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A REMARK ON UNIQUENESSOF BEST RATIONAL APPROXIMANTS OF
DEGREE 1IN  OF THE CIRCLE

L. BARATCHART
Dedicatedto Ed Saf onthe occasiorof his 60th birthday

Abstract. We derive a criterion for uniquenes®f a critical pointin rational approximationof degreel.
Although narrawly restrictedin scopebecauseét dealswith degreel only, this criterion is interestingbecauset
addressea large classof functions. The methodelaborate®n thetopologicalapproachn [15] and[12].
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1. Intr oduction. Rationalapproximatiorto holomorphicfunctionson compacsubsets
of their domainof holomorphyis a mostclassicalaspecbf functiontheory Fromthevery
possibility of approximationassertedy Runges theorem(at leastin the nitely connected
case) the emphasidasgraduallymoved towardsdeterminingoptimal error ratesasthe de-
gree(hereafterdenotedby ) growthslarge,andconstructve meango achieve them. Inter-
polationtheoryandlogarithmicpotentialtheoryhave beencornerstonesf this development,
resultingin afairly generakreatmenof asymptotic -th rooterrorestimatesn thesupnorm,
namelya sharpupperboundon its [33] andan upperboundon its [28, 30]
(formerly Gonchars conjecture)whosesharpnessvaslater establishedn [23] usingresults
from [32]. Besidesstrongasymptoticerrorestimatesn the supnormhave beenderivedfor
morespeci ¢ functions.Let usmentionin particularthe caseof theexponentiafunction[16]
andthat of Markov functions[22]; strongasymptoticerror estimatedor Markov functions
werealsoobtainedin ~ -normon the disk [14], see[6] for a generalizatiorto meromor
phic approximatiorin the ~ norm. In the casegust mentionedasymptoticallyoptimal se-
guencesf rationalapproximantganbeconstructedsPade approximant®r multipoint Pace
approximantsvhoseinterpolationpoints,whenarrangednto a triangularschemegornverge
in distribution to someappropriateequilibrium measurearising from a potential-theoretic
minimumenegy problem.

In contrasttheactualcomputatiorof a bestor nearbestapproximanbf givendegreeon
a givencompactsetis still muchof anopenproblem. On the disk, for the uniform norm, a
generalizatiorof Remez-lile algorithmswasproposedn [25, 24], which is however subject
to combinatorialchoiceson the numberof pointswherethe erroris maximal,to the occur
renceof local minima, andfor which issuesof corvergenceare apparentlystill not settled.
Suboptimalrationalapproximantsn the uniform norm may be obtainedfrom AAK-theory,
but their quality depend=on the smallnesof the sumof the higher singularvaluesof the
Hanlkel operatohaving asa symbolthe functionto beapproximated21], andthis sumneed
neitherbesmallnorevenefciently computableFinally for  -norms,wherethecriterionis
differentiable methodsrom optimizationare a wedby local minima.

Forthecaseofthe  -normonthedisk,whichis protypicalof asmoothcriterion,atopo-
logical approactwastakenin [15] to nd conditionsunderwhich thereis nolocal minimum
exceptthe global one. This propertymakesfor constructve algorithms,becauset ensures
the corvergenceof anumericalsearch.n [15], it wasappliedto Markov functions:for such
functions,it wasshawvn in essencehat uniquenessf a critical point holdsif the Greenca-
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pacityof thesupporiof thede ning measurés lessthananabsoluteconstantButit isin [12]
thatthe connectiorof themethodwith interpolationtheorywasrealizedandexploited,to the
effectthatnormalityandregularerrordecayof certainmultipoint Pack interpolantsmply the
desireduniquenesgroperty In particular it wasprovedin [12] thatuniquenes®sf acritical
pointin  -rationalapproximatiorto theexponentiafunctionholdsin all degreesufciently
large. Thesameresultwasestablishedor Markov functionswhosede ning measureatis es
the Szagd condition[13], see[4] for amoreextensive discussionContraryto [ 15], however,
thesdasttwo resultsarenotfully constructvein thatnolowerboundwasgivenonthedegree
thatensuresiniqueness.

Themodesbbjective of thepresenpaperis to give a criterionfor uniquenessf acritical
pointin rational  approximatiorof degree 1. Although narronly restrictedin scope the
criterionis interestingin thatit is easilychecled andaddressea large classof functions. It
is to be hopedthat suitablegeneralization®f the estimatedelon will allow oneto handle
higherdegreeaswell.

