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Abstract. Somenew propertiesof kernelsof modi ed Kontorovitch—Lebede integral transforms— modi ed
Bessefunctionsof thesecondind with complex order arepresentedlnequalitiegyiving estimationgor

thesefunctionswith agument andparameter areobtained.The polynomialapproximation®f thesefunctions
asa solutionsof lineardifferentialequationswith polynomialcoefcients andtheir systemsareproposed.
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1. Somepropertiesof the functions N and N . In this section
new propertiesof the kernelsof modi ed Kontorovitch-Lebede integral transformsarede-
duced,andsomeof theirknown propertiesarecollected which arenecessariateron.

It is possibleto write the kernelsof thesetransformsn theform

_ and 7

where is the modi ed Besselfunction of the secondkind (also called MacDonald
function).

Thefunctions ~ and ~ have integral representationfs]
1.1) _ -
1.2) _ -
Thevectorfunction with the components _

_ is the solutionof the systemof differentialequations
Thefunctions _ and _ areevenandoddfunctions,respectiely

of thevariable ,
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Thefunctions _ and _ arerelatedto the modi ed Besselfunc-
tionsof the rst kind asfollows,
(1.3) _ - -
(1.4) _ _ _
Theexpansionof _ in ascendingowersof hastheform
(1.5)

where and satisfythefollowing recurrenceelations:

Theexpansionof in ascendingpowersof hastheform

(1.6)

where and satisfythefollowing recurrenceelations:

Theexpansiong1.5) and(1.6) corvergefor all and .
It follows from (1.1)—(1.2) thatit is possibleto write ~ in the form of the
Fouriercosinus-transform

(1.7) - -
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and _ in theform of the Fourier sinus-transform
(1.8) _ - -

Theinversionformulashave therespectie forms

or, in integral form,
(1.9) - -
(1.10) - -

Differentiatingequationg1.9) and(1.10 with respecto , we obtain

(1.11) _ _ _

It follows from (1.9) that

andfrom (1.11) that

Differentiating(1.9) and(1.10Q timeswith respecto , we obtain

from which therefollows, for ,

Differentiating(1.9) and(1.10 timeswith respecto , we obtain



ETNA

Kent State University
etna@mcs.kent.edu

MODIFIED BESSELFUNCTIONS 457

whencefor ,

For the computationof certainintegrals of the functions N and
integral identitiesare useful. They reducethis problemto the computationof someother
integralsof elementarfunctions.

ProPOSITION 1.1. If is absolutelyintegrableon , thenthefollowing identities
hold,
(1.12) - _ _
(1.13) _ _ _
where is the Fourier cosinus-tansformof ,and theFourier sinus-tansform
o Prt;of. Multiplying both sidesof the equalities(1.7) and(1.8) by , integratingwith

respecto from to ,andapplyingFubini'stheorentfor singularintegralswith parameter
[22], we obtain(1.12 and(1.13. d

PrROPOSITION 1.2. If is absolutelyintegrableon , thenthefollowing identities
hold

(1.14) _ _

(1.15) _ ~

Proof. Thisfollowsfrom (1.9—(1.10 andfrom Fubini'stheorem[22]. d
The equationq1.12—(1.15 areusefulfor the simpli cation andthe calculationof dif-
ferentintegralscontaining and

For example let , then - - and




ETNA

Kent State University
etna@mcs.kent.edu

458 J.M. RAPPOPOR

If , -, then —— and

REMARK 1.3. All formulasof the presentparagraphremainvalid if is changedto
lying in theright-handhalf-plane

