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ITERATIVE METHODS FOR SOLVING THE DUAL FORMULATION
ARISING FROM IMA GE RESTORATION

TONY F. CHAN , KE CHEN, AND JAMYLLE L. CARTER

Abstract. Many variationalmodelsfor image denoisingrestorationare formulatedin primal variablesthat
aredirectly linked to the solutionto be restored. If the total variation relatedsemi-normis usedin the models,
oneconsequencs thatextra regularizationis neededo remedythe highly non-smoottandoscillatorycoefcients
for effective numericalsolution. The dual formulationwas often usedto studytheoreticalpropertiesof a primal
formulation. However as a model, this formulation also offers someadwantagesover the primal formulationin
dealingwith the abase mentionedoscillationand non-smoothnessThis paperpresentsomepreliminarywork on
speedingiptheChambollemethodJ. Math. ImagingVision, 20 (2004),pp.89-97]for solvingthedualformulation.
Following a corvergencerateanalysisof this methodwe rst shav why thenonlineamultigrid methodencounters
somedif culties in achieing corvergence.Thenwe proposeamodi ed smoothefor themultigrid methodto enable
it to achiere convergencein solving a regularizedChambolleformulation. Finally, we proposea linearizedprimal-
dual iteratve methodasan alternatve stand-alonepproachto solve the dual formulation without regularization.
Numericalresultsarepresentedo shav thatthe proposednethodsaremuchfasterthanthe Chambollemethod.

Keywords. imagerestorationnonlinearpartial differentialequationssingularity nonlineariterations,Fourier
analysismultigrid method
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1. Intr oduction. Imagerestorations the mostbasicproblemin the long list of image
processingproblems. Often suchrestoredmagesare usedfor furthertaskssuchasimage
sgmentatiorandmatching[ 1, 11].

The best-knavn model for denoisingis the following primal formulation by Rudin-
OsherFatemiROF[18]

(1.2) -

orits EulerLagrangdorm for thedenoisingcase of interestto us

(1.2) —

where is the obsened imageand is our desiredimage (with homogeneous

Neumannboundaryconditions)to be restored. Hereandin (1.1), the term with
de nesthetotal variation(TV) of function . In practice only adiscretequantity

will be available. In (1.2), oneassumeshat ; to allow generality a
replacemenéquatiorwith for some may be considered,

(1.3) S
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Othernon-minimizationrmodelsmay be proposediirectly in theform of a differentialequa-
tion, e.g.,thePerona-Mali 17] modelfor the samedenoisingporoblemtakestheform

where , , andthe nonlineardiffusive coefcient  is designed
to restoresharpedgesin . It turnsout that thesetwo kinds of modelsare closelyrelated
[13]; seealso[9, 19] for more sophisticatednodelsthan ROF [18] for denoising.Herewe
aremainly concernedvith the ROF model.

Thereexist mary numericalmethodsfor solving both (1.1) and(1.2); see[6, 7, 8] for
detailedsurweys andthe referencegherein. Here we shall addresghe questionof how to
solve thedualequation 5] (detailsarediscussedn the next section):

(1.4) div div

where is the dual variable and the restoredsolution will be given by

div . Theclearadwantageof thedualformulation(1.4) overtheprimal equation(1.3)
is thatno suchextraregularizingparameter is neededandthe dualequationappearsnore
amenable—hwever, despiteheappearance&swe shallsee thelatterequationis deceptvely
challengingasfaras nding ef cient solversis concernedThereexist few studiesof thisdual
equation.In [16], a non-smootiNewton methodis consideredut the achiezed corvergence
is notyetquadratic A relateddual problem(for a differentbut slightly easierfunctionalthan
the ROF model)hasbeenstudiedrecentlyin [14].

2. Review of the dual and relatedformulations. Castingtheprimalformulation(1.2)
into adualformulationis amainapproachusedto studythetheoreticapropertieof . Here
our aim is to addressmethodsof solving the dual formulationseffectively. We rst review
someprevious studiesandthen presentheir connections.Although equation(1.4) is com-
monly known asthe Chambolles dualformulation,threeotherpaperq 4, 10, 15] areclosely
connectedo this formulation.We now review their connectiondor readerscorvenience.

