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ANALYSIS OF THE POTENTIAL FORMULATION FOR THE EDDY
CURRENT PROBLEM IN A BOUNDED DOMAIN

RAMIRO ACEVEDO AND RODOLFO RODRIGUEZ

Abstract. The aim of this paperis to provide a mathematicabnalysisof the well-knowvn
potentialformulationfor theeddycurrentproblem.Theresultingvariationalproblemis provedto bewell posedand
errorestimatesresettledfor anumericalmethodbasedn standarchodal nite elements.
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1. Intr oduction. Themathematicahndnumericalanalysisof Maxwell's equationhas
experiencedmportantdevelopmentsn differentareasof appliedmathematiceandengineer
ing duringthelastthirty years.We referthereaderto the booksby Bossait [17], Monk [29]
andSilvesterandFerrari[32], asarepresentatie samplingof text booksdevotedto numerical
solutionof electromagnetiproblems.

Among the numericalmethodsfound in the literatureto approximateMaxwell's equa-
tions, the nite elementmethodis the mostextended.Seefor instance 13] for a surney on
this subjectincluding alargelist of referencesNowadaysit is the basisof severalcommer
cial codessuchusAnsys,Femlab Flux, Magnet MSC/EmasQpera.tc. We referthereader
to [33] for adescriptionof mostof thesecodesandfurtherreferences.

The eddy currentproblemis obtainedfrom Maxwell's equationshy assumingthat all
elds areharmonicandthe frequeng is low enoughasto neglectthe electricdisplacement
in Ampere's Law. Sucha situationhappensfor instance,in problemsrelatedto electric
machinesvorking at power frequenciesandin non-destructie materialsesting.

In most practicalsituations,it is necessaryo solve the electromagnetiproblemin a
boundeddomainwhich containsconductingand non-conductingnaterial (dielectrics),the
equationsn thesetwo partsbeingtypically of differentkind. Moreover, the treatmentof
multiply connectedconductorsor dielectricsin three-dimensionallomainspresentspecial
dif culties. Thechoiceof theunknonnsin eachsubdomairis a crucial point for analysisof
theproblemin domainswith a generatopology

An importantnumberof formulationsand nite elementmethodsfor solving the eddy
currentproblemin three-dimensionddoundeddomainscanbefoundin theliterature. There
is a group of papersdevotedto solving the problemin termsof certainscalarand vector
potentials[1, 2, 14, 15, 26, 30, 31] and anothergroup using formulationsin termsof the
magneticeld [4, 6, 7,9, 10, 12, 34] ortheelectric eld [3, 11, 27].

A thoroughmathematicahnalysisof the formulationsin termsof the magneticor the
electric eld hasbeenrecentlyperformed.Thisis notthe case however, for formulationsin
termsof scalarandvectorpotentials.Indeed,in spiteof the factthatthe latter arethe most
frequentlyusedin applicationsthereare only a very small numberof papersdealingwith
their mathematicahnalysis. Among them,we mentiona paperby Alonso et al. [5], where

Receved August30, 2006. Acceptedfor publicationJanuan22,2007.Recommendeby O. Widlund.

Departamentade Ingeniefa Matendtica, Universidad de Concepdin, Casilla 160-C, Concepdn, Chile
(racevedo@ing-mat.udec.cl ). PermanenaddressDepartamentale Matenaticas,Universidaddel Cauca,
Popayn, Colombia. Theresearclof this authorwaspartially supportecoy MECESUPUCO0406(Chile) andUni-
versidaddel Cauca(Colombia).

Gl MA, Departamentale Ingeniefa Matendtica, Universidadde Concepdn, Casilla 160-C, Concepdn,
Chile (rodolfo@ing-mat.udec.cl ). The researchof this authorwas partially supportedoy FONDAP in
Applied MathematicgChile).

270



ETNA

Kent State University
etna@mcs.kent.edu

FORMULATION FORTHE EDDY CURRENTPROBLEM 271

the well-posednessf someof theseformulationsis analyzed andanotheroneby B'r6 and
Valli [16] with theanalysisof onesuchformulationin a generatopologicalsetting.

Differentpotentialshave beenusedfor the eddy currentproblem: a vector potential
for themagneticeld, ascalarpotential for the electric eld in the conductingdomain,a
scalaqmagneticpotential in dielectricdomainsgetc. A hierarchyof formulationsinvolving
thesepotentialshasbeendiscussedy B'rd andPreis[15]. In particular they concludethat
theso-called formulation,whichinvolvesall of them,is themostcorvenientin
termsof computercost. Numericalexperimentsllustratingthe performancef this approach
arealsoreportedn this reference.

Theaim of this paperis to provide arigorousmathematicahnalysisof this formulation.
Underrathergenerattopologicalconditions,we prove thatit leadsto a well-posedproblem,
which can be numericallyapproximatedy standardhodal nite elements.We also prove
error estimatedor the resultingnumericalmethod. Theseestimatesarevalid aslong asthe
threepotentialsaresufciently smooth.

Thesmoothnessf thescalampotentials and only reliesonthatof the original phys-
ical variablesof the problem:the magneticandthe electric elds. However, the smoothness
of thevectorpotential alsodependsn the geometryof the domainchoserto de ne this
non-physicalariable.In principle this domaincanbe choserfreely, asfar asit containsthe
conductorsandthe sourcecurrents. However, whenit is chosenso thatits connecteccom-
ponentsareeithercornvex polyhedraor simply connecteddlomainswith smoothboundaries,
thesmoothnessf is mainly determinedy theregularity of anotheiphysicalvariable:the
magnetidnduction eld.

Becausef this, we make sucha choicefor thedomainof , whichis notrestrictvein
practice. However, it is corvenientto chooseit assmall as possible,becausdhe magnetic
eld is writtenin termsof themoreeconomicakcalarpotential outsidethis domain.Thus,
in the applicationsthedomainof  typically consistof a unionof disjoint boxes,assmall
aspossible containingthe currentsourceandthe conductors.

Theoutlineof thepaperis asfollows: We introducetheeddycurrentproblemanddiscuss
thetopologicalsettingin Section2. The potentialformulationis introduced
in Section3. The correspondingvariationalproblemis obtainedin Section4, wherewe
alsoprove its well-posednessFinally, in Section5, we prove errorestimatedor a standard
nite elementmethodto solve the problemnumerically We also discussin this section
the corvenienceof choosinga domainwith corvex connectedcomponentdor the vector
potential.

2. Eddy current problem. We considera standarceddycurrentproblem:to determine
theelectromagneticelds inducedin athree-dimensionatonductingdomain by a given
sourcecurrentdensity . We assumehatthesupportof  is compactnddisjointwith
Theeddycurrentproblemis in principle posedn thewhole space However, we restrictit to
aboundeddomain containingboth,  andthesupportof |, suchthatadequatdoundary
conditionscanbe imposedon its boundary To this aim, we choosethe geometryof as
simple as possible(e.g., simply connectedwvith a connectedboundary). SeeFig. 2.1 for a
two-dimensionatketch.

Let be anopenandboundedsetwith boundary . Let beasimply
connectecdoundeddomainwith a connectedboundary , suchthat . We suppose
thatboth, and , areeitherLipschitz polyhedraor domainswith boundaries.We
denoteby and the outward unit normal vectorsto and , respectiely, and by

the subdomainof  occupiedby dielectric material, which includesthe
supportof the sourcecurrent;seeFig. 2.1. We will usestandarchotationfor Soboler spaces
andnorms.
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D

FiG. 2.1. Two-dimensionasketc of thedomain.

Theeddycurrentproblemreadsasfollows:

Find and sud that:
(2.1) in
(2.2) in
(2.3) in
(2.4) in
(2.5) on

Theunknavns and arethemagneticandelectric elds, respectrely. Themagnetic
permeability andtheconductvity areboundedunctionssatisfying:

in
in
Let usremarkthatthemagneticeld hasto satisfythefollowing couplingconditions:

on
on

In fact,thelatteris a consequencef (2.4), whereagheformerfollows from thefactthat
mustbelongto .

The dataof the problemare the sourcecurrentdensity , for which we
assume
and in
andthe tangentialtraceof the magneticeld . Preciseassumption®n  will be made
in Section4 below; they essentiallymeanthat  hasto bethetangentiakraceof a curl-free
vector eld (recallthat vanishesn theneighborhooaf ).

Equations(2.1)—(2.5 are enoughto determine and  only if the topology of the
conductingdomain s trivial. Otherwiseadditionalconstraintanustbe imposed.To do
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this, we reduceour analysisto domainssatisfyinga standardopologicalassumptionseefor
instanceAmroucheet al. [8]. We assumehatthereexists connectedpensurfaces
(socalled“cuts”) containedn , suchthat:
(i) eachsurface isanopenpartof asmoothmanifold,
(i) theboundaryof each iscontainedn
(i) theintersection is emptyfor ,
(iv) theopenset is pseudo-Lipschitandsimply connected.
Underthis assumptionsince is connectedthe spaceof harmonic elds

in in
on and on
satis es ; seeforinstancd-ernandeandGilardi[24, Propositiorb.6].
A basisfor this spaceis given by , Whereeach is the
solutionof thefollowing elliptic problem:
[ 1

Intheexpressiorabove[ ] denotegshejumpacross . Hereandthereaftethesubscript
in refersto functionin with avanishingtraceon
Noticethatalthoughin principle , thelastequationmpliesthat
is a divergence-fredunctionin the whole (notonly in ). Moreover,

sincethejump[ ] isconstant, hasalsoavanishing inthewhole  (and
notonlyin , again).Thus, .

To determinea uniquesolutionof the eddy currentproblem(2.1)—(2.5), it is enoughto
addthefollowing constraint{seeAlonsoetal. [5]):

(2.6)

Let us remarkthat the secondintegral above hasa weak sensefor and

, aswasshawvn by BuffaandCiarlet[18, 19 for Lipschitzpolyhedra
andby Buffa et al. [20] for arbitraryLipschitz domains;seeSection4 below for a precise
de nition.

3. The potential formulation. In this sectionwe recall a classicafor-
mulationof the eddycurrentproblemin termsof threepotentials, , and , whichwas
introducedby LeonardandRodger[28]. We referto Br6 andPreis[15] for a detaileddis-
cussionwhich includesnumericalttestsshaving the ef ciency of thisapproach.

First,weintroduceamagneticzectorpotential  de nedin asubdomain  of , which
containsthe conductingdomainandthe supportof the sourcecurrent. This subdomairdoes
not needto be connectedbut eachof its connectedomponentsvill be chosereithercorvex
or simply connectedvith a smoothboundary Thereasorfor suchachoicewill bediscussed
in Section5 below. Ontheotherhand for thesale of discretizationit is corvenientto choose
a polyhedraldomain ; moreover, outside , we will usea scalarpotential,which will
consequentlyequiremuch lessdegreesof freedomfor its discretization. Becauseof this,

will be chosenassmallaspossible but with corvex polyhedralconnecteccomponents
containing and ; seeFig. 3.1
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OB

FiG. 3.1. Two-dimensionasketc of thedomainsfor thedifferent potentials.

Let beanopensetsatisfying
(3.1) B and -
We denoteby , theconnecteccomponent®f . We assumehateach

is eithera corvex polyhedronor a simply connectedlomainwith a boundaryand

that” aremutuallydisjoint. We denoteby  the boundaryof andby its outward
unit normalvector;seeFig. 3.1
As aconsequencef [25, Theoreml.3.5.], equation(2.4) impliesthatthereexist unique

suchthat
(3.2) in
(3.3) in
(3.4) on
Thus,if wede ne by

then belonggtothespace

whosenaturalnormis

Next, accordingto B'r6 and Preis[15] (seealsoB’r6 [14] andB’r6 andValli [16]) we
introduceanelectricscalarpotential , suchthat

(3.5) in

Let usremarkthat(2.6) is anecessargonditionfor aglobalpotential to exist; see[5] and
theformal agumentat the endof this section.Noticethat,from (2.1),

in
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Moreover, since , (2.1 and(2.3) alsoimply that
on

Theseasttwo equationswill bealsocollectedin the potentialformulation.

Equation(3.5) determinegheelectricpotential on eachconnectedcomponenbf
up to anadditive constant.Thus, if has  connectedcomponents , thenthenatural
spacdor is

endavedwith thenorm .
Finally, amagneticscalampotential is de nedin

(se€Fig. 3.1). To dothis, noticethatsince  is adisjointunionof corvex setswith

and is simply connectedijt turnsout that is simply connectedoo. Therefore,from
(2.3 and(3.1) we know thatthereexists (unigueup to an additive constant)
suchthat

in

Thus, we areleadto the following formulation of problem(2.1)—(2.6) in termsof the
potentials , and :

(3.6) — in
(3.7) in
(3.8) - in B
(3.9 — — B on
(3.10) in
(3.11) in
(3.12) on
(3.13) on
(3.14) — on
(3.15) — on
(3.16) on

Let us remarkthat (3.9 and (3.15 are consequencesf the fact that ,
whereag3.14) followsfrom thefactthat , Whichin itsturnis aconsequence

of (2.4)
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To endthis sectionwe shav thatary solutionof theabove equations/ieldsa solutionof
theeddycurrentproblem(2.1)—(2.6). In fact,let satisfying
(3.6—(3.19. Let

— in
(3.17)
in

and bede nedby (3.5. It isimmediateto shav that
andthey satisfy(2.1)—(2.5. Thereonly remaingo provethat(2.6) alsoholdstrue To dothls

noticethat(2.4) impliesthatthereexistsavectorpotential suchthat
(3.18) in
Takinginto accountthatthesets  aresimply connectedand mutually disjoint, from
(3.17) therefollows thatthereexists suchthat
in
Consequentlyif we de ne , we obtainfrom (3.5) that
(3.19) in

Equations(3.18 and (3.19 fall in the framework analyzedby Alonso et al. [5, Sec-
tion 6(ii)], whereit is shavn that (2.6) holdstrue. This canbe formally veri ed by using
(3.17), thefactthat and(3.19, asfollows:

wherefor thelastequalitywe have usedthat

with beinganextensionof tothewhole

4. Variational formulation. Existenceand uniquenessof solution. The aim of this
sectionis to give a variationalformulation of problem(3.6—(3.16 andto prove its well-
posedness.

First,we recallsomeresultssettledin [20] for Lipschitzdomains.We write theseresults
for , aswill beusedin the sequel. The tangentialtraceoperator
is a boundedinear operatorfrom onto - . The tangentialpro-
jection is a boundedinear operatorfrom onto
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- . Thus,theduality pairingbetween - and -~ is
well de ned by
For ary , its tangentialtraceon  alsobelongsto - and,
consequently is alsowell de ned.
To obtainavariationaformulationof problem(3.6—(3.16), noticethatby virtue of (3.6),
(3.8 and(3.9) we have that - , andfor all

Integratingby partsthe left-handsideabose andusing(3.11) and(3.15), therefollows

(4.1) -

On the otherhand,from (3.7), by integratingby partsandusing(3.16 we have for all

(4.2)

Finally, for ary , from (3.10), by integratingby partsandusing(3.14), we
obtain
wherethe last integral must be understoodas the duality pairing between and

. Now, let beanextensionof tothewhole . Hence,

Thereforewe obtain

(4.3)

Equationg4.1)—(4.3) togethemwith the essentiatondition(3.13), provide thefollowing
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variationalformulationof problem(3.6)—(3.16):

