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1. Somepropertiesof the functions �����

�

�����������! 

and "$#%�

�

�&���'���(�! 

. In this section
new propertiesof thekernelsof modi�ed Kontorovitch–Lebedev integral transformsarede-
duced,andsomeof their known propertiesarecollected,whicharenecessarylateron.

It is possibleto write thekernelsof thesetransformsin theform
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where ��5
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is the modi�ed Besselfunction of the secondkind (also called MacDonald
function).
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have integral representations[8]
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Thefunctions �f���
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tionsof the�rst kind "&5
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asfollows,
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where
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w and
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Theexpansions(1.5) and(1.6) convergefor all
`–•8�}•†—

and
`™˜šK‹•†—

.
It follows from (1.1)–(1.2) that it is possibleto write �f���
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Fouriercosinus-transform
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and "$#%�
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in theform of theFouriersinus-transform
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whence,for
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For the computationof certainintegralsof the functions �f���
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integralsof elementaryfunctions.

PROPOSITION 1.1. If ® is absolutelyintegrableon ¯
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Proof. This follows from (1.9)–(1.10) andfrom Fubini's theorem[22].
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REMARK 1.3. All formulasof thepresentparagraphremainvalid if
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lying in theright-handhalf-plane.
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We notethat theseequationscanalsobeobtaineddirectly from theformulafor theLaplace
transformsof �
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�&���������) 

and "�#/�

�

�����������! 

for
�

 

`

4

�

 

—

and
K

 

—

. For �����

�

�����'���(�! 

and "�#/�

�

�����������) 

the following asymptoticformulasfor
K

 

—

arevalid [8],

�f���

�

�����������! bÊ§n

k

�

p

�

�

�

-0ËFÌ �ªCmE$G

n&Krq

Q

K¨1cK/1‹Krq

Q

�

.
p

4

"$#%�

�

�����������! bÊ§n

k

�

p

�

�

�

-
ËFÌ

�
G?O�Q

nmKsq

Q

K/1cK¨1^Krq

Q

�

.
p

4

where
�

is a �x edpositivenumber.
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It follows immediatelyfrom (1.3)–(1.6) thatfor
�

 

`

we have

�

�

�����������! 0ÊÍY

.

n

�

. p

-

�

�

CmE$G

|

Krq

Q

:

W

•

1

3

G?ORQ

|

Ksq

Q

:

W

•

{

|

V

W

1

3

K

•

4

whence

�����

�

�����'���(�! +Ê

Y

.

n

�

. p

-

�

�%Î

���

{

[ÏY

.

,

3

K

_

CmE$G

n

Krq

Q

�

. p

,

"$#

{

[¸Y

.

,

3

K

_

G?O�Q

nmKrq

Q

�

.lp!Ð 4

"�#/�

�

�����'�

�(�! +ÊÑY

.

n

�

. p

-

�

� Î

"$#

{

[•Y

.

,

3

K

_

CmE$G

n&Krq

Q

�

. p

1

���

{

[
Y

.

,

3

K

_

G?O�Q

n
Krq

Q

�

.
p)ÐÅ4

For largevalues
�

thefollowing asymptoticexpansionis valid [9]

�

�

�&���'�
�(�! +Êon

k

.

�

p

�

�

�

-):

7

v

wTx

9

[ÏY

.

,

3

K

4

y

_

�

.

�! 

-

w

4

where

�ƒÒ

4

y

 2*

�

‡

Ò

W

1

Y

W

 m�

‡

Ò

W

1‹Ó

W

 )Ô&ÔmÔ��

‡

Ò

W

1š�

.

y

1

Y

 

W

 

.

W

w

y)z

S

In particular, therefore,

�����

�

�����������) 0Ê§n

k

.

�

p

�

�

�

-!:

[

Y

1

K

W

.

�

,†Ô&ÔmÔ

_

4

"$#%�

�

�������

���) 0Ê§n

k

.

�

p

�

�

�

-!:

[

K

.

�

,aÔmÔ&Ô

_

*

K

.

�

n

k

.

