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AN ADDITIVE SCHWARZ METHOD FOR MORTAR MORLEY FINITE
ELEMENT DISCRETIZATIONS OF 4TH ORDER ELLIPTIC PROBLEM IN 2D

LESZEK MARCINKOWSKI

Abstract. In this paperwe introduceandanalyzea parallel ASM preconditioneffor the systemof equations
arisingfrom the nite elementdiscretization®f a fourth orderelliptic problemwith large jumpsin coefcients on
nonconformingmeshes.Locally Morley nonconformingelementis used. The conditionnumberestimateproved
hereis almostoptimal,i.e., it grows polylogarithmicallyasthe sizesof the mesheglecrease.

Key words. Plateproblem,mortar nite elementmethod,Morley nonconformingplate element,domainde-
composition preconditioneradditve Schwarz method.
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1. Intr oduction. Domaindecompositioimethodsywhichform agroupof effective par
allel solversfor the systemof algebraicequationsarisingfrom the discretizationof partial
differentialequationsg.g. by nite elementmethod,have beenstudiedand usedfor mary
yearse.g.,cf. [29, 30, 32].

In this paperwe introduceandanalyzea domaindecompositiormethodbasedon Ad-
ditive Schwarz Methodabstractschemdor solving a systemof algebraicequationsarising
from Morley mortarelementdiscretizationof a fourth order modelelliptic problemin two
dimensions.

The mortartechniquewhich wasintroducedby Bernardi,Madayand Patera[ 6] allows
usto constructdiscretizationrmethodson nonconforminggrids. The meshesn subdomains
canbe nonmatchingacrossinterfaces,i.e., the commonedgesto adjacentsubdomainsand
thuscanbe generatedndependentlye.g. onelocal subdomairmeshin eachprocessarThe
mortar techniqueimposeson the nite elementfunctionsspecialweak continuity integral
couplingconditionson theinterfacesof adjacensubdomainsThe mortarmethodappliedto
mary typesof problemshasbeenintensvely studiedrecently;see[4, 5, 6] for secondorder
elliptic problemsand[22, 3, 26] for mortardiscretizatiorof fourth orderproblems.

In this paperlocally in subdomainave utilize the well known Morley nonconforming

nite elementwhich canbe describedasoneof the simplest nite elementdor fourth order

problemssuchas plate problems. The mortarmethodwhich utilizes Morley discretization
wasdevelopedandanalyzedn [26] and[21]. (Thereis a slightly differentapproachn the
latter paper)

Additive Schwarz Method (ASM) framework is a very powerful tool of constructing
parallel preconditionerse.g., cf. [32). It is de ned in termsof a decompositiorof nite
elementspacento subspaceandlocal bilinearformsde ned ontothesesubspaces.

ASM typesolversfor Morley nite elementdiscretizatiorbuilt on oneconformingtrian-
gulationweredevelopedandanalyzede.g.,cf. [10, 9, 13], andreferencesherein.

Many solversincludingASM type methodgor problemsarisingfrom mortardiscretiza-
tionsweredevelopedrecently(seee.g.,[1, 2, 7, 8, 14, 15, 17, 20, 19, 25, 31, 33, 34, 35] and
the referencegherein),but thereare not mary domaindecompositiormethodsfor solving
system®f equationsarisingfrom themortarelementypediscretizatiorof fourth orderprob-
lems;see[25] for ASM preconditionergor conformingHCT elementand[36] for multigrid
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algorithm. The resultsof thesetwo papersconcernfourth order problemswith continuous
coefcients, andif theideascontainedtherearefollowedin orderto constructandanalyze
analogousalgorithmsfor an elliptic fourth order problemwith discontinuouscoefcients,

thensomeconstantsn the estimatesvould be dependenon jumpsof the coefcients, e.g.,
the coarsegrid usedin [25] is not suitablefor the problemswith jumpsin coefcients even
for the caseof oneconformingmesh.

To our knowledgethereareno parallelASM typemethodgor mortarMorley discretiza-
tion or any othermortardiscretizatiorwith locally nonconformingelementof afourth order
elliptic problemandtherearealsono algorithmsfor ary mortardiscretizationsvith locally
conformingor nonconformingelementsfor the caseof fourth order elliptic problemwith
discontinuitiesof coefcients in literature.

The nonconformityof the Morley elementieadsto lines of proof thatareusuallymuch
more technical. Simultaneouslythe Morley nite elementhasfewer degreesof freedom
thanother nite elements.lIt is importantthat thereis only one degreeof freedomrelated
to a crosspointj.e., a commonvertex to somesubstructuresThis allows usto constructa
specialcoarsespacen our ASM methodwhich is suitablefor problemswith discontinuous
coefcients, whichis notthecaseg.g.,in [25 whereconformingHCT elemenis considered.

In this paperour domaindecompositiormethodis presentedn termsof ASM abstract
framework, i.e., weintroducespacedecompositiorinto a coarsespaceandtwo typesof local
spaceandbilinearformsde ned onthesespacesThenwe shov analmostoptimalcondition
numberestimatewhich is independenbf the jumps of the coefcients, i.e., the numberof
conjugategradientiterationsis proportionalonly to ,where and denote
thesubdomairsizesandmeshsizes respectiely.

The paperis organizedasfollows. We introducethe mortar Morley discretizationof
our modelproblemin Section2. Section3 is devotedto de nition of our ASM method.In
Sectiond weintroduceandanalyzeafew necessartechnicalemmasand nally in Section5
we prove the conditionestimate.

In the paperthe following notationis used: , and meanthatthere
exist positive constants and independentf the parametenf the ne triangulationof ary
substructureandthe numberof subdomainsuchthat

2. Discrete problem. Let assuméhat is a polygonaldomainin andthatthere
existsadecompositiorof  into non-overlappingpolygonalsubdomains  suchthat

Theintersectionof boundarieof two differentsubdomains , is eitherthe
emptyset,avertex oracommonedge.Thus formsacoarsdriangulationof ~ with
aparameter , where . Let assumehe shaperegularity of that

decompositionn the senseof Section2, p. 5in [11].

In this papermwe considerthe following modeldifferentialproblem:
Find suchthat
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where and
Here

isthenormalunit derivativeoutwardto ,  arepositive coefcients (arbitrarily large),
and for . FromtheLax-Milgramtheoremthecontinuityandellip-
ticity of thebilinearform it follows thatthereexistsa uniquesolutionof the problem;

seee.g.,[17 or[164)].
An important role in mortar discretizationsis played by the interface, de ned by

Foreachsubdomain  weintroduce aquasiuniforntriangulationwith parame-
ter for which consistof non-overlappingrianglescf. [12].
Notethateachcommonedgeto two subdomains and calledbelown aninterface  in-
heritstwo independeni-D triangulations: -the -onefrom and
-the -oneintroducedby .

An importantrole is alsoplayedby two typesof nodalpoints, the verticesof triangles

andmidpointsof edgesof triangles.Let e.g. maybeanedgetheboundaryor the
whole , thenlet be setsof all verticesandmidpoints,respectiely, of elements
of which arein . Of coursewe drop subscript wheneer it doesnot causeary
confusion.E.g.,we write for thesetof all verticesof

We now introducethe mortar methodthat locally usesthe nonconformingMorley el-
ement,cf. [16]. Let the local Morley nite elementspace be de ned asfollows,
cf. Figure2.L:
Hereandbelow is the spaceof polynomialsof degreeupto de ned

overadomain
The dggreesof freedomof the Morley elementaregivenby

where isavertex of anelementand  is the midpointof anedgeof anelementcf. Fig-
ure2.l

Next we canintroduceanauxiliary globalspace with socalled
brokennormsandseminorms:
wherewe have and ,
We now choosean opendisjoint side of denotedby andnameit
master(mortar). The sideof is calledslave (nonmortarjandis denotecdby
AssumptionsFor thesubdomains and relatedto the master andtheslave
, it holdsthat:

A.1 Thecoefcients satisfy
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FIG. 2.1. Morley element.

