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Abstract. The aim of this paperis to provide a mathematicalanalysisof the well-known �������������

potentialformulationfor theeddycurrentproblem.Theresultingvariationalproblemis provedto bewell posedand
errorestimatesaresettledfor anumericalmethodbasedonstandardnodal�nite elements.
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1. Intr oduction. Themathematicalandnumericalanalysisof Maxwell'sequationshas
experiencedimportantdevelopmentsin differentareasof appliedmathematicsandengineer-
ing duringthelastthirty years.We referthereaderto thebooksby Bossavit [17], Monk [29]
andSilvesterandFerrari[32], asarepresentativesamplingof text booksdevotedto numerical
solutionof electromagneticproblems.

Among the numericalmethodsfound in the literatureto approximateMaxwell's equa-
tions, the �nite elementmethodis themostextended.Seefor instance[13] for a survey on
this subjectincludinga largelist of references.Nowadays,it is thebasisof severalcommer-
cial codessuchusAnsys,Femlab,Flux, Magnet,MSC/Emas,Opera,etc.Wereferthereader
to [33] for a descriptionof mostof thesecodesandfurtherreferences.

The eddycurrentproblemis obtainedfrom Maxwell's equationsby assumingthat all
�elds areharmonicandthe frequency is low enoughasto neglect theelectricdisplacement
in Amp�ere's Law. Sucha situationhappens,for instance,in problemsrelatedto electric
machinesworking at power frequenciesandin non-destructivematerialstesting.

In most practicalsituations,it is necessaryto solve the electromagneticproblemin a
boundeddomainwhich containsconductingandnon-conductingmaterial(dielectrics),the
equationsin thesetwo partsbeing typically of differentkind. Moreover, the treatmentof
multiply connectedconductorsor dielectricsin three-dimensionaldomainspresentsspecial
dif�culties. Thechoiceof theunknownsin eachsubdomainis a crucialpoint for analysisof
theproblemin domainswith a generaltopology.

An importantnumberof formulationsand�nite elementmethodsfor solving the eddy
currentproblemin three-dimensionalboundeddomainscanbefoundin theliterature.There
is a groupof papersdevoted to solving the problemin termsof certainscalarand vector
potentials[1, 2, 14, 15, 26, 30, 31] andanothergroupusing formulationsin termsof the
magnetic�eld [4, 6, 7, 9, 10, 12, 34] or theelectric�eld [3, 11, 27].

A thoroughmathematicalanalysisof the formulationsin termsof the magneticor the
electric�eld hasbeenrecentlyperformed.This is not thecase,however, for formulationsin
termsof scalarandvectorpotentials.Indeed,in spiteof the fact that the latterarethemost
frequentlyusedin applications,thereareonly a very small numberof papersdealingwith
their mathematicalanalysis.Among them,we mentiona paperby Alonso et al. [5], where
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Chile (rodolfo@ing-mat.udec.cl ). The researchof this authorwas partially supportedby FONDAP in
Applied Mathematics(Chile).

270



ETNA
Kent State University 
etna@mcs.kent.edu

������������� FORMULATION FORTHE EDDY CURRENTPROBLEM 271

thewell-posednessof someof theseformulationsis analyzed,andanotheroneby B�́ró and
Valli [16] with theanalysisof onesuchformulationin a generaltopologicalsetting.

Differentpotentialshave beenusedfor theeddycurrentproblem:a vectorpotential
�

for themagnetic�eld, a scalarpotential
�

for theelectric�eld in theconductingdomain,a
scalarmagneticpotential

	

in dielectricdomains,etc.A hierarchyof formulationsinvolving
thesepotentialshasbeendiscussedby B�́ró andPreis[15]. In particular, they concludethat
theso-called

�����
� �!�"	

formulation,whichinvolvesall of them,is themostconvenientin
termsof computercost.Numericalexperimentsillustratingtheperformanceof thisapproach
arealsoreportedin this reference.

Theaim of this paperis to providea rigorousmathematicalanalysisof this formulation.
Underrathergeneraltopologicalconditions,we prove that it leadsto a well-posedproblem,
which canbe numericallyapproximatedby standardnodal �nite elements.We alsoprove
errorestimatesfor the resultingnumericalmethod.Theseestimatesarevalid aslong asthe
threepotentialsaresuf�ciently smooth.

Thesmoothnessof thescalarpotentials
�

and
	

only relieson thatof theoriginalphys-
ical variablesof theproblem:themagneticandtheelectric�elds. However, thesmoothness
of thevectorpotential

�

alsodependson thegeometryof thedomainchosento de�ne this
non-physicalvariable.In principlethis domaincanbechosenfreely, asfar asit containsthe
conductorsandthesourcecurrents.However, whenit is chosenso that its connectedcom-
ponentsareeitherconvex polyhedraor simply connecteddomainswith smoothboundaries,
thesmoothnessof

�

is mainlydeterminedby theregularityof anotherphysicalvariable:the
magneticinduction�eld.

Becauseof this, we make sucha choicefor thedomainof
�

, which is not restrictive in
practice. However, it is convenientto chooseit assmall aspossible,becausethe magnetic
�eld is written in termsof themoreeconomicalscalarpotential

	

outsidethisdomain.Thus,
in theapplications,thedomainof

�

typically consistsof a unionof disjoint boxes,assmall
aspossible,containingthecurrentsourceandtheconductors.

Theoutlineof thepaperis asfollows: Weintroducetheeddycurrentproblemanddiscuss
thetopologicalsettingin Section2. The

�����#�$�%��	

potentialformulationis introduced
in Section3. The correspondingvariationalproblemis obtainedin Section4, wherewe
alsoprove its well-posedness.Finally, in Section5, we prove errorestimatesfor a standard
�nite elementmethodto solve the problemnumerically. We also discussin this section
the convenienceof choosinga domainwith convex connectedcomponentsfor the vector
potential.

2. Eddy curr ent problem. We considerastandardeddycurrentproblem:to determine
theelectromagnetic�elds inducedin a three-dimensionalconductingdomain &(' by a given
sourcecurrentdensity)+* . Weassumethatthesupportof ),* is compactanddisjointwith &-' .
Theeddycurrentproblemis in principleposedin thewholespace.However, werestrictit to
aboundeddomain& containingboth, &.' andthesupportof )+* , suchthatadequateboundary
conditionscanbe imposedon its boundary. To this aim, we choosethe geometryof & as
simpleaspossible(e.g.,simply connectedwith a connectedboundary).SeeFig. 2.1 for a
two-dimensionalsketch.

