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ON CONVERGENCE OF ORTHONORMAL EXPANSIONS FOR
EXPONENTIAL WEIGHTS

H. P MASHELE
Dedicatedo Ed Saf onthe occasionof his 60thbirthday

Abstract. Let bearealintenal, nite orin nite, andlet . Assumethat
is a weight, so that we may de ne orthonormalpolynomialscorrespondingo . For , let
denotethe th partial sumof the orthonormalexpansionof ~ with respecto thesepolynomials. We shav thatif
, then as . The classof weightsconsidered
includesevenexponentialweights.
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1. Intr oduction and Results. Let bearealintenal, nite orin nite. Let
be suchthatall thepower moments

are nite. Thenwe mayde ne orthonormalpolynomials

, satisfyingfor every ,

For suchthat , , we mayform theformal orthonor
mal expansion

where
(1.1)

The th partialsumof this expansionis denotedoy

Using(1.1), we obtaintheintegral representation

(1.2)
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whereit is known thatthe Christofel-Darbouxkernel canbeexpresse@s

(1.3)

We de ne thedilateddela ValléePoussimmeansby

(1.4) _

A resultin [7] (seeTheorem9.1.1)assertshatfor a classof Freudweights,

(1.5)
provided is absolutelycontinuousand .

In this paper we generalisehis resultfor a class of evenexponentialweights.
Thede nition of this classinvolvesthe notion of quasi-increasingndquasi-decreasingiVe
saythat is quasi-inceasingif thereexists suchthat

In particular anincreasingunctionis quasi-increasingSimilarly, we mayde ne the notion
of aquasi-decreasinfyinction.

DEFINITION 1.1 (The classof weights ). Let , Where
satis esthefollowing properties:

(a) isevenandcontinuous, iscontinuousn ,and ;
(b)  existsin and in ;
(€)
(d) Thefunction
is quasi-increasingn , andfor some ,
(e) Thereexists suchthat
Thenwe write . If thereexistsa compactsubinteral of and such

that
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thenwe write .

Examplesof thisweightincludethefollowing:

Freud Weights Assumethat in andthatfor some ,
Then isaFreudweight. For example,if ,and
then forall .

Erdos Weights ~ Here and as . The archetypal
exampleis
(1.6)
where , ,and

times

denoteghe th iteratedexponential.We alsoset .

Exponential Weightson . Here and as . The
archetypakxamplesare
and
1.7)
where , .

In analysisof exponentialweights,the MhaskarRakhmang-Saf number |, playsa
crucialrole. It is the positive root of theequation
(1.8) - R ——
Oneof its propertieds the MhaskarSaf identity
valid for all polynomials of degree . We shallneeda numberof auxiliary quantities.
We set
(1.9)

andde ne thefunctions

(1.10) —
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and
(1.112) — —
THEOREM 1.2. Let Let be absolutelycontinuous,let

andassumehatfor eacth ,
(1.12) and
Then

(1.13)

Note that the assumption(1.12) is satis ed by the Erdos weightsin (1.6) andthe ex-
ponentialweightson in (1.7). A key ingredientof Theorem1.2 is a Favard type
inequality For , let

Thisis theerrorin approximatiorof by polynomialsof degree in aweighted norm.
THEOREM 1.3. Let and . Let be absolutely
continuouswith . Then

(1.14)

This paperis organisedasfollows: in Section2, we recordsomeof the propertiesof the
dela Vallée Poussiifmeansandrecall the Nikolskii-type inequalityin [3]. In Section3, we
prove Theoremsl.2and1.3.

We closethis sectionwith more notation. Throughout denotepositive
constantsndependenof , , andpolynomials of degree . Thesamesymboldoes
not necessarilydenotethe sameconstantin differentoccurrencesWe denotethe setof all
polynomialsof degree by .If and aresequencesf realnumberswe write

if thereexist suchthat

Similar notationis usedfor functionsandsequencesf functions.

2. Technical Estimates. For simplicity, we assumehat , althoughthe
resultshold more generally The following propositionlists someof the propertiesof the
linearoperators

PROPOSITION 2.1. Let , and bedeterminedby - —

(@) For ofdegree

(2.1)
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(b) If and , then

2.2)

Proof. SeeProposition3.4.1in [7, p. 71]. d
Next, we recorda Nikolskii-typeinequality:
LEMMA 2.2. Let . Thenthere exists sud that for and

2.3)

Proof. Seg[3, Theorem10.3,p. 295]. O
Next, we presentan estimatefor the errorin weighted  approximationby weighted
polynomials.Thisinvolvesthecharacteristidunction  of theinterval :

LEMMA 2.3. There exist and sud thatfor , and ,

(2.4) .

