
­Y�'­•�

€"6����/�?�

Ë

X

MYX

C .

X

��­•�

C

>

�

�
­�� ­•�

+(3.1)

Wecanregardtheright handsideof thelatterequationasalimit of convex combinations
of the eigenvalues. In general,for a point •û(¨ï„	 , one has Ôdc×b

²2ü•ý

�

��­Y� ­/�&�ÿþ , due
to the extremality propertyof the reproducingkernel. Thus the above identity will imply

¯

X��KX��

C . X

�
­/�

C

>

{ÛZ for every �

N

and ­ closeto theboundaryof 	 . In orderto make this
statementmoreprecise,we will considerbelow thecaseof theunit ball ã in

�n�

.
Let <

> ²

�
ãÈ� betheBergmanspaceof theunit ball in
���

, with thevolumemeasurenor-
malizedsothattheassociatedreproducingkernelis

�

�
���'�T���

|

��|�:ž�
���'�T#��

�pÉ

S

�

seefor instance[14]. Let 6 beaprobabilitymeasure,with supportincludedin theclosedball
ð ã , ð

Æ

| .
Let

MYX

{

MYX

É

S

betwo distinctandconsecutiveeigenvaluesof theoperator
7

�
7

. Then

•

C

�

�����'­•�

C

>

�

�
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€"6����/�

à
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C

­

C

>

�

�pÉ

S

��|�:-ð

C

­

C

�

>

�pÉ

>

�

convergesto zeroas
C

­

C

tendsto | . Denote

�

��|�:

C
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C

>
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S

��|]:�ð

C

­

C

�

>

�pÉ

>

�

andassumethat �

Æ

M
X

.
Equation(3.1) implies

�

PWM�X

Ë
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X
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±
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Ë

�

l
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C .
X

É

�

��­•�

C

>

�

��­Y�'­•�
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We obtainthefollowing result.
PROPOSITION 3.1. Let 6 bea positivemeasure supportedby theball ð/ã , with ð

Æ

| .
For every �1{•| , let ›

�

›

X

bethepositivesolutionof theequation:

�‚|�:

›

>

�

�pÉ

S
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›

�

>

��É

>

�
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+

Then
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Ë
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É
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>
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C

­

C

>

�
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S
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­
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�
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�

for every ­ê(*ã satisfying
C
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C
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›

X

�'ð/� .



ETNA
Kent State University 
etna@mcs.kent.edu

RESTRICTIONEIGENFUNCTIONSIN — �
399

For the proof we usethe above estimatesanda simplecomputationshowing that the
function

›

B

;

�‚|�:

›

>

�

�pÉ

S

�‚|�:�ð

›

�

>

��É

>

is decreasingfor ›

{žð .
This shows in particularthat, for every �

P

Z , theeigenfunctions
. X

É

� , �

P

| cannot
havecommonzeroscloseto theboundaryof theball. Notealsothateach

.
	

is ananalytic
functionin theball ð�´

S

ã .
Known boundaryestimatesof theBergmankernel(seefor instance[8]) allow to extend

theabovepropositionto any strictly pseudoconvex domainwith ä

>

boundaryin
�È�

.

4. Restriction to �nite atomic measures. Exceptfor a few situations,it is very hard
to obtainexplicit computationof the eigenfunctionsof the modulusof restrictionoperator
consideredin this note. Oneof the fortunatecasesis the restrictionfrom a Hilbert spaceof
analyticfunctionsto theLebesguespaceof a �nite, atomicmeasure.This framework leads
to linearalgebramanipulationsof �nite combinationsof thereproducingkernel,seealso[6].

To �x ideas,we consideras beforea Hilbert spaceof analytic functions 
-��	�� with
reproducingkernel

�

��������� anda �nite atomicmeasure6 , supportedby theset _�`�aOaA�@6A�]�
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±
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Accordingto (2.1) we �nd:
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for somecomplex constants®

±

X

. Theeigenvalueequationsarethenreducedto a �nite linear
system:
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A simpleobservationderivedfrom this equationis containedin thefollowing.
PROPOSITION 4.1. Assumethat thepositivemeasure 6 has�nite support Ý$­