Let &/'10�243 beanopenandboundedsetwith boundary56' . Let &#07243 bea simply
connectedboundeddomainwith a connectedboundary5 , suchthat &8'�09& . We suppose
that both, & and &-' , areeitherLipschitz polyhedraor domainswith :4;=< ; boundaries.We
denoteby > and >.' the outward unit normal vectorsto & and &.' , respectively, and by

&@?BADCE&GF &/' the subdomainof & occupiedby dielectric material,which includesthe
supportof thesourcecurrent;seeFig. 2.1. We will usestandardnotationfor Sobolev spaces
andnorms.
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FIG. 2.1. Two-dimensionalsketch of thedomain.

Theeddycurrentproblemreadsasfollows:

Find PRQ�S�TVUXWZY\[^]�&-'Z_ and `aQ�S$TbUXWZY\[^]�&-_ such that:

UcWdY\[X`eCgf,P in &/'

�

(2.1) h�ikj

`ml�UcWdY\[XPnCGo in &/'

�

(2.2)

UXWZYp[c`qCg)r* in &@?

�

(2.3) sutwv

T

j

`7_kCyx in &

�

(2.4)

`az{>gCG|

*

on 5~}(2.5)

Theunknowns P and ` arethemagneticandelectric�elds, respectively. Themagnetic
permeability

j

andtheconductivity f areboundedfunctionssatisfying:

x€•

j

•ƒ‚ „"…

j

…

j

•ƒ†M‡ in &

�

x€•!f

•ƒ‚ „€…

f

…

f

•ƒ†M‡ in &/'k}

Let usremarkthatthemagnetic�eld hasto satisfythefollowing couplingconditions:

`9ˆ ‰‹Š�z{>-'ŒCy`•ˆ ‰OŽ�z�>/' on 5X'

�

T

j

`G_•ˆ
‰

Š ••>
'

C#T

j

`7_‘ˆ
‰

Ž’••>
' on 5

'
}

In fact,thelatter is a consequenceof (2.4), whereastheformerfollows from thefactthat `

mustbelongto S�TVUXWZYp[M]�&-_ .
The dataof the problemare the sourcecurrentdensity )

*
Q•“~”cTV&-_•3 , for which we

assume

K•L–NON

)—*"0g&@? and

sut˜v

)—*�Cyx in &@?

�

andthe tangentialtraceof the magnetic�eld |

*

. Preciseassumptionson |

*

will be made
in Section4 below; they essentiallymeanthat |

*

hasto bethetangentialtraceof a curl-free
vector�eld (recallthat UXWZYp[6` vanishesin theneighborhoodof 5 ).

Equations(2.1)–(2.5) are enoughto determineP and ` only if the topology of the
conductingdomain &-' is trivial. Otherwise,additionalconstraintsmustbe imposed.To do
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this,wereduceouranalysisto domainssatisfyinga standardtopologicalassumption;seefor
instanceAmroucheet al. [8]. We assumethat thereexists ™ ? connectedopensurfacesš.›

(socalled“cuts”) containedin &/? , suchthat:
(i) eachsurface š-› is anopenpartof asmoothmanifold,
(ii) theboundaryof eachš-› is containedin 5 ' ,
(iii) theintersectionš/œ–• škž is emptyfor

h8Ÿ

C$  ,
(iv) theopenset ¡&@?$ADCG&@?’F-¢

›

š › is pseudo-Lipschitzandsimplyconnected.
Underthis assumption,since5 is connected,thespaceof harmonic�elds

£�¤

Tb5

�

5J'd_/ADC¦¥J§�Q’“

”

T�&@?k_

3

A¨UXWZYp[J§�CGo in &@?

�

sut˜v

T

j

§Z_kC�x in &@?

�

§
z{>gC�o on 5 and

j

§�•‘>-'�C�x on 5J'~©

satis�es

sOtwª

£�¤

Tb5

�

5J'Z_~C1™�? ; see,for instanceFernandezandGilardi [24, Proposition5.6].
A basisfor this spaceis given by «­¬–Y\®O¯±° žX²•³

Ž

žM´

;

, whereeach ° ž QµS ;

¶

TV&@?¦F±š ž _ is the
solutionof thefollowing elliptic problem:

[[ °dž ]] ·–¸-C#¹

�

º

‰OŽ‹»

·
¸

j

¬‹Y\®O¯�°dž-••¬‹Yp®–¯½¼¾C�x ¿r¼
Q’S

;

¶

TV&
?

_À}

In theexpressionabove[[ • ]] ·–¸ denotesthejumpacrossš~ž . Hereandthereafterthesubscript
5 in S

;

¶

T•• _ refersto functionin S
;

T^•Á_ with a vanishingtraceon 5 .
Noticethatalthoughin principle ¬–Y\®O¯"°Zž�Q�“~”JT�&

?
F/škž­_ , thelastequationimpliesthatj

¬–Y\®O¯±°,ž is a divergence-freefunction in thewhole &
? (not only in &

?
F¨škž ). Moreover,

sincethejump [[ °Zž ]] ·O¸ is constant,¬–Y\®O¯±°dž hasalsoa vanishingUXWZYp[ in thewhole &
? (and

notonly in &
?

F-škž , again).Thus, ¬‹Y\®O¯�°Zž�Q

£
¤

TV5

�

5
'

_ .
To determinea uniquesolutionof theeddycurrentproblem(2.1)–(2.5), it is enoughto

addthefollowing constraints(seeAlonsoetal. [5]):

(2.6)
º

‰OŽ

h�ikj

`Â•­¬–Y\®O¯±°
ž

l

º

¶

Š

TVPRz’>-'d_4•‘¬‹Y\®O¯"°
ž

C�x

�

 "CÃ¹

�

}•}‘}

�

™{?/}

Let us remarkthat the secondintegral above hasa weaksensefor PÄQ�S�TVUXWZY\[^]�&
'

_ and
¬–Y\®O¯±°dž�Q’S�TVUXWZYp[•]�&

?
_ , aswasshown by BuffaandCiarlet[18, 19] for Lipschitzpolyhedra

andby Buffa et al. [20] for arbitraryLipschitz domains;seeSection4 below for a precise
de�nition.

3. The
�Œ���7���n�
	

potential formulation. In this sectionwe recalla classicalfor-
mulationof the eddycurrentproblemin termsof threepotentials,

�

,
�

and
	

, which was
introducedby LeonardandRodger[28]. We refer to B�́ró andPreis[15] for a detaileddis-
cussion,which includesnumericaltestsshowing theef�ciency of thisapproach.

