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ITERATIVE METHODS FOR SOLVING THE DUAL FORMULA TION
ARISING FROM IMA GE RESTORATION
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Abstract. Many variationalmodelsfor imagedenoisingrestorationare formulatedin primal variablesthat
aredirectly linked to the solution to be restored. If the total variation relatedsemi-normis usedin the models,
oneconsequenceis thatextra regularizationis neededto remedythehighly non-smoothandoscillatorycoef�cients
for effective numericalsolution. The dual formulationwasoften usedto studytheoreticalpropertiesof a primal
formulation. However as a model, this formulation also offers someadvantagesover the primal formulation in
dealingwith theabove mentionedoscillationandnon-smoothness.This paperpresentssomepreliminarywork on
speedinguptheChambollemethod[J.Math. ImagingVision,20(2004),pp.89–97]for solvingthedualformulation.
Following aconvergencerateanalysisof this method,we �rst show why thenonlinearmultigrid methodencounters
somedif�culties in achieving convergence.Thenweproposeamodi�ed smootherfor themultigrid methodto enable
it to achieve convergencein solvinga regularizedChambolleformulation.Finally, we proposea linearizedprimal-
dual iterative methodasan alternative stand-aloneapproachto solve the dual formulationwithout regularization.
Numericalresultsarepresentedto show thattheproposedmethodsaremuchfasterthantheChambollemethod.

Key words. imagerestoration,nonlinearpartialdifferentialequations,singularity, nonlineariterations,Fourier
analysis,multigrid method
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1. Intr oduction. Imagerestorationis themostbasicproblemin the long list of image
processingproblems.Often suchrestoredimagesareusedfor further taskssuchasimage
segmentationandmatching[1, 11].

The best-known model for denoisingis the following primal formulation by Rudin-
Osher-FatemiROF [18]
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or its Euler-Lagrangeform for thedenoisingcase
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is the observed imageand
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is our desiredimage(with homogeneous
Neumannboundaryconditions)to be restored. Here and in (1.1), the term with
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Othernon-minimizationmodelsmaybeproposeddirectly in theform of a differentialequa-
tion, e.g.,thePerona-Malik[17] modelfor thesamedenoisingproblemtakestheform
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, andthenonlineardiffusive coef�cient
X

is designed
to restoresharpedgesin

�

. It turnsout that thesetwo kinds of modelsarecloselyrelated
[13]; seealso[9, 19] for moresophisticatedmodelsthanROF [18] for denoising.Herewe
aremainly concernedwith theROF model.

Thereexist many numericalmethodsfor solving both (1.1) and(1.2); see[6, 7, 8] for
detailedsurveys and the referencestherein. Herewe shall addressthe questionof how to
solve thedualequation[5] (detailsarediscussedin thenext section):
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is the dual variableand the restoredsolution will be given by
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. Theclearadvantageof thedualformulation(1.4) overtheprimalequation(1.3)
is thatno suchextra regularizingparameter

N

is neededandthedualequationappearsmore
amenable—however,despitetheappearance,asweshallsee,thelatterequationis deceptively
challengingasfaras�nding ef�cient solversis concerned.Thereexist few studiesof thisdual
equation.In [16], a non-smoothNewtonmethodis consideredbut theachievedconvergence
is notyetquadratic.A relateddualproblem(for adifferentbut slightly easierfunctionalthan
theROF model)hasbeenstudiedrecentlyin [14].

2. Review of the dual and relatedformulations. Castingtheprimal formulation(1.2)
into adualformulationis amainapproachusedto studythetheoreticalpropertiesof

�

. Here
our aim is to addressmethodsof solving thedual formulationseffectively. We �rst review
somepreviousstudiesandthenpresenttheir connections.Although equation(1.4) is com-
monly known astheChambolle'sdualformulation,threeotherpapers[4, 10, 15] areclosely
connectedto this formulation.We now review their connectionsfor readers'convenience.