S

�H+G+G+H�'­

	
á

andthat theoperator
7

�
7

hasa singlenon-zero eigenvalue. Then,andonly then,
�

��­

ò

�'­

±

�?�WZ��-|

à

“

Æ

ânà

�

+

Proof. Indeed,if thespectralspacecorrespondingto theuniquenon-zeroeigenvalue
M

of
7

�
7

hasmaximaldimension,theneach
�

�����'­

ò

� is aneigenfunction.Hence

M
�

�����'­

ò

���

Ë

±

�

�
��� ­

±

�

�

��­

±

� ­

ò

���

±

�

for someconstants�

± , andthelinearindependenceof theelements
�

�����'­

ò

� yields
M

���

ò

�

�
­

ò

�'­

ò

�%�

and
�

��­

±

�'­

ò

���

±

�•ZO�

“

”�

â

+
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Notethatthemostcommonreproducingkernels
�

of standarddomains	 in
�ê�

donot
havezeros,in thesense

�

���������T” �ÄZ for all ���'�V(,	 .
Considernext a �nite group � of complex bi-holomorphicmapsof 	 which leavesin-

varianttheinnerproductof thespace
-��	�� andthemeasure6 . Speci�cally, thismeans:
�

�

†

���

†

���•�

�

�
���'�T�%�

†

(����¡�����)(,	��

and
†

�

6&�Ä60�

†

(�� . Thentheequation

M�X . X

�

†

�/�•�

•

. X

�@�T�

�

�

†

�����T��€�6����T�¿�

•

.

X

�

†

�T�

�

�

†

���

†

�T��€�6����T�?�

•

.

X

�

†

���

�

�
���'�T�‚€"6��@���%�

impliesthat
.

X

�

†

�/� is alsoaneigenfunctionfor theeigenvalue
M X

. Thuswehaveproved
LEMMA 4.2. Assumethat a �nite group � leavesinvariant the reproducingkernel

�

�
���'�T� and the measure 6 . Theneach eigenspaceof the operator
7

�
7

is invariant un-
der theactionof � .

To giveasimpleexample,considertheunit ball ã in
���

andtheSzegö kernel ���
���'�T���

§×| :–�������T#g©
´

�

. This kernel is invariantunderall biholomorphicmapsof the ball. Let us
considerthesimplestsituationof a symmetricpair of points Ý5­Y�H:]­

á

¹)ã andthemeasure
6Û�




²

˜



´

² . The group �Ð� Ý��y|

á

leaves invariantboth the kerneland the measure,
hence,by theabove lemma,it leavesinvarianttheeigenspacesof

7
�

7

. On theotherhand,
���
­��H:]­•�T” �WZ , thereforetheoperator

7
�

7

hasexactly two simplenon-zeroeigenvalues.Let
.

���/�0�

™

���
��� ­/�

˜��

���
���H:]­•�•�

™

�������'­•�

˜��

���‚:]���'­•�2�

be oneeigenfunction.Thenaccordingto the lemma
.

�‚:]�/� is alsoan eigenfunctioncorre-
spondingto thesameeigenvalue.Thus,thetwo eigenfunctionsof

7
�

7

are:
.��

���/�����]�����'­•�����]�����G:]­•�%+

A directcomputationidenti�es thetwo eigenvaluesas

����­Y�'­•��������­Y�H:]­/�2+

Seealsothemoreinvariantargumentbelow.
Next werestrictthesecomputationsto thecasez,� � .
EXAMPLE. Let

7Ñ8

‰

>

�
ãÈ�È:K;"!

>

�@6A� be the restrictionoperatorbetweenthe Hardy
spaceof the unit ball in

�$#

and the Lebesguespaceof the two point massmeasure6Û�




²

˜



´

² , ­ê(*ã .
Thentheeigenfunctionsof therank-two operator

7
�

7

are:

.

É

���/�0�

|

˜

�������'­•#

>

§×|�:R�����'­•#

>

©

#

�

and

.

´

���/���

�
��� ­•#2§ �

˜

�
��� ­/#

>

©

§×|�:W�����'­•#

>

©

#

+

In particulareachfunction
.

�

admitsin�nitely many zerosin theball.
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Let z now be arbitraryandlet
�

�
���'�T� be a positive de�nite kernel in the ball which
remainsinvariantunderall holomorphicautomorphismsof the ball andwhich is the repro-
ducing kernel of a Hilbert space‰&% of analytic functionsin the ball. Let � be a prime
number, and let ' be a � -root of unity. By taking a point ­Ä()ã ¹

�n�

andthe measure
6&�

¯

�

X

l

S


�(

Í

² weobtaina restrictionoperator

7�8

‰)%9:Y;=<?>"�@6A�

of rank � . Accordingto theabove lemma,eacheigenspaceª of
7

�

7

is invariantunderthe
group *

� . Henceeithereachelement
.

of ª is left invariantundertheactionof thegroup,
that is

.