First,weintroduceamagneticvectorpotential
�

de�nedin asubdomain&8Å of & , which
containstheconductingdomainandthesupportof thesourcecurrent.This subdomaindoes
notneedto beconnected,but eachof its connectedcomponentswill bechoseneitherconvex
or simplyconnectedwith asmoothboundary. Thereasonfor suchachoicewill bediscussed
in Section5 below. Ontheotherhand,for thesakeof discretization,it is convenientto choose
a polyhedraldomain &

Å ; moreover, outside &
Å , we will usea scalarpotential,which will

consequentlyrequiremuch lessdegreesof freedomfor its discretization.Becauseof this,
&

Å will be chosenassmall aspossible,but with convex polyhedralconnectedcomponents
containing&-' and KMLONON

)—* ; seeFig. 3.1.
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FIG. 3.1. Two-dimensionalsketch of thedomainsfor thedifferentpotentials.

Let &
Å

0¦243 beanopensetsatisfying

(3.1) &
'ÊÉ

K•LON–N

)
*

01&/Å and &/Å¦0!&¨}

We denoteby &

ž

Å

,  �Cn¹

�

}‘}‘}

�

™
Å , theconnectedcomponentsof &

Å . We assumethateach
&

ž

Å

is eithera convex polyhedronor a simply connecteddomainwith a :
;=< ;

boundary, and

that &

ž

Å

aremutuallydisjoint. We denoteby 5
Å theboundaryof &

Å andby >
Å its outward

unit normalvector;seeFig. 3.1.
As a consequenceof [25, TheoremI.3.5.], equation(2.4) impliesthatthereexist unique

�

ž
Q�S�TbUcWdY\[•]�&

ž

Å

_ suchthat
j

`ËC�UXWZYp[

�

ž in &

ž

Å

�

(3.2)
sutwv

�

ž
C�x in &

ž

Å

�

(3.3)
�

ž-•‘>-Å
C�x on Ì+&

ž

Å

}(3.4)

Thus,if we de�ne
�

AÍ&
Å

�‹ÎÐÏ

by
�

ˆ

‰

¸ Ñ

AÁC

�

ž

�

 ±CÃ¹

�

}•}‘}

�

™�Å

�

then
�

belongsto thespaceÒ

ADCgS"ÓÍT

sut˜v

]�&/Åƒ_,•�S�TVUXWZY\[^]�&/Åƒ_

�

whosenaturalnormis

Ô­Õ’Ô=Ö

AÁCR×

Ô‘Õ’Ô

”

Ó

<

‰

Ñ

l

Ô

sOtwv

Õ’Ô

”

Ó

<

‰

Ñ

l

Ô

UcWdY\[

Õ’Ô

”

Ó

<

‰

Ñ+Ø8Ù

Ú

}

Next, accordingto B�́ró andPreis[15] (seealsoB�́ró [14] andB�́ró andValli [16]) we
introduceanelectricscalarpotential

�

Q�S
;

T�&/'d_ , suchthat

(3.5) PnC

�

h�i

�9�

h�i

¬–Y\®O¯

�

in &
'

}

Let usremarkthat(2.6) is a necessaryconditionfor a globalpotential
�

to exist; see[5] and
theformalargumentat theendof thissection.Noticethat,from (2.1),

sut˜v

T

�

h�i

f

���

h�i

f�¬–Y\®O¯

�

_kC�x in &/'k}
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Moreover, since `ÛQ’S�TbUcWdY\[M]�&-_ , (2.1) and(2.3) alsoimply that

T

h�i

f

�

l

h�i

f(¬‹Y\®O¯

�

_4•‘>-'ŒCgx on 5X'k}

Theselasttwo equationswill bealsocollectedin thepotentialformulation.
Equation(3.5) determinestheelectricpotential

�

on eachconnectedcomponentof &8'

up to anadditive constant.Thus,if &.' has ™’' connectedcomponents&

ž

'

, thenthenatural
spacefor

�

is Ü

ADC

³

Š

Ý

žM´

;

S

;

TV&

ž

'

_�Þ

Ï@�

endowedwith thenorm
Ô

¬–Y\®O¯

�

Ô

Ó

<

‰ Š

.
Finally, a magneticscalarpotential

	

is de�ned in

&
È

ADC�&�F &
Å

(seeFig. 3.1). To dothis,noticethatsince&
Å is adisjointunionof convex setswith &

Å
0g&

and & is simply connected,it turnsout that &
È is simply connectedtoo. Therefore,from

(2.3) and(3.1) we know that thereexists
	

Q1S
;

TV&
È

_ (uniqueup to an additive constant)
suchthat

`qC

i

¬–Y\®O¯

	

in &/È4}

Thus,we are leadto the following formulationof problem(2.1)–(2.6) in termsof the
potentials

�

Q

Ò

,
�

Q

Ü

and
	

Q’S
;

TV&/È,_�Þ

Ï

:

UXWZY\[kß

¹

j

UXWZY\[

�Êà

l

h�i

f

�

l

h�i

f�¬–Y\®O¯

�

C�o in &
'

�

(3.6)
sutwv

T

�

hVi

f

���

h�i

f�¬–Y\®O¯

�

_kC�x in &
'

�

(3.7)

UXWZY\[kß

¹

j

UXWZY\[

��à

Cy)
* in &/Å’F &

'

�

(3.8)

ß

¹

j

UXWZY\[

�
àÊá

á

á

á

‰‹Š

z{>-'

�

ß

¹

j

UXWZY\[

�
àÊá

á

á

á

‰

Ñ

» ‰—Š

z�>.'�C�o on 5J'

�

(3.9)
sut˜v

T

j

¬–Y\®O¯

	

_kC�x in &
È

�

(3.10)
sOtwv

�

C�x in &
Å

�

(3.11)
�

•À>
Å

C�x on 5
Å

�

(3.12) i

¬‹Yp®–¯

	

z�>1C�|

*

on 5

�

(3.13)
¹

j

UcWdY\[

�

••>
Å

�

i

¬‹Y\®O¯

	

•À>
Å

C�x on 5
Å

�

(3.14)

¹

j

UcWdY\[

�

z{>-Å

�

i

¬–Y\®O¯

	

z�>/Å�C�o on 5JÅ

�

(3.15)

T

h�i

f

�

l

h�i

f(¬‹Y\®O¯

�

_4•‘>
'