�

p

�

�

�

-):

�

Y

,†Ô&ÔmÔŽ 

S

1.3. The seriesexpansionsin powers of
K

. The solutionsof problemsin mathemat-
ical physicsconnectedwith the useof the Kontorovitch–Lebedev integral transformsare
often expressedas integralswith respectto

K

of the functions �

���

���) 

, �����

�

�&���'���(�! 

and
"�#/�

�

�����'�e���! 

. Both theasymptoticexpansionsof theseintegralsfor largevalues
K

, andthe
expansionsof thesefunctionsin powersof

K

, areof interestfor theanalysisof thebehavior
of theseintegrals.

Theexpansionsof thesefunctionsin powersof
K

arededucedfrom their integral repre-
sentations(1.1)–(1.2). Substitutingin them CmE$G

�(K

I

 

and G?O�Q

�(K

I

 

by their seriesexpansions
andinterchangingtheorderof thesummationandintegration,we obtain

�

�'�

�(�! +*

7

v

wTx

9

K

W

w

�

.

y

 

z

6
7

9

I

W

w

�

-):!;=<?>�@!A

L

I

*

*

�

9

�(�! l1

K

W

.

z

6
7

9

I

W

�

-):N;=<Ž>�@!A

L

I

,

K

]

‡
z

6
7

9

I

]

�

-!:B;=<?>�@!A

L

I

,aÔmÔ&Ô

4(1.16)
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�����

�

�����'� �(�! +*

7

v

wTx

9

K

W

w

�

.

y

 

z

6 7

9

I

W

w

�

-!:!;=<?>(@BA CFEJGPH¨I

.

L

I

*

*

�

�

� ���! ¡1

K

W

.

z

6 7

9

I

W

�

-):!;=<?>�@BA CFE$G?H/I

.

L

I

,

K

]

‡ z

6 7

9

I

]

�

-!:!;=<Ž>�@!A CmE$G?H I

.

L

I

,aÔmÔmÔ

4(1.17)
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w

�
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,
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z

6 7

9

I

W

w

�

V

�

-!:!;=<Ž>�@!A G?O�QNH}I

.

L

I

*

*aK

6 7

9

I

�

-):B;=<Ž>�@!A G?ORQ	H¨I

.

L

I

1

K

•

Ó

z

6 7

9

I

•

�

-):N;=<Ž>�@!A G?O�QNH}I

.

L

I

,aÔmÔ&Ô

S

(1.18)

Thesefunctionsareentirefunctionsin thevariable
K

, andthereforetheseriesconverge
for all real valuesof

K

. From theseexpansionsit is possibleto obtain the seriesfor the
derivativesandfor the integralsof thesefunctionswith respectto thevariable

K

, which will
convergefor all real

K

also.Similar integralsfor thesphericalfunctionsarestatedin [23].
It' s possibleto rewrite the expansions(1.16)–(1.18) in termsof Laplacetransformsas

follows,

�

�'�

�(�! +*

�

-):

7

v

wTx

9

�M1

Y

 

w

À€Õ&Ög×

CmCmE$G?H

W

w

��U�,

Y

 

Ø

��U�,

Y

 

W

1

Y

Ÿ

U

 

�DÙ

K

W

w

�

.

y

 

z

4(1.19)

�����

�

�&�����j�(�! +*

�
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7

v

wTx

9

�M1

Y

 

w

À
Õ

Ög×

CmCmE$G?H

W

w

��U�,

Y

 

¶

.

U

Ÿ

U

 

�
Ù

K

W

w

�

.

y

 

z
4(1.20)

"$#/�

�

�&�����

�(�! +*

�

-):

7

v

wTx

9

�M1

Y

 

w

À
Õ

Ög×

CmCmE$G?H

W

w

�

V

�(U�,

Y

 

Ø

.

�(U�,

.

 

Ÿ

U

 

�
Ù

K

W

w

�

V

�

.

y

,

Y

 

z
4(1.21)

This form of writing maybemoreconvenientsinceit is possibleto usenumericalmethods
for evaluatingLaplacetransforms.

Theexpansions(1.19)–(1.21) areconvenientfor thecalculationof thekernelsof Konto-
rovitch-Lebedev integral transformsfor smallvalues

K

.