A.2 Themeshparametersf and satisfy
A.3 The two side elementsof the slave triangulation , i.e., the onesthat touch
the endsof , are longer than the respectie elementsof the master(mortar)

triangulation .
AssumptionA.2 is necessaryor the proofsof sometechnicalresultsandis dueto the fact
thatary local nite elemenfunctionis notsufciently regular. It is worth notingthata good
practicalandmeaningfulalternative couldbe (cf. [34]):

SeealsoRemark4.2, below.

TheassumptiorA.3 is technical.If oneconsideraninterface  with the master
andtheslave thenit is easilyseerthatif afunction satis es(2.2), seebelow,
thenthevaluesof normalderivativesof atthemidpointsof 1D elementof depend
not only on degreesof freedom(dofs) at nodesof but alsoon somedofsrelatedto
the nodeswhich are not on — It may happenin generalthat the valuesof ata
midpoint of an end elementof are dependenbn valuesof dofs associatedvith nodal
pointson aninterface suchthat N avertex, whichis obviously a
badproperty AssumptionA.3 yieldsthatit is not possibleatall.

We also needtwo auxiliary spaceson eachslave (nonmortar) . Let the rst one
denotedby , be the spaceformed by piecavise constantfunctionson the -
triangulationof

For simplicity of presentationwe also assumethat the both 1-D triangulationsof the

interface -the oneof its master and -the oneof its slave
, haveevennumberof theelementsLetconsider — andlet
beasetof verticesof the  triangulationof this slave, is even). Thenwe introducean
operator :
DEFINITION 2.1. Let and bede nedbythevalues
of atall pointsof asfollows:
1. is a quadratic polynomialon eath for even ,
2. B
In otherwords, is the piecavise quadraticinterpolantde ned over the tri-

angulationof thatis madeof elements . The operator
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thatcorrespondsothe  meshof master- we de ne in the sameway.
We next de ne anauxiliary space asfollows:

Thenamortar nite elementspacss introduced:

(2.1)
(2.2)
Next we de ne our discreteproblem:Find suchthat
(2.3)
for and

This problemhasa uniquesolutionandsomeerrorestimatesareestablished26].

3. Additi ve Schwarzalgorithm. In this sectionwe describethe parallelalgorithmfor
solvingtheproblem(2.3).

3.1. An equivalent formulation. In this sectionwe reformulatethe problem(2.3) into
aspectrallyequivalentone. Thenwe will beableto constructa preconditionefor this equiv-
alentproblemusingASM abstracschemeij.e.,we replace(2.2) by (3.1), seebelow.

We formulatethe new problembecausef the nonconformityof Morley nite element

spaceand(2.2), namelya function whichis zeroat all verticesandmidpoints
of a master canhave zerovaluesof normalderivativesat all
midpoints of and can have nonzerotrace of the normal derivative onto , e, in
particular canbenonzerdfor atestfunction . This couldyield
mary technicalproblemsn theconstructiorandanalysisof the ASM algorithm,cf. also[24]
and[2g].
DEFINITION 3.1. For eath wede nea function asfollows:
1. for all vertices in -
2. for all midpoints in . - ,( isa
slave),i.e., midpointsthat are noton a slave
3. on any slave(nonmortar) with the associatedmortar (master)
the valuesof normal derivativeat the midpointsof are

determinedy the following condition:

(3.1)
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whee is piecaviseconstanfunctiononthe  triangulationof
,l.e, sud that
(3.2) -
for each midpoint of anelement .
From(3.]) it followsthatthevalue for amidpoint of an1-D element
is computedby

(3.3)

where isde nedasin (3.2.
Notethatthe valuesof respectie degreesof freedomof and differ only atthe mid-
points on slaves. Thenfollowing the lines of proof of Proposition3.1, p. 7, [27], we get

ProPOSITION 3.2. For all and fromDe nition 3.1it holdsthat

We now introducea new space

i.e., istheimageof of themappingde nedin De nition 3.1
And we canformulatea new problem:

(3.4)

We now introducenodalbasedor andthen

For eachdegreeof freedom(a vertex or amidpoint)thatis not on a slave we associat@a
nodalbasisfunctionin . Let  thenodalbasisfunctionrelatedto avertex bede ned
asfollows

Thefunction relatedto amidpoint  not on a slave we setby

The functionsareuniquelyde ned by theseconditionsasthe valuesof degreesof freedom
relatedto bothtypesof nodalpointson slavesaredeterminedy (2.1) and(2.2), respectiely.
In the sameway we cande ne nodalbasisfunctionsof and thenodalbasis
functionsrelatedto avertex andamidpoint whicharenotonary slave.
Note thatthe the valuesof degreesof freedomrelatedto both typesof nodal pointson
slaves are determinedby (2.1) and (3.1), respectiely. Thus,e.g., and
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which are both elementsof may have differentvaluesof normal derivativesat
midpointson aslave.

Note alsothat and de ned in De nition 3.1 have the samevector
representation ( isthedimensionof ) in the respectie nodalbasesandif we
introducethe matrix representationsf in thebothnodalbasesi.e.,let denotethe
onefor and theonefor ,thenProposition3.2yields,(cf.[27])

COROLLARY 3.3. Thematrices and are spectally equivalentwith constantsnde-
pendenbfthe meshparametes, jumpsof the coefcients andthe numberof subdomains.

Thusfurtherwe constructa preconditionefor  insteadfor orin otherwordsfor the
problem(3.4) insteadfor (2.3).

3.2. Additi ve Schwarzmethod. Now we constructa parallelmethodfor solving(3.4).
The constructiorandanalysisof our methodis basedon Additive Schwarz Methodscheme,
cf. [30Q], i.e., it is de ned in termsof decompositiorof into subspacedpcal bilinear
formsde ned over thesesubspaceandspecialprojectionsonto thesesubspacesUsing the
abstractAdditive Schwarz Method (ASM) framework we will thengeta preconditioneifor
theproblem(3.4) andthen(2.3), cf. Corollary3.3.

We rst introducea decompositiorof ary into where
(3.5)
where

Thus andit is easyto seethatequivalentlywe cande ne asfollows
(3.6)

which givesusanothercharacterization:  is auniquefunctionsuchthat

(3.7)
Thenwe candecomposeary as , with
and . Itisworthto notethat and  are
orthogonalwith respecto which follows directly from the de nition of  and

(and ) is calleddiscretebiharmonicpartof ( respectiely).

We now introducethe spacedecomposition.

For the simplicity of presentationve assumehatall  aretriangles.

We rst de ne a coarsespace . Let be a discretebiharmonicfunc-
tion suchthaton any master we have at andits normal
derivative takesa constantvalueat all midpointsof this mortar i.e., fora

amidpointon . Here is alinearfunction suchthat
for anendof thisinterface.Notethatas isanelemenof . Thus
it is continuousat crosspoint&ndthis givesthatits valuesat verticesof ary mortararesolely
determinedy linearinterpolationbetweerthe endsof thatmaster It is obviousthat
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equalsthe numberof crosspointplus the numberof edgesbecauselegreesof freedomare
associateavith a constanperedgeandvaluesat crosspoints.

REMARK 3.1. Thevaluesof degreesof freedom atnodalpointson a slave are
determinecby the mortarconditions. However it directly follows thatthey are determined
in the sameway ason the mortarside, i.e., at the verticesthe function takes the valuesof
the samdinearfunctionason the mortarside,andat the midpointson this slave the normal
derivative takesthe sameconstantvalueason the mortarside,which follows from (3.3).

Thebilinearform is de ned asequalto theoriginal
The next subspaceareassociatedvith domainslet be formedby functions
which arein andarezeroover all othersubstructuresgquivalently we canwrite
. We take
asthebilinearform correspondindo thesubspace .
Finally we de ne afamily of spacesorrespondingo themortars.
Let beamastemortar)andlet  beits associateglave. Thenlet
be a spaceof piecavise discretebiharmonicfunctionsthat may have nonzerodegrees
of freedomonly thesewhich are associatedvith , i.e., valuesat verticesand valuesof
normalderivative at midpointswhich areon this openmaster The bilinear form associated
with is de ned astherestrictionof to ,ie,
We have
Next we introduce , and
de ned by
Let anoperator bede ned by
Then,themainresultof this sectionis thefollowing:
THEOREM 3.4. For any it holdsthat
whee and_ .
It follows directly thatfor the matrix representatioin the nodalbasispresentedn 3.1
of it holdsthat , for a parallelpreconditioner . (Here denotes

boththe operatorandits matrix representation.)
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Thuswe canrewrite Theorem3.4 as,(e.g.,cf. [18]),

where_ and .
FromthisandCorollary 3.3it followsin a standardvay, seee.g.,[18], that
COROLLARY 3.5. It holdsthat

whee _ and . Thuswe canusethe preconditioner in
conjugategradientmethodfor solvinga following problem: nd suchthat:

whichis thematrixform of (2.3). Here isavectorrepresentatioof  asolutionof (2.3).

The numberof conjugategradientiterationsof the preconditionedoroblemwill grow
only logarithmicallywith theratio  _ andis independenbf meshsizesandthe jump of
coefcients

4. Technicaltools. In this sectionwe de ne severalauxiliary operatorsandprove some
usefulresultswhich arenecessarfor the proofsof ourtheorems.

First we introducethe so called mortar projection: , an
operatorcorrespondingo , aslave de ned asfollows, cf. [4].

DEFINITION 4.1. Let for be a continuousfunction which is a
polynomialof seconddegreeover all elementof the triangulation of vanishingat

endsof this slaveand satisfying

(4.1)

(Notethat ).
The next lemmais a specialcaseof LemmaZ2.2in [4], (the  stability is givenin the
proof of thislemma;see(2.19)in [4]):

LEMMA 4.2. Theoperator de nedin (4.1) is stablein  and norms,i.e., it
holdsthat

(4.2)

We next introducealocally continuousnite elementspacewnhichis acounterpartnerof

theMorley local nite elementspace: - theHsieh-Clough-dcher(HCT) macro
nite elementlocal spacecf. [16], andalocal equivalencemapping;seeSection3, (3.2)in
[13], . Thiswill allow usto utilize all technicalresultsknown

for HCT spacedo Morley nite elementocal space.
Thelocal nite elementspace for HCT elementis de ned by, cf. Figure4.1,
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|

FiG. 4.1. HCT macwo element.

The degreesof freedomof HCT elementaregivenby

cf. Figure4.l

In the next de nition, we usethe factthatfor quadraticpolynomial we
have
Thus  for is well de ned at all midpoints. Let be anadjacenimidpoint
of thevertex if bothpointsbelongto thesameedgein . Thechoiceof themidpoint
is notuniqueandthis factwill beusedbelow.

DEFINITION 4.3. ([13]) Wede ne by settingits degrees
of freedomat all verticesandmidpointsof ,i.e,let beavertecand themidpointofan
edce of an elemenof , then

Note that the choiceof the adjacentmidpoint in the above de nition may be arbitrary
andit will furtherbeof agreatuse.
In thefollowing lemma,we statesomepropertiesof thelocal equivalencemappingde-
ned above.
LEMMA 4.4, For all , it holdsthat

Here  isanedg of
ThisisLemmal0,in 4.20f[26], theproofof the rst two statementseregivenearlier
in[13)].
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We alsohave a simplebut importantremarkwhich follows form the e xibility of choos-
ing theadjacenmmidpointin thede nition of

REMARK 4.1. Consideranedge andlet be a function which
hasall degreeof freedomassociatedvith nodeghatareon equalto zero. Thenwe
canchoose suchthat and on .

Thenext lemmashawvs animportantpropertyof discretebiharmonicfunctions:

LEMMA 4.5. Let be a discretebiharmonic,i.e., , cf. (3.6). Then
wehave

Proof. Let beafunctionde ned asfollows: on ,
here on ,and
where , i.e., is adiscretebiharmonicin HCT sense
extensionof . Thenby the discreteanalogof the extensiontheoremfor Sobole/

spaces;f. Theoremd.4in [ 23], andthefactthatdiscretebiharmonidunctionshave aminimal
enegy property we have

Next we introducea function by settingits all degreesof freedomrelated
to verticesandmidpointsof totherespectieonesof . Thenext estimatas obtained
by a standarcargumentfollowing from the factthatall degreesof freedomof areincluded
in the setof degreesof freedomof

Notethatfrom De nition 4.3followsthat for all vertices and
for all midpoints
Henceby (3.7) we get

whatendsthe proof of thislemma.O

Thenext lemmais Lemmad4.1in [23].

LEMMA 4.6. Let beanedgof . If is equalto zeo on
and , thenit holdsthat

whee denoteghetangential derivativeon
We alsoneedto introducetracespacesie ned overaninterface

andanauxiliary operatorde ned onthetracespace.
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DEFINITION 4.7. We nowde ne an auxiliary operator de ned on an edge

. Let thenfor any
whee - is a neighboringnodal pointof and —— is anadjacentmidpoint.
Notethatfor each theselectionof canbedecidedin conformitywith the similar choice
in de nition of , whichis furtherusedin theproofs.

LEMMA 4.8. Theopemator de nedin De nition 4.7 satis es:

where .
Proof. Firstweprovestabilitiesin  -normand  -seminormandthenthesecondstate-
mentof thelemmais obtainedby a standardHilbert spacenterpolationargumentcf. [17].
Take ary andlet and , cf. De nitions 4.1and4.7.
Then,by astandardscalingargumentDe nition 4.7, and(4.2), we get

Here isaneighboringnodalpoint of

Now consider . Letagain and .
We alsoneedanadditionalfunction whichis de ned asfollows:
where - is a neighboringnodal point of chosenin exactly sameway asin the
de nition of
Take anelement ,andlet bealinearpolynomialinterpolating
(and ) at , i.e., suchthat , , thenwe getby
standarcarguments

Thesecondermis estimatedasfollows:
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where isasumof andits all neighboringelements, , Isary constantand
aretherespectie nodalpoints(asin thede nition of ).
Then, by a Soboles embedding in 1-D, a quotientspaceargument,and a
scalingargumentwe get
(4.3)

Now we estimate

4.4)
For thesecondermwe get
where is a piecawvise linearinterpolantde ned on . If we consideranelement
thenby aninverseinequality (4.3), andthe well known propertiesof we
have
where isasumof andits all neighboringelementsSummingover all ends
the estimateof the secondermbecaus@very elementis countedthreetimesat most.
Thusto getthe stability of in seminormit sufces to estimatethe rst termin
(4.4). By aninverseinequality andagainthe factthat and we
have
where is a piecavise quadraticinterpolantde ned overthe  -meshof . (Note
that ).
Now notethatfrom De nition 4.1it holdsthat , andthusby (4.2
andwell-known propertiesof we get

The proof of the stability in normis completed.
The casefollows by aninterpolationargumente.g.cf. [12]. O
We alsoneedanauxiliary operatorde ned onthetracespace.
DEFINITION 4.9. We now de ne an auxiliary operator .
Let for the  orthogonal projectiononto piecaviseconstantfunctionson
, thenlet be a piecavise quadratic continuousfunctionde ned over the -
meshof de nedby its valuesat interior nodalpoints andmidpoints
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where  is anymidpointof an elemenpf of which isanend.
The choiceof for each is decidedin conformitywith the similar situationin de nition
of and

LEMMA 4.10. Theopermator de nedin De nition 4.9 satis es:

Proof. Thelines of the proof basicallyhave the samestructureasthoseof the proof of
Lemma4.8; seealsotheproofof Lemma3.5in [24]. O

LEMMA 4.11. Let bea discretebiharmonicfunctionwhichis zeo at all degrees
of freedonmon the boundarynodesexcepton the openmortar andits correspond-
ing slave . Thenwehave

Proof. Let be de ned in sucha way that on ;

cf. Remark4.1 Thenwe getby Lemma4.5
(4.5)

We estimatebothtermsindependently
Firstwe get

(4.6)

The secondterm canbe estimatedusingLemma4.8, the tracetheoremandLemma4.4 as
follows:

4.7)

Note that the tangential(normal) trace of on eachedgeis solely de ned by the
valuesof  atverticesof . Thuswe canproperlyde ne for ary B
(orary whichhasuniquelyde ned valuesat verticesonthis slave). Usingthis
we seethat the tangentialtrace on equals by the
mortarcondition(2.1) andDe nition 4.3.

Let . Now we

recallDe nitions 4.3and4.7 andhave

where is anadjacenimidpoint. (Herewe have the samechoicesof this midpointin the
bothde nitions!). Thisyields . Additionally wehave

Thusby Lemmad4.8andaninverseinequalitywe concludethat

(4.8)
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Usingstandargropertieof apiecavisequadratidnterpolantthetracetheoremandLemma4.4
we concludethat

whichtogethewith (4.6), (4.7), and(4.8) givesusthe boundof
Now we have to estimatehe secondermin (4.5).

(4.9)

By Lemma4.10Q atracetheoremandLemma4.4 we getthe estimateof the seconderm:

(4.10)

We now estimatethe rst termin (4.9), i.e., . Let
. We have by aninverseinequality

By De nitions 4.3and4.9we have

where isanadjacenmidpointfor avertex .
Notethat is linearover a1l-D elementof with asthemidpoint,hence,

cf. (3.3,
where is apiecaviseconstanfunctionson asin (3.1). Thelastequalityfollows

from themortarcondition(3.1).
Thuswe canconcludethat

where isanadjacenmidpointof avertex , andthus

Because is the orthogonal projectionof onto the spaceof piecavise constant

functionson , by atracetheoremascalingagumentandaquotientspaceargument,
we getin a standardvay that
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Thus,Lemma4.4 appliedto theseconderm,and yields
(4.11)
Finally, (4.9), (4.10, and(4.17) yield theproperboundof , Whattogether
with the assumptioron the coefcients on eachinterface , e, ,

endstheproof.00
REMARK 4.2. In theendof proofof Lemma4.11AssumptionsA.1 andA.2, cf. page36
in Section2, areusedto boundthefactor

by a constantThusagoodpracticalalternatve to A.2 seemgcf. [34]) to be

in thecasewhenA.2 doesnothold.

Herethemastersideof anedge  is with theslave

LEMMA 4.12. Let , thenit holdsthat
whee s a constantvaluetaken by the normal derivativeof  at all midpointsof el-
ementof and is the trace of the normal derivativeof the linear inter-
polantof de nedbythevaluesof attheverticesof (alsotakingconstantwvalueona
givenedge).

Proof. First notethat . Let andwe
seethat for all vertices and N
for midpointson anedge , what follows from the de nition of . Let further

Wecansplit asfollows where isdiscretebiharmonicfunction

de ned by thevaluesof respectre degreesof freedomon

Theinterior degreesof freedomaresetby (3.6).