C�x on 5
'

}(3.16)

Let us remarkthat (3.9) and (3.15) are consequencesof the fact that ` QâS$TbUXWZY\[^]�&-_ ,
whereas(3.14) followsfrom thefactthat

j

`aQ�S$T

sut˜v

]�&-_ , whichin its turnis aconsequence
of (2.4)



ETNA
Kent State University 
etna@mcs.kent.edu

276 R. ACEVEDOAND R. RODRIGUEZ

To endthis sectionwe show thatany solutionof theaboveequationsyieldsasolutionof
theeddycurrentproblem(2.1)–(2.6). In fact,let T

�Œ���~�•	

_@Q

Ò

z

Ü

z.S ; TV&/È,_�Þ

Ï

satisfying
(3.6)–(3.16). Let

(3.17) `aAÁCÛã

ä å

¹

j

UXWZY\[

�

in & Å

�

i

¬–Y\®O¯

	

in & È

�

and P bede�nedby (3.5). It is immediateto show that `ÛQ’S�TbUcWdY\[M]�&-_ , PRQ�S$TbUXWZY\[•]�&-'d_ ,
andthey satisfy(2.1)–(2.5). Thereonly remainsto provethat(2.6) alsoholdstrue.To dothis,
noticethat(2.4) impliesthatthereexistsavectorpotential æBQ’S�TbUcWdY\[•]�&-_ suchthat

(3.18)

j

`qCgUcWdY\[Xæ in &¨}

Taking into accountthat thesets &

ž

Å

aresimply connectedandmutually disjoint, from
(3.17) therefollows thatthereexists ç€Q�S�;\T�&/Å4_ suchthat

�

C�æ%l$¬–Y\®O¯±ç in &/Å@}

Consequently, if we de�ne è

�

ADC

�

l�ç–ˆ ‰—Š , weobtainfrom (3.5) that

(3.19) PnC

�

h�i

TVæ%l$¬–Y\®O¯
è

�

_ in &/'ƒ}

Equations(3.18) and (3.19) fall in the framework analyzedby Alonso et al. [5, Sec-
tion 6(ii)], whereit is shown that (2.6) holdstrue. This canbe formally veri�ed by using
(3.17), thefactthat ¬‹Y\®O¯�°Zž�Q

£
¤

Tb5

�

5
'

_ and(3.19), asfollows:
º

‰
Ž

h�ikj

`Â•‘¬‹Y\®O¯"°
ž

C

º

‰
Ž

h�i

UcWdY\[XæR••¬–Y\®O¯"°
ž

C

hVi

º

¶

Š

TVæéz�>-'d_4•­¬–Y\®O¯±°
ž

C

�

º

¶

Š

T�Pêz{>-'d_ƒ••¬‹Yp®–¯�°
ž

�

h�i

º

¶

Š

Tb¬‹Yp®–¯�è

�

z�>-'Z_ë••¬‹Y\®O¯�°
ž

C

�

º

¶

Š

T�Pêz{>-'d_ƒ••¬‹Yp®–¯�°
ž

�

wherefor thelastequalitywehaveusedthat
º

¶

Š

TV¬–Y\®O¯
è

�

z�>/'ë_ë••¬‹Y\®O¯�°
ž

C

º

‰OŽ

¬–Y\®O¯
è

�

�

••UXWZY\[OTb¬‹Y\®O¯�°
ž

_

�

º

‰–Ž

UcWdY\[MTb¬‹Yp®–¯
è

�

�

_4••¬–Y\®O¯"°
ž

C�x

�

with
è

�

�¨Q�S
;

TV&-_ beinganextensionof
è

�

to thewhole & .

4. Variational formulation. Existenceand uniquenessof solution. The aim of this
sectionis to give a variationalformulation of problem(3.6)–(3.16) and to prove its well-
posedness.

First,werecallsomeresultssettledin [20] for Lipschitzdomains.Wewrite theseresults
for &

Å , aswill be usedin the sequel.The tangentialtraceoperatorì‹í–Tbîï_ÊADCâî¨ˆ

¶

Ñ

z¾>
Å

is a boundedlinear operatorfrom S�TVUXWZY\[^]�&
Å

_ onto S�ð

Ù

Ú

T

sut˜v

¶

]�5
Å

_ . The tangentialpro-
jection ñ—í–Tò§d_±ADC�>

Å
z$Tb§ïˆ

¶

Ñ

z�>
Å

_ is a boundedlinearoperatorfrom S$TbUXWZY\[^]�&
Å

_ onto
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S�ð

Ù

Ú

Tbó

LOôMõ

¶

]M5XÅë_ . Thus,thedualitypairingbetweenS�ð

Ù

Ú

T

sutwv

¶

]�5JÅƒ_ and S�ð

Ù

Ú

Tbó

L–ôMõ

¶

]M5JÅ4_ is
well de�ned by

ö

ìÍíOTbî@_

�

ñ‹í‹Tò§Z_M÷

¶

Ñ

ADC

º

‰

Ñ

UcWdY\[\î�•À§

�

º

‰

Ñ

î�•‘UXWZY\[\§ ¿—î

�

§
Q’S$TbUXWZY\[^]�& Å _À}

For any øEQ¦S�TVUXWZYp[M]�&-È,_ , its tangentialtraceon 5XÅ alsobelongsto S�ð

Ù

Ú

T

sut˜v

¶

]M5JÅƒ_ and,
consequently,

ö

øùz�> Å

�

ñ‹í–Tb§Z_•÷

¶

Ñ

is alsowell de�ned.

To obtainavariationalformulationof problem(3.6)–(3.16), noticethatby virtueof (3.6),
(3.8) and(3.9) we havethat ;

¤

UcWdY\[

�

Q�S�TVUXWZYp[•]�& Å _ , andfor all
Õ

Q

Ò

º

‰

Ñ

UcWdY\[ ß

¹

j

UcWdY\[

� à

•.ú

Õ

C

�

h�i

º

‰ Š

f T

�

l$¬–Y\®O¯

�

_ë•.ú

Õ

l

º

‰

Ñ

)r*�•-ú

Õ

}

Integratingby partstheleft-handsideaboveandusing(3.11) and(3.15), therefollows

º

‰

Ñ

¹

j�û

UXWZY\[

�

••UcWdY\[�ú

Õ

l�T

sut˜v

�

_ƒü

sut˜v

ú

Õ€ý=þ

l

h�i

º

‰‹Š

f

�

•.ú

Õ

(4.1)

l

h�i

º

‰—Š

f�¬‹Y\®O¯

�

•.ú

Õ

�

i

ö

¬‹Yp®–¯

	

z�>-Å

�

ñ
í

T

Õ

_•÷

¶

Ñ

C

º

‰

Ñ

)
*

•.ú

Õ

}

On theotherhand,from (3.7), by integratingby partsandusing(3.16) we have for all
ÿ

Q�S¾;JTV&
'

_

(4.2)

h�i

º

‰
Š

f

�

•‘¬‹Y\®O¯��

ÿ

l

h�i

º

‰
Š

f¨¬‹Y\®O¯

�

•‘¬–Y\®O¯��

ÿ

Cyx–}

Finally, for any °gQ�S
;

¶

T�&
È

_ , from (3.10), by integratingby partsandusing(3.14), we
obtain

i

º

‰

�

j

¬‹Y\®O¯

	

•­¬–Y\®O¯

�

°’l

º

¶

Ñ

UcWdY\[

�

••>
Å

�

°�Cyx

�

wherethe last integral must be understoodas the duality pairing betweenS¦ð

Ù

Ú

TV5
Å

_ and
S

Ù

Ú

TV5JÅƒ_ . Now, let °k�¨Q�S
;

TV&-_ beanextensionof ° to thewhole & . Hence,

º

¶

Ñ

UXWZYp[

�

•‘>
Å

�

°
C

º

‰

Ñ

UcWdY\[

�

•­¬–Y\®O¯

�

°

�

C

�

¬‹Y\®O¯

�

°¦z�>
Å

�

ñ‹í–T~ú

�

_��

¶

Ñ

}

Therefore,weobtain

(4.3)

i

º

‰

�

j

¬‹Yp®–¯

	

•‘¬‹Y\®O¯

�

°�l

�

¬–Y\®O¯

�

°$z�>
Å

�

ñ‹í‹Tkú

�

_
�

¶

Ñ

Cgx–}

Equations(4.1)–(4.3) togetherwith theessentialcondition(3.13), provide thefollowing
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variationalformulationof problem(3.6)–(3.16):

Find
�

Q

Ò

,
�

Q

Ü

and
	

Q�S ; TV&/È,_�Þ

Ï

such that:
i

¬‹Y\®O¯

	

z{>gCG|

*

in S

ð

Ù

Ú

T

sut˜v

¶

]M5ë_

�

(4.4)

º

‰

Ñ

¹

j�û

UXWZY\[

�

••UcWdY\[�ú

Õ

l�T

sut˜v

�

_ƒü

sut˜v

ú

Õ€ý=þ

l

h�i

º

‰‹Š

f

�

•.ú

Õ

(4.5)

l

h�i

º

‰‹Š

f¨¬‹Y\®O¯

�

• ú

Õ

�

i

ö

¬‹Y\®O¯

	

z�>.Å

�

ñ í T

Õ

_M÷

¶

Ñ

C

º

‰

Ñ

) * • ú

Õ

¿

Õ

Q

Ò

�

hVi

º

‰—Š

f

�

••¬–Y\®O¯��

ÿ

l

h�i

º

‰‹Š

f�¬–Y\®O¯

�

••¬‹Yp®–¯��

ÿ

Cyx ¿

ÿ

Q

Ü

�

(4.6)

i

º

‰

�

j

¬‹Y\®O¯

	

•­¬–Y\®O¯

�

°’l

�

¬–Y\®O¯

�

°�z�>
Å

�

ñ—íOT~ú

�

_��

¶

Ñ

Cyx ¿+°�Q�S

;

¶

T�&
È

_=}(4.7)

Our next goal is to prove that this variationalproblemhasa uniquesolution. For this
purpose,�rst of all noticethat (4.4) canbe satis�ed only if |

*

is the tangentialtraceon 5

of a gradient.Thus,this additionalhypothesisturnsout necessaryfor theproblemto have a
solution.So,we make thefollowing assumption:

(4.8) �
	�Q�S

;

T�&/È,_@A |

*

Cy¬‹Y\®O¯�	�z�> in S

ð

Ù

Ú

T

sut˜v

¶

]M5ë_=}

Now, let � bethebilinearform de�ned on

Ò

z

Ü

z�S
;

TV&/Èd_�Þ

Ï

by

�#T•T

�����k�M	

_

�

T

Õ

�

ÿ

�

°4_M_

AÁC

º

‰

Ñ

¹

j
û

UcWdY\[

�

••UXWZYp[�ú

Õ

l�T

sOtwv

�

_kü

sut˜v

ú

Õ€ý=þ

l

i

”

º

‰

�

j

¬–Y\®O¯

	

•‘¬‹Y\®O¯

�

°

l

h�i

º

‰‹Š

f€T

�

l$¬‹Yp®–¯

�

_ƒ•
ü

ú

Õ

l$¬–Y\®O¯��

ÿ

ý

�

i

ö

¬–Y\®O¯

	

z{>-Å

�

ñ
í

T

Õ

_•÷

¶

Ñ

l

i

�

¬–Y\®O¯

�

°$z�>-Å

�

ñ
í

T~ú

�

_
�

¶

Ñ

}

Clearly, (4.4)–(4.7) canbeequivalentlywrittenasfollows:

Find T

�����k�M	

_/Q

Ò

z

Ü

z’S
;

T�&/È,_MÞ

Ï

such that:
i

¬‹Yp®–¯

	

z�>1C�|

*

in S

ð

Ù

Ú

T

sutwv

¶

]M5Z_

�

(4.9)

�µT•T

�����~�•	

_

�

T

Õ

�

ÿ

�

°ƒ_•_kC

º

‰

Ñ

)
*

•-ú

Õ

¿4T�


�

ÿ

�

°ƒ_@Q

Ò

z

Ü

z�S

;

¶

T�&/È,_=}(4.10)

THEOREM 4.1. Under assumption(4.8), the variational problem(4.9)–(4.10) has a
uniquesolution.