2. Inequalities for theMacDonald functions �

���

���) 

, �f���

�

�������j���) 

and "$#%�

�

�����������) 

.
It follows from (1.1) thatfor all

K‹Ú

¯

`

4

—8 

½ �f���

�

�������
���) 

½

˜

�

�

�
�(�! +*on

k

.

�

p

�

�

�

-!:

4

andit followsfrom (1.2) thatfor all
K‹Ú

¯

`

4

—8 

½ "$#%�

�

�������
���) 

½

˜

687

9

�

-):N;=<Ž>�@!A
G?ORQ	H

I

.

L

I

*
n

k

.

�

p

�

�

�

:

¤

Y

1’Ûe�P�

.

�! 

�

�

 

¦

˜ŠÜ

�

-):

�

4

where
Ü

is somepositiveconstant[10],[11].
In [4], for arbitrary

Ò•*†Ý•,

3

K

,
ÝªÞŠ`

, thefollowing inequalityis derived

½ "m5

�(�! 

½

˜

�

Ë�ß Ì�ß
�

"Fà

���) 

S

Takingadvantageof theformula[4]

½ �Å5

���) 

½

˜
n�á

V
�(�

4

Ý� e,
á

W
���

4

Ý� 

½

K

½

à

-

�

�

p��

-

Ë�ß Ì�ß

�
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weobtainthatbeginningwith someâd4�½

K

½Xãšâ ,

½ �

�

�����'� �(�! 

½

˜ á ���! 

�

-

Ë�ß Ì�ß

�

S

But this inequality is too roughandmay be insuf�cient for conductingvariousproofs. To
obtainmorere�ned inequalities,we use[5]

(2.1) ½ �

���

���) 

½

˜Šä•�

-

�

å

�

-

Ë�ß Ì�ß

�

4

where
ä

is somepositiveconstant,andtherepresentations[8]
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n
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.

�

p

�

�

�
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�

k

Kj 

,
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Ö
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�

k

Kj 

�
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�

�

6
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9

•

�
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¶
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1

�

-�»�:���çF¼

�

�

�

¢

�

�'�

�(UD PL�U

(2.2)
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LEMMA 2.1. Thefollowing inequalitieshold for
�

ã

`
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where
Œ

9 and
Œ

are somepositiveconstants.
Proof. We estimatethesecondadditive termin (2.2), usingtheinequality(2.1),
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(2.3)

We next estimatethethird additive term,
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(2.4)

Combiningthe�rst termandestimates(2.3) and(2.4), weobtaintherequiredinequality.
Furthermore,we obtain
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For futureuse,ananalysisof thebehavior of themodi�ed Besselfunction �%à

���'�

�(�! 

for large
valuesof

K

is necessary.
LEMMA 2.2. For

`–˜šÝc˜

V

W
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Proof. We usetheformula[6]
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. It is possibleto show that for ½
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It follows from theasymptoticsof "
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‚

]
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] someconstant.
Combiningtheestimations(2.5)–(2.7), we obtainthat for
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Denoting
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²
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�
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] , weobtainthestatementof thelemma.
Thepropertiesof themodi�ed Kontorovitch–Lebedev integral transformsareconsidered

in [7]–[15].

3. Tau method approximation for modi�ed Besselfunction of imaginary order.
Severalapproachesfor theevaluationof themodi�ed Besselfunctionsareelaboratedin [1]–
[2]. TheTaumethod[3] realization,with minimal residuechoicefor thedeterminationof the
polynomialapproximationsof the solutionsof the secondorderdifferentialequationswith
polynomialcoef�cients [16] of thefollowing form
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We obtain the following recurrenceformulasfor the coef�cients of canonicalpolynomials
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variablesof the vector residuechoiceand its minimization are analyzed. The recurrence
formulasfor thecanonicalvector-polynomialscoef�cients convenientfor thecalculationsare
given.
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We haveasystemof two secondorderdifferentialequations
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By meansof computationsis shown that thechoiceof the residuein the form 
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in this casetoo.

The applicationsfor the numericalsolutionof boundaryvalueproblemsin wedgedo-
mainsaregivenin [18],[19].
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