Find , and sud that:
4.4) in -

(4.5) —

(4.6)

4.7)

Our next goal is to prove thatthis variationalproblemhasa uniquesolution. For this
purpose,rst of all noticethat(4.4) canbe satis edonly if is the tangentialtraceon
of agradient. Thus, this additionalhypothesidurnsout necessaryor the problemto have a
solution. So,we make thefollowing assumption:

(4.8) in -

Now, let  bethebilinearform de ned on by

Clearly, (4.4—(4.7) canbe equialentlywritten asfollows:

Find sud that:

(4.9) in -
(4.10)

THEOREM 4.1. Under assumption(4.8), the variational problem (4.9—(4.10 hasa
uniquesolution.

Proof. It is enoughto shav that  is elliptic, since,in sucha case thetheoremfollows
from Lax-Milgram'sLemma.
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To provetheellipticity, for

Thus,

where

with
and

Next, we proceedasin [16] andusethe elementarynequality

to obtain

Now, sincé
— and

with independentf ,wehave
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we write

To estimatethelasttermin theright-handsideabove, notice rst that,for all

IForthe rst inequality seefor instance[25, Lemmal.3.6].

279
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Ontheotherhand, independendf and suchthat

Therefore,by combiningthe last threeinequalitiesandtaking and small enough,we
obtainthat suchthat, ,

which allows usto concludetheellipticity of . 0O
To endthis section,we prove thatthe uniquesolutionof the variationalproblem(4.9)—
(4.10 is actuallyasolutionof thestrongform of theproblemgivenby equationg3.6)—(3.16).

THEOREM 4.2. Thesolution of (4.9—4.10 satis es(3.6—3.16.
Proof. First, let be a solutionof the compatibleNeumanrproblem
in on . By testing(4.5 with , We obtain
(3.17) by using(4.6) (since ) and (whichis a

consequencef thede nition of theduality pairing).

Secondhy testing(4.5—(4.7) with smoothfunctionssupportedn adequatelomainsand
proceedingn the standardvay; it is easyto verify equationg3.6—(3.10), (3.14) and(3.16).
Since(3.12) isimposedn thede nition of thespace and(3.13 coincideswith (4.9), there
only remaingto prove (3.15 in - ; namely thatfor all ,

(4.11) -

To dothis, notice rst thatby substituting(3.11) in (4.5), integratingby partsandhaving
into account(3.6) and(3.8), we obtain

Next, for ,let beasolutionof thefollowing auxiliary problem:

Hence, in and on . Consequently
, andusingit asatestfunctionin the equationabove, we obtain

Now, from (3.6) and(3.8), we have
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where,for the last step,we have usedintegrationby parts,(3.7), (3.16), the assumptiorthat
is divergence-freand(3.1).
Thus,usingagainthat vanishes(4.17) followsfrom the
lasttwo equationsandwe concludetheproof. O

5. Numerical approximation. In this sectionwe describeandanalyzea nite element
methodto approximatehe solutionof problem(4.9—(4.10. To dothis, rst noticethat(4.9)
impliesthatthe surfacegradientof canbewritten asfollows:

Therefore,if we take an arbitrarybut x ed point andif thedata is sufciently
smooth(for instancejt is enoughthat - with ), thenwe cancomputein
advancethevaluesof on asfollows:

where isary simplecurvelying on andjoining  with ,and isits unittangent
vector Noticethatthe computedvalueof is independenof the particularcurve
Thus,if wede ne

(5.1) -

thenproblem(4.9)—(4.10 is equivalentto thefollowing one:

Find sud that:
(5.2) on

(5.3)

To obtaina discreteformulationof this problem,we furtherassumehatall the domains

areLipschitzpolyhedra.Let be afamily of tetrahedrameshe®f suchthat,for each
mesh all the elements arecompletelyincludedin oneof thethreesubdomains
or

Considetthefollowing nite elementspaces:

where , is the setof polynomialsof degreenot greaterthan
For theboundarycondition,we choosehefollowing discreteapproximatiorof

(5.4)

where is the Lagrangeinterpolanton the triangularmeshon  which consistsof the
facesof tetrahedraof lying on , thatwe denote . Noticethatthe de nition of
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makessensebecause , asde ned by (5.1), is continuous.Let usremarkthat is
completelydeterminedby its valuesat the verticesof the triangulation , which canbe
corvenientlycomputedromthedata by meansof (5.1), with beinga curve formed
by edgesof

Thus,we areleadto thefollowing discreteproblem:

Find sud that:
(5.5) on
(5.6)

The existenceand uniquenes®f the solution of this discreteproblemis againanim-
mediateconsequencef the ellipticity of , provedin the proof of Theorem4.2, andLax-
Milgram's Lemma. Moreover, if the solutionof the continuousproblemis smoothenough,
thestandardnite elementerroranalysistechniqueyield thefollowing result:

THEOREM 5.1. Let and bede nedby(5.4). Let and
bethesolutionsof problems(5.2)—(5.3) and (5.5—(5.6), respectively

If , and with , thenthere exists
a strictly positiveconstant , independentf , , and ,sudthat
with

Proof Let  bethelLagrangdnterpolanton . Since

we have that . Therefore,the theoremis a direct consequencef the
ellipticity of , Ceaslemmaandthe approximatiorpropertieof the Lagrangenterpolant;
seefor instanceCiarlet[21]. O
To endthe paperwe discussthe corvenienceof choosingthedomain  of the vector
potentialso that its connectedcomponentde corvex polyhedra. For simplicity, we take
connectedn what follows, but all the statementsold true for eachof its connected
componentsSolet be simply connectedvith a connectedoundary

Accordingto [25, Theoreml.3.4], since in , thereexists
satisfying:
in
in
Moreover, accordingo Remarkl.3.12of thesamereferenceif with
, then .

Thereforepy virtue of (3.2—(3.4), thereholds:
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The rst equationabove and the simple-connectednessf implies that there exists a
unigue suchthat in , whereagheremainingequations

imply that is the solutionof thefollowing compatibleNeumanmroblem:
in
— on

The Neumanrdataof this problemwill bein generalsmoothon eachpolygonalface
of ,since s anarbitrary polyhedralsurfacewithin the dielectricdomain. In fact, if
with , then - for all faces .
Thereforejf isacornvex polyhedronthenthereexists suchthat ;
see[23]. Consequently

with . Corverselyif wereanon-corvex polyhedronthen,in general,
and,consequently

In sucha case,Theoremb.1would becomeameaningless.

Moreover, on is aclosedsubspacef ;see
[22]. When is apolyhedronit is well-known that if andonly if is cornvex;
seg[25, Theorem.3.9] and[22].

The nite elemenspace isclearlyasubspacef . Thereforewhen isacorvex
polyhedronjt makessenseo approximate by nite elementdrom

Instead,if were not corvex, thentherewould be no hopeof approximating by
nite elementfrom . Indeed,asstatedabove,in general in suchacase.
Hence, would notbelongto theclosedset containingthe nite elementspaces  for
all meshesSo,therecouldnotexist ~ suchthat as goesto zero.

6. Conclusions. We have provedthatthe formulationof theeddycurrent
problemis well posedandthatits discretizatiorby standarchodal nite elementdeadsto an
optimal-ordemumericalapproximation.This givesmathematicasupportto the well-known
ef ciency of thisapproachn applications.

However, for the corvergenceof the numericalmethod,the connecteccomponentf
thedomainof thevectorpotential mustbechoserascornvex polyhedra.Sincethis domain
canbechoserfreely (asfarasit containshe conductorsandthe sourcecurrent) thisis nota
severerestrictionin practice.

Acknowledgments. The authorswantto expresstheir gratitudeto Monique Daugefor
helpful discussions.
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