Proof. This follows using classicalresultson Markov-Stieltjesinequalities. Let

, Where and are successie zerosof the th orthonormalpolyno-
mial for theweight . By Corollary1.2.6in [7, p. 17], thereexist, for the given ,
polynomials and of degree suchthat
in
and
where is the Christofel numbercorrespondingo , or equialently; if

denoteghe th Christofel functionfor

Usingthe boundsfor Christofel functionsin [3, Corollary 1.14,p. 20], andusing(12.20)in
[3, p. 329],we deducehat

provided . (HereonealsousegherelationshiphbetweerMhaskarRakhmanwe-
Saf numberdor and .) Now if in addition , thenuniformly in ,
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Indeed for some between , atleastif ,

se€[3, (3.41),p. 77]and[3, (1.110),p. 23]. We deducethat

But for thisrangeof

S0

Then

For , We usetheestimate

as isincreasing.The case is similar. Finally, from the corvexity of , for

andby (3.40)in [3, p. 77],andas ,

— —
LEMMA 2.4. Let and

(2.5)

Let and- —

(a) Let and

(2.6)
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Thenfor some independenof |,

(2.7)

(b) Moreover, if  is absolutelycontinuousand , then
(2.8)

(c) If , is aninteger, and

(2.9)

thenwith  asin thepreviouslemma,

(2.10) —

Proof. Thisis verysimilarto thatin [7, Lemma4.1.4,p. 84 ff.].

(a) Thisis actuallyprovedin a moregenerakettingin [2, Lemma2.2].

(b) Thisfollows by anintegrationby parts.
(c)Now if isapolynomialof degree

As s ary suchpolynomial,we obtain

Now applythe previouslemma,giving
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LEMMA 2.5. For ,thereexists independentf and sud that

(2.11)

Proof. Thisfollowsdirectly from Theoreml.2in [5, p. 390].
We let

(2.12)
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LEMMA 2.6. (a) For and .

(2.13) — S

(b) For and ,

(2.14) _

(©)

(2.15) S

Proof. (a) For ,

by de nition of . In thethird lastline we usedthe estimatq 3, (3.50),p. 81],

For thelower bound,we seethatif , then
If , then
as —_—

(b) Thisfollows easilyfrom (a) andthede nition

(c) Thisfollows from (b). O
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3. Proofof the Theorems. In this sectionwe prove Theoreml.3 but rst we needtwo
lemmas.We set

(3.1)

LEMMA 3.1. Let and . Thenfor ,

(3.2)

Here isindependentf and .

Proof. Let be the polynomial of degree of bestapproximationto in the
weightednorm  normwith weight . Lemma2.5gives
Ourchoiceof  givestheresult. d
LEMMA 3.2. Let . Let beabsolutelycontinuousand . Then
(@)
(3.3) —
(b)
(3.4) —
Proof. (a) If is afunctionsuchthat and satis esthe orthogonality

condition(2.9), thenalso(2.6) is satis ed,and
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Takingthe supoverall such givestheresult.
(b) HereLemma3.1and(a) give

Now applythelower boundfor in Lemma2.6. d
LEMMA 3.3. Let . Let beabsolutelycontinuousand

(a) Thenfor ,

(3.5) — _

(b)

(3.6) — _
Proof. (a) Thisfollowsthatin [7, pp.88—89].We mayassumehat . Let

Chooseaconstant suchthat

Then

satis es

SO

where and , andwe have usedduality. Using(2.8), we continue
thisas
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for ary polynomial of degree , by orthogonalityof to polynomialsof degree
. We continuethis usingHolder'sinequality andby takingtheinf over , as

by Lemma3.1, Lemma3.2(a) and (2.7). Using our estimatedfrom LemmaZ2.6 givesthe
result.
(b) By Lemma3.1,

Using(a),(2.12, (2.15, andthefactthat , we continuethis as

Proof of the Favard InequalityTheoem1.3. Let ussummarizevhatwe have provenin
thelemmasabove: for and ,

where

We applythe Riesz-Thorininterpolationtheorem 1, Theorem?2.2,p. 196] to the operator

where

After asubstitutionwe obtainfor all ,
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Proofof Theoem1.2. Let and bethelargestinteger . Now

(3.7)

by the Nikolskii inequalityLemma2.2. Since s the bestpolynomialapproximantn the
norm,we seethat

By Theoreml.3. If aswe assume,
and

for each , thenwe have

for each . Also Theoreml.2 gives

Thensubstitutingin (3.7),

giving theassertedesult. d
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