1.1. The Laplacetransform of _ and _ .
TheLaplacetransformof is computedn [21]. We usetherepresentatiofil.1) for the
evaluationof the Laplacetransformatiorof ~ . We have
Equivalently, we canwrite
For the evaluationof the Laplacetransformof _ we utilize the representation
(1.2). We have

or, equialently,

We notethattheseequationscanalsobe obtaineddirectly from the formulafor the Laplace

transformsof by separatingealandimaginaryparts.
1.2. The asymptotic behavior of _ and _ for
and . For N and N the following asymptoticformulasfor
arevalid [8],

where isa x edpositive number
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It follows immediatelyfrom (1.3)—(1.6) thatfor we have

whence

For largevalues thefollowing asymptoticexpansionis valid [9]

where

In particular therefore,

1.3. The seriesexpansionsin powers of . The solutionsof problemsin mathemat-
ical physicsconnectedwith the use of the Kontorovitch—Lebedg integral transformsare
often expressedas integrals with respectto  of the functions , ~ and

_ . Both the asymptoticexpansionof theseintegralsfor largevalues , andthe
expansionf thesefunctionsin powersof , areof interestfor the analysisof the behaior
of theseintegrals.

The expansion®f thesefunctionsin powersof arededucedrom their integral repre-
sentationg1.1)—(1.2). Substitutingin them and by their seriesexpansions
andinterchanginghe orderof the summatiorandintegration,we obtain

(1.16) — —
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(1.17) — -

(1.18) I _

Thesefunctionsareentirefunctionsin the variable , andthereforethe seriescorverge
for all real valuesof . From theseexpansionst is possibleto obtainthe seriesfor the
derivativesandfor the integralsof thesefunctionswith respecto the variable , which will
corvergefor all real also.Similarintegralsfor the sphericafunctionsarestatedn [23].

It's possibleto rewrite the expansiong1.16—(1.18 in termsof Laplacetransformsas
follows,

(1.19) S S

(1.20) o o

(1.21)

This form of writing may be more corvenientsinceit is possibleto usenumericalmethods
for evaluatingLaplacetransforms.

Theexpansiong1.19—(1.21) arecorvenientfor the calculationof the kernelsof Konto-
rovitch-Lebede integraltransformgor smallvalues .

2. Inequalities for the MacDonald functions , and
It follows from (1.1) thatfor all

andit followsfrom (1.2) thatfor all

where is somepositive constan{10],[ 11].
In [4], for arbitrary , , thefollowing inequalityis derived

Takingadwantageof the formula[4]
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we obtainthatbeginningwith some ,

But this inequality is too roughand may be insufcient for conductingvariousproofs. To
obtainmorere ned inequalitieswe use[5]

2.1) -

where is somepositive constantandtherepresentationi3]

2.2) _

whele and are somepositiveconstants.
Proof. We estimatethe secondadditive termin (2.2), usingtheinequality(2.1),

(2.3) —_—— = - — -

We next estimatethethird additive term,

(2.4) — -

Combiningthe rst termandestimateg2.3) and(2.4), we obtaintherequiredinequality
Furthermoreye obtain
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For futureuse ananalysisof thebehaior of themodi ed Bessefunction for large
valuesof isnecessary [

LEMMA 2.2. For - , , thefollowinginequalityholds,
whee , . » , , aresomeconstants.

Proof. We usetheformula[6]

1. We rst estimate . It is possibleto shaw that for , some
constantthefollowing inequalityis valid
(2.5)
where , , , aresomeconstants.

2. We next estimate , , . Thefollowing inequalityis derivedfor

in [4]

It follows from the asymptoticsof [10] for large thatfor , some
constant,
(2.6) -
where someconstant.

3. We nally estimate , , . Proceeding@nalogously4], we can
rewrite in theform
where
Then for -, ,and

- arbitrary Therefore, ——. We obtain,

aftersomecalculationsthat

Usingfor , -, the expansionof the gamma-functiorfrom [5]

andtheasymptoticg6] for we obtainthatbegginningwith some , the
following estimatiorholds,

2.7) - -
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, someconstant.
Combiningthe estimationg2.5—(2.7), we obtainthatfor -

, , thefollowing inequalityis valid,

Denoting — — , weobtainthe statemenof thelemma. g
Thepropertieof themodi ed Kontoravitch—Lebede integraltransformsareconsidered

in [7]-[15].