We have We estimateeach
term separately We cannow choose in sucha way that ;
cf. Remark4. 1

Notethat for any midpoint
of a1-D edgeelement for ary edge . Thusfrom De nition 4.3it
followsthat forary whichisamidpointoravertexin . As
thetraceof onto isa  continuouspiecavise cubic function,we canconclude

that iszeroon ,i.e.,in particular is alsozeroon
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By thisandLemma4.5we get

Next Lemmad4.6yieldsthat

By De nition 4.3andthede nition of we seethat

for ary and , where is anadjacentmidpointof . Thus
is a continuouspiecavise quadraticfunction on the 1-D meshof which equalszero
at the endsof this edgeandtakesthe constantvalue  at all remainingnodal points of
, in particularit equalsthe constant on all elementsexcepttwo endelementof
. Hence canbenonzeroonly onthetwo endelementof and
. Thistogethemwith aninverseinequalitygivesusthat

Summingall theseestimateyieldsthat

which concludeghe proof.O

5. The proof of ASM theorem. The proofis basedntheabstracschemeof the ASM
method;cf. [30]. It consistsof checkingthreeassumptions Assumptionll is satis ed by
the standardcoloring agument. Assumptionlll is satisedfor and  with as
local bilinearforms equalto the original oneandLemma4.11givesthe estimateof  for the

remaininginterfacesubspaces
It remaingto checkAssumptionl which we formulateasalemma:
LEMMA 5.1. For any there exist , and sud that

(5.1)
and

(5.2) _

Then,Lemma3, Section5.2in [30] endsthe proof of Theorem3.4.
Proof. We de ne by settingits valuesat verticesand constantvaluestaken by

the normalderivative of this functionon masters:
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where — for (the numberof midpointsof
elementof ).

Let andlet for , (i.e.,
in andit is extendedas zeroonto the othersubdomains) Note that
. Finally we de ne by setting

Notethatthesefunctionssumto , i.e.,thisdecompositiorsatis es(5.1).

We now estimate . Lemmad4.12yields
wherethe rst sumis takenoverall mortars(masters) of andthe secondover
all slaves . Notealsothat is de ned uniquelyby thevaluesof at
theendsof this edge.

Letus rst consideramaster . Let . Thenby Schwarzinequality

andstandardechniquesve get

(5.3)

Here isthenumberof -elementof . Finally we have

Notethat
(5.4)

andthusatracetheorem] emma4.4, ascalingargumentanda quotientspaceargumentyield
that

UsingagainLemmad4.4 directly for the secondermwe get

Thuswe concludethat

Proceeding@nalogouslyin the casewhen is aslave of with associatednortar
we have
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We have alsousedthe assumption
Combiningtheseestimatesandsummingover all mortarsandslavesof ~ andthenall
domains gives

(5.5) —

Next we estimatethetermsassociatedvith . By (3.5 wehave

Thisand(5.5) yields

(5.6) —

Now let considera mortar ~ which geometricallyoccupieshe placeof the interface
We haveto estimate . Because s discretebihar

monicwe canutilize Lemma4.5andget

Note that the tangentialand normaltracesof areequalzeroon thuswe can
concludethat

We estimatebothtermsusingLemma4.6 andget

(5.7)

We shawv the boundsfor all thesetermssuccessiely. Note that the tangentialtrace of
equalsto . ThusthetracetheoremLemma4.4, (5.4), aquotientspaceargumentand
ascalingargumentyield that

(5.8)
Note that ~ for a midpoint and then from
De nition 4.3t follows that ~ for ary nodalpoint
and , Wwhere isanendof
Hencewe get
where is a nodal basisfunction of the nite elementspaceof continuouspiecavise

guadraticfunctionsde ned on associatedvith - one of the endsof , iL.e.,
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isequaltooneat andis equalto zeroatall remainingverticesandmidpointsof —

Notethat . Thuswe get
(5.9) -
Thesecondermis estimatedogethemwith , cf. (5.11) below, andthe rst

termcanbeestimatedy atracetheoremandLemma4.4 asfollows:
(5.10)

Thelasttwo termsin (5.7) canbe estimateusing(5.3) andstandarcargumentdik e dis-
creteSobole like inequality cf. Lemmad4.15in [32):

(5.11)

Theseestimatesogethemvith (5.7), (5.8), (5.9, and(5.10 give

Summingby all mortarswe get

Finally, (5.5), (5.6) andthelastboundyield (5.2) whatendsthe proof. O
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