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ON ONE QUESTION OF ED SAFF

BORIS SHEKHTMAN

Dedicatedo Ed Saf onthe occasionof his 60thbirthday

Abstract. In relationto FourierPade approximationEd Saf obsened that Taylor andLagrangenterpolation
projectionssatisfythefollowing property:

We classify all projectionsthat satisfy this property thusansweringa questionof Saf. Someerror formulasfor
approximatiorwith theabose-mentionedrojectionsarealsoproduced.
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1. Preface. Agesago,Ed Saf [8] asledmethefollowing question:
PrRoBLEM 1.1. Whatare projections ontothe spaceof polynomials  of degreeat
most , thathavethe propertythat

(1.1)

He obsened that this propertyholds for both, Lagrangeinterpolatingprojectionsand
Taylor projectionsandis usedin the studyof Pade-Fourierapproximationl promiseded an
answer Now, yearslater, it is timeto ful Il thatpledge.

Actually, the property(1.1) in greatergeneralityis equivalentto an “ideal property” of
projection asde ned by G. Birkhoff [2]. In the next sectionwe will prove thatequiva-
lenceandgive a completeself-containegroof that projectionsin thatsatisfy(1.1) are
preciselythe Hermite interpolationprojections. In the last sectionwe presentsome“Error
formulas”for theseprojections.

Herearesomenotations.Let standsfor a eld of realor complex numbers.Let
denoteghe spaceof polynomialsin the indeterminate with coefcients in . We will use
theword projectionto meana linearidempotenmappingon

DEFINITION 1.2. Aprojection is calleda Hermiteprojectionif there existsa
nite setof distinctpoints anda setof integers
sud thatfor every andevery :
(1.2)
and
(1.3) Im
REMARK 1.3. Observethatin the case for all , the Hermite projector
is an interpolatingprojector In the case , the Hermiteprojection is the Taylor
projection.

Notice thathereaswell asin the restof the paperno assumption®n the rangeof the
projectionis made.
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2. Algebra of Ideal Projections.

DEFINITION 2.1 (cf. [2]). A projection on is calledan ideal projectionif
isanidealin

In the next propositionwe collecta few propertiesof ideal projections:

PropPosITION 2.2. Thefollowing are equivalent

1) Aprojection on isideal.
2) Aprojection on satis es
(2.1)

3) Aprojection on satis es
(2.2)

4) Aprojection hastheproperty
(2.3) Im

Proof. 1) 2): Supposehat is anideal. Since , we have
. Hence , whichimplies(2.1).

2)  3).lIseasilyobtainedby using(2.1) twice.

3) 4). Followsfrom theidempotencef

Im
4) 1).Suppose satis es(2.3 and . Then
Im
andby (2.3):
Hence is anideal. O

A nicecharacterizatio§2.1) of ideal projectionds dueto Carl de Boor [4].

For the record,we now give a completecharacterizatiorof ideal projections. This is
certainlynot new, sincethevariousgeneralization$o severalvariablesarediscussedh [ 6].

THEOREM 2.3. A projection on is ideal if and only if is a Hermite
projectionfor some and

In particular everyideal projectionhasa nite-dimensionalrange.

Proof. Let beanidealprojection.Since isanidealin andsinceeveryideal
in is aprincipalideal(cf. [1]), it impliesthatthereexistsa polynomial
(2.4)
suchthat
Since for every , we concludethat

(2.5)
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for some . It is easyto deducdrom (2.5) that
just as (1.2) requires. Next obsene that and denotethis degreeas

. Thenevery non-zergpolynomial is apolynomialof
degree or higherandhence
Finally sincetheideal containsa polynomial of exactdegree , we conclude
that
(2.6)
andtherefore

Im

which proves(1.3).
Corverselysupposéehat asde ned by (1.2) and(1.3). Thenit follows easily
from (1.2) andtheLeibniz rule for derivativesthat

Hence

implies(2.1), which provesthetheorem. O

REMARK 2.4. It is interestingto observethat (2.6) andthe Theoem2.3 immediately
impliesthat the Hermite interpolation problemalwayshas uniquesolutionin the spaceof
polynomials . In fact(cf. [10]) thespace is a uniquesubspacen that hasthis
property Moreover, thespace is auniqueChebyshesubspacén

Therealversionof the Theorem2.3 nolongerholdsasstated.

ExAMPLE 2.5. De ne a mapping asfollows:

for all andextendit by linearity to . Clearly isalinear mappingonto
and

Theefore is aprojection.Next observehat
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Consequentlythe projection  doesnotinterpolate and henceis not a Hermite
projection.

However for every nite sum with real coefcients, theexpression

is awell-de ned(comple) scalar andit is easyto seethat

sinceit is sofor everymonomial.ln particular  satis es(2.3).
This examplesuggestsan easy(althougha bit awvkward) modi cation of the Theorem
2.3for therealcase:

THEOREM 2.6. A projection on is ideal if and only if there existsa nite sets

of distinctpoints , and setsof integers
, sud that for every and every

(2.7
for every
(2.8)
and
(2.9) Im

Proof. The proofis the sameasthat of the previoustheoremwith oneobvious modi -
cation.Thistime theideal

is generatedby the polynomial of theform
(2.10)

Obsenethat(2.8) implies
(2.11)

Therestof thearguments the sameasin the proof of the Theorem?2.3, d

The Theorems2.3 and 2.6 explain the specialrole that Taylor, Lagrangeand, in full
generality Hermiteinterpolationplaysin ApproximationTheory Theidealpropertyof these
interpolantsallow usto view approximatiorasthe proces®f division. Forinstancehekernel
of the Taylor projection onto  is anidealgeneratedy polynomial . Theprocess
of divisionof by

(2.12)

Ironically it is the Taylor polynomialthatis (in thelanguageof algebraheremainderof the
division, while the“remainder”in Taylor Theoremis the mainpatrt.
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Lagrangeinterpolation(thatin full generalitybecomesHermite interpolationand in-
cludesTaylor) alsohave this property The kernelof Lagrangenterpolatingprojectoris also
anideal of functions(polynomials)that vanishon a given setof points,henceit is alsothe
remaindeiof thedivisionof by apolynomial .

Now the equivalentproperties(2.2) and (2.3), canbe understoodasa purely algebraic
fact: Theremaindeiof the productis equalto theremaindeiof the productof theremainders.

3. Error Formulas. The plethoraof formsfor the errorin Taylor, LagrangeandHer
mite interpolationcanalsobe understoodrom the ideal point-of-view. Hereis the general
perspectie.

Let beanidealprojection,andlet theideal be generatedy a polynomial
Since , hence
(3.1)

It is easyto seethat(3.1) de nesalinearoperator:

(3.2)

and

(3.3) Im

We claim that variousfactorizationsof this operator give rise to the error formulas.
We startwith thefollowing generalemma:
LEMMA 3.1. Let and betwo linear opemtors. Then

(3.4)
for somdinear opemtor if andonlyif

(3.5)

Proof. The necessitys obvious. For sufciency, de ne alinearoperator

thatmapsanequialenceclass into the equivalenceclass
Assumethat . Then andby (3.5), we concludethat
. Hencetheoperator is well-de ned andthediagram:

commutesHere and arethecanonicakmbeddings.
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Considerthefollowing diagram:

with  and de ned asnaturalinjections. Since is alsoonto, it hasan inversemapping

This diagramis commutatve sinceevery triangulardiagramin it is commutatve. Thus

which provesthelemma. d
In particular if the interpolationprojectionhas  asits rangethenfor all ,
theoperators

(3.6) -

have . Thus,by (3.3

andby Lemma3.1we have:
(3.7)

Usually the operator in (3.7) hasanintegral form. For instancein the real case(cf.
[3]) of Lagrangenterpolation  with , thekernelof isanideal
generatedby polynomial

where is aB-splineatthenodes . Inthecomplex casevarious
integral representationaredescribedn [5], [9] and[7]. We will now extendtheseresultsto
theideal projectionswith anarbitraryrange.

DEFINITION 3.2. De ne to bethering of all formal powerseriesin  with coef-
cientsin
THEOREM 3.3. Let beanideal projectionwith . Let beanopentor

on sud that

(3.8) Im
Thenthere existsan operator de nedon sud that
(3.9)

More overtheoperator canbewrittenasanintegral operator

(3.10)

with for every .
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Proof. The existenceof operator followsdirectly from (3.8) andLemma3.1, since
Im

It remaingto prove (3.10. Let  beapolynomialde ned by

then

Letting , we have

andhence

(3.11) — o

Setting

we obtainthe desiredconclusion. Notice that while is only a formal power series
in , for every polynomial only nitely mary termsin (3.11) arenon-zero.Thus(3.11)
indeedde nesalinearmappingon . d

Acknowledgments. | am gratefulto ProfessoiRakhmane for suggestinghe elegant
proof of thelasttheorem.
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