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AN ADDITIVE SCHWARZ METHOD FOR MORTAR MORLEY FINITE
ELEMENT DISCRETIZA TIONS OF 4TH ORDER ELLIPTIC PROBLEM IN 2D

�

LESZEK MARCINKOWSKI
�

Abstract. In this paperwe introduceandanalyzea parallelASM preconditionerfor the systemof equations
arisingfrom the �nite elementdiscretizationsof a fourth orderelliptic problemwith large jumpsin coef�cients on
nonconformingmeshes.Locally Morley nonconformingelementis used. The conditionnumberestimateproved
hereis almostoptimal,i.e., it grows polylogarithmicallyasthesizesof themeshesdecrease.

Key words. Plateproblem,mortar �nite elementmethod,Morley nonconformingplateelement,domainde-
composition,preconditioner, additive Schwarzmethod.
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1. Intr oduction. Domaindecompositionmethods,whