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Abstract. We derive a criterion for uniquenessof a critical point in ��� rationalapproximationof degree1.
Although narrowly restrictedin scopebecauseit dealswith degree1 only, this criterion is interestingbecauseit
addressesa largeclassof functions.Themethodelaborateson thetopologicalapproachin [15] and[12].
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1. Intr oduction. Rationalapproximationto holomorphicfunctionsoncompactsubsets
of their domainof holomorphyis a mostclassicalaspectof function theory. Fromthevery
possibilityof approximationassertedby Runge's theorem(at leastin the �nitely connected
case),theemphasishasgraduallymovedtowardsdeterminingoptimalerror ratesasthede-
gree(hereafterdenotedby � ) growthslarge,andconstructive meansto achieve them. Inter-
polationtheoryandlogarithmicpotentialtheoryhavebeencornerstonesof thisdevelopment,
resultingin a fairly generaltreatmentof asymptotic� -th rooterrorestimatesin thesupnorm,
namelya sharpupperboundon its 	�

������� [33] andan upperboundon its 	

���
���� [28, 30]
(formerly Gonchar's conjecture)whosesharpnesswaslaterestablishedin [23] usingresults
from [32]. Besides,strongasymptoticerrorestimatesin thesupnormhave beenderivedfor
morespeci�c functions.Let usmentionin particularthecaseof theexponentialfunction[16]
andthat of Markov functions[22]; strongasymptoticerror estimatesfor Markov functions
werealsoobtainedin �

�

-norm on the disk [14], see[6] for a generalizationto meromor-
phic approximationin the ��� norm. In thecasesjust mentioned,asymptoticallyoptimalse-
quencesof rationalapproximantscanbeconstructedasPad́eapproximantsor multipointPad́e
approximantswhoseinterpolationpoints,whenarrangedinto a triangularscheme,converge
in distribution to someappropriateequilibrium measurearising from a potential-theoretic
minimumenergy problem.

In contrast,theactualcomputationof abestor near-bestapproximantof givendegreeon
a givencompactsetis still muchof anopenproblem.On thedisk, for theuniform norm,a
generalizationof Remez-like algorithmswasproposedin [25, 24], which is howeversubject
to combinatorialchoiceson thenumberof pointswheretheerror is maximal,to theoccur-
renceof local minima,andfor which issuesof convergenceareapparentlystill not settled.
Suboptimalrationalapproximantsin theuniform normmaybeobtainedfrom AAK-theory,
but their quality dependson the smallnessof the sumof the highersingularvaluesof the
Hankel operatorhaving asa symbolthefunctionto beapproximated[21], andthis sumneed
neitherbesmallnorevenef�ciently computable.Finally for

�

� -norms,wherethecriterionis
differentiable,methodsfrom optimizationare�a wedby localminima.

For thecaseof the �

�

-normonthedisk,whichis protypicalof asmoothcriterion,atopo-
logical approachwastakenin [15] to �nd conditionsunderwhich thereis no localminimum
exceptthe global one. This propertymakesfor constructive algorithms,becauseit ensures
theconvergenceof a numericalsearch.In [15], it wasappliedto Markov functions:for such
functions,it wasshown in essencethatuniquenessof a critical point holdsif theGreenca-

�
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pacityof thesupportof thede�ning measureis lessthananabsoluteconstant.But it is in [12]
thattheconnectionof themethodwith interpolationtheorywasrealizedandexploited,to the
effectthatnormalityandregularerrordecayof certainmultipointPad́e interpolantsimply the
desireduniquenessproperty. In particular, it wasprovedin [12] thatuniquenessof a critical
point in �

�

-rationalapproximationto theexponentialfunctionholdsin all degreesuf�ciently
large.Thesameresultwasestablishedfor Markov functionswhosede�ning measuresatis�es
theSzegö condition[13], see[4] for a moreextensivediscussion.Contraryto [15], however,
theselasttwo resultsarenotfully constructivein thatnolowerboundwasgivenonthedegree
thatensuresuniqueness.

Themodestobjectiveof thepresentpaperis to giveacriterionfor uniquenessof acritical
point in rational �

�

approximationof degree1. Although narrowly restrictedin scope,the
criterionis interestingin that it is easilycheckedandaddressesa largeclassof functions.It
is to be hopedthat suitablegeneralizationsof theestimatesbelow will allow oneto handle
higherdegreeaswell.

Themethodis still thatof [15] and[12], exceptthattheestimationof thesecondderiva-
tive proceedsdifferently. Theorganizationof thepaperis asfollows. In thenext sectionwe
setupthenotations,andin section3 westatetherationalapproximationproblemunderstudy.
Thecritical point theorythatwe needis recalledin section4, while section5 is devotedto
theproofof ouruniquenesscriterionin degree1.

2. Notations and preliminaries. We let � be theunit circle and � theopenunit disk
in thecomplex plane. We furtherdenoteby

�

���

�

� �

�"! the familiar Lebesguespacewith
respectto normalizedarclengthmeasureon � . TheHardy space�

�

of theunit disk is the
closedsubspaceof

�

�

consistingof thosefunctionswhoseFourier coef�cients of strictly
negative index dovanish.By de�nition �

�

is thusaHilbert subspaceof
�

�

.
It is a classicalfact [18, 26, 20] thatmembersof �

�

arein one-to-onecorrespondence
with nontangentiallimits of thosefunctions # holomorphicin � whose

�

�

meansremain
uniformly boundedoverall circlescenteredat $ of radiuslessthan1 :

���%�

&('*)+'-,

.

�0/

& 1

#

�32547698

!

1

�;:=<?>�@BA

(2.1)

This allowsoneto alternatively regardmembersof �

�

asholomorphicfunctionsin thevari-
able CEDF� ; the extensionfrom � to � is actuallyobtainedthrougha Cauchyaswell asa
Poissonintegral.Withoutfurthernotice,weshallconsiderHardyfunctionseitherasfunctions
of

4

6
8

DG� or asfunctionsof C�DH� , whichever is moreconvenient.
From(2.1) andParseval's theorem,it followsby easilythat
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Next, we introducethe Hardy space�

�

& of the complementof the disk, consistingof
�

�

functionswhoseFouriercoef�cients of non-negativeindex do vanish;theseareprecisely
thecomplex conjugatesof �

�

-functionswith zeromean,andthey canin turn beviewedas
nontangentiallimits of thosefunctionsholomorphicin []\ � thatvanishat in�nity andhave
uniformly bounded

�

�

meansoverall circlescenteredat $ of radiusbiggerthan ^ . Notethat
afunctionbelongsto �

�

& if, andonly if it is of theform
4I_

6
8

#
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! for some#aDG�
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. In other
words,themap bacdb*e , where
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is a bijectionfrom �

�

onto �

�

& . Clearly, this correspondenceis involutiveandisometric.In
particular, it holdsthat

h

�

CM!JD �

�

&


iK

h

�

CM!

�

N

P

j R ,�k

j

C

_

j UXW


�Y0Z

N

P

j R ,

1

k

j

1

�l>B@

U

andby Parseval's theoremagainwe have theorthogonaldecomposition:

�

�

�

�

��m

�

�

&

A

(2.3)

Notein passingthatthescalarproductin
� �

canberewrittenasa line integral:
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(2.4)

Restrictingto functionswith realFouriercoef�cients, onede�nesanalogously
�

�

x , �

�

x ,

and �

�

&(y

x ; thesearerealHilbert spaces.All thepreviousconsiderationsapply, in particularit

is still truethat bacdb
e is aninvolutive isometryfrom �

�

x onto �

�

&(y

x .
We will denoteby z|{ thespaceof algebraicpolynomialswith complex coef�cients of

degreeat most � , andby }~{ the setof monicpolynomialsof exact degree � whoseroots
lie in � . Taking the coef�cients –exceptthe leadingonewhich is 1– ascoordinates,}•{

becomesanopensubsetof [

{ . Its closure}~{ consistsof monicpolynomialswhoseroots
lie in � ; its boundary€•}~{ is the setof monic polynomialswhoserootshave modulusat
most1 andat leastoneof themhasmodulus1. For ‚]Dƒz

{ , we denoteby „‚ the reciprocal
polynomialof ‚ :

„‚

�

CI!†…

�

C

{

‚

�

^ˆ‡

g

C=!

U

‚�D‰z|{

U

(2.5)

whoserootsarere�ected from thoseof ‚ acrosstheunit circle andwhosemoduluson � is
the sameasthe modulusof ‚ . We offer a word of warningaboutthis notation: if �‹ŠŒn•�

and‚ŽD�z
{ is consideredasa memberof z

{V• whoseleadingcoef�cients do vanish,thetwo
de�nitions of „‚ are inconsistent.For that reason,we alwaysspecify the valueof � under
consideration,aswasdonein equation(2.5).

Thesymbolsz
{

y

x , }
{

y

x , }
{

y

x and €•}
{

y

x referto theprecedingnotionsfor polyno-
mialswith real coef�cients. This time,of course,}

{

y

x , }
{

y

x , and €•}
{

y

x areregardedas
subsetsof •

{ ratherthan [

{

Wefurtherlet ‘‰’

y

{ bethesetof rationalfunctionsof type
�v“

U

�T! , i.e. thatcanbewritten
in the form ‚•‡5” where‚�D•z–’ and ”—D•z|{�\�˜ˆ$š™ ; we write ‘a’

y

{

y

x for rationalfunctions
with real coef�cients, that is if we canchoose‚�D›z–’

y

x and ”œD•z|{

y

x . By de�nition, the
degreeof a rationalfunctionis �?•Vž*˜

“

U

�Ÿ™ where
“

, � aresuchthatthefunctionbelongsto
‘

’

y

{ but not to ‘
’†•

y

{V• whenever
“

Š

>

“

or �TŠ

>

� .
Note thata rationalfunctionbelongsto �

�

if, andonly if its poleslie in [›\ � , andto
�

�

x if, in addition,it hasrealcoef�cients. A rationalfunctionbelongsto �

�

& (resp. �

�

&(y

x ) if,
andonly if it lies in ‘

{

_

, y

{ (resp. ‘
{

_

, y

{

y

x ) for some� andits poleslie in � .

3.
�

�

rational approximation. Weconsiderthefollowingrationalapproximationprob-
lem:¡

�

h

U

�T! : Given
h

D �

�

& andsomepositiveinteger � , minimize
¢

¢

¢

¢

ha£
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(3.1)
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as ‚-‡5” rangesover ‘‰{

_

,¦y

{ .
Theversionwith realcoef�cients is¡

x

�

h

U

�T! : Given
h

D �

�

&(y

x andsomepositiveinteger � , minimize

¢

¢

¢
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”

¢
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¢

¢ ¤�¥

(3.2)

as ‚-‡5” rangesover ‘‰{

_

,¦y

{

y

x .
On applying(2.2), problems

¡

�

h

U

�T! and

¡

x

�

h

U

�T! areimmediatelyseento be respec-
tively equivalentto¡

Š

�

#

U

�T! : Given #aDH�

�

andsomepositiveinteger � , minimize
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as ‚-‡5” rangesover ‘‰{

_

,¦y

{

and¡

Š

x

�

#

U

�T! : Given #aDH�

�

x andsomepositiveinteger � , minimize

¢

¢

¢

¢

#

£

‚

”

¢
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¢+¤
¥

as ‚-‡5” rangesover ‘‰{

_

,¦y

{

y

x .
Although

¡

Š

�

#

U

�T! and

¡

Š

x

�

#

U

�T! may look more naturalthan

¡

�

h

U

�T! and

¡

x

�

h

U

�T! ,
we ratherdealwith the latterwhich areslightly easierto handle.Indeed,by partial fraction
expansion,it is easilycheckedfrom (2.3) thatasolutionto

¡

�

h

U

�T! (resp.

¡

x

�

h

U

�T! ) mustlie
in ‘a{

_

,¦y

{©¨ �

�

& (resp. ‘a{

_

,¦y

{

y

x

¨ �

�

&(y

x ), thereforeits poles(which arethemostimportant
quantities)remainin a boundedset,namely � . We alsomentionthat,surprisinglyperhaps,

¡

�

h

U

�T! doesnot supersede

¡

x

�

h

U

�T! in thata bestapproximantfrom ‘
{

_

,¦y

{ to
h

D �

�

&(y

x

mayfail to belongto ‘
{

_

, y

{

y

x . However, thetwo problemscanbeapproachedin a parallel
mannerso we often dispensewith explanationson both cases,leaving it to the readerto
transposetheargumentsfrom onecaseto theother.

The �rst issueto be addressedis that of existence. The following propositioncanbe
gatheredfrom [19, 27, 33, 31, 17, 8, 7] but weprovidea proof for theeaseof thereader.

PROPOSITION 3.1. Problems

¡

�

h

U

�T! and

¡

x

�

h

U

�T! havea solution; moreover, any
solutionhasexactdegree � unless

h

DH‘
{

_*�

y

{

_

, .
Proof. We restrictourselves to

¡

�

h

U

�T! , the caseof

¡

x

�

h

U

�T! being arguedthe same
way. Let ‚;ª

j «
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bea minimizing sequencefor

¡

�

h

U

�T! . For �x ed ”§D—}
{ , theminimum

in (3.1) (resp. (3.2)) is attainedwhen ‚ is the orthogonalprojectionof
h

onto the linear
subspacez|{

_

,

‡5” of rationalfunctionsin �

�

& with denominator” . Therefore,wemayaswell
assumefor each ­ that ‚Tª

j «

‡5”Iª

j «

is the orthogonalprojectionof
h

onto z®{
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, andin
particularthat
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It followsthat‚Tª

j «

‡V”Iª

j «

is boundedin �

�

& andthereforeit hasaweaklimit point,say, b�D �

�

& .
By theweak-compactnessof ballswe get

°
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¤ ¥
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U

sothat b will bea solutionto Problem

¡

�

h

U

�T! assoonaswe have shown that bŽD—‘ {

_

, y

{ .
This in turn follows from the fact that ‘ {

_

, y

{ is weakly closedbecause,by a theoremof
Kronecker [29, th.3.11],themembershipto ‘ {

_

, y

{ canbecharacterizedsolely in termsof
(in�nitely many) algebraicrelationsbetweenthe Fourier coef�cients uponwriting that the
Hankel matrixhasrankat most � .

Next, assumethat b³D•‘‰{

_•�

y

{

_

, . Then, it holds for each
S

D³� and
k

D³[ that
bµ´
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C
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,¦y

{ andtherefore,by de�nition of b , that
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(3.3)

Expanding(3.3) by bilinearitywe obtain
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andtaking
1

k

1

verysmallwe seethatthis is possibleonly if
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wherethesecondequalitycomesfrom (2.4) andtheresidueformula. Now, the �

�

-function
�

hH£

b*!
e

is identicallyzerosince
S

Dœ� wasarbitrary, andtherefore
h

�

bœD�‘
{

_*�

y

{

_

, as
announced.

REMARK 1. Letusagreethata local minimumin Problem

¡

�

h

U

�T! (resp.

¡

x

�

h

U

�T! ) is a
memberof ‘

{

_

, y

{ (resp. ‘
{

_

,¦y

{

y

x ) thatminimizes‚•‡5”�» c

°

h§£

‚•‡V”

°

overa neighborhood

of itself in �

�

&

¨H‘
{

_

, y

{ (resp. �

�

&(y

x

¨H‘
{

_

,¦y

{

y

x ). Then,becauseit is enoughto dealwith
arbitrary small

1

k

1

, the argumentin the secondpart of the aboveproof generalizesto local
minima in Problems

¡

�

h

U

�T! and

¡

x

�

h

U

�T! , showingthat thesehaveexact degree � unless
h

D—‘
{

_*�

y

{

_

, (in which casethere is no other local minimumthantheglobal onewhich is
just

h

itself, see[10]).
A solutionto Problem

¡

�

h

U

�T! or

¡

x

�

h

U

�T! needsnot beunique:for example,any non-

rationaleven function in �

�

& (resp. �

�

&(y

x ) hasat leasttwo bestapproximantsfrom ‘
{

_

, y

{

(resp. ‘a{

_

,¦y

{

y

x ) when � is odd [31, 8, 7]. In the caseof

¡

�

h

U

�T! , an extremeexampleof
a functionwith in�nitely many bestapproximantsof givenordercanevenbeobtained[17].
All the above examplesexploit somesymmetryof the function

h

. In anothervein, relying
on topologicalmethods,onecanadapt[16, ch. 5, thm 1.6] to thepresentsituationandshow
thatany

�

�‰´¼^7! -dimensionalsubspaceof �

�

& (resp. �

�

&(y

x ) containingno non-zeromember
of ‘a{

_

,¦y

{ (resp.‘‰{

_

, y

{

y

x ) mustcontaina functionwith at leasttwo bestapproximants.
Nevertheless,by a generaltheoremof Stechkinon Banachspaceapproximationfrom

approximatelycompactsets[16], thesolutionto

¡

�

h

U

�T! (resp.

¡

x

�

h

U

�T! ) is uniquefor
h

in
adensesubsetof �

�

& (resp. �

�

&+y

x ). Reference[9] improvesthis in thecaseof

¡

x

�

h

U

�T! to the
effect thatthedensesubsetin questioncontainsanopenset;theargumenttherewould carry
over to

¡

�

h

U

�T! aswell. Evenif thesolutionto

¡

�

h

U

�T! or

¡

x

�

h

U

�T! ) is unique,though,there
maybeseveral local minimathat impedea numericalsearchfor a solution.This is why it is
of particularimportanceto setupconditionson

h

thatensureuniquenessof a localminimum.
However, from �rst principlesin differentialtopology, local minima turn out to be dif�cult
to analyseindependentlyfrom othercritical points, namelysaddlesand local maxima. In
thenext section,wegathersomefactsfrom thecritical point theoryof problems

¡

�

h

U

�T! and
¡

x

�

h

U

�T! .
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4. Critical points. For �x ed ”]D¼}~{ (resp. }½{

y

x ), asnoticedalreadyin the proof
of Proposition3.1, the minimum in (3.1) (resp. (3.2)) is attainedwhen ‚ is the orthogonal
projectionof

h

onto the subspacez–{

_

,

‡5” of rational functionsin �

�

& (resp. �

�

&+y

x ) with
denominator” . Write

�J¾

{

�

”V!¿‡5” for this projection,where
�†¾

{

�

”V!�D±z {

_

, is a function of
” parametrizedby

h

and � . Here,thereis no needto adopta specialnotationlike
�

¾

{

y

x

�

”V!

when
h

D �

�

&(y

x and ”µDG}½{

y

x , becausethentheprojectionof
h

onto z®{

_

,

‡5” in �

�

& andthe

projectionof
h

onto z–{

_

, y

x

‡5” in �

�

&+y

x coincide.
Thenext propositionformulatesin termsof division a characterizationof

�|¾

{

�

”V! which
in essencegoesbackto [33].

PROPOSITION 4.1. For
h

D �

�

& and ”œD�} { , let
2

D•z {

_

, be the remainderof the
divisionof

h

eš„ ” by ” :
h

e

„”

��À
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2

U

À
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U

2
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A

(4.1)

Thenit holdsthat
�J¾
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�
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�

„

2

. Moreover, wecanwrite

„
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(4.2)

Proof. Applying (2.2) to (4.1), weseethatthelatteris equivalentto therelation
h§£

„

2

‡5”

�FÀ

e

„” ‡5”

A

(4.3)

Henceif we pick ‚�DHz
{

_

, , we get
>

h§£

„

2

‡5”

U
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�
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À

e

„” ‡5”

U

‚•‡5”µn

U

andsincemultiplicationby ” ‡ „ ” is anisometryof
�

�

–because” ‡ „ ” hasmodulus1 on � – we
obtain

>
h§£

„

2

‡5”

U

‚•‡5”µn

�

>

À

e

U

‚•‡=„ ”µn

A

Now, ” hasits rootsin � sothat „” hasits rootsoutside� , whichentailsthat ‚•‡=„ ”µDG�

�

while
À

e
D �

�

& . As (2.3) is anorthogonalsum,we thereforededucethat
>

ha£

„

2

‡V”

U

‚•‡V”©n

�

$

meaningthat
�J¾

{

�

”V!

�

„

2

. Therepresentation(4.2) now followsfrom theHermiteformulafor
theremainderof polynomialdivision [33].

By de�nition of
�

¾

{

�

”V! , the minimization in (3.1) (resp. (3.2)) canbe replacedby the
minimizationover }~{ (resp. }½{

y

x ) of thefunction:

Â

¾

{

�

”V!
…

�

°

h?£

�

¾

{

�

”V!0‡5”

°

�

¤
¥(4.4)

which dependson ” only. Thenotation
Â©¾

{

will refer to the function (4.4) de�ned on }~{ ,
whereasif

h

D �

�

&(y

x and ”œD�}
{

y

x we shall write
Â

¾

{

y

x to meanthe restrictionof
Â©¾

{

to
}

{

y

x .
Dif ferentiatingunderthe integral sign,onededucesfrom (2.4) and(4.2) that

Â�¾

{

(resp.
Â

¾

{

y

x ) is a smoothfunctionof ” . By de�nition, a critical point is any ” wherethegradientof
Âl¾

{

(resp.
Â

¾

{

y

x ) vanishes(recall ” is coordinatizedby its coef�cients excepttheleadingone).
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Denominatorsof solutionsto

¡

�

h

U

�T! (resp.

¡

x

�

h

U

�T! ) arecritical pointsof
Â�¾

{

(resp.
Â

¾

{

y

x )
but theremaybemore,e.g. localminima,saddlesandmaxima.

It is worth characterizingcritical points in termsof divisibility, as is donein the next
proposition,whichappearsin [12] for thecaseof

¡

x

�

h

U

�T! .
PROPOSITION 4.2. Let

h

D �

�

& (resp. �

�

&+y

x ) and ”ÃD�} { (resp. } {

y

x ). In view of
Proposition4.1, write thedivisionof

h

e „” by ” in theform

h

e

„”

�FÀ

”–´

„

�

¾

{

U

À

DG�

�

U

�

¾

{

Daz {

_

,

A

(4.5)

Then ” is a critical point of
Â�¾

{

(resp.
Â

¾

{

y

x ) if, and only if ” divides
�†¾

{

À

in �

�

(resp. in
�

�

x ).
Proof. Write

”

�

CI!

�

C

{

´•” {

_

,

C

{

_

,

´

A+A(A

´•”

&

andput ”

j

�ÅÄ

j

´

rwÆ

j for the real andimaginarypartsof the coef�cients. Introducethe
differentialoperator

€šÇÉÈ

�
^

p

�

€;‡5€

Ä

j

£

r

€-‡V€

Æ

j

!

A

Because
Âl¾

{

is real-valued,to saythat ” is critical for
Â©¾

{

amountsto saythat

€
ÇÉÈ

Â

¾

{

�

”V!

�

$

U

$

¯

­

¯

�

£

^

A

Ondifferentiatingundertheintegralsign,this equalityin turn yields:

pV·a¸

>

€
ÇÉÈ

��¾

{

�

”V!0‡V”

£

��¾

{

�

”V!ÊC

j

‡5”

�

U

ha£

�J¾

{

�

”V!0‡V”Ën

�

£

p ·a¸

>

��¾

{

�

”V!�C

j

‡V”

�

U

h§£

��¾

{

�

”V!0‡5”Ën

�

$

U

$

¯

­

¯

�

£

^

U

wherethe �rst equalitycomesfrom thecharacteristicpropertyof theorthogonalprojection
andthefactthat €šÇÉÈ

��¾

{

�

”V!|DG}
{

_

, . Substituting(4.3) where„

2©�

�J¾

{

�

”V! (compareProposi-
tion 4.1) we obtain

·‰¸

>

�

¾

{

�

”V!�C

j

‡V”

�

U

À

e

„” ‡V”©n

�

$

U

$

¯

­

¯

�

£

^

U

andmultiplying throughoutby ” ‡ „ ” while formingarbitrarylinearcombinationsof theseequa-
tionsgivesus

·a¸

>

�

¾

{

�

”V!Ì‚-‡

�

”V„ ”V!

U

À

e

n

�

$

U

�vÍ=Î‹• 	�	ˆ‚GDHz†{

_

,

A

(4.6)

Let
:

bethemonic #

A ÏVA :ºA

of ” and
�†¾

{

�

”V! , and
u

,

U

A+A(A

u(Ð

betherootsof ” ‡

:

with multiplicities,
say,

“

,

U

A+A(A

U

“�Ð

. When‚ rangeover thefamily of polynomials

�vr

!ÉÑ

�

C

£

u

j

!ÉÒ

ÈˆÓ

QˆÔ R
j

�

C

£

u

Q

!

’JÕ

UOÖ

�

$

U

^

U

^

¯

­

¯�×

U

$

¯]Ø

j

¯

“

j

£

^

U

(4.7)

we seeon computing(4.6) via the residueformula using (2.4) –where #

�ÙÀ

e –that it is
equivalentto

À

ª

Ò

È

«

�vu

j

!

�

$

U

^

¯

­

¯

:

U

$

¯›Ø

j

¯

“

j

£

^

U

wherethesuperscript
�

Ø

j

! indicatesthe
Ø

j -th derivative. In otherwords, ” is critical if, and
only if ”V‡

:

divides
À

, thatis to sayif, andonly if ” divides
�†¾

{

À

asdesired.Theargumentfor
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Â

¾

{

y

x is similar but slightly simpler, sincethe ”

j arerealhencetheintroductionof € Ç È is not
necessaryandtherealpartdoesnotoccurin (4.6) sothatthefactor

�vr

!

Ñ

canbeomittedfrom
(4.7).

Proposition4.2allowsoneto connectProblems

¡

�

h

U

�T! and

¡

x

�

h

U

�T! with interpolation
theory. Indeed,supposethat ”ÚD�} { is suchthat ” and

� ¾

{

�

”V! haveg.c.d.
:

D�}

j for some
­‰Dƒ˜7$

U

A+A(A

U

�Ÿ™ (if ­

�

$ then
:

�

^ andif ­

�

� then
:

�

” while
�†¾

{

�

”V!

�

$ ). Then,if we
write for simplicity ”

�

:

”

, and
��¾

{

�

”V!

�

:

‚

, , we getfrom (4.3) andProposition4.1 that

ha£

�

¾

{

�

”V!¿‡5”

�

ha£

‚

,

‡V”

,

�FÀ

e

„” ‡V”

A

(4.8)

Now, if ” is acritical pointof
Â�¾

{

(resp.
Â

¾

{

y

x ), it followsfrom Proposition4.2 thattheright-

handsideof (4.8) is divisibleby ”

,

�

^5‡ C ! ”

�

^ˆ‡ C=! in �

�

& (resp. �

�

&+y

x ) sothat
�J¾

{

�

”V!0‡5” , which is
of type

�

�

£

­

£

^

U

�

£

­%! , interpolates
h

in at least
p

�

£

­ pointsof [ countingmultiplicities,
notwithstandingonestructuralinterpolationconditionat

@

whereall thefunctionsinvolved
dovanish.Since

p

�

£

­‰Û

p

�

£

p

­ , it followsthat
�J¾

{

�

”V!0‡V” is amultipointPad́eapproximant
to

h

[2]. Of course,thedifferencewith classicalinterpolationtheoryis thattheinterpolation
pointsarenot known in advancebut ratherdependon the interpolant(they mustincludethe
re�ectionsof its polesacross� , eachof themwith multiplicity twice themultiplicity of that
pole). This implicit determinationof the interpolationpointsaccountsfor the nonlinearity
of theproblemandcapsulizesits dif�culty . In theparticularcaseof bestapproximants,we
obtainthefollowing corollarythatappearsalreadyin [19, 27, 17] (the�rst of thesereferences
dealswith simplepolesonly).

COROLLARY 4.3. Let
h

D �

�

& (resp. �

�

&(y

x ). If ‚•‡V” is a solution to

¡

�

h

U

�T! (resp.
¡

x

�

h

U

�T! ), then ‚•‡V” interpolates
h

with order two at the re�ectionsof its polesacrossthe
unit circle.

Proof. If
h

DH‘
{

_

, y

{ (resp.
h

DH‘
{

_

,¦y

{

y

x ), then‚•‡5”

�

h

andthereis nothingto prove.
Otherwise,we know from Proposition(3.1) thata solutionto

¡

�

h

U

�T! (resp.

¡

x

�

h

U

�T! ) has
exactdegree� , sotheresultfollowsfrom thepreviousdiscussionwhere ­

�

$ .
Notethat,in view of theremarkafterProposition3.1, thecorollaryis still valid for local

minimain Problems

¡

�

h

U

�T! and

¡

x

�

h

U

�T! , andmoregenerallyfor any irreduciblecritical
point, that is any critical point suchthat ” and

�†¾

{

�

”V! are coprime. This was importantly
usedin [12] and[14, 13], wherethe interpolationpropertiesof the critical points teamup
with somewhatadhocbootstrappropositionsonthebehaviour of thepolesin orderto obtain
asymptoticerrorestimatesfor criticalpointsin

¡

Š

x

�34ˆÜ

U

�T! and

¡

x

�

h

U

�T! respectively, with
h

a
Markov function.In [12] and[13], theseestimateswereusedto proveasymptoticuniqueness
of a critical point in thecasesjust mentioned,usingTheorem4.6below, seetheremarkafter
thattheorem.

In orderto studythecritical pointsof
Â©¾

{

or
Â

¾

{

y

x usingclassicaltoolsfrom differential
topology (centeringaroundthe notion of topologicaldegree),we needto compactify the
domainof de�nition of thesefunctions.This requiresadditionalassumptionson

h

. Theone
below could be weakenedbut is convenientto work with andalreadygeneralenoughfor
many applications:

HYPOTHESIS (H): thefunction
h

is analyticin
1

C

1

n±^

£

Ö

for some
Ö

n�$ .
LEMMA 4.4. Let

h

D �

�

& (resp. �

�

&+y

x ) satisfyhypothesis(H). Then
Â©¾

{

(resp.
Â

¾

{

y

x )
extendssmoothlyto a neighborhoodof }Ý{ (resp. }Þ{

y

x ) in [

{ (resp. •

{ ).
Proof. By Pythagora's theoremandthecharacteristicpropertyof theorthogonalprojec-

tion, wecanwrite

Â

¾

{

�

”V!

�

°

h

°

�

¤
¥

£

°

�

¾

{

�

”V!0‡5”

°

�

¤
¥

�

°

h

°

�

¤
¥

£
>

�

¾

{

�

”V!0‡V”

U

h

n(4.9)
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sothatit is enoughto smoothlyextend
>

�†¾

{

�

”V!0‡V”

U

h

n . But using(2.4) we have that

>

�

¾

{

�

”V!¿‡5”

U

h

n

� ^

p5rwq

. t � ¾

{

”

�3u

!

h

e

�vu

!

:

u

U

andsince
h

e
is holomorphicfor

1

C

1

>

^*´

Ö

by hypothesis(H) wemay, by Cauchy'stheorem,
deform � into a slightly largercircle, say, of radius ^–´

Ö

‡

p

, without changingthevalueof
theintegral. Thenew expressionis nonsingularaslong asthezerosof ” remainof modulus
strictly lessthan ^š´

Ö

‡

p

, andthisprovidesuswith thedesiredextensionof
Âµ¾

{

. Theargument
appliesto

Â

¾

{

y

x aswell.
When

h

satis�es hypothesis(H), Lemma4.4 allows us to de�ne critical pointsof
Â�¾

{

(resp.
Â

¾

{

y

x ) in }½{ (resp. }~{

y

x ) andnot just in }~{ (resp. }~{

y

x ). In particular, it will
make senseto talk aboutcritical pointslying on €•}Ý{ (resp. €•}½{

y

x ). For these,thechar-
acterizationin Proposition4.2 no longerholds,essentiallybecausezerosof ” with modulus
1 mustcancelautomaticallywith a zeroof

�|¾

{

�

”V! (sincethe
�

�

-norm of
�J¾

{

�

”V!0‡V” remains
�nite). Characterizingcritical points lying on €•}

{ or €•}
{

y

x is a technicalexercisethat
we cansafelydispensewith here.We simply statetheresultfor completenessandrefer the
interestedreaderto [12] for anargumentin thecaseof

Â

¾

{

y

x which is easilycarriedover to
Â

¾

{

.
PROPOSITION 4.5. Let

h

D �

�

& (resp. �

�

&+y

x ) and ”�D—€•}
{ (resp. €•}

{

y

x ). In view of
Proposition4.1, write thedivisionof

h

e
„” by ” in theform

h

e

„”

�FÀ

”–´

„

�

¾

{

U

À

DG�

�

U

�

¾

{

Daz
{

_

,

A

(4.10)

Decompose” into ”

�

”

,¬ß where ”

,

D¹}
{

_

j (resp. ”

,

D¹}
{

_

j

y

x ) and ß is a monic
polynomialof degree ­¹Dà˜=^

U

A+A(A

U

�Ÿ™ , each root of which has modulus1 (if ­

�

� then
”

,

�

^ ). Let á

,

U

A(A+A

U

á

Ò

Dâ� be the roots of ß , and ã

Q be the multiplicity of á

Q so that
ä

Q

ã

Q

�

­ . Form thepolynomialå

�

CM!

�

Ó

Ò

Q0R
,

�

C

£

á

Q

! æ

ª

,ÊçTè

Õ

«`é

��ê

U

where thebracketsin ë

�

^J´�ã

Q

!0‡

pˆì

indicatetheinteger part. Then,” is a critical point of
Â©¾

{

(resp.
Â

¾

{

y

x ) if, andonly if ”

å

divides
�J¾

{

À

in �

�

(resp.in �

�

x ).
A critical point is said to be nondegenerate if the secondderivative at that point is a

nondegeneratequadraticform. In thiscase,thenumberof negativeeigenvaluesof thesecond
derivative is calledtheMorseindex of thecritical pointandit is invariantby smoothchanges
of coordinates.Thetheorembelow liesalittle toodeepin differentialtopologyfor usto prove
it here.It wasestablishedin [3] for thecaseof

Â

¾

{

y

x (seealso[10]) andsubstantiallyoutlined
in ([4]) for thecaseof

Âl¾

{

.
THEOREM 4.6. (TheIndex Theorem)Let

h

D �

�

& (resp. �

�

&(y

x ) satisfyhypothesis(H),

andassumethat
Â�¾

{

(resp.
Â

¾

{

y

x ) hasonly nondegeneratecritical points }
{ (resp. }

{

y

x )
noneof which lies on €•}

{ (resp. €•}
{

y

x ). Let í be thecollectionof thesecritical points
and

Ö

�

”V! designatetheMorseindex of ”µD‰í . Thení is �nite and

P

Ç îVï

�

£

^ˆ!
Ñ

ª

Ç

«

�

^

A

REMARK 2. Thenondegeneracyof all critical pointsis a generic(i.e. openanddense)
propertywith respectto

h

in variousfunctionspaces,see[3] for a discussionof
Â

¾

{

y

x on
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trigonometricpolynomialsof suf�ciently largedegreeor on functionsanalyticin
1

C

1

n±^

£

Ö

endowedwith the topology of uniformconvergenceon compactsets.Onecan in fact prove
thatcritical pointson €•} { (resp. €•} {

y

x ) arenecessarilydegenerate, sothatthehypotheses
wemadein theabovetheoremaresomewhatredundant,but this is of no importanceto us.

The index theoremprovidesuswith a criterion for uniquenessof a critical point: if no
critical point lies on €•} { (resp. €*} {

y

x ) andif eachof themis nondegeneratewith even
Morseindex –or, equivalently, if the secondderivative at eachof themhasstrictly positive
determinant– thentherecanbeonly one.This is whatwe usein theforthcomingsection.

5. A uniquenesstheoremin degree1. Thissection,whichconstitutesthetruly original
contributionof thepaper, is devotedto proving thefollowing theorem.

THEOREM 5.1. Let
h

D �

�

& (resp. �

�

&+y

x ) satisfyhypothesis(H). Assumethat
h

e
has

no zero on � and that
1

�

h

e !ÊŠv‡

h

e

1

¯

^ on � , where the superscript “prime” indicatesthe
derivative. Then

Â

¾

, (resp.
Â

¾

, y

x ) has a uniquecritical point in }

, (resp. }

, y

x ). In
particular,

¡

�

h

U

^ˆ! (resp.

¡

x

�

h

U

^ˆ! ) hasa uniquesolution which is also the uniquelocal
minimizerof (3.1) (resp.(3.2)) in degree1.

Proof. Letusconsider
Â

¾

, andputfor simplicity #

�

h

e
. For ”µDG}

, , write ”

�

CI!

�

C

£

Swith
S

DH� ,
S

�BÄ

´

rwÆ

; then „”

�

CM!

�

^

£

S

C , andfrom Proposition4.1wededucethat

�

¾

,

�

#

�

S

!

�

^

£

1

S

1

�

!(5.1)

(notethat
�

¾

, is indeedacomplex numbersinceit is apolynomialof degree$ ). Subsequently,
asit is immediatefrom (2.4) andtheresidueformulathat

¢

¢

¢

¢

^

C

£

S

¢

¢

¢

¢

�

¤�¥

�

>

^

C

£

S

U

^

C

£

S

n

�ð�

^

£

1

S

1

�

!

_

,5U

weseefrom (5.1) andthe�rst equalityin (4.9) that

Â

¾

,

�

”V!

�

°

h

°

�

¤
¥

£

1

#

�

S

!

1

�

�

^

£

1

S

1

�

!

A

(5.2)

As predictedby Lemma4.4, this formulaextendssmoothlyto ”�D }

, (that is: to
S

D � ) if
h

satis�eshypothesis(H).
Considerthedifferentialoperators

€šñ

�
^

p

�

€;‡5€

Ä

£

r

€;‡V€

Æ

!

U

€
ñ

�
^

p

�

€;‡V€

Ä

´

r

€;‡5€

Æ

!

U

having thepropertythat €�ñ

S

�

€ ñ

S

�

$ , andobserve from (5.2), since €�ñ #

�

S

!

�

$ by the
holomorphyof # , that

€Mñ

Â

¾

,

�

£

#

�

S

!=ò¬#

Š

�

S

!

�

^

£

1

S

1

�

!

£

#

�

S

!

SIó

A

(5.3)

Because
Â

¾

, is real-valued,
S

is critical if, andonly if €
ñ

Â

¾

,

�

$ , becausetherealandimagi-
narypartsof €šñ

Â

¾

, arerespectively half andminushalf of thecomponentsof thegradientof
Â

¾

, in thecoordinates
Ä

U

Æ

. Thus,as # hasnozeroon � by assumption,wededucefrom (5.3)
that

S

is critical if, andonly if

#

Š

�

S

!

�

^

£

1

S

1

�

!

£

#

�

S

!

S

�

$

A

(5.4)
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In particular
S

cannotbecritical if
1

S

1

�

^ , thatis to saynocritical point lieson €•}

, . Next,
it is clearthat

p €

€

Ä"€šñ

� €

�

€

Ä

�

£

r €

�

€

Ä

€

Æ

U

pa€

€

Æ

€ ñ

� €

�

€

Ä

€

Æ

£

r®€

�

€

Æ

�

U

hencethedeterminantof thesecondderivativeof thereal-valuedfunction
Â

¾

, at ” – computed
in thecoordinates

Ä

U

Æ

– is givenby

€

�

Â

¾

,

€

Ä

�

€

�

Â

¾

,

€

Æ

�

£âô

€

�

Â

¾

,

€

Ä

€

Æ"õ

�

��öI÷¬øúù €

€

Ä €šñ

Â

¾

,

€

€

Æ €šñ

Â

¾

,5û

A

(5.5)

Now, assumethat
S

is critical sothat(5.4) holds,or equivalently:
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wherewe have usedin thenext-to-lastequalitythat €
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Therefore,from (5.7), (5.8), and(5.5), we seethat thedeterminantof thesecondderivative
of
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By assumption
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Schwarz-Picklemma(seee.g. [1]) it holdsthat
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Consequently
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which implies (5.9). The resultnow follows from the index theorem.The caseof
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similar but simpler, sincethen
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In [12], it wasshown that
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x

�34 Ü

U

�T! hasa uniquecritical point for � largeenough(no
estimateon how largeis available).To estimatetheindex of a critical point, [12] makesuse
of errorestimatesin interpolationto

45Ü

at a conjugate-symmetricsetof pointsthatwerepre-
viously givenin [11]. Thecaseof

¡

Š

�`47Ü

U

�T! hasapparentlynot beenstudiedsofar, although
thesameresultcouldbeobtainedby thesametechniqueusinginsteadof [11] theresultsof
[34] that relax the assumptionof conjugate-symmetry. From Theorem5.1, we deduceone
more(modest)pieceof information:

COROLLARY 5.2. Problems
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a uniquelocal minimumwhich is also,of necessity, thesolutionto theproblem.

Proof. It is equivalentto prove uniquenessof a critical point in Problems
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, andsincetheexponentialis its
own derivativeandhasnozeroswecanapplythetheorem.

6. Conclusion. In thispaper, wehaveshown thatuniquenessin
�

�

-rationalapproxima-
tion of order1 on theunit circle, to a functionholomorphicin thecomplementof a compact
subsetof theopenunit disk,will hold if only there�ectedfunctionhasnozerosin theclosed
disk andhasa logarithmicderivativewhich is boundedby 1 in modulusthere.Althoughex-
tremelylimited in scopesinceit only dealswith degree1, thiscriterionis interestingbecause
it canbe checked explicitly from the function andquali�es an opensubsetof the classof
holomorphicfunctionsin

1

C

1

n

2

(for some�x ed
2

suchthat $

>

2

>

^ ) endowedwith the
topologyof uniform convergenceoncompactsets.Thesefeaturesmake thepresentcriterion
unique. It is to behopedthatsuitablere�nementsof theestimatesof thepresentpaperwill
enableoneto addresstheproblemin higherdegree.
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