Themethodis still thatof [15] and[12], exceptthatthe estimationof thesecondderiva-
tive proceeddlifferently The organizationof the paperis asfollows. In the next sectionwe
setupthenotationsandin section3 we statetherationalapproximatiorproblemunderstudy
The critical point theorythat we needis recalledin section4, while section5 is devotedto
theproof of ouruniquenessriterionin degreel.

2. Notations and preliminaries. We let betheunit circleand theopenunit disk
in the complex plane. We further denoteby the familiar Lebesguespacewith
respecto normalizedarclengthmeasureon . TheHardyspace  of theunit diskis the
closedsubspacef consistingof thosefunctionswhoseFourier coefcients of strictly
negative index do vanish.By de nition is thusa Hilbert subspacef

It is a classicalfact[18, 26, 20] thatmembersof arein one-to-onecorrespondence
with nontangentialimits of thosefunctions holomorphicin  whose  meansremain
uniformly boundedbverall circlescenteredat of radiuslessthanl :

2.1)

This allows oneto alternatively regardmemberof asholomorphicfunctionsin thevari-
able ; the extensionfrom to is actuallyobtainedthrougha Cauchyaswell asa
Poissorintegral. Withoutfurthernotice,we shallconsideHardyfunctionseitherasfunctions
of or asfunctionsof , whicheveris morecorvenient.

From(2.1) andParseal'stheorem|t follows by easilythat

Next, we introducethe Hardy space  of the complemenbf the disk, consistingof
functionswhoseFouriercoefcients of non-ngativeindex do vanish;theseareprecisely
the complex conjugatef  -functionswith zeromean,andthey canin turn be viewed as

nontangentialimits of thosefunctionsholomorphicin =~ thatvanishatin nity andhave
uniformly bounded meansverall circlescenteredat of radiushiggerthan . Notethat
afunctionbelonggo  if, andonlyif it is of theform for some . In other
words,themap , where

2.2) - -
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is abijectionfrom onto . Clearly, this correspondencis involutive andisometric. In
particular it holdsthat

andby Parseal's theoremagainwe have the orthogonaldecomposition:

(2.3)

Notein passinghatthe scalamproductin ~ canberewritten asaline integral:

(2.4) _ _

Restrictingto functionswith real Fourier coefcients, onede nesanalogously ,
and  ;thesearerealHilbert spacesAll thepreviousconsiderationapply, in particularit

is still truethat is aninvolutive isometryfrom onto

We will denoteby  the spaceof algebraicpolynomialswith complex coefcients of
degreeat most , andby the setof monic polynomialsof exactdegree whoseroots
lie in . Takingthe coefcients —exceptthe leadingone which is 1— ascoordinates,
becomesinopensubsebf . ltsclosure  consistsof monic polynomialswhoseroots
lie in ; its boundary is the setof monic polynomialswhoseroots have modulusat
most1 andat leastoneof themhasmodulusl. For , we denoteby thereciprocal
polynomialof

(2.5)

whoserootsarere ected from thoseof acrossthe unit circle andwhosemoduluson is
the sameasthe modulusof . We offer a word of warningaboutthis notation: if

and is considerecasa memberof whoseleadingcoefcients do vanish,thetwo
de nitions of areinconsistent.For that reasonwe always specifythe valueof  under
considerationaswasdonein equation(2.5).

Thesymbols , ,  and referto the precedingnotionsfor polyno-
mialswith real coefcients. Thistime, of course, ., ,and areregardedas
subset®f  ratherthan

We furtherlet bethesetof rationalfunctionsof type , i.e. thatcanbewritten
in the form where and ; we write for rationalfunctions
with real coefcients, thatis if we canchoose and . By de nition, the
degreeof arationalfunctionis where , aresuchthatthefunctionbelongsto

but notto wheneer or .
Notethata rationalfunctionbelongsto if, andonly if its poleslie in ~ , andto

if, in addition,it hasrealcoefcients. A rationalfunctionbelongsto  (resp. ) if,
andonly if it liesin (resp. ) for some andits poleslie in

3. rational approximation. We considethefollowing rationalapproximatiorprob-
lem:

: Given ~andsomepositiveinteger , minimize

(3.1) -
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as rangesover
Theversionwith realcoefcients is

: Given " andsomepositiveinteger , minimize

(3.2) -

as  rangesover
On applying(2.2), probIems and areimmediatelyseento be respec-
tively equivalentto

: Given andsomepositiveinteger , minimize

as rangesover

and

: Given andsomepositiveinteger , minimize

as rangesover

Although and may look more naturalthan and
we ratherdealwith the latterwhich areslightly easierto handle.Indeed by partial fractlon
expansionijt is easﬂychecledfrom (2.3) thatasolutionto (resp. ) mustlie
in (resp. ~ ), thereforeits poles(which arethe mostimportant
quantities)remainin a boundedset,namely . We alsomentionthat, surprisinglyperhaps,
doesnot supersede in thata bestapproximantrom to o
mayfail to belongto . However, thetwo problemscanbe approachedh aparallel

mannerso we often dispensewith explanationson both casesleaving it to the readerto
transpos¢he argumentsrom onecaseto the other

The rst issueto be addresseds that of existence. The following propositioncanbe
gatheredrom [19, 27, 33, 31, 17, 8, 7] but we provide a prooffor the easeof thereader

ProPOSITION 3.1. Problems and havea solution; moreover, any
solutionhasexactdegree unless .

Proof. We restrictoursehesto , the caseof being arguedthe same
way. Let be a minimizing sequencéor . For x ed , theminimum
in (3.1 (resp. (3.2) is attainedwhen is the orthogonalprojectionof  onto the linear
subspace of rationalfunctionsin ~ with denominator . Thereforewe mayaswell
assumdor each that is the orthogonalprojectionof  onto , andin

particularthat



ETNA

Kent State University
etna@mcs.kent.edu

58 L. BARATCHART

It followsthat isboundedn  andthereforet hasaweaklimit point,say
By theweak-compactnessf ballswe get

sothat will bea solutionto Problem assoonaswe have shavn that .
This in turn follows from the fact that is weakly closedbecauseby a theoremof
Kronecler[29, th.3.11],the membershigo canbe characterizedolelyin termsof

(in nitely mary) algebraicrelationsbetweenthe Fourier coefcients uponwriting that the
Hankel matrix hasrankatmost .
Next, assumethat . Then, it holdsfor each and that
andthereforepy de nition of , that

(3.3)
Expanding(3.3) by bilinearity we obtain

andtaking verysmallwe seethatthisis possibleonly if

wherethe secondequalitycomesfrom (2.4) andtheresidueformula. Now, the  -function

is identically zerosince wasarbitrary andtherefore as
announced. [

REMARK 1. Letusagreethatalocal minimumin Problem (resp. )isa
membeiof (resp. ) thatminimizes over a neighborhood
ofitselfin (resp.” ). Then,becausét is enoughto deal with
arbitrary small , the argumentin the secondpart of the above proof generlizesto local
minimain Problems and , showingthat thesehaveexactdegree unless

(in which casethere is no otherlocal minimumthanthe global onewhich is
just itself, see[ 10]).

A solutionto Problem or needsot be unique:for example,ary non-
rationalevenfunctionin ~ (resp. ) hasat leasttwo bestapproximantgrom
(resp. ) when isodd[31, 8, 7]. In the caseof , an extremeexampleof

afunctionwith in nitely mary bestapproximantof givenordercanevenbe obtained 17].
All the abore examplesexploit somesymmetryof the function . In anothervein, relying
ontopologicalmethodspnecanadapt{ 16, ch. 5, thm 1.6] to the presensituationandshov

thatary -dimensionakubspacef  (resp. ) containingno non-zeromember

of (resp. ) mustcontainafunctionwith atleasttwo bestapproximants.
Neverthelesspy a generaltheoremof Stechkinon Banachspaceapproximationfrom

approximatelycompactsets[16], the solutionto (resp. ) is uniquefor in

adensesubsebf  (resp. ). Referencd9] improvesthisin thecaseof to the
effectthatthe densesubsein questioncontainsan openset;the agumenttherewould carry
overto aswell. Evenif thesolutionto or ) is unique though,there
may be severallocal minimathatimpedea numericalsearchfor a solution. Thisis why it is
of particularimportanceo setup conditionson thatensurauniquenessf alocal minimum.
However, from rst principlesin differentialtopology local minimaturn out to be dif cult

to analyseindependentlyfrom other critical points namelysaddlesandlocal maxima. In
thenext sectionwe gathersomefactsfrom thecritical pointtheoryof problems and
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4. Critical points. For x ed (resp. ), asnoticedalreadyin the proof
of Proposition3.1, the minimumin (3.1) (resp. (3.2)) is attainedwhen is the orthogonal

projectionof  onto the subspace of rationalfunctionsin ~ (resp. ) with

denominator . Write for this projection,where is a function of
parametrizedy and . Here,thereis no needto adopta specialnotationlike

when ~ and , becausghenthe projectionof onto in andthe

projectionof onto in~ coincide.
The next propositionformulatesin termsof division a characterizatiomf which
in essencgoesbackto [33].

PropPosITION 4.1. For " and , let be the remainderof the
divisionof by :

(4.1)

Thenit holdsthat . Moreover, we canwrite

(4.2) —

Proof. Applying (2.2) to (4.1), we seethatthelatteris equivalentto therelation
(4.3)

Henceif we pick , we get

andsincemultiplication by isanisometryof = —because hasmoduluslon —we
obtain

Now, hasitsrootsin sothat hasits rootsoutside , which entailsthat while
. As (2.3 is anorthogonakum,we thereforededucethat

meaningthat . Therepresentatiofd.2) now follows from the Hermiteformulafor
theremaindeiof polynomialdivision[33]. d

By de nition of , the minimizationin (3.1) (resp. (3.2)) canbe replacedby the
minimizationover (resp. ) of thefunction:
(4.4)

which dependon only. Thenotation  will referto the function (4.4) de ned on ,
whereasf ~  and we shall write to meantherestriction of to

Differentiatingunderthe integral sign, onededucedrom (2.4) and(4.2) that  (resp.
) is asmoothfunctionof . By de nition, acritical pointisarny wherethegradientof

(resp. ) vanishegrecall is coordinatizedy its coefcients excepttheleadingone).
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Denominator®f solutionsto (resp. ) arecritical pointsof (resp. )
but theremaybemore,e.g. local minima,saddlesandmaxima.

It is worth characterizingcritical pointsin termsof divisibility, asis donein the next
propositionwhichappearsn [12] for the caseof

PROPOSITION 4.2. Let ~ (resp.  )and (resp. ). In view of
Proposition4.1, write the division of by intheform

(4.5)
Then is a critical point of (resp. ) if, andonly if  divides in (resp.in
).
Proof. Write
and put for the real andimaginarypartsof the coefcients. Introducethe

differentialoperator

Because isreal-valuedto saythat iscriticalfor = amountdo saythat

Ondifferentiatingundertheintegral sign, this equalityin turnyields:

wherethe rst equalitycomesfrom the characteristiqpropertyof the orthogonalprojection
andthefactthat . Substituting(4.3) where (compareProposi-
tion 4.1) we obtain

andmultiplying throughouby  while formingarbitrarylinearcombination®f theseequa-
tionsgivesus

(4.6)

Let bethemonic of and ,and betherootsof with multiplicities,
say . When rangeoverthefamily of polynomials

4.7)

we seeon computing(4.6) via the residueformula using (2.4) —where —thatit is
equialentto

wherethe superscript  indicatesthe -th derivative. In otherwords, is critical if, and
only if divides , thatis to sayif, andonlyif divides asdesired.Theargumentfor
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is similar but slightly simpler, sincethe  arerealhencetheintroductionof is not
necessarandtherealpartdoesnotoccurin (4.6) sothatthefactor canbe omittedfrom

@47. O

Proposition4.2 allows oneto connectProblems and with interpolation

theory Indeed supposéhat is suchthat and haveg.c.d. for some
(if then andif then while ). Then,if we

write for simplicity and , we getfrom (4.3) andPropositiord.1 that
(4.8)
Now, if s acritical pointof (resp. ), it follows from Propositiorét.2 thattheright-
handsideof (4.9) is divisible by - ~in  (resp. )sothat , Whichis
of type ,interpolates in atleast pointsof  countingmultiplicities,
notwithstandingonestructuralinterpolationconditionat ~ whereall the functionsinvolved
dovanish.Since , it followsthat is amultipoint Pacé approximant

to [2]. Of coursethedifferencewith classicainterpolationtheoryis thattheinterpolation
pointsarenot known in advancebut ratherdependon the interpolant(they mustincludethe

re ections of its polesacross , eachof themwith multiplicity twice the multiplicity of that

pole). This implicit determinatiorof the interpolationpoints accountsfor the nonlinearity
of the problemand capsulizests dif culty . In the particularcaseof bestapproximantswe

obtainthefollowing corollarythatappearslreadyin [ 19, 27, 17] (the rst of thesereferences
dealswith simplepolesonly).

COROLLARY 4.3. Let ~ (resp. ). If is a solutionto (resp.
), then interpolates with order two at the re ections of its polesacrossthe
unit circle.