�
�£�~�Lø2Õ�^�_‚î

.

�+'µ�£� , or ª is � dimensional. The latter scenariois excludedby an
adaptationof Proposition(4.1).

Thereforetheeigenfunctions
.

of
7 � 7

satisfytheidentity:

.

�
�£���

�

Ë

±

l

S

®

±

�

�
���,'

±

­•�?�Ää

�

Ë

±

l

S

®

±

�

�+'µ���,'

±

­•�%�

whereä is aconstant.Whence

ä¸®

±

�•®

±

´

S

� |

à‹âêà

�t�

with theconvention ®

N

�Ä®

� .
Fromherewe deduce:

.
X

���/�

�

�
��� ­•�

˜

'

X

�

�
���,'µ­/�

˜

'µ>

X

�

�����-'µ>2­•�

˜
UGUGU

˜

'/.

�

´

S10�X

�

�����-'

�

´

S

­•�2+

Theeigenfunctionequationreads:

M�X
.

X

���/�

�

�

�����'­•�

.
X

�
­/�

˜

'

X

�

�����-'µ­•�1'/.

�

´

S20�X

.
X

�3' ­•�

˜
UGUHU

˜

'4.

�

´

S10
X

�

�����-'

�

´

S

­/�2'

X

.
X

�+'

�

´

S

­•�%�

andsince

.
X

��­•����'/.

�

´

S20�X

.
X

�3' ­•���

UGUHU

'

X

.
X

�3'

�

´

S

­•�%�

we infer

M
X

�

.

X

��­•�2� Z

à

�

à

�n:ž|�+

With a little morealgebra,thesevaluesandfunctionsarecomputable.We give below a
simpleexample.

EXAMPLE. Let ­ beapointof theunit ball ã in
�

>

andlet ���������T���9§×|�:°�������T#g©�´

>

be
theSzegö kernelof theball. Let ' �–ñ

>,5
ò76

#

betheroot of order � of unity. We considerthe
positivemeasure6&�




²

˜



(

²

˜



(

¬

² andtherestrictionoperator

7�8

‰,>��
ãÈ��:Y;=<?>"�@6A�2+

In view of theabovecomputationsthenon-zeroeigenfunctionsof theoperator
7

�
7

are:

.

X

�
�£���

|

�‚|�:R�����'­•#��

>

˜

'

X

|

��|�:ž�
���,'µ­/#'�

>

˜

'
>

X

|

��|�:ž�
���,'

>

­•#��

>

� �n�ÄZ��G|"�

‘

+
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An elementarycomputationleadsto thefollowing closedforms:

.

N

�
�£���

�

˜�8

�����'­•#

#

�‚|�:R�����'­•#

#

�

>

�

. S

���/���

8

�
��� ­•#

˜

�������'­•#:9

�‚|�:R�����'­•#

#

�

>

�

.

>

�
�£���

;

�
��� ­•#

>

�‚|�:R�����'­•#

#

�

>

+

Theassociatedeigenvaluesare:

�

˜�8

32­„34<

�‚|�:W32­„3

<

�

>

{

8

3G­„3

>

˜

�Y32­„3�=

��|]:R3G­„3

<

�

>

{

;

3G­„3�9

�‚|�:W32­„3

<

�

>

+

All othereigenvaluesareequalto zero.
Again, this shows that

.
N

canhave zerosin the ball. The kernel in the latter example
canbereducedto onecomplex variable,in whichcaseit becomestheBergmankernelof the
unit disk:

�

�������T�¿�9§×|�:°� �]©�´

S

. Thus,mutasmutandis,thefunctions
.

N

�

.
S

�

.

>

aredoubly
orthogonalwith respectto theBergmanspacemetricof <

>

>

��Š*� and <

>

�




²

˜



(

²

˜



(

¬

²
� . In

particular
.

N

canhavezerosin thediskassoonas
C

­

C

{

‘

´

S

6

#

.
The following propositionis derived from thesamecontext. Henceforthwe denoteby

>
S

theunit sphereof a normedspace
>

.
PROPOSITION 4.3. Let ­ be a point in the unit ball ã of

���

. Let
7ÿ8

‰

>

��ã��*:Y;

<

>

�




²

˜



´

²

� betherestrictionoperator. For every�

P

Z thereexistsananalyticallyinvariant
subspaceª

�

¹R‰

>

�
ãÈ� of codimension� , such that

bn\ o

q�r

.

k�?