FromMeyer'sG-spacetheory[15], thesolutionto model(1.2) lies in theG-space,i.e.,
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for some
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; it turnsout thatsuchaparameteris precisely
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to coincidewith [4, 5].
Uponintroducingthedualvariablê to replacetheTV-termby applyingtheequality
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Variousunilevel (optimization)relaxationmethodsareconsideredfor solving(2.2) in [4]. It
wasnot clearwhichmethodcomesoutasmorerobustthanothersfor (2.2).

In order to solve (1.1), Chambolle[5] startsby looking for the projection •‰‘
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Usinga semi-implicit time-marchingscheme,theso-calledChambollemethod[5] proposes
to solve thesemi-implicitscheme
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It is thepurposeof this paperto addressalternativemethodsfor solving(2.4).

2.1. Equivalenceof the Carter formulation to the Chambolleformulation. To relate
(2.2) to (2.3), we changethesign of the functionalin (2.2) to introducetheequivalent �����
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2.2. Equivalenceof the primal-dual method[10] to the Chambolle formulation. To
solve (1.3), Chan-Golub-Mulet[10] proposedtheprimal-dualformulation
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3. Nonlinear multigrid for the Chambolle's dual formulation. We now turn to the
main aim of this paperon developinga multigrid algorithmfor the Chambolleformulation
(2.4):
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It turnsout thatthis equationcannotbeeasilysolvedby a multigrid methodasshown below.
SimplesmootherssuchasJacobiandGauss-Seideldo not work; the experts[3] areunfor-
tunatelynot surprisedaboutthis as(2.4) is degenerate.Thenin thenext section,aftersome
analysis,we shallpresentalternativealgorithms.
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We usethe standardnonlinearmultilevel algorithmby Brandt[2], asdetailedin Chen[12,
Alg. 6.2.8].

Startfrom aninitial guess
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. Assumewehavesetup thesemultigrid parameters:
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— pre-smoothingstepsoneachlevel Ã (beforerestriction)
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ALGORITHM 3.1 (NonlinearMultigrid).
1. Basedonthecurrentapproximation
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TABLE 4.1
Estimatedsmoothingrateof theChambolle's method

Minimal C value ��‹rŒ
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TABLE 4.2
Estimatedsmoothingrateof a modi�ed Chambolletypemethodwith HwëJIaè

Minimal C value ��‹|Œ
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Applying theFourieranalysisto (4.5) leadsto thematrix
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andin particular(with C
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which will have thesamesolutionas(4.8) uponconvergence.This purelyalgebraicconsid-
erationis in factequivalentto solvingthepartially time-marchingprimal-dualsystem
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TABLE 5.1
Comparisonof a nonlinearmultilevel algorithmto theChambolle's methodwith tol= çYé?[�\

Problem Size Chambolle Multigrid
number À Steps CPU PNSR Cycles CPU PNSR

1 63 55675 325.7 24.81 4 2.5 24.88
128 121926 2473.8 26.94 4 9.1 27.06
256 212544 22978.8 29.71 4 48.8 29.88

2 63 38529 226.3 25.53 4 2.9 25.63
128 82858 1675.4 27.60 5 9.7 27.64
256 212887 20309.0 29.98 5 43.2 29.95

TABLE 5.2
Performanceof a nonlinearmultilevel algorithmwith tol= çYé

[�\

Problem Size Multigrid
number À Cycles CPU PNSR

1 511 5 158.9 32.90
1023 5 1277.6 35.75
2047 6 8365.2 36.38

2 511 5 163.0 32.43
1023 5 1284.3 34.55
2047 6 8191.6 36.78

5. Numerical experiments. In this section,we shall �rst compareAlgorithm 3.1using
thesmoother(4.6) with theChambolle's iterative method(2.5) in bothsolutionquality and
speedof convergence.Thenwedemonstratetheperformanceof Algorithm 3.1for somelarge
imageswhichcannotbeprocessedby theChambolle'siterativemethod(2.5) in anacceptable
amountof time. Finally wepresentsomepreliminaryresultsfrom usingthelinearizedprimal-
dualiterations(4.9) asaniterativemethod,whoseeffectiveusein amultilevel algorithmwill
bethesubjectof futurework.

We shallusethetwo examplesshown in Figs.3.1-3.2 in our experiments.Thestopping
criterion will be basedon reducingthe static residual,i.e., (2.4), to below a tolerance

U

Ð^]

.
Restorationperformanceis quantitatively measuredby thepeaksignal-to-noiseratio (PSNR)
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where
a

d�f g
and

�

d_f g
denotethe pixel valuesof the restoredimageand the original image

respectively, with
�2,

a

;¹=

à

F�E

. Herewe assume
a}d�f g
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;ˆV
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.
Comparison. We take several resolutionsof the sameproblemsanddisplay the resultsin
Table5.1. Clearly oneobservesthat the multigrid methodis muchmoreef�cient thanthe
Chambolle'smethodfor deliveringthesamequality (PSNR)of restoration.
Largeimages. Fromthevaluesof CPUin Table5.1, onemayenvisagethatgettingtheresults
for À

R

Q

�)�

by Chambolle'smethodcantakemany days,especiallyfor small
U

Ð^]

(weshould
remarkthattherearepracticalsituationswhererestoredresultsarealreadyacceptablebefore
convergence).Instead,we testtheexampleswith large À for themultigrid methodandshow
theresultsin Table5.2. Clearlyoneseesthattheef�ciency scaleswell with À . Therestored

ÀÆÁÉÀ imagesfor À

.

�

:

�

Ä

arealsoshown in Fig. 5.1.
Performanceof linearizedprimal-dual iterations. Finally we testthe linearizedprimal-dual
method(LPD) (4.9) andshow someresultsin Table5.3. For thesametol=

�

:

Ç;g

, we seethat
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FIG. 5.1. Restored resultsfrom a multigrid method,with the left and the right plots displayingrespectively
the noisy image and the restored image by è cyclesof MG. Here hoëbçYé

[�i
for both problems.For problem ç :

ê�ëÉì~é�jckBH�l[í
mon�pxë€ì~ì}õ çqjokBH4l[í�m&rAsEtupGë„ô~ô}õ ö and vPk^r�mcrAsEt*pRëÍç~ç�w}ç~õ öqw . For problemì : ê�ë„ècé�jckAH4l[í�mcn�pxë

ì~ì}õ çqjckAH4l[í�m&r
sEt

pRëÉô~é}õ w and vPk^r�mcr
sEt

pRëÍç~ç�wqx}õ ç�w .

TABLE 5.3
Performanceof a linearizedprimal-dualalgorithmwith tol= çYé^[(\

Problem Size LPD
number À Steps CPU PNSR

1 63 255 198.0 24.81
127 348 1481.9 26.94
255 432 11040.4 29.71

2 63 261 191.2 25.53
127 340 1379.6 27.60
255 461 11300.6 29.98

LPD takesmuchlessiterationsthentheChambolle'smethod;seeTable5.1.

6. Conclusions. This paperpresentedtwo iterative solvers for solving the dual for-
mulation for image restoration. After giving a uni�ed formulation of the dual problem,
we analyzedthe convergencerateof the widely-usedChambolle's methodand found that�

.

� ���K�yT

:

contributesto the slow convergenceof the method. We thenproposedan
improvedmethodsuitablefor usein multigrid methodsto solve a regularizedversionof the
dual formulation. We alsoconsidereda linearizedprimal-dualiterationmethodfor thedual
problem.Numericalresultscon�rmedthatthemultigridmethodwith amodi�ed Chambolle's
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smootheris many ordersof magnitudefasterthantheoriginalmethod.Thelinearizedprimal-
dualiterationmethodis foundto givefastconvergence,but it hasyet to beusedin amultigrid
method.
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