Proof. If (resp. ), then andthereis nothingto prove.
Otherwise we know from Proposition(3.1) thata solutionto (resp. ) has
exactdegree , sotheresultfollowsfrom the previousdiscussiorwhere . O

Notethat,in view of theremarkafter Proposition3.1, thecorollaryis still valid for local
minimain Problems and , andmore generallyfor ary irreduciblecritical
point, thatis ary critical point suchthat and are coprime. This wasimportantly
usedin [12] and[14, 13], wherethe interpolationpropertiesof the critical pointsteamup
with somevhatad hochootstrapropositionsonthe behaiiour of the polesin orderto obtain
asymptotierrorestimategor critical pointsin and respectrely,with a
Markov function.In [12] and[13], theseestimatesvereusedto prove asymptoticuniqueness
of acritical pointin the casegust mentionedusing Theorem4.6 below, seetheremarkafter
thattheorem.

In orderto studythecritical pointsof or usingclassicaktoolsfrom differential
topology (centeringaroundthe notion of topologicaldegree), we needto compactifythe
domainof de nition of thesefunctions. This requiresadditionalassumptionen . Theone
belon could be wealenedbut is corvenientto work with and alreadygeneralenoughfor
mary applications:

HyPOTHESIS (H): thefunction is analyticin for some
LEMMA 4.4. Let ~ (resp. ) satisfyhypothesigH). Then  (resp. )
extendssmoothlyto a neighborhoocbf ~ (resp.  )in  (resp. ).

Proof. By Pythagoras theoremandthe characteristipropertyof the orthogonalprojec-
tion, we canwrite

(4.9)
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sothatit is enoughto smoothlyextend . Butusing(2.4) we have that

andsince is holomorphicfor by hypothesigH) we may; by Cauchystheorem,
deform into aslightly largercircle, say of radius , without changingthe value of
theintegral. The new expressioris nonsingulaaslong asthe zerosof remainof modulus
strictly lessthan , andthis providesuswith thedesiredextensionof . Theargument
appliesto aswell. O
When satis eshypothesiqH), Lemma4.4 allows usto de ne critical points of

(resp. Yin  (resp. ) andnotjustin (resp. ). In particular it will
malke sensdo talk aboutcritical pointslying on (resp. ). For these the char
acterizationn Proposition4.2 no longerholds, essentiallybecauseerosof  with modulus
1 mustcancelautomaticallywith a zero of (sincethe  -norm of remains
nite). Characterizingritical pointslying on or is a technicalexercisethat
we cansafelydispensewith here. We simply statetheresultfor completenesandreferthe
interestedeaderto [12] for anargumentin the caseof which is easilycarriedover to

PROPOSITION 4.5. Let ~ (resp.  )and (resp. ). In view of
Proposition4.1, write the division of by intheform

(4.10)
Decompose into whee (resp. ) and is a monic
polynomialof degree , eac root of which has modulus1 (if then
). Let be therootsof , and be the multiplicity of  so that
. Formthe polynomial
whele the bradketsin indicatetheinteger part. Then, is a critical point of
(resp. ) if,andonlyif  divides in (resp.in ).

A critical point is saidto be nondgenerate if the secondderivative at that point is a
nondgeneratguadratidorm. In this casethe numberof negative eigervaluesof the second
derivativeis calledthe Morseindex of thecritical pointandit is invariantby smoothchanges
of coordinatesThetheorembelow liesalittle too deepin differentialtopologyfor usto prove
it here.It wasestablishedh [3] for thecaseof (seealso[10]) andsubstantiallyoutlined
in ([4]) for the caseof

THEOREM 4.6. (Thelndex Theorem)Let ~ (resp. ) satisfyhypothesigH),

andassumdhat  (resp. ) hasonly nondgeneatecritical points  (resp. )
noneof which lies on (resp. ). Let bethecollectionof thesecritical points
and designate¢he Morseindex of . Then is nite and

REMARK 2. Thenondgenemcyof all critical pointsis a generic(i.e. openanddense)
propertywith respectto  in variousfunctionspacessee[3] for a discussiornof on
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trigonometricpolynomialsof sufciently large degreeor onfunctionsanalyticin
endowedvith the topology of uniform corvergenceon compactsets. Onecanin fact prove
thatcritical pointson (resp. ) arenecessarilydegenete, sothatthehypotheses
wemadein theabovetheoemare somevhatredundantput this is of noimportanceto us.
The index theoremprovidesuswith a criterion for uniquenes®f a critical point: if no
critical point lies on (resp. ) andif eachof themis nond@eneratavith even
Morseindex —or, equivalently, if the secondderivative at eachof themhasstrictly positive
determinant-thentherecanbeonly one. This is whatwe usein theforthcomingsection.