0
Ú

3

7

.

3
>

�

M

�

�

7

�

7

�2+

Proof. Let �
�

���/���@���������T�n� §õ|•:–��������#¼©�´

�

be the Szegö kernelof the ball, with
respectto thenormalizedareameasure(sothatthetotalmassof thesphereis | ). Theoperator

7
�

7

hasrank
‘

and,by theprecedingcomputationsits eigenfunctionsandeigenvaluesare:

7

�

7

�3���

U

� ­•�������

U

�H:]­•�����9§ ���
­Y�'­•�A������­Y�G:]­•�g©¼�B���

U

�'­•�������

U

�G:]­•���2+

For the largesteigenvalue,
M

N

�C�]��­Y�'­•�

˜

����­Y�H:]­/� , the whole spaceª

N

�Ð‰

>

is
obviouslyanalyticandoptimalin min-max.Similarly, ª

>

canbechosento betheanalytically
invariantsubspaceÎ

�

² of all functionsvanishingat ��­ . And beyondthat,since
M

�

�VZ we
canchooseª

�

¹Wª

>

�D�

P

‘

, to beany analyticallyinvariantsubspaceof codimension� .
We will provethat ª

S

canbechosento bethespaceÎ

N

of analyticfunctionsvanishing
at Z . Thatis, knowing that

�

7

�

7

.

�

.

#��

•

C .0C

>
�




²

˜



´

²

���

C .

�
­•�

C

>

˜

C .

�‚:]­•�

C

>
�

we haveto verify theinequality:

C .

��­•�

C

>

˜

C .

��:]­•�

C

>

à

§ ����­Y� ­/�¡:E���
­��H:]­•�¼©‚3

.

32>

«
¬

�

.

(*‰,>"��ã��%�

.

��Z"���ÄZO+(4.1)
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In orderto provethis inequalitywedecompose:

Î

N

�

�

�B�

²

˜

�

´

²

:

‘

��F

�

�B�

²

:G�

´

²

��FÄ��Î

NIH

Î

�

²

�2+

Notethatthisdecompositionis alsoorthogonalwith respectto themetricof thespace<

>

�




²

˜




´

²

� . Thus,it is suf�cient to verify theinequalityoneachsummand.
For a function

.

(-Î

N H

Î

�

² thereis nothingto prove. In thecase
.

�J�

²

:G�

´

² the
inequalityis anequality, dueto theeigenfunctionequation.Finally, for

.

�K�

²

˜

�

´

²

:

‘

wecomputedirectly:

C .

�
­•�

C

>

˜

C .

�‚:]­•�

C

> �

‘

�B����­Y�'­•�

˜

����­Y�H:]­/�¡:

‘

��>p�

and

3/�

²

˜

�

´

²

:

‘

3G> �

‘

§ ���
­Y�'­•�

˜

�]��­Y�G:]­•�¡:

‘

©¼+

Now thearithmetic/geometricmeaninequalityyields:

���
­Y�'­•�

˜

�]��­Y�G:]­•���

|

��|�:R3G­„3

>

�

�

˜

|

�‚|

˜

3G­K3

>

�

�

P

‘

�‚|�:W32­„3

9

�

�

6
>

{

‘

+

Thusinequality(4.1) is equivalentto:

‘

�B����­Y� ­/�

˜

���
­��H:]­•�¡:

‘

�
>

à

§ ���
­Y�'­•�¡:G�]��­Y�G:]­•�¼©

‘

�B����­Y� ­/�

˜

���
­��H:]­•�¡:

‘

�%�

or, aftersimpli�cations:

���
­��H:]­•���

|

�‚|

˜

3G­K3

>

�

�

à

|��

which is obviously true.
As a matterof fact thepoint Z in theaboveproof canbereplacedby any element®¸(,ã

which is orthogonalto ­ . Indeed,denotingby Î�L the spaceof functionsin ‰

>

vanishing
at thepoint ® , we have theanalogousdoubleorthogonaldecomposition,with respectto the
metricsof ‰

>

and <

>

�




²

˜



´

²

� :

Î�L?�

�

�3�

²

˜

�

´

²

:

‘

��F

�

�B�

²

:G�

´

²

�AF•�
Î�L

H

Î

�

²

�%�*®NMÄ­Y+

The rest of the proof remainsunchanged.Thus a whole variety of analytically invariant
subspacesof codimension| is optimalfor themin-maxcomputationof

M
S

.

5. Optimal subspacesin min-max. Thesimplecomputationsof thelastsectioninvite
us to a have a closerlook at theoptimal subspacesin the min-maxprinciple appliedto the
modulusof therestrictionoperator

7
�

7

.
We startby anelementary, andmostlikely known, remark.
PROPOSITION 5.1. Let ³ bea non-negativecompactoperator actingona Hilbert space

‰ , with eigenvalues
M

±

�
³T� arranged in decreasingorder. Assumethat
M

�

�
³T�

Æ

M

�

´

S

�
³T�

for some�

P

| . Let
.

� bea correspondingeigenvector: ³

.

�

M

�

��³��

.

� . Let ª bea subspace
of codimension� , optimalin min-max,that is

_�`Oa

O

r

.

k

0
Ú

�
³NPA�-PY#

M

�

�
³T�%+(5.1)

Then
.

�

(*ª .
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Proof. Assumeby contradictionthat the eigenvector
.

�

.

� doesnot belongto the
optimalsubspaceª . If

.

is orthogonalto ª , thenthesubspaceQ �–ªRF

� .

still satis�es
(5.1) andhascodimension�1:W| . But this contradicts,againvia themin-maxprinciple, the
assumption

M

�

�
³T�

Æ

M

�

´

S

��³�� .
Assumethat

.

is not orthogonalto ª , andlet
†

be theorthogonalprojectionof
.

onto
ª . Then �

†

�

.

# ”�ÄZ , andthereexistsa constant� suchthat �

†

:

.

M

.

. Consequently

��³Q�S�

†

:

.

˜

.

�%���

†

:

.

˜

.

#

à

M

�

��³��2�'3��

†

:

.

3G>

˜

3

.

32>2�2+

On the otherhand,the orthogonalityconditionandthe eigenvectorequationsatis�ed by
.

imply

��³y�T�

†

:

.

˜

.

�%�U�

†

:

.

˜

.

#2�
³Q�S�

†

:

.

�2���

†

:

.

#

˜

��³

.

�

.

#2+

Hence

�
³Q�T�

†

:

.

˜

.

�2���

†

:

.

˜

.

#

à

M

�

�
³T�H3��

†

:

.

3
>

+

By similar computationswe infer that thevector �Û�J�0�

†

:

.

� �V�

†

:

.

˜

�‚|T:E�m�

.

satis�es

��³ � ���T#

à

M

�

��³��G3%�È32>"+

And in addition �RM)ª . Thuswe canrepeattheargumentat thebeginningof theproof, this
time for thespaceQ �

�

��F¶ª , andobtaina contradiction.
A generalresult,provedfor instancein [12], shows thateveryanalyticallyinvariantsub-

spaceª of �nite codimension� in theBergman(or Hardy)space‰ of theball, or a domain
with strictly pseudoconvex smoothboundary, consistsof all functionsvanishingat � points,
taking into accountmultiplicities. To bemorepreciseaboutmultiplicities, sucha spacecan
alwaysbewrittenas

ª��9�+W

S

�,W

>

�G+H+G+2�,W

X

��‰&�

whereW

S

�,W

>

�G+H+G+2�,W

X

arepolynomialshaving all zerosin theball andsatisfyingthecodimen-
sionproperty

ì•cdb

�

§ �p©+X•�3W

S

�-W

>

�H+G+G+H�-W

X

�

�

§ �p©„�G�A�

see[12] for details.
By puttingtogethertheabovetwo factswe canstatethefollowing theorem.
THEOREM 5.2. Let 6 bea positivemeasure, compactlysupportedbya domain	•¹

�n�

with smooth,strictly pseudoconvex boundary. Let
7 8

<

>
²

�
	��Q:Y; <

>

��6A� be the restriction
operator. Assumethat

M

�

�

7
�

7

�

Æ

M

�

´

S

�

7
�

7

� andthat an analytically invariant subspace
ª of codimension� is optimalin themin-maxcomputationof

M

� . Thentherearepolynomials
W

S

�,W

>

�G+G+H+G�,W

X

having� commonzeros,all containedin 	 , such that:

ª���W

S

<¿>

²

�
	��

˜
UGUHU

˜

W

X

<¿>

²

�
	��2+

Moreover, every
M

�

�

7
�

7

� -eigenfunction
.

(*<

> ²

�
	�� of
7

�
7

canbewrittenas:

.

� W

S †£S
˜

UGUHU
˜

W

X$†"X

�

†

±

(*<?>

²

��	��%+
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In other terms,the above observation implies that all eigenfunctionscorrespondingto
M

�

Æ

M

�

´

S

havecommonzerosin 	 , assoonasthereexistsananalyticallyinvariantsubspace
of codimension� , optimalin themin-maxcriterion.

It would be interestingto �nd an exampleof a positive measure6 , with the property
that the restrictionoperator

7 8

<

> ²

�
	���:Y; <

>

��6A� exhibits the following pathology: there
areeigenfunctionsof

7 � 7

associatedto a singlehighereigenvalue
M„X

� �ž{ Z andwithout
commonzerosin 	 .

6. Perturbation methods. It is legitimateto askwhethertherestrictionsto �nite atomic
measuresconsideredin the previous sectionsarenot too extremeasnaturalexamples.We
show in this sectionhow a rathergeneralperturbationtheoryargumentcanreplace�nitely
many pointsmeasuresby volumemeasuressupportedby openregions,without alteringthe
qualitativepropertiesof the�rst eigenfunctionsof themodulusof therestrictionoperator. A
standardreferencefor theperturbationtheoryof linearoperatorswe referto below is Kato's
book[10].

To �x ideaswe will work with the Bergmanspace<

>
²

�
ãÈ� of the unit ball ã in
� �

,
but a varietyof otherHilbert spacesof analyticfunctions,with a reproducingkernel,canbe
considered.The

‘

z -dimensionalLebesguemeasurein
���

will bedenotedby €�¾ ; we denote
by Ã

 
�
­•� theopenball centeredat ­ , of radius › . The

‘

z -volumeof a set ³ is denotedby
C

³

C

.
LEMMA 6.1. Let ­ê(&ã bea �xed point,andlet ›yÆ

ìOcd_�î5�
­�� ï„	�� . Thefunction

›

B

;

|

C

Ã� ��
­/�

C

•
Ç

Y

.

²

0

C .0C

>
€�¾Y�

is increasingfor every
.

(~<

>
²

��ã�� .
Proof. Theproof followsfrom theorthogonalityof themonomials�

À

with respectto the
volumemeasureof theunit ball. Speci�cally, write

.

���/�0�

Ë

À

r[Z

Ø

®

À

�
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therestrictionoperator, by adoptingtheconvention]
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PROPOSITION 6.3. Let

6

N

�•®

S�


²

Ú
˜

UGUHU
˜

®

	



²��

bea �nite atomicpositivemeasuresupportedby theunit ball of
�

�

. For
›ÈÆ

ì•cí_‚î �gÝ$­

S

�G+H+G+2� ­

	 á

�'ïKãÈ� onede�nesthemeasures:

6m  �Ä®

S
|

C

Ã
 

�
­

S

�

C

Ÿ

Ç

Y

.

²

Ú
0

€"¾

˜
UGUHU

˜

®

	

|

C

Ã
 

��­

	

�

C

Ÿ

Ç

Y

.

²
�

0

€"¾��

andtheassociatedrestrictionoperators
7

 

8

<

> ²

�
ãÈ�]:�; <

>

��6m H� . Then
7

�

 

7

  is decreasing
asa functionof › and

Ôdc×b

 

ü

N

î'¤µ\�ø2¥"�

7

�

 

7

 J:

7

�

N

7
N

�?�ÄZO+



ETNA
Kent State University 
etna@mcs.kent.edu

RESTRICTIONEIGENFUNCTIONSIN — �
407

From herewe canderive the convergenceof the spectraldecompositionsof the opera-
tors
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  . For instance,assume,underthenotationintroducedin theproposition,that the
spectrumof thelimit operatoris:
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Seefor instance[10] for sucharguments.
We illustrate by a single applicationwhich contraststo the Hardy space(of the disk)

picture.
PROPOSITION 6.4. There existsa relativelycompact,opensubsetof theunit disk kº¹
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Herewe denoteby ' theroot of orderthreeof unity.
Thus,
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is, up to a constant,theonly non-trivial
M N
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  � -eigenfunctionof
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In conclusiontheeigenfunctions
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� areall vanishingfor › smallenough.
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