FromMeyer's G-spaceheory[15], the solutionto model(1.2) liesin the G-spacei.e.,

where and is de ned asthe lower bound of all normsof the
function . Thereforet is valid to assumehat
(2.1)

for some ; it turnsoutthatsucha parameters precisely  to coincidewith [4, 5].
Uponintroducingthedualvariable to replacethe TV-termby applyingthe equality

to the ROF model(1.1) andinterchanginghe and , Carter[4] derived(asin (2.1))

andthensheproposedo numericallysolve

(2.2) -
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Variousunilevel (optimization)relaxationmethodsare consideredor solving (2.2) in [4]. It
wasnot clearwhich methodcomesout asmorerobustthanothersfor (2.2).
In orderto solve (1.1), Chambolle[5] startsby looking for the projection

div , with in mind, from
(2.3) div
where . It remaingto solve theunconstrainedKKT problem
div
Recognizingeither , or , , Chambollg[5]
nds div - andpresentghedualformulationin theform
(2.4) div — div —

or ateachpixel

Using a semi-implicittime-marchingschemethe so-calledChambollemethod[ 5] proposes
to solve the semi-implicitscheme
25) —— div — div —
or
div -

div -

It is the purposeof this paperto addresslternatve methoddor solving(2.4).

2.1. Equivalenceof the Carter formulation to the Chambolleformulation. Torelate
(2.2 to (2.3), we changethe sign of the functionalin (2.2) to introducethe equivalent
problemandneglectthelastterm(notdependingn ),

whichis clearlyequivalentto thefollowing problem:

This is in turn the sameasthe Chambolleequation(2.3), so, following the sameargument,
we arrive at

div — div —
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2.2. Equivalenceof the primal-dual method[10] to the Chambolle formulation. To
solve (1.3), Chan-Golub-Mulef10] proposedhe primal-dualformulation

(2.6)
in two variables afterintroducingin (1.3) the dualvariableby for
somesmall . In fact,when , equation(2.6) is still valid andis equivalent
to (1.2 when sowemaylet andrewrite (2.6), for the purposeof modeling

,as
2.7) div
whereoneobseres div . Onecaneliminate in the secondequationusingthe
rst equationj.e. div ,toderivethat

div div or div div

whichis evidently the sameasthe Chambolleformulation(2.4) afterscalingby

3. Nonlinear multigrid for the Chambolle's dual formulation. We now turn to the
main aim of this paperon developinga multigrid algorithmfor the Chambolleformulation
(2.9:

div div —

It turnsoutthatthis equationcannotbe easilysolved by a multigrid methodasshavn below.
Simple smoothersuchas Jacobiand Gauss-Seidedlo not work; the experts[3] are unfor-
tunatelynot surprisedaboutthis as(2.4) is degenerate Thenin the next section,after some
analysiswe shallpresentlternatve algorithms.

To proceed,it is corvenientto denotethe discretizedversionof this equationin the
operatomotationby

(3.1)

where denotesour so-

lution on the nest level with pixels. Let . We remarkthat

will have Dirichlet boundaryconditionssowe shallassumeéhe givenimage is

embeddedn alargerdomainhaving a zeroboundaryconditionat all sides. Let a standard

coarseningstratgy be usedto generatea sequencef coarsdevels with the
th level containing pixels with sothatthe coarsestevel has

. Similarly denotealevel discretizatiorof (2.4) by

We usethe standarchonlinearmultilevel algorithmby Brandt[2], asdetailedin Chen[12,
Alg. 6.2.8].
Startfrom aninitial guess . Assumewe have setup thesemultigrid parameters:
— pre-smoothingtepson eachlevel (beforerestriction)
— post-smoothingtepson eachlevel (afterinterpolation)
— multigrid cycleson eachlevel orthecycling pattern(here ).
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ALGORITHM 3.1 (NonlinearMultigrid).
1. Basednthecurrentapproximation  toequation(3.1),todo stepsfa -cycling
nonlinearmultigrid, usefor times

2. Onestepofa -cyclingnonlinearmultigrid NMG proceedsasfollows
if then
—Solveonlevel for accumately
else onlevel

— Pre-smoothing
— Restrictto the coarsegrid,
— Compute
— Settheinitial solutiononlevel as
—Implement stepsof NMG
— Addtheresidualcorrection
— Post-smoothing
endif
endonestepof NMG

Herewe malke the usualchoiceof the restrictionoperator asthe simpleinjection

and operator asthe bilinear interpolation. It remainsto discusshow to implement
which denotes relaxationmethodapplyingto onlevel for
steps.

Someexperimentonductednrelaxationmethodshav thatthefollowing methodsare
not suitablesmootherspoint-wiseJacobi,Gauss-Seidedndthe block Jacobimethod.
Thenaturalchoiceappearso usethe Chambolleterations(2.5).

Take anduse iterationsonthecoarsestevel . Wefoundthatthenon-

linearAlgorithm 3.1failsto corvergequickly. To excludethepossibilityof  div -
beingsmallor zero,we considerednodifying the Chambollgteration(2.5) to

B2)———M8M div — div —
where is used. Again only minorimprovementsvereobsened. We shov  test
resultsin Figs.3.1and3.2, wherethetop plotsuse andthebottom . Clearly

thereshouldbereasonavhy Algorithm 3.1 corvergesslowly for

4. Convergencerate analysisand modi ed algorithms. We rst useFourieranalysis
to gain someinsightinto the behaior of the Chambolleiterationsandthe associated\lgo-
rithm 3.1 Thenthis analysids usedto assistusto proposealternative algorithmsthatwould
corverge.

4.1. Fourier analysis. Recallthat the local Fourier analysis(LFA) aimsto measure
the largestampli cation factorin a relaxationschem¢g2, 12, 20]. Let the generalFourier
componenbe
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FiG. 3.1. Testexample to showtheslowcorvergenceof the standad Algorithm 3.1, with the left, thecenter
andtheright plots displayingrespectivelyhe true image, the noisyimage andtherestoedimage by  cyclesof

MG. Here andtheresiduals
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FiG. 3.2. Testexample to showtheslowcorvergenceof the standad Algorithm 3.1, with the left, thecenter
andtheright plots displayingrespectivelyhe true image, the noisyimage andtherestoedimage by  cyclesof
MG. Here andtheresiduals
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and de ne the local error functions by and . Here
. ThenLFA involvesexpanding

in FouriercomponentsWe shall rst estimatehe maximumspectraradius
where , of size , denotegheampli cation matrix for our smoothingmethodfor the
dualsystem:

Considethe Chambollesmoothingterationswith a view to specify

(4.1)

where _ Y — - - — = will be “frozen'

locally to implementthe Fourier analysis[2]. The nite differencediscretizationtakesthe
form

(4.2)

Applying the Fourieranalysiswith ona gridto (4.2 leadsto

andfurtherto

(4.3)




ETNA
Kent State University
etna@mcs.kent.edu

306 T.F. CHAN, K. CHENAND J.L. CARTER

TABLE4.1
Estimatedsmoothingrate of the Chambolles method

Minimal C value Predictedterationsfor

10 0.4444 17

1 0.8889 117

1/2 0.9412 228

1/4 0.9697 449

0.9877 1116

0.9988 11506

0.9999 138150

Thento computethe smoothingrate in the high frequeng range

, we have to estimatethis quantitynumericallyon samemeshgrid and
eachspeci cationof ; with asin [5] wefoundthatthecorvergenceaateis identical
to thesmoothingrateshovn in Table4.1, wherethelastcolumnshaws the predictechumber
of iterationsto reducea residualby . Othernumericaltests basedn usingexactvalues
for atpixelswhere is small,con rmed the sharpnessf this lastcolumn. Theresults

con rm the belief thatthe behaiour of the dual equationis not similar to whatis expected
of anelliptic equation.This analysisalsoshawvs thatwhentherearea substantiahumberof
pixels at which , the smoothingrate of will betoo closeto
i.e., the Chambolleiterationsfail to provide an effective smoother This casewill happenn
at regionsof the desiredimage . Sincesucha quantitywill graduallygetsmallin such
at regionsasiterationsprogress,one shouldobsene that, correspondinglythe multigrid
algorithmshouldbecomeslower andslower. Indeedthis phenomenoimasbeenobsened.

It remainsto understandnore of the natureof slonv corvergenceof the Chambolles
iterationsassociatedvith small andto proposenew methodgo speedup theiterations.

4.2. Analysisfor amodi ed smoother A simplegeneralizatiorof Chambollesmooth-

ing iterationsis to introducea parameter into the basicscheme
(4.4)
where reduceto (2.4) onthe nest level, arenormallynot oncoarse

levelsand
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TABLE 4.2
Estimatedsmoothingate of a modi ed Chambolletypemethodwith

Minimal C value Predictedterationsfor

10 0.2857 11

1 0.8000 62

1/2 0.8889 117

1/4 0.9412 228
0.9756 559

0.9980 6901

0.9998 69071

The nite differencediscretizatiorsimilarto (4.2) takestheform

(4.5)

Applying the Fourieranalysisto (4.5) leadsto the matrix

Thenestimating in the high frequeng range
numericallygivesthe resultsin Table 4.2, where givesmuchimproved ratesthan
the standardChambollesiterations.Intuitively onemight suggesthat leadsto agood
smootherbut this is notthe case.

In experimentsthe useof canindeedacceleratdoth the Chambolleiterations
andthe correspondingnultigrid methodby upto  %.

4.3. Modi ed algorithms. In designingnodi ed algorithmsthemainconsideratioris
how to overcomethe slow corvergenceof the Chambolletype methodsegither(4.1) or (4.4),
for small

4.3.1. A simplemultigrid algorithm. Having analyzedhecornvergenceandsmoothing
ratesof the Chambolles iterations,a simplerideais to ensurethatthe termis nevertoo
small,sothatmultigrid algorithmswould corvergequickly.

We reconsidethemodi ed system(3.2)

div — div —
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andin particular(with )
46 — div -
where insteadof tried previously.

With this choice, sothe smoothingrateis and stepswould
reducea residualby which resembleghe smoothingrate by a Gauss-Seidehethod
for a Poissors equation[2]. In practice,pre-smoothingstepsrangingin would be

sufcient to generate corverging multigrid method.

4.3.2. A semi-implicit method. A naturalideato increasehe “implicitness'of the pre-
viousschemg?2.5) is by

4.7) ——— div — div —
which leadsto no improvementsover (2.5). To understandhe problemwith , recog-
nizing that , it is constructve to considerthe primal-dualsystem(2.7)
div div
or

Putinto matrix form on discretizationthe above systemcanbewritten as

(4.8)

where , eachof size , denotetwo diagonalmatricesconsisted
of entriesof denotethe divergenceoperatordiv and denotethe gradient
operator for vectorforms of , of size . Clearly if thereare sufciently large
numberof extremelysmalldiagonal(or ) entriesin dueto ,thecoefcient matrix
of thelinearizedprimal-dualsystem(4.8) will besingular!

Oneway to ensurehat(4.8) is non-singulais to adda positive parameter onthemain
diagonalsoit becomes

(4.9)
whichwill have the samesolutionas(4.8) uponcorvergence.This purely algebraicconsid-

erationis in factequivalentto solvingthe partially time-marchingorimal-dualsystem

div

if onechooses
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TABLES.1
Comparisorof a nonlinearmultilevel algorithmto the Chambolles methodwith tol=

Problem Size Chambolle Multigrid
number Steps CPU PNSR| Cycles CPU PNSR
1 63| 55675 325.7 2481 4 25 24388
128 | 121926 2473.8 26.94 4 9.1 27.06
256 | 212544 22978.8 29.71 4 48.8 29.88
2 63| 38529 226.3 25.53 4 29 25.63
128 | 82858 1675.4 27.60 5 9.7 27.64
256 | 212887 20309.0 29.98 5 43.2 29.95
TABLE 5.2
Performanceof a nonlinearmultilevel algorithmwith tol=
Problem Size Multigrid
number Cycles CPU PNSR
1 511 5 158.9 32.90
1023 5 1277.6 35.75
2047 6 8365.2 36.38
2 511 5 163.0 32.43
1023 5 1284.3 34.55
2047 6 8191.6 36.78

5. Numerical experiments. In this sectionwe shall rst compareAlgorithm 3.1 using
the smoothen(4.6) with the Chambolles iterative method(2.5) in both solutionquality and
speedf corvergence Thenwe demonstratéhe performancef Algorithm 3.1 for somearge
imageswvhich cannotbe processethy the Chambollesiterative method(2.5) in anacceptable
amounbf time. Finally we presensomepreliminaryresultsfrom usingthelinearizedprimal-
dualiterations(4.9) asaniterative method whoseeffective usein a multilevel algorithmwill
bethesubjectof futurework.

We shallusethe two examplesshown in Figs. 3.1-3.2in our experiments.The stopping
criterion will be basedon reducingthe staticresidual,i.e., (2.4), to below a tolerance
Restoratiorperformanceés quantitatvely measuredby the peaksignal-to-noiseatio (PSNR)

where and denotethe pixel valuesof the restoredimage and the original image

respectiely, with . Herewe assume .

Comparison We take several resolutionsof the sameproblemsand display the resultsin

Table5.1. Clearly one obsenesthat the multigrid methodis muchmoreef cient thanthe

Chambolles methodfor deliveringthe samequality (PSNR)of restoration.

Largeimages Fromthevaluesof CPUin Table5.1, onemayervisagethatgettingtheresults

for by Chambolles methodcantake mary days,especiallyfor small ~ (we should

remarkthattherearepracticalsituationswhererestoredesultsarealreadyacceptabldefore

cornvergence).Insteadwe testthe exampleswith large  for the multigrid methodandshov

theresultsin Table5.2. Clearlyoneseeghattheef ciency scaleawvell with . Therestored
imagesfor arealsoshavn in Fig. 5.1

Performanceof linearizedprimal-dualiterations Finally we testthelinearizedprimal-dual

method(LPD) (4.9) andshov someresultsin Table5.3. For the sametol= , we seethat
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Prob 1 MG solution u
100 — 100 - —
200 — 200 - —
300 q 300 |- -
400 q 400 m
500 — 500 - —
[S{ele:3 — 600 - —
700 — 700 - -
800 - 800 - -
900 q 900 m
1006 | 1000 |- |
200 400 600 800 1000 200 400 600 800 1000
Prob 2 MG solution u
100 - 100 .
200 — 200 - —
300 q 300 |- -
400 q 400 m
500 — 500 - -
[S{ele:3 — 600 - —
700 — 700 - —
800 - 800 |- 4
900 q 900 m
1006 | 1000 |- |
200 400 600 800 1000 200 400 600 800 1000

FiG. 5.1. Restoed resultsfrom a multigrid method with the left and the right plots displayingrespectively

the noisyimage and the restoed image by cyclesof MG. Here for both problems. For problem :
and . For problem :
and .
TABLES.3

Performanceof a linearizedprimal-dualalgorithmwith tol=

Problem Size LPD
number Steps CPU PNSR
1 63 | 255 198.0 24.81

127 | 348 1481.9 26.94
255 | 432 110404 29.71
2 63| 261 191.2 25.53
127 | 340 1379.6 27.60
255 | 461 11300.6 29.98

LPD takesmuchlessiterationsthenthe Chambolles method;seeTable5. 1

6. Conclusions. This paperpresentedwo iterative solvers for solving the dual for-
mulation for image restoration. After giving a uni ed formulation of the dual problem,
we analyzedthe corvergencerate of the widely-usedChambolles methodand found that

contributesto the slow corvergenceof the method. We then proposedan
improved methodsuitablefor usein multigrid methodgo solve a regularizedversionof the
dualformulation. We alsoconsidered linearizedprimal-dualiterationmethodfor the dual
problem.Numericalresultscon rmedthatthemultigrid methodwith amodi ed Chambolles
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smootheis mary ordersof magnituddasterthantheoriginalmethod.Thelinearizedprimal-
dualiterationmethodis foundto give fastcorvergenceput it hasyetto beusedin amultigrid
method.

REFERENCES

[1] G. AUBERT AND P. KORNPROBST, MathematicaProblemsn Image ProcessingPartial Differ-
ential Equationsandthe Calculusof Variations Springer Berlin, 2001.

[2] A.BRANDT, Multileveladaptivesolutionsto boundaryalueproblems Math. Comp.,31(1977),
pp-333-390.

[3] A.BRANDT, Relaxatiormethoddor thedual formulation privatecommunication2006.

[4] J. L. CARTER, Dual methodfor total variation-basedimage restoation, CAM report 02-13,
UCLA, USA, 2002;seehttp://www.math.ucla.edu/applied/cam/indietml

[5] A.CHAMBOLLE, Analgorithmfor total variation minimizationandapplications J. Math. Imag-
ing Vision, 20 (2004),pp.89-97.

[6] T. F. CHAN AND K. CHEN, On a nonlinearmultigrid algorithm with primal relaxationfor the
image total variation minimisation Numer Algorithms,41 (2006),pp.387—411.

[7] T.F. CHAN AND K. CHEN, Anoptimization-basedultilevel algorithmfor total variationimage
denoising MultiscaleModel. Simul.,5 (2006),pp. 615—-645.

[8] T. F. CHAN, K. CHEN, AND X. C. TAl, Nonlinear multilevel schemesfor solving the total
variation image minimizationproblem in Image ProcessingBasedon PDEs, X.-C. Tai,
K. - A. Lie, T. F. Chan,andS. Oshereds.,Springer Berlin, 2006,pp .265—-288.

[9] T.F. CHAN,S. ESEDOGLU, AND F. E. PARK, A fourthorderdual methodor staircasereduction
in texture extractionandimage restoation problems UCLA CAM report05-28,April 2005.

[10] T.F. CHAN, G. H. GoLuB, AND P. MULET, A nonlinearprimal dual methodfor total variation
basedmage restoation, SIAM J. Sci. Comput.,20(1999),pp. 1964-1977.

[11] T. F. CHAN AND J. H. SHEN, Image ProcessingAnd Analysis: Variational, PDE, Wavelet,and
StodasticMethods SIAM, Phildelphia,2005.

[12] K. CHEN, Matrix PreconditioningTechniquesand Applications CambridgeMonographon Ap-
plied andComputationaMathematicsNo. 19, CambridgeUniversity PressUK, 2005.

[13] C. GROETSCH AND O. SCHERZER, Nonstationanjterated Tikhono/-Morozor methodandthird
order differential equationgor theevaluationof unboundeapeiators, Math. MethodsAppl.
Sci.,23(2000),pp. 1287-1300.

[14] M. HINTERMULLER AND G. STADLER, An infeasibleprimal-dual algorithmfor total bounded
variation-basednf-cornvolution-typeimage restoation, SIAM. J. Sci. Comput.,28 (2006),
pp.1-23.

[15] Y. MEYER, Oscillating Patternsin Image Processingand Nonlinear Evolution Equations Uni-
versityLectureSeriesVol. 22, AmericanMathematicaSociety Providence RI, 2001.

[16] M. NG, L.Q.QI,Y.F. YANG, AND Y. M. HUANG, On semismootiNenton's methoddor total
variation minimization J. Math. ImagingVision, 27 (2007),pp. 265-276.

[17] P. PERONA AND J. MALIK, Scale-spacend edg detectionusing anisotopic diffusion IEEE

TPAMI, 12 (1990),pp.629-639.
. 1. RUDIN, S. OSHER, AND E. FATEMI, Nonlineartotal variation basednoiseremaal algo-
rithms, PhysicaD, 60(1992),pp. 259-268.

[19] J. SavAGE AND K. CHEN, On multigrids for solvinga classof improvedtotal variation based
PDE modelsin ImageProcessin@asedOn Partial Differential Equations X.-C. Tai, K.-A.
Lie, T. F. Chan,andS. Osher eds.,Springer Berin, 2006,pp. 69-94.

[20] U. TROTTENBERG, C. OOSTERLEE, AND A. SCHULLER, Multigrid, AcademicPressLondon,
2001.

(18]

-