5. A uniquenesgheoremin degreel. Thissectionwhichconstituteghetruly original
contribution of the paper is devotedto proving thefollowing theorem.

THEOREM 5.1. Let ~ (resp. ) satisfyhypothesigH). Assuméhat  has
nozeo on andthat on , whee the supescript “prime” indicatesthe
derivative Then (resp. ) has a uniquecritical pointin (resp. ). In
particular, (resp. ) hasa uniquesolutionwhich is also the uniquelocal
minimizerof (3.1) (resp.(3.2) in degreel.

Proof. Letusconsider andputfor simplicity . For , Write
with , ; then ~— , andfrom Propositiord4.1 we deducehat
(5.1) -

(notethat  isindeedacomplex numbersinceit is apolynomialof degree ). Subsequently
asit is immediatefrom (2.4) andtheresidueformulathat

we seefrom (5.1) andthe rst equalityin (4.9) that
(5.2)

As predictedby Lemmad4.4, this formulaextendssmoothlyto ~ (thatis: to ) if
satis eshypothesigH).
Considetthe differentialoperators

having the propertythat — - ,andobserefrom (5.2), since by the
holomorphyof , that

(5.3) -
Because isreal-valued, is criticalif, andonly if , becausegherealandimagi-
nary partsof arerespectiely half andminushalf of the component®f the gradientof

in thecoordinates . Thus,as hasnozeroon by assumptionwe deducerom (5.3
that is critical if, andonly if

(5.4) -
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In particular cannotbecritical if , thatis to sayno critical pointlieson . Next,
it is clearthat

hencehedeterminanof thesecondierivative of thereal-valuedunction  at —computed
in thecoordinates —is givenby

(5.5) — —

Now, assumehat is critical sothat(5.4) holds,or equivalently:

(5.6)

Let usputfor simplicity . In view of (5.3) and(5.6), we compute

(5.7) -

wherewe have usedin the next-to-lastequalitythat — by holomorphy Similarly,
we getthat

(5.8) -

Thereforefrom (5.7), (5.8), and(5.5), we seethatthe determinanbf the secondderivative
of  atthecritical point is equalto

whosestrict positivity is equivalentto
(5.9)

By assumption on hencealsoon by the maximumprinciple. Henceby the
Schwarz-Picklemma(seee.g. [1]) it holdsthat
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Consequently

sothatclearly

which implies (5.9). The resultnow follows from the index theorem. The caseof is
similar but simpler, sincethen hencethe computationbecomesl-dimensional.
O

In[12], it wasshaowvn that hasa uniquecritical pointfor large enough(no
estimateon how largeis available). To estimatetheindex of a critical point, [12] makesuse
of errorestimatesn interpolationto  ata conjugate-symmetrisetof pointsthatwerepre-
viously givenin [11]. The caseof hasapparentlynot beenstudiedsofar, although
the sameresultcould be obtainedby the sametechniqueusinginsteadof [11] the resultsof
[34] that relax the assumptiorof conjugate-symmetryFrom Theorem5.1, we deduceone
more(modest)pieceof information:

COROLLARY 5.2. Problems and havea uniquecritical point,hence
a uniquelocal minimumwhich is also, of necessitythe solutionto the problem.

Proof. It is equivalentto prove uniquenessf a critical pointin Problems
and . Butif then , andsincethe exponentialis its
own derivative andhasno zeroswe canapplythetheorem. O

6. Conclusion. In this paperwe have shavnthatuniqueness  -rationalapproxima-
tion of orderl on the unit circle, to a functionholomorphicin the complementf a compact
subsebf theopenunit disk, will holdif only there ectedfunctionhasno zerosin theclosed
disk andhasalogarithmicderivative which is boundedoy 1 in modulusthere. Although ex-
tremelylimited in scopesinceit only dealswith degreel, thiscriterionis interestingoecause
it canbe checled explicitly from the function and quali es an opensubsetof the classof
holomorphicfunctionsin (for some x ed suchthat ) endavedwith the
topologyof uniform corvergenceon compactsets.Thesefeaturesnake the presentcriterion
unique. It is to be hopedthat suitablere nementsof the estimatef the presenpaperwill
enableoneto addresshe problemin higherdegree.
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