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ON ONE QUESTION OF ED SAFF
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Dedicatedto EdSaff on theoccasionof his60thbirthday

Abstract. In relationto Fourier-Pad́e approximation,Ed Saff observed thatTaylor andLagrangeinterpolation
projectionssatisfythefollowing property:�������
	����
��������������������	����
��������� 	����!���#"
We classifyall projectionsthat satisfy this property, thusansweringa questionof Saff. Someerror formulasfor
approximationwith theabove-mentionedprojectionsarealsoproduced.
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1. Preface. Agesago,EdSaff [8] askedmethefollowing question:
PROBLEM 1.1. Whatare projections$ onto thespaceof polynomials%'& of degreeat

most( , thathavethepropertythat

(1.1) $*),+�-/.0$*)21 -�34%�&*5768$*),+9.:1;-<5=$*)>+�-/.0$*)21 -@?
He observed that this propertyholds for both, Lagrangeinterpolatingprojectionsand

Taylorprojections,andis usedin thestudyof Pad́e-Fourierapproximation.I promisedEdan
answer. Now, yearslater, it is time to ful�ll thatpledge.

Actually, theproperty(1.1) in greatergeneralityis equivalentto an “ideal property”of
projection $ asde�ned by G. Birkhoff [2]. In the next sectionwe will prove that equiva-
lenceandgive a completeself-containedproof thatprojectionsin A�B C�D thatsatisfy(1.1) are
preciselythe Hermiteinterpolationprojections. In the last sectionwe presentsome“Error
formulas”for theseprojections.

Herearesomenotations.Let E standsfor a �eld of realor complex numbers.Let E7B C�D
denotesthespaceof polynomialsin the indeterminateC with coef�cients in E . We will use
theword projectionto meana linearidempotentmappingon EFB C�D .

DEFINITION 1.2. A projection$HGI5KJ*L�M N is calleda Hermiteprojectionif thereexistsa
�nite setof distinctpoints OP5RQSC�TVU0W�W0W:UXC�Y[Z]\^E anda setof integers _P5`Q�(�T�U�W0W�W0U�(7Y[Z]\a

such that for every +b3cEFB C�D andevery de5�fgU0W0W�W:U�h :

(1.2) )iJjL�M Nk+�-ml!nmo�)iC0p�-<5q+ l!nmo )iC0p�-srute5Kv;U�W0W�W:U�(wpkxyfgU
and

(1.3) z {
| Im JjL�M N}5 Y~p@��T )2(wp�xyfS-wW
REMARK 1.3. Observethat in thecase(�p*5�f for all d , theHermiteprojector J*L�M N

is an interpolatingprojector. In thecaseh�5�f , theHermiteprojection J9L�M N is theTaylor
projection.

Notice that hereaswell asin the restof the paperno assumptionson the rangeof the
projectionis made.�
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2. Algebra of Ideal Projections.
DEFINITION 2.1 (cf. [2]). A projection $ on E�B C�D is calledan ideal projectionif �����
$

is an ideal in EFB C�D .
In thenext propositionwecollecta few propertiesof idealprojections:
PROPOSITION 2.2. Thefollowing areequivalent
1) A projection $ on EFB C�D is ideal.
2) A projection $ on EFB C�D satis�es

(2.1) $*),+c.m1;-<5�$*)>+�.0$*)21 -@-mU���+wU�1�3cEFB C�D#W
3) A projection $ on EFB C�D satis�es

(2.2) $*),+9.m1;-<5�$*),$*),+�-�.�$*)21 -@-mU���+wU�1�3cEFB C�D#W
4) A projection $ hastheproperty

(2.3) $*)>+�-/.0$*)21 -�3 Im $�576�$*)>+c.m1 -<5K$*),+�-�.�$*)�1;-mW
Proof. 1) 576 2): Supposethat �g�0�
$ is an ideal. Since 1�x�$*)21 -^3��g�0�
$ , we have+9.g)�1�x�$*)21 -@-�3��g�0�;$ . Hence$*),+c.m1[x�+�.�$*)�1;-�-<5Kv , which implies(2.1).
2) 576 3). Is easilyobtainedby using(2.1) twice.
3) 576 4). Follows from theidempotenceof $ :$*),+�-�.�$*)�1;-�3 Im $�5F68$*)i$*)>+�-/.0$*)�1;-�-<5K$*),+�-�.0$*)�1;-mW
4) 576 1). Suppose$ satis�es(2.3) and +b3������
$ . Thenv[5K$*),+�-<5�$*),+�-/.0$*)21 -�3 Im $

andby (2.3): $*)>+�.01 -<5�v[576�+9.m193������
$�W
Hence�g�0�
$ is anideal.

A nicecharacterization(2.1) of idealprojectionsis dueto Carl deBoor [4].
For the record,we now give a completecharacterizationof ideal projections. This is

certainlynotnew, sincethevariousgeneralizationsto severalvariablesarediscussedin [6].
THEOREM 2.3. A projection $ on A�B C�D is ideal if andonly if $�5�J�L�M N is a Hermite

projectionfor someO and _ .
In particular everyidealprojectionhasa �nite-dimensionalrange.
Proof. Let $ beanidealprojection.Since�����
$ is anidealin A�B C�D andsinceevery ideal

in A�B C�D is aprincipalideal(cf. [1]), it impliesthatthereexistsapolynomial

(2.4) ��)iC�-<5 Y�p@�7� ),C]x�C:p�- l &V�m�7T o
suchthat �g�0�
$`5����w��G�5�Q�1 .��4GV1�34A�B C�D>ZgW
Since +�x�$*),+�-�3��g�0�
$ for every +^34A¡B C�D , we concludethat

(2.5) +/),C�-�x�$*),+�-0)iC�-<5}1�)iC�-�. Y�p@��� )>C'x�C p - l &V�m�7T o
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for some193�A�B C�D . It is easyto deducefrom (2.5) that),$ +�- l!n:o )iC p -¢5�+ l!n:o )iC p -
just as (1.2) requires. Next observe that z ��£F��5 Y¤p@�¥T )i(wp�x}f�- and denotethis degreeas)2(9¦�f�- . Theneverynon-zeropolynomial 193������
$�5`Q01�.��4GV1934A�B C�D>Z is apolynomialof
degree )2(�¦=fS- or higherandhence %§&'¨9�g�0�
$`5`Q�v Z�W
Finally sincethe ideal �����;$ containsa polynomial � of exactdegree )i(�¦qf�- , we conclude
that

(2.6) % & © �g�0�;$`5�A�B C�D
andtherefore

z {
|ª%§&�5K«:¬V­g®>hq�����;$�5Kz {!| Im $�5�)2(9¦=fS-<5 Y~p@�¥T )i(wp�xyfS-
whichproves(1.3).

Converselysupposethat $�5KJ*L�M N asde�ned by (1.2) and(1.3). Thenit followseasily
from (1.2) andtheLeibniz rule for derivativesthat)�1[.�)iJjL�M Nk+�-�- l!nmo ),C:p�-<5�),+9.:1;- l�nmo )iC0p�-mr¯t*5Kv;U�W0W0W0U�(wpkxyfgr°de5�v
U0W�W0W:U@(cx}f�W
Hence JjL�M N'),+c.0JjL�M N')�1;-�-¡5�JjL�M N'),+9.:1;-
implies(2.1), whichprovesthetheorem.

REMARK 2.4. It is interestingto observethat (2.6) and the Theorem2.3 immediately
implies that the Hermite interpolationproblemalwayshasuniquesolution in the spaceof
polynomials% & . In fact (cf. [10]) thespace% & is a uniquesubspacein A�B C�D that hasthis
property. Moreover, thespace% & is a uniqueChebyshev subspacein A�B C�D .

Therealversionof theTheorem2.3no longerholdsasstated.
EXAMPLE 2.5. De�ne a mapping$HGV±�B ²
D�³8% T 5q´@�¶µ�(/QgfgU�²FZ asfollows:

$R·>² p�¸ 5
¹ººº» ººº¼
f if d�5Kv
)�|j½�zs¾�-² if d�5�fg)�|j½�zs¾�-x]f if d�5q¿;)�|j½�zs¾�-xk² if d�5KÀ
)�|j½�zs¾�-

for all de5�v
U0fgU0W0W�W andextendit by linearity to ±�B ²;D . Clearly $ is a linear mappingonto % T
and $*)�f�-<5�fgUÁ$*)2²s-¢5ª²¥W
Therefore $ is a projection.Next observethat²wÂkx�$ · ²¶Â ¸ 5�²¶Â¡¦�fjÃ5=v
W
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Consequently, theprojection $ doesnot interpolate +/)2²w-�5�² Â andhenceis not a Hermite
projection.

However for every�nite sum +�5 ¤ µ n ² n with real coef�cients, theexpression+/)>Ä�®�-�GI5 ~ µ n )>Ä�®�- n
is a well-de�ned(complex) scalar, andit is easyto seethat$ +/)#Ä�®�-<5�+/)>Ä�®�-
sinceit is sofor everymonomial.In particular $ satis�es(2.3).

This examplesuggestsan easy(althougha bit awkward) modi�cation of the Theorem
2.3for therealcase:

THEOREM 2.6. A projection $ on ±�B C�D is ideal if and only if there existsa �nite sets
of distinctpoints OÅ5�Q�² T U�W0W�W:U�² Y Z�\�± , OeÆ�5�Q�C T U0W0W�W0UXCSÇ�Z�\�A<ÈV± andsetsof integers_�5�Q0( T U0W0W�W0U@( Y Z�\ a

, _*É�5�Q�(7ÉT U�W0W0W�U�(7ÉÇ Z�\ a
such that for every +}3ÊEFB C�D andeveryd�5�f�U�W0W�W:U�h :

(2.7) )i$ +�- l!nmo ),² p�-<5q+ l!nmo )2²;pS-sr¯t*5=v
U0W�W0W0U@(wp�x}f�U
for every Ë75`fgU0W�W0W:Uu´
(2.8) ),$ +�- l!nmo ),C�Ìi-<5q+ l!nmo )iC�Ìi-sr¯t*5Kv;U�W0W0W0U�( ÉÌ xyfgU
and

(2.9) z;{
| Im $`5 Y~p@��T )i( p xyfS-7¦Í¿ Ç~ Ì �¥T ),( ÉÌ x}f�-�W
Proof. Theproof is thesameasthatof theprevioustheorem,with oneobviousmodi�-

cation.This time theideal ���0�¶$�5����w�kGI5�Q01[.��4G�193�A�B C�D>Z
is generatedby thepolynomial� of theform

(2.10) ��)iC�-<5ÏÎVÐ Yp@��� ),²*xÑ² p - l &V�m��T oÓÒ ÎSÐ ÇÌ ��� )@)i²*x�C�Ì,-�)i²�xKÔC�Ìi-@- ) & Æ Õ ��T - Ò W
Observethat(2.8) implies

(2.11) ),$ +�- l!nmo ):ÔC Ì -<5q+ l!nmo )mÔC Ì -sr¯t*5Kv;U�W0W0W0U�( ÉÌ xyfgW
Therestof theargumentis thesameasin theproofof theTheorem2.3.

The Theorems2.3 and 2.6 explain the specialrole that Taylor, Lagrangeand, in full
generality, Hermiteinterpolationplaysin ApproximationTheory. Theidealpropertyof these
interpolantsallow usto view approximationastheprocessof division. For instancethekernel
of theTaylor projection Ö & onto % & is an idealgeneratedby polynomial C &�×¥T . Theprocess
of divisionof + by C & :

(2.12) +�5�C &�×¥TuØ ),+�-¥¦�Ö�&s),+�-:W
Ironically it is theTaylor polynomialthatis (in thelanguageof algebra)theremainderof the
division,while the“remainder”in TaylorTheoremis themainpart.
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Lagrangeinterpolation(that in full generalitybecomesHermite interpolationand in-
cludesTaylor) alsohave this property. Thekernelof Lagrangeinterpolatingprojectoris also
an idealof functions(polynomials)that vanishon a givensetof points,henceit is alsothe
remainderof thedivisionof + by apolynomial Ù§)2²s-¢5qÐ &p@�¥T )i²�xÑ²;p�- .

Now the equivalentproperties(2.2) and(2.3), canbe understoodasa purely algebraic
fact:Theremainderof theproductis equalto theremainderof theproductof theremainders.

3. Err or Formulas. Theplethoraof forms for theerror in Taylor, LagrangeandHer-
mite interpolationcanalsobe understoodfrom the idealpoint-of-view. Hereis the general
perspective.

Let $ bean idealprojection,andlet the ideal ���0�¶$ begeneratedby a polynomial ÚÊ3EFB C�D : �g�0�
$�5�QVÚj.m19G�1939EFB C�D,Z�W
Since +�x�$ +b3������
$ , hence

(3.1) +�x�$ +c5qÚj.�Û�),+�-:W
It is easyto seethat(3.1) de�nesa linearoperator:

(3.2) Û�GVEFB C�D<³�E7B C�D
and

(3.3) �g�0�
ÛK5�������),Ü]x�$ -¡5 Im $�W
We claim that variousfactorizationsof this operatorÛ give rise to the error formulas.

We startwith thefollowing generallemma:
LEMMA 3.1. Let Û`G�ÝÅ³8Þ and ßPG�Ýà³âá betwo linear operators. Then

(3.4) ÛK5qã'ß
for somelinear operator ã if andonly if

(3.5) ���0�¶ßP\y�g�0�;Û W
Proof. Thenecessityis obvious.For suf�ciency, de�ne a linearoperatorä G�Ý9å������;ß�³�Ý9å������ Û

thatmapsanequivalenceclassB +¶D2æª3�Ý�å/���0�;ß into theequivalenceclass B +¶D�çÍ3cÝ9å��g�0�;Û .
Assumethat 1�3ÊB +¶D�æ . Then ),+9xÑ1;-�34�g�0�
ß andby (3.5), we concludethat ),+cxÑ1 -�3�����
Û . Hencetheoperator

ä
is well-de�ned andthediagram:Ýè^é=ê�ëÝ9å������ Ûªì9xí Ý9å��g�0�;ß

commutes.Here è and ë arethecanonicalembeddings.
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Considerthefollowing diagram:Þ çì9xîÝ æx¶³ Im ßP\yáïñð è4é�ê�ë�òcóÊé�ò ��TÝ�å������;Ûâì�xí Ý9å������;ß
with

ð
and ò de�ned asnaturalinjections. Since ò is alsoonto, it hasan inversemappingò ��T .

Thisdiagramis commutativesinceevery triangulardiagramin it is commutative. ThusÛK5�· ð ä ò ��T0¸ ß
whichprovesthelemma.

In particular, if the interpolationprojectionhas %'& asits rangethenfor all t�ô`(�¦�f ,
theoperators

(3.6) ß n GI5 ­ n­�C n GVEFB C�D/³8E7B C�D
have ���0�;ß n \Í%�& . Thus,by (3.3)�����
ÛK5 Im $�5K% &9õ �����
ß
andby Lemma3.1we have:

(3.7) +9x�$ +�5KÚ*.�ã n Î + l�nmo Ò W
Usually the operatorã in (3.7) hasan integral form. For instancein the real case(cf.

[3]) of LagrangeinterpolationJ L with O�5�Q�C T U0W�W0W�U@C Y Z \}± , thekernelof J L is anideal
generatedby polynomial ÚF),C�-<5RÐ Yp@��T )iC x�C p -

+/)iC�-¥x�JjLk+/)iC�-<5KÐ Yp@�¥T ),C'x�C0p�-/.�öø÷�L�)iùmU@C�-�+ l Y o )iù�-�­gùmU
where÷9L�)iùmU@C�- is aB-splineat thenodesOjÉ¶5`Q�C�TSU�W0W0W�U@CSY UXC;Z . In thecomplex casevarious
integral representationsaredescribedin [5], [9] and[7]. We will now extendtheseresultsto
theidealprojectionswith anarbitraryrange.

DEFINITION 3.2. De�ne A�B
B C�D
D to bethering of all formalpowerseriesin C with coef�-
cientsin A .

THEOREM 3.3. Let $ bean idealprojectionwith �g�0�
$`5�ú}Ú�û . Let ß beanoperator
on A�B C�D such that

(3.8) ���0�¶ßP\ Im $�W
Thenthereexistsanoperator ã de�nedon A�B C�D such that

(3.9) +�x�$ +c5qÚj.Sãj)iß�+�-:W
More over theoperator ã canbewrittenasan integral operator

(3.10) ã�1s),C�-<5 öü ýSü � ü þSü ×¥T ÷y)iC¶UXÿg-#1�),ÿ�-�­�ÿ
with ÷Í)iC¶UXÿg-¡3�A�B!B ÿ ��T D!D for every C .
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Proof. Theexistenceof operatorã followsdirectly from (3.8) andLemma3.1, since�g�0�
ßP\ Im $`5=�g�0��)iÜ x�$ -mW
It remainsto prove(3.10). Let � n beapolynomialde�ned by� n 5�$ · C n ¸ U
then

ã����~n ��� µ n C n�� 5��~n �7� µ n � n W
Letting +/)iC�-<5 ¤ � n ��� µ n C n , we have

µ n 5 f¿���® öü ýSü � ü þSü ×¥T +/),ÿg-ÿ n ×�T ­�ÿ
andhence

(3.11) ã]+/)iC�-<5 öü ýSü � ü þSü ×¥T +/),ÿg-
	 f¿���®
�~n ��� � n )iC�-ÿ n ×¥T�� ­�ÿ;W
Setting

÷y)iC¶UXÿ�-�5 f¿���®��~n ��� � n )iC�-ÿ n ×�T
we obtainthe desiredconclusion.Notice that while ÷Í),C
Uuÿ�- is only a formal power series
in ÿ ��T , for every polynomial + only �nitely many termsin (3.11) arenon-zero.Thus(3.11)
indeedde�nesa linearmappingon A�B C�D .

Acknowledgments. I am grateful to ProfessorRakhmanov for suggestingthe elegant
proofof thelasttheorem.
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