3. Tau method approximation for modi ed Besselfunction of imaginary order.
Severalapproachefor the evaluationof themodi ed Bessefunctionsareelaboratedn [ 1]—
[2]. TheTaumethod 3] realizationwith minimalresiduechoicefor thedeterminatiorof the
polynomialapproximationsf the solutionsof the secondorder differential equationswith
polynomialcoefcients [16] of thefollowing form

is supposedAn -th approximationof the solutionis soughtin the form of the -th degree
polynomial , whichis the solutionof the equation

wherethe coefcients , may be expressedy coefcients ,
—— —theleftmostrootof the shiftedChebyshe polynomialof the -th
degree in theinterval , — unde nedcoefcient.

The problemaboutdeterminatiorof the polynomial , Whichis the
leastdeviatedfrom zeroon theinterval amongall -th degreepolynomials,satisfying
the pair of linear correlationson the coefcients , wasconsidered.
Thefollowing theoremis proved|[16]:

THEOREM 3.1. If the sequence®f numbes , , is alternating thenthe
polynomial is the polynomialleastdeviating fromzeo in the uniform
metric on amongall polynomialsof degree , satisfyingthe indicatedpair of linear
relations.

Onthebasisof thistheoremnit' s shavn (assuggestethy us)in the Taumethodresiduejn
anumberof signi cant casesis aminimalin theuniform metricon , amongall possible
polynomialresiduegermittingthe Volterraintegral equationssolution.

We have thefollowing differentialequatiorwith polynomialcoefcients for the approx-
imationandcomputingof the secondkind modi ed Bessefunction

andthe Volterraintegral equation



ETNA

Kent State University
etna@mcs.kent.edu

464 J.M. RAPPOPOR

We obtainthe following recurrencdormulasfor the coefcients of canonicalpolynomials
in this case:

The minimality of the residuesuggestedy us follows from the Theorem3.1 as ——

The advantagef this modi cation, ascomparedvith usualandothertau-methodsis
shawn.

4. Tau method approximation for modi ed Besselfunction of complex order. A
new numericalschemeof the Taumethodapplicationis proposedor the solutionof the sec-
ondorderlineardifferentialequationsystemswith thesecondrderpolynomialcoefcients
of thefollowing kind:

in the unknowvn vectorfunction . It is assumedo have only one

solution. Integratingtwice andcarryinganadditionin theright partin thekind of the vector

polynomial , we derive for the determinatiorof the -th approximatiorof the solution
the systemof Volterraintegral equationswith polynomialkernels

wherethe coefcients and and , areconnectedn
ade nite way and , are -th degreepolynomials. The different
variablesof the vector residuechoice and its minimization are analyzed. The recurrence
formulasfor the canonicalectorpolynomialscoefcients corvenientfor thecalculationsare
given.

Considerthe systemof two secondorderdifferentialequations in moredetail.
This caseis of particularinterestfor differentialequationswith complex coefcients.

Theschemef theintegralform of the TauMethoddescribedn this papercanbeusedfor
deriving polynomialapproximation®f hypegeometricandcon uent hypegeometricfunc-
tionsof the rst kind with complex parameters.

Themodi ed Kontorovich-Lebedg integral transformq 7] with kernels

_ and _ , Where
is MacDonalds function, is of greatimportancein solving someproblemsof mathematical
physicsjn particularmixedboundaryalueproblemsor theHELMHOL TZ equatiorin wedge
andconedomainsWe nd it necessaryo compute

_ and _ to usethis transformin practice[13]. Thesefunctionsalso
occurin solvingsomeclasse®f dualintegral equationsvith kernelswhich containMacDon-
ald's function of imaginaryindex [7]. Thereforehow we considerthe secondkind
modi ed Besseffunction in moredetail.
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We have a systemof two secondorderdifferentialequations

or the systemof Volterraintegral equations

Thefollowing formulasfor the coefcients of canonicalvectorpolynomialsarederived[16]

By meansof computationss shavn thatthe choiceof the residuein the form
, is optimalascomparedvith otherknown variants

in this casetoo.
The applicationsfor the numericalsolution of boundaryvalue problemsin wedgedo-

mainsaregivenin [18],[19].
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