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ON CONVERGENCE OF ORTHONORMAL EXPANSIONS FOR
EXPONENTIAL WEIGHTS
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Dedicatedto EdSaff on theoccasionof his60thbirthday

Abstract. Let �������
	��
	�� bea real interval, �nite or in�nite, andlet ����������������� . Assumethat ���

is a weight, so that we may de�ne orthonormalpolynomialscorrespondingto ��� . For � �!�"�$# , let %'&)( ��*

denotethe + th partialsumof theorthonormalexpansionof � with respectto thesepolynomials.We show that if
��,��.-0/21��3���54"/

�

�6��� , then 78�3% & ( ��*9�:�9����7<;>=@?BA<CD�E� as +F��� . The classof weightsconsidered
includesevenexponentialweights.
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The u th partialsumof this expansionis denotedby
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Using(1.1), weobtaintheintegral representation
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whereit is known thattheChristoffel-Darbouxkernel •

w canbeexpressedas
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We de�ne thedilateddela ValléePoussinmeansby
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A resultin [7] (seeTheorem9.1.1)assertsthatfor a classof Freudweights,
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In this paper, we generalisethis resultfor a class³
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of evenexponentialweights.
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In particular, anincreasingfunctionis quasi-increasing.Similarly, we mayde�ne thenotion
of a quasi-decreasingfunction.
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thenwewrite
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Examplesof this weightincludethefollowing:
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Then
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In analysisof exponentialweights,the Mhaskar-Rakhmanov-Saff number à
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crucialrole. It is thepositiveroot of theequation

(1.8) eáHãâ

ä

[

•

Œ

à

a

›<¿n²ÉIXà

a

›<P

å

˜ªKv›

b

M>›

{

Oneof its propertiesis theMhaskar-Saff identity
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THEOREM 1.2. Let
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Note that the assumption(1.12) is satis�ed by the Erdös weightsin (1.6) and the ex-
ponentialweightson I<K—˜ÉOq˜�P in (1.7). A key ingredientof Theorem1.2 is a Favard type
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This is theerrorin approximationof | by polynomialsof degree ºte in aweighted€

� norm.
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This paperis organisedasfollows: in Section2, we recordsomeof thepropertiesof the
de la ValléePoussinmeansandrecall theNikolskii-type inequalityin [3]. In Section3, we
proveTheorems1.2and1.3.

We closethis sectionwith more notation. Throughout
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Similarnotationis usedfor functionsandsequencesof functions.

2. Technical Estimates. For simplicity, we assumethat
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Proof. SeeProposition3.4.1in [7, p. 71].
Next, werecorda Nikolskii-typeinequality:
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Proof. See[3, Theorem10.3,p. 295].
Next, we presentan estimatefor the error in weighted €
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Proof. This follows usingclassicalresultson Markov-Stieltjesinequalities. Let
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Usingtheboundsfor Christoffel functionsin [3, Corollary1.14,p. 20], andusing(12.20)in
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Indeed,for someG between
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Thenfor some
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Proof. This is verysimilar to thatin [7, Lemma4.1.4,p. 84 ff.].
(a)This is actuallyprovedin a moregeneralsettingin [2, Lemma2.2].
(b) This followsby anintegrationby parts.
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Proof. This followsdirectly from Theorem1.2in [5, p. 390].
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LEMMA 2.6. (a) For evfz˜ and
_
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(c) This follows from (b).
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3. Proof of the Theorems. In thissection,weproveTheorem1.3, but �rst weneedtwo
lemmas.We set
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givestheresult.
LEMMA 3.2. Let egf™˜ . Let 0 beabsolutelycontinuousand 05²
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I
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Proof. (a) If
L

is a function suchthat
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IXG�P and
L

satis�es the orthogonality
condition(2.9), thenalso(2.6) is satis�ed,and
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Takingthesupoverall such
L

givestheresult.
(b) HereLemma3.1and(a)give
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Now applythelowerboundfor ú

a

in Lemma2.6.
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for any polynomial

æ

of degree ºte , by orthogonalityof 05²žKU¢
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by Lemma3.1, Lemma3.2(a) and (2.7). Using our estimatesfrom Lemma2.6 gives the
result.
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Using(a), (2.12), (2.15), andthefactthat
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Proofof theFavard InequalityTheorem1.3. Let ussummarizewhatwehaveprovenin
thelemmasabove: for h
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Proofof Theorem1.2. Let evf
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giving theassertedresult.
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