Proof. It is enoughto show that � is elliptic, since,in sucha case,thetheoremfollows
from Lax-Milgram'sLemma.
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To provetheellipticity, for T

Õ

�

ÿ

�

°ƒ_@Q

Ò

z

Ü

z’S ; TV&/È,_MÞ

Ï

wewrite

�#TMT

Õ

�

ÿ

�

°ƒ_

�

T

Õ

�

ÿ

�

°4_M_kC

º

‰

Ñ

¹

j

×

ˆ UcWdY\[

Õ

ˆ

”

lGˆ

sOtwv

Õ

ˆ

”

Ø

l

i

”

º

‰

�

j

ˆ ¬‹Yp®–¯�°-ˆ

”

l

h�i��

º

‰ Š

f × ˆ

Õ

ˆ

”

lGˆ ¬‹Y\®O¯

ÿ

ˆ

”

Ø

l��

º

‰ Š

f����cTV¬–Y\®O¯

ÿ

•-ú

Õ

_

l����

ª

�

¬‹Y\®O¯

�

°$z{>.Å

�

ñ í Tdú

Õ

_ �

¶

Ñ��

}

Thus,

ˆ �µT•T

Õ

�

ÿ

�

°4_

�

T

Õ

�

ÿ

�

°ƒ_•_‘ˆ

”

CµT���l

i

”��

_

”

l

i

”

T �kl!�#"6_

”

�

where

�ÊADC

º

‰

Ñ

¹

j

×
ˆ UcWdY\[

Õ

ˆ

”

lGˆ

sOtwv

Õ

ˆ

”

Ø

�

�

AÁC

º

‰

�

j

ˆ ¬‹Y\®O¯±°-ˆ

”

�

�¨ADC

º

‰‹Š

f
×

ˆ

Õ

ˆ

”

l�ˆ ¬–Y\®O¯

ÿ

ˆ

”

Ø

�

" ADC�$/l!%

�

with

$½ADC

º

‰‹Š

f&�'�cTb¬‹Y\®O¯

ÿ

•8ú

Õ

_ and %�ADC(�

ª

�

¬‹Yp®–¯

�

°¦z{>-Å

�

ñ
í

T+ú

Õ

_
�

¶

Ñ

}

Next, weproceedasin [16] andusetheelementaryinequality

T��~l��)"Í_

”�*,+

�

”

�.-

+

"

”

¿/�

�

" Q’2

�

¿

+

Q�Tbx

�

¹pÞ#�10

�

to obtain

ˆ �µT•T

Õ

�

ÿ

�

°4_

�

T

Õ

�

ÿ

�

°ƒ_•_‘ˆ

”

*

�

”

l

i32

�=”

l

i

”

T

+

�

”

�.-

+

"

”

_ ¿

+

Q�Tbx

�

¹pÞ#�10 }

Now, since1

�

* 4

j

•ƒ†M‡

Ô•Õ’Ô

”

Ö

and �

*

j

•ƒ‚ „

Ô

¬‹Yp®–¯�°

Ô

”

Ó

<

‰

�

�

with
465

x independentof
Õ

, wehave

ˆ �#TMT

Õ

�

ÿ

�

°ƒ_

�

T

Õ

�

ÿ

�

°4_M_‘ˆ

”

*
4

”

j

”

•ƒ†M‡

Ô•Õ’Ô

2

Ö

l

i
2

j

”
•ƒ‚ „

Ô

¬‹Y\®O¯"°

Ô

2

Ó

<

‰

�

l

i

”
+

ß

º

‰—Š

fÊˆ ¬–Y\®O¯

ÿ

ˆ

”

à

”

�

¹87

i

”
+

T�$

”

l!%

”

_=}

To estimatethelasttermin theright-handsideabove,notice�rst that,for all 9

5

x ,

$

”

…

ß

º

‰—Š

á

á

f�¬–Y\®O¯

ÿ

•-ú

Õ

á

á

à

”

…

9

�

ß

º

‰‹Š

f€ˆ ¬‹Yp®–¯

ÿ

ˆ

”

à

”

l

¹

�:9

ß

º

‰—Š

f ˆ

Õ

ˆ

”

à

”

}

1For the�rst inequality, see,for instance,[25, LemmaI.3.6].
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Ontheotherhand,�<;

5

x independentof ° and
Õ

suchthat

%

”

…

Ô

¬–Y\®O¯

�

°$z�> Å

Ô

”='>

Ù

Ú@?

*

‚ ACB)D

¶

Ñ<E1F

F

ñ‹í–Tdú

Õ

_

F

F

”= >

Ù

Ú<?HGJILK�M

B D

¶

Ñ E

…

;Ã×

Ô

¬–Y\®O¯"°

Ô

2

Ó

<

‰

�

l

Ô‘Õ’Ô

2

Ö

Ø

}

Therefore,by combiningthe last threeinequalitiesand taking 9 and + small enough,we
obtainthat �ON

5

x suchthat, ¿4T

Õ

�

ÿ

�

°ƒ_@Q

Ò

z

Ü

z’S ; T�& È _MÞ

Ï

,

ˆ �#T•T

Õ

�

ÿ

�

°ƒ_

�

T

Õ

�

ÿ

�

°ƒ_•_•ˆ

”

*

N ×

Ô­Õ’Ô

2

Ö

l

Ô

¬–Y\®O¯

ÿ

Ô

2

Ó

<

‰ Š

l

Ô

¬–Y\®O¯"°

Ô

2

Ó

<

È

Ø

�

whichallowsusto concludetheellipticity of � .
To endthis section,we prove that theuniquesolutionof thevariationalproblem(4.9)–

(4.10) is actuallyasolutionof thestrongform of theproblemgivenby equations(3.6)–(3.16).
THEOREM 4.2. Thesolution T

�Œ���~�•	

_ of (4.9)–(4.10) satis�es(3.6)–(3.16).
Proof. First, let ç’Q�S ; TV&/Åƒ_ bea solutionof thecompatibleNeumannproblem P±çÊC

sut˜v

�

in &/Å , Ì—çcÞ\Ì—>-Å•CBx on 5JÅ . By testing(4.5) with
Õ

CB¬–Y\®O¯�çgQ

Ò

, we obtain
(3.11) by using(4.6) (sinceç–ˆ ‰—Š�Q

Ü

) and
ö

¬–Y\®O¯

	

z�>
Å

�

ñ‹í‹Tb¬‹Yp®–¯½çX_•÷

¶

Ñ

CGx (which is a
consequenceof thede�nition of theduality pairing).

Second,by testing(4.5)–(4.7) with smoothfunctionssupportedin adequatedomainsand
proceedingin thestandardway, it is easyto verify equations(3.6)–(3.10), (3.14) and(3.16).
Since(3.12) is imposedin thede�nition of thespace

Ò

and(3.13) coincideswith (4.9), there
only remainsto prove(3.15) in S�ð

Ù

Ú

T

sutwv

¶

]M5
Å

_ ; namely, thatfor all Q’Q�S�TbUcWdY\[^]�&
Å

_ ,

(4.11) R

¹

j

UcWdY\[

�

z{>
Å

�

ñ—í–T�Q—_CS

¶

Ñ

�

ö

¬‹Yp®–¯

	

z�>
Å

�

ñ‹í‹T�Q‹_M÷

¶

Ñ

C�xO}

To do this,notice�rst thatby substituting(3.11) in (4.5), integratingby partsandhaving
into account(3.6) and(3.8), weobtain

R

¹

j

UcWdY\[

�

z{>
Å

�

ñ—íOT

Õ

_
S

¶

Ñ

�

ö

¬–Y\®O¯

	

z{>
Å

�

ñ—í–T

Õ

_•÷

¶

Ñ

Cgx ¿

Õ

Q

Ò

}

Next, for Q�Q�S�TVUXWZY\[^]�&
Å

_ , let ° bea solutionof thefollowing auxiliaryproblem:

°¦Q’S

;

T�&
Å

_�Þ

Ï

A

º

‰

Ñ

¬‹Yp®–¯�°¾••¬‹Yp®–¯

�

¼¾C

º

‰

Ñ

Q •­¬–Y\®O¯

�

¼ ¿r¼�Q’S

;

TV&
Å

_�Þ

Ï

}

Hence,

sut˜v

T Q

�

¬–Y\®O¯"°ƒ_ÊCùx in &
Å and T Q

�

¬–Y\®O¯±°ƒ_-•X>
Å

Cùx on 5
Å . Consequently,

Õ

AÁCTQ

�

¬–Y\®O¯±°�Q

Ò

, andusingit asa testfunctionin theequationabove,we obtain

R

¹

j

UcWdY\[

�

z�>
Å

�

ñ‹í–T�Q

�

¬‹Yp®–¯�°ƒ_
S

¶

Ñ

�

ö

¬‹Yp®–¯

	

z�>
Å

�

ñ‹í‹T�Q

�

¬–Y\®O¯±°ƒ_•÷

¶

Ñ

Cyx–}

Now, from (3.6) and(3.8), wehave

R

¹

j

UXWZY\[

�

z�>
Å

�

ñ‹í–TV¬–Y\®O¯±°ƒ_
S

¶

Ñ

C

º

‰

Ñ

UXWZY\[
ß

¹
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�
à
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�

°
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�
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‰—Š

T

hVi

f

�

l

h�i

f¨¬–Y\®O¯

�

_4•­¬–Y\®O¯

�

°

l

º

‰

Ñ

)
*

••¬–Y\®O¯

�

°

Cyx
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where,for the laststep,we have usedintegrationby parts,(3.7), (3.16), theassumptionthat
) * is divergence-freeand(3.1).

Thus,usingagainthat
ö

¬–Y\®O¯

	

z�> Å

�

ñ‹í‹Tb¬‹Yp®–¯�°ƒ_•÷

¶

Ñ vanishes,(4.11) followsfrom the
lasttwo equations,andweconcludetheproof.

5. Numerical approximation. In this sectionwe describeandanalyzea �nite element
methodto approximatethesolutionof problem(4.9)–(4.10). To do this, �rst noticethat(4.9)
impliesthatthesurfacegradientof

	

canbewrittenasfollows:

U

¶

	

AÁCy>�z
T

U

	

z{>._kC

¹

i

>Gz�|

*

}

Therefore,if we take an arbitrarybut �x ed point V Ó Q�5 andif the data |

*

is suf�ciently
smooth(for instance,it is enoughthat |

*

Q’S

Ù

Ú1WYX

Tb5Z_ 3 with Z

5

x ), thenwe cancomputein
advancethevaluesof

	

on 5 asfollows:

	

T Vk_~C

ºO[

?H\

E

U

¶

	

•8]

[

?^\

E

C

¹

i

ºO[

?^\

E

>Gz�|

*

•L]

[

?H\

E

�

where_"T�Vk_ is any simplecurvelying on 5 andjoining V
Ó with V , and]

[

?H\

E

is its unit tangent
vector. Noticethat thecomputedvalueof

	

T�Vk_ is independentof theparticularcurve _"T�Vk_ .
Thus,if wede�ne

(5.1) `
*

T�Vk_@ADC

¹

i

º
[

?H\

E

>�z�|

*

•L]

[

?H\

E

�

thenproblem(4.9)–(4.10) is equivalentto thefollowing one:

Find T

�����k�M	

_@Q

Ò

z

Ü

z’S
;

T�&
È

_ such that:

	

C�`J* on 5

�

(5.2)

�#TMT

�����k�M	

_

�

T

Õ

�

ÿ

�

°ƒ_•_kC

º

‰

Ñ

)r*�•.ú

Õ

¿ƒTa


�

ÿ

�

°ƒ_@Q

Ò

z

Ü

z’S

;

¶

TV&
È

_À}(5.3)

To obtaina discreteformulationof this problem,we furtherassumethatall thedomains
areLipschitzpolyhedra.Let «�bdc

² bea family of tetrahedralmeshesof & suchthat,for each
mesh,all theelementse•Qfb@c arecompletelyincludedin oneof thethreesubdomains&8Å ,

&
' or &/È .

Considerthefollowing �nite elementspaces:
Ò

c
ADC

¥

Õ

c
Q

Ò

A

Õ

c
ˆ g�Qih

3

³

¿jeGQib
c

A)eG0 &
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�

Ü

c€ADC
¥

ÿ

c Q

Ü

A

ÿ

c‹ˆ
g

Qih

³

¿keGQib<c€A)e70 &
'ï©

�

l

c
ADC$¥c°

c
Q’S

;

T�&
È

_@A(°
c
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³

¿ke�Qib
c

A)e�0 &
È

©

�

l

¶

<

c€ADC�«p°nc€Q

l

c€A¨°�c—ˆ

¶

Cyx
²

�

whereh

³

, ™

*

¹ , is thesetof polynomialsof degreenotgreaterthan ™ .
For theboundarycondition,we choosethefollowing discreteapproximationof `

* :

(5.4) `J*

<

c
ADC�o

¶

c

`J*

�

where o

¶

c

is the Lagrangeinterpolanton the triangularmeshon 5 which consistsof the
facesof tetrahedraof eRQ(b

c lying on 5 , thatwe denoteb

¶

c

. Notice that the de�nition of
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` *

<

c makessensebecausè * , asde�ned by (5.1), is continuous.Let us remarkthat ` *

<

c is
completelydeterminedby its valuesat the verticesof the triangulation b

¶

c

, which canbe
convenientlycomputedfrom thedata |

*

by meansof (5.1), with _±T Vk_ beinga curveformed
by edgesof b

¶

c

.
Thus,weareleadto thefollowing discreteproblem:

Find T

�

c

���

c

�•	

c _@Q

Ò

c z

Ü

c z

l

c such that:
	

c C(`J*

<

c on 5

�

(5.5)
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The existenceanduniquenessof the solutionof this discreteproblemis againan im-
mediateconsequenceof theellipticity of � , provedin theproof of Theorem4.2, andLax-
Milgram's Lemma. Moreover, if thesolutionof thecontinuousproblemis smoothenough,
thestandard�nite elementerroranalysistechniquesyield thefollowing result:

THEOREM 5.1. Let `X*±Q�:kTb5ë_ and `J*

<

c bede�nedby(5.4). Let T

�Œ���~�•	

_ and T

�

c

���

c

�•	

c
_

bethesolutionsof problems(5.2)–(5.3) and(5.5)–(5.6), respectively.
If

�
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;
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Å

_^3 ,
�
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;
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TV&/'d_ and
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TV&
È

_ with s

5

x , thenthere exists
a strictly positiveconstant; , independentof t ,

�

,
�

and
	

, such that
Ô
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Proof. Let o
c betheLagrangeinterpolanton z

c . Since

T o{c

	

_,ˆ

¶

C�o

¶

c

	

C�o

¶

c

`
*

C,`
*

<

c½C

	

c‹ˆ

¶

�

we have that
	

c

�

o&c

	

Q|z

¶

<

c . Therefore,the theoremis a direct consequenceof the
ellipticity of � , Cea's lemmaandtheapproximationpropertiesof theLagrangeinterpolant;
see,for instance,Ciarlet[21].

To endthepaperwe discusstheconvenienceof choosingthedomain &
Å of thevector

potentialso that its connectedcomponentsbe convex polyhedra. For simplicity, we take
&

Å connectedin what follows, but all the statementshold true for eachof its connected
components.Solet &

Å besimplyconnectedwith a connectedboundary.
Accordingto [25, TheoremI.3.4], since

sOtwv

T

j

`�_¨C9x in & , thereexists } Q�S
;

TV&-_^3

satisfying:

UXWZY\[~}µC

j

` in &

�

sutwv

}9Cgx in &¨}

Moreover, accordingto RemarkI.3.12of thesamereference,if

j

` Q�S€•OTV&-_^3 with x€•f•

…

¹ , then }•Q’S
;

W

•OTV&-_•3 .
Therefore,by virtueof (3.2)–(3.4), thereholds:

UXWZY\[MT

���

}�_~C�o in &
Å
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sut˜v

T

�•�

}"_kCyx in &
Å

�

T

�•�

}"_4•À>
Å

C

�

}7••>
Å on 5

Å
}
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The �rst equationabove and the simple-connectednessof &8Å implies that thereexists a
unique¼�Q�S ; T�&/Å4_�Þ

Ï

suchthat
�#�

}µCg¬‹Y\®O¯±¼ in &/Å , whereastheremainingequations
imply that ¼ is thesolutionof thefollowing compatibleNeumannproblem:

P�¼�Cgx in &/Å

�

Ì‹¼

Ì—> Å

C

�

}7••> Å on 5 Å }

TheNeumanndataof this problemwill bein generalsmoothon eachpolygonalface ‚

of 5XÅ , since 5XÅ is an arbitrarypolyhedralsurfacewithin the dielectricdomain. In fact, ifj

` Q�Sƒ•OTV&-_^3 with x±•f•

…

¹ , then }�ˆ „
•À>.Å$Q�S

Ù

Ú8W

•OT�‚½_ for all faces‚ .
Therefore,if &-Å isaconvex polyhedron,thenthereexists …

5

x suchthat ¼�Q’S
”

Wq†

TV&/Åk_ ;
see[23]. Consequently,

�

C‡}�l$¬–Y\®O¯�¼�Q�S

;

Wqp

TV&/Åƒ_

3

�

with s�ADC

ª€t^x

«ˆ•

�

…
²

5

x . Conversely, if &-Å wereanon-convex polyhedron,then,in general,
¼�Þ Q�SŒ”XTV&/Åk_ and,consequently,

�

C‡}�l$¬‹Yp®–¯�¼�Þ Q’S

;

T�&/Åƒ_

3

}

In suchacase,Theorem5.1wouldbecomemeaningless.
Moreover, ‰ AÁC

¥

Õ

Q�S
;

TV&/Åƒ_•3�A

Õ

•‘>-Å
C�x on 5JÅ
© is a closedsubspaceof

Ò

; see
[22]. When &/Å is a polyhedron,it is well-known that ‰ C

Ò

if andonly if &8Å is convex;
see[25, TheoremI.3.9] and[22].

The�nite elementspace

Ò

c is clearlyasubspaceof ‰ . Therefore,when &.Å is aconvex
polyhedron,it makessenseto approximate

�

Q

Ò

by �nite elementsfrom

Ò

c .
Instead,if &

Å werenot convex, thentherewould be no hopeof approximating
�

by
�nite elementsfrom

Ò

c . Indeed,asstatedabove, in general
�

ÞQ�S
;

T�&
Å

_^3 in sucha case.
Hence,

�

would not belongto theclosedset ‰ containingthe�nite elementspaces

Ò

c for
all meshes.So,therecouldnotexist

�

c suchthat
Ô

�����

c

Ô‘Ö

Î

x as t goesto zero.

6. Conclusions. Wehaveprovedthatthe
�������Ê�1�€	

formulationof theeddycurrent
problemis well posedandthatits discretizationby standardnodal�nite elementsleadsto an
optimal-ordernumericalapproximation.This givesmathematicalsupportto thewell-known
ef�ciency of thisapproachin applications.

However, for the convergenceof the numericalmethod,the connectedcomponentsof
thedomainof thevectorpotential

�

mustbechosenasconvex polyhedra.Sincethisdomain
canbechosenfreely (asfarasit containstheconductorsandthesourcecurrent),this is nota
severerestrictionin practice.
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[5] A. ALONSO RODRÍGUEZ, P. FERNANDEZ, AND A. VALLI, Weak and strong formulationsfor the time-
harmonic eddy-current problem in general multi-connecteddomains, EuropeanJ. Appl. Math., 14
(2003),pp.387–406.
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