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REMARKS ON RESTRICTION EIGENFUNCTIONS IN

GABRIELA PUTINAR AND MIHAI PUTINAR

Dedicatedo Ed Saf onthe occasionof his 60thbirthday

Abstract. An elementaryinquiry, basedon examplesand countergamples,of somequalitatve propertiesof
doubly orthogonakystemsf analyticfunctionson domainsin leadsto a betterunderstandingf the deviation
from the classicalHardy spaceof the disk setting. The mainresultsrelay on Hilbert spacewith reproducingkernel
techniques.
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1. Intr oduction. Let beaboundeddomainof andlet beaHilbert spaceof
analyticfunctionsde nedon , with reproducingkernel

In otherterms,the point evaluationat is continuousn thenormof and:

Thenormof will simplybedenoted or whennecessary
Let beapositive measuregcompactlysupporteddy . Therestrictionoperator

is thencompacthy Montel's Theorem.The modulussquareoperator

is positive, self-adjointandevenhasa nite trace.lts spectrunis discreteandcanbearranged
into decreasin@rder:

The associate@igenfunctions , form a doubly orthogonalsystemof functions,in
the spaces andthe closedrange of , endavedwith the norm of . By
corvention, meangheclosedsupportof themeasure .

Theeigervaluesof canbecharacterizethy the min-maxprinciple:

This explainstheirimportancen thebestapproximatiortheory(in the normwith con-
trol onthe norm)andin estimatinghe -widthsof suchspace®f analyticfunctions.
Most of thereferencest the endof this noteillustratevariousworks,old andnew, relatedto
theseconcepts.
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While theasymptoticestimateof thedecayof theeigervalues hasrecevedconsider
ableattention,the qualitative propertiesof the eigenfunctions , very similar by their def-
inition to orthogonalpolynomials,is muchlessunderstood.In this respectonly two cases
standout: restrictionsfrom the Hardy space andfrom the Bergmanspaceboth of a simply
connecteglanardomainwith smoothboundarysee[5] respectiely [7]. Basedontheanal-
ysis of thesetwo single complex variablesituationswe raisea few naturalquestionsabout
the behavior of the eigenfunctions in general,and shav by simple means(reproducing
kernelidentitiesandsomeperturbatiortheory)whatit is reasonabl@ot to expectfrom them
in

2. Preliminaries. We explore below a few examples,in oneor seseral complex vari-
ables. They will provide the basisfor our intuition anda startingpoint for our discussion.
Thenotationis thesameasin the Introduction.

Theeigervalueequationfor ~ canbewritten as , or better afterevalu-
atingthisonafunction :

In particularthis impliesanintegral equatiorfor
(2.2) —

In mostconcretecaseghereproducingernel extendsanalyticallyto aneighborhood
of when runsoveracompactsubsebf andthuseacheigenfunction will sharethis
property A secondderivation of the eigenfunctionidentity is obtainedby taking
andthenpassingo realparts:

2.2)

We assumef coursethat is aboundednultiplier of thespace

ExAMPLE. Restrictionfrom

This is the caseanalyzedby Fisherand Micchelli [5]. The outline of proof below is
reproducedrom [7].

Via the propernormalizatiorwe canassume

Theeigenfunctiorequation(2.1) readsthen:

andconsequentlgvery  is analyticallyextendableto the sameneighborhooaf the closed
disk. Equation(2.2) implies

for every function harmonicin the disk and continuouson the closeddisk. The latter
equationcanbeinterpretedasabalayagef themeasure to theboundaryof thedisk.
Thus,
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Consequentlyhe multiplicity of each is exactly one,otherwisealinearcombination
of two distincteigenfunctionsorrespondingo  would vanishon the unit circle. By
deformingcontinuouslythe measure to the areameasuresupportediy a concentricdisk
, sayalongthe path , provesthenthateach has
exactly zerosin thedisk.
Theseobsenationshave far reachingmplications. For instancean optimal subspacén
themin-maxcomputatiorof the -th eigervalueis analyticallyinvariant,generatedy as

ananalyticmodule: , codim and
Thus,thezerosof  give the optimal con guration of pointsin the disk, such
thattherearecomplex coefcients andthequotient

is minimal amongall otherchoicesof pointsand weights.

In the above considerationshe disk canbe replacedby any simply connectedbounded
planardomainwith a sufciently regularboundary

ExAMPLE. Restrictionfrom

This is the caseof the Begmanspaceof the disk, thatis the Hilbert spaceof analytic
functionsin thedisk which aresquardntegrablewith respecto theareameasuréhenceforth
denoted ). The correspondingeproducingkernelis, up to normalizations:

Again is a positive measuresupportecby a compactsubsetof the opendisk  and

is therestrictionoperator An eigenfunction  of satis es:

and,exactly asbefore,

for every harmonicfunction .

Thisis nolongeraclassicabalayageadentity, andit is nottruein generathat  isfreeof
zerosontheboundaryof thedisk, seetheexamplein [ 7]. However, usingthepositivity of the
Greenfunctionof thebi-Laplacianandsomepositivity propertiesof theorthogonaprojection
in onto harmonicfunctionsone can prove that
wheneer B , see[7]. Thenthe scenarioof the Hardy space‘ramework
holdsword by word.

We will seebelow asimpleexplanationrwhy  mayacquirezerosin the Bergmanspace
setting.

EXAMPLE. Restrictionbetweertwo Reinhardidomains.

Let be a pair of boundedReinhardtdomainsin andlet us assumethat is
relatively compacin . Theassociate@®ergmanspaceswith respectothe -dimensional
Lebesguaneasure giveriseto acompactestrictionoperator:
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whosemodulussquare producesa discretespectrum , accumulatingo
zero. It is more corvenientto label the spectrumby multi-indices becausehe

eigenfunctionsareobviously givenby the monomials

A simpleexplanationbeingthe doubleorthogonalityof ‘s with respecto the two norms,
seefor instanceg 14].

Two pathologiesseenas deviations from the scenario,can easily be derived
from this example.

Namely take for instance to betheunitball in and aconcentridall
of radius . Thenthe eigenfunctiorequatioryields:
Therefore

Thus theeigervalues dependonlyon  andhavemultiplicities Onthe otherhand,the
eigenfunctions , correspondingo a x edeigervaluehave nitely mary common
zeros,or in otherterms

In this casethe optimumin the min-max criterion is achiezed on an analyticallyinvariant
subspace:

Above  denoteghe maximalidealof functionsvanishingattheorigin.

Second,let us considerthe unit polydisk and
with radii andsuchthat arelinearly independentver the
rationals.The eigenfunctiorequationmplies:

whence

Thesenumbersareall distinctdueto theindependencassumptionThusall eigenvalues
are simpleand,exceptfor all eigenfunctions , havein nitely manyzeios
in thepolydisk . Notealsothattheoptimalsubspaces the min-maxcriterion:

areanalyticallyinvariant. Thisis dueto thefactthatmultiplication of anelement by
ary , is contractive with respecto bothnorms,in particular:
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Along thesamdines,asimplesolutionto aninverseproblem which singlesouttheclass
of Reinhardidomainsjs available.

THEOREM 2.1. Let bearelativelycompacidomainin the unit ball . Assume
that ispseudocowexandhasa -smoothboundary

If the monomials , are the eigenfunctionsof the restriction operator

and ,then isacompleteReinhadt domain.
Proof. Thetechnicalassumption implies thatthe monomialsare densein
. Thereforethe associate®ergmankernelhastheform:

where .
Ontheotherhand,the Bergmankernelof theunit ball is

An osculatiorwith innerballs,tangentat boundarypointsof , andthevariationalinterpre-
tationof shaw that

when tendsto a pointof . Hence is a plurisubharmoniexhausting
functionfor . Since

whenever and ,we nd that whenever
. Thatis, isacompleteReinhardidomain. d
Dueto the regularity of the boundaryassumptiongondition is ful lled for

everyRungedomain . In thecaseof asinglecomplex variable,a strongefform of theabove
theoremholds,seg[7].

3. Reproducing kernel computations. This sectioncontainssomesimplederivations
of thereproducingernelformulaandthe existenceof doublyorthogonakystemf analytic
functions.

Let beasbeforeaboundeddomainin andlet beaHilbert spaceof analytic
functionson , with reproducingkernel . We considera positive measure , com-
pactlysupportedy , andtherestrictionoperator . Theeigenfunction®f

will bedenotecby , andwill benormalizedoby the condition . The
associateetigervaluesaredenotecby . We do not excludeherethe possibility of a nite
atomicmeasurein which case for large .

Note rst adirectapplicationof Mercer'stheorem(seefor instancg 20]):

Since
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we infer

whence

(3.1) S —

We canregardtheright handsideof thelatterequatiorasalimit of corvex combinations
of the eigervalues. In general,for a point , one has , due
to the extremality propertyof the reproducingkernel. Thusthe above identity will imply

for every and closeto theboundaryof . In orderto make this
statemenmoreprecisewe will considemelov thecaseof theunitball in

Let be the Begmanspaceof theunit ballin ~ , with the volumemeasurenor-
malizedsothatthe associatedeproducingkernelis

seefor instancg14]. Let bea probabilitymeasurewith supportincludedin the closedball

Let be two distinctandconsecutie eigervaluesof the operator . Then

convergesto zeroas tendsto . Denote

andassumahat
Equation(3.1) implies

We obtainthefollowing result.

PropPosITION 3.1. Let bea positivemeasue supportedby theball | with
For every , let bethe positivesolutionof theequation:
Then

for every satisfying
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For the proof we usethe abore estimatesand a simple computationshawving that the
function

is decreasindor

This shaws in particularthat, for every , the eigenfunctions , cannot
havecommorzeos closeto the boundaryof the ball. Notealsothateach is ananalytic
functionin theball

Known boundaryestimate®f the Begmankernel(seefor instance 8]) allow to extend
theabove propositionto ary strictly pseudocowmex domainwith boundaryin

4. Restriction to nite atomic measures. Exceptfor a few situations,it is very hard
to obtain explicit computationof the eigenfunctionsof the modulusof restrictionoperator
consideredn this note. Oneof the fortunatecaseds the restrictionfrom a Hilbert spaceof
analyticfunctionsto the Lebesguespaceof a nite, atomicmeasure.This framework leads
to linearalgebramanipulation®of nite combinationf thereproducindernel,seealso[ 6].

To x ideas,we consideras beforea Hilbert spaceof analytic functions with
reproducingkernel anda nite atomicmeasure , supportedy the set

with
Accordingto (2.1) we nd:

for somecomplex constants . Theeigervalueequationsarethenreducedo a nite linear
system:

A simpleobsenationderivedfrom this equationis containedn thefollowing.
PROPOSITION 4.1. Assumehatthe positivemeasue has nite support
andthatthe operator hasa singlenon-zeo eigervalue Then,andonlythen,

Proof. Indeed,if the spectralspacecorrespondindo the uniquenon-zeroeigervalue

of hasmaximaldimensiontheneach is aneigenfunctionHence
for someconstants , andthelinearindependencef theelements yields
and
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Notethatthe mostcommonreproducingkernels of standardlomains in donot
have zeros,n thesense for all

Considemext a nite group of complex bi-holomorphicmapsof — which leavesin-
varianttheinnerproductof the space andthemeasure . Speci cally, thismeans:

and . Thentheequation

impliesthat is alsoaneigenfunctiorfor theeigervalue . Thuswe have proved
LEMMA 4.2. Assumethat a nite group leavesinvariant the reproducing kernel
andthe measue . Thenead eigenspaceof the opemtor is invariant un-
dertheactionof
To giveasimpleexample considetheunitball in andtheSzeao kernel
. This kernelis invariantunderall biholomorphicmapsof the ball. Let us

considerthe simplestsituationof a symmetricpair of points andthemeasure
. The group leavesinvariantboth the kerneland the measure,
hence by the abore lemma.,it leavesinvariantthe eigenspacesf . Ontheotherhand,

, thereforethe operator hasexactly two simplenon-zerceigervalues.Let

be oneeigenfunction. Thenaccordingto the lemma is alsoan eigenfunctioncorre-
spondingo the sameeigervalue. Thus,thetwo eigenfunction®f are:

A directcomputatioridenti es thetwo eigervaluesas

Seealsothe moreinvariantargumentbelow.

Next we restrictthesecomputationgo the case

EXAMPLE. Let be the restrictionoperatorbetweenthe Hardy
spaceof the unit ball in andthe Lebesguespaceof the two point massmeasure

Thenthe eigenfunction®f therank-two operator are:

and

In particulareachfunction  admitsin nitely mary zerosin theball.
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Let now be arbitraryandlet be a positive de nite kernelin the ball which
remainsinvariantunderall holomorphicautomorphism®f the ball andwhich is the repro-
ducing kernel of a Hilbert space of analyticfunctionsin the ball. Let be a prime
number andlet bea -root of unity. By takinga point andthe measure

we obtainarestrictionoperator

of rank . Accordingto theabove lemma,eacheigenspace of is invariantunderthe
group . Henceeithereachelement of is left invariantunderthe actionof the group,
thatis , or is dimensional. The latter scenariois excludedby an
adaptatiorof Proposition(4.1).

Thereforethe eigenfunctions of satisfytheidentity:

where is aconstantWhence

with the corvention
Fromherewe deduce:

Theeigenfunctiorequatiorreads:

andsince

we infer

With alittle morealgebrathesevaluesandfunctionsarecomputable We give below a
simpleexample.

ExXAMPLE. Let beapointof theunitball in  andlet be
the Szegd kernelof theball. Let betheroot of order of unity. We considerthe
positive measure andtherestrictionoperator

In view of theabore computationghe non-zerceigenfunction®f the operator are:
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An elementarycomputatioreadsto thefollowing closedforms:

Theassociate@igervaluesare:

All othereigervaluesareequalto zero.

Again, this shovsthat  canhave zerosin the ball. The kernelin the latter example
canbereducedo onecomple variable,in which caseit becomedhe Begmankernelof the
unit disk: — . Thus,mutasmutandisthefunctions aredoubly
orthogonalwith respecto the Bergmanspacemetric of and .In
particular canhave zerosin thediskassoonas .

The following propositionis derived from the samecontext. Henceforthwe denoteby

theunit sphereof anormedspace

ProOPOSITION 4.3. Let bea pointin theunitball of . Let
betherestrictionoperator. For every thereexistsananalyticallyinvariant
subspace of codimension , sud that
Proof. Let be the Szeyo kernelof the ball, with

respecto thenormalizecareameasurdgsothatthetotal massof thespherds ). Theoperator
hasrank and,by the precedingcomputationgts eigenfunctionandeigervaluesare:

For the largesteigervalue, , the whole space is
obviouslyanalyticandoptimalin min-max.Similarly, canbechoserto betheanalytically
invariantsubspace of all functionsvanishingat . And beyondthat,since we
canchoose , to beary analyticallyinvariantsubspacef codimension .

We will provethat canbechoserto bethespace of analyticfunctionsvanishing
at . Thatis, knowing that

we haveto verify theinequality:

(4.1)
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In orderto provethisinequalitywe decompose:

Notethatthisdecompositiofis alsoorthogonalvith respecto themetricof thespace

. Thus,it is sufcient to verify theinequalityon eachsummand.

For afunction thereis nothingto prove. In thecase the
inequalityis an equality dueto the eigenfunctionequation.Finally, for
we computedirectly:

and

Now thearithmetic/geometricneaninequalityyields:

Thusinequality(4.1) is equivalentto:

or, aftersimpli cations:

whichis obviouslytrue. O

As amatterof factthepoint in theabove proofcanbereplaceddy ary element
which is orthogonalto . Indeed,denotingby the spaceof functionsin vanishing
atthe point , we have the analogougloubleorthogonaldecompositionwith respecto the
metricsof and :

The rest of the proof remainsunchanged. Thus a whole variety of analytically invariant
subspacesf codimension is optimalfor the min-maxcomputatiorof

5. Optimal subspacesn min-max. Thesimplecomputation®f thelastsectioninvite
usto a have a closerlook at the optimal subspacem the min-maxprinciple appliedto the
modulusof therestrictionoperator

We startby anelementaryandmostlikely known, remark.

ProPOSITION 5.1. Let  bea non-ngativecompacibpertor actingona Hilbert space

, with eigervalues arrangedin deceasingorder. Assumehat
for some . Let bea correspondingigervector: . Let beasubspace
of codimension, optimalin min-maxthatis

(5.1)

Then
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Proof. Assumeby contradictionthat the eigervector doesnot belongto the
optimalsubspace . If isorthogonalto ,thenthesubspace still satis es
(5.1) andhascodimension . But this contradicts againvia the min-maxprinciple, the
assumption .
Assumethat is notorthogonalto , andlet betheorthogonalprojectionof onto
. Then , andthereexistsa constant suchthat . Consequently

On the other hand, the orthogonalityconditionandthe eigervectorequationsatis ed by
imply

Hence

By similar computationsve infer thatthe vector

satis es
And in addition . Thuswe canrepeathe argumentat the beginning of the proof, this
time for the space , andobtaina contradiction. 0

A generakesult,provedfor instancdn [12], shavsthatevery analyticallyinvariantsub-
space of nite codimension in the Begman(or Hardy)space of theball, or adomain
with strictly pseudocowex smoothboundary consistsof all functionsvanishingat points,
taking into accountmultiplicities. To be morepreciseaboutmultiplicities, sucha spacecan
alwaysbewritten as

where arepolynomialshaving all zerosin theball andsatisfyingthecodimen-
sionproperty

seg[12] for detalils.
By puttingtogethetthe above two factswe canstatethe following theorem.
THEOREM 5.2. Let bea positivemeasue, compactlysupportedby a domain
with smooth strictly pseudocowex boundary Let be the restriction
opemator. Assumehat andthat an analytically invariant subspace
of codimension is optimalin themin-maxcomputatiorof . Thenthere are polynomials
having commorees,all containedn , sudc that:

Moreover, every -eigenfunction of canbewrittenas:
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In otherterms,the abose obsenationimplies that all eigenfunctionsorrespondingo
havecommorzerosn , assoonasthereexistsananalyticallyinvariantsubspace
of codimension , optimalin the min-maxcriterion.
It would be interestingto nd an exampleof a positive measure , with the property

thatthe restrictionoperator exhibits the following pathology:there
are eigenfunctionof associatedo a single highereigervalue and without
commonzerosin

6. Perturbation methods. It is legitimateto askwhethertherestrictiongo nite atomic
measuregonsideredn the previous sectionsare not too extremeas naturalexamples. We
shaw in this sectionhow a rathergeneralperturbationtheory argumentcanreplace nitely
mary pointsmeasure®y volumemeasuresupportedy openregions,without alteringthe
qualitative propertieof the rst eigenfunction®f the modulusof therestrictionoperator A
standardeferencdor the perturbatiortheoryof linearoperatorave referto below is Kato's
book[1Q].

To x ideaswe will work with the Bergmanspace of the unit ball in ,
but a variety of otherHilbert space®f analyticfunctions,with areproducingkernel,canbe
consideredThe -dimensionalebesguemeasuren will bedenotedby ; we denote
by the openball centeredat , of radius . The -volumeof aset is denotedby

LEMMA 6.1. Let bea xed point,andlet . Thefunction

is increasingfor every .
Proof. The prooffollowsfrom theorthogonalityof themonomials  with respecto the
volumemeasuref the unit ball. Speci cally, write

andremarkthat

Moreover, for ary we have:

andeven

We will usethesesimplefactsfor comparingthe restrictionoperatorsassociatedo the
pointmass andthemeasure —_ . To bemoreprecisedenoteby
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therestrictionoperatoyby adoptingthecorvention . Thentheaborelemmaimplies
whenever andfor all . Thus when , in the weak

operatortopology As a matterof fact,this corvergencdas muchstronger
LEMMA 6.2. Undertheabovenotation,

Proof. Fora x ed , the operator has nite tracedueto theidentity
andthe nuclearityof with respecto the Begmanspacenorm. In addition,the
operator hasrank-onewith the constanfunction in its range.

Let be smallandchooseanorthonormabasis , , of . There

is dependingon suchthat

Thenthe sameinequalityholdsfor every . Ontheotherhand,fora x ed
Thereforethereexists smallenoughwith the property
for all . 0

The sameargumentappliesto ary nite atomic measurdansteadof a point mass. We
stateit asa separatgroposition.
PROPOSITION 6.3. Let

bea nite atomicpositivemeasue supportedoy theunit ball of . For
onede nesthemeasues:

andtheassociatedestrictionoperators . Then is decreasing
asafunctionof and
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From herewe canderive the corvergenceof the spectraldecompositionsf the opera-
tors . For instance assumeynderthe notationintroducedin the proposition,thatthe
spectrunof thelimit operatoris:

with

Since , for every

thereexists with the pr(_)pertythatthe set

hasthecardinalityequalto themultiplicity of theeigervalue  of . Thus,by Dunford's

functionalcalculus the correspondingpectralprojectionscorvergein the operatomorm:

Seefor instancq 10] for sucharguments.

We illustrate by a single applicationwhich contraststo the Hardy space(of the disk)
picture.

PROPOSITION 6.4. There existsa relativelycompact,opensubsef the unit disk

, sudh thattherestrictionopemator betweertheassociatedergmanspaces
hasthefollowing property Thelargesteigenvalueof is simpleandtheassociated

eigenfunctiorhaszensin thedisk.

Proof. We appealto the commentfollowing Example4.4, and approximatethe three
pointmeasurahereasin theabove proposition.Namely x apoint and
considerthe eigenfunction

correspondingo the highesteigervalue  of , Wwhere

Herewe denoteby theroot of orderthreeof unity.

Thus, isasimpleeigervalue,and haszerosinsidethedisk. By enlagingthepoints
to concentriadisks,asin the proposition we constructa sequencef operators , ,
with the highesteigervalue being simple and corvergingto . The positive
constant is chosersufciently small. Then,for a x edsmall ,
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is, up to a constantthe only non-trivial -eigenfunctiorof and
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In conclusionthe eigenfunctions areall vanishingfor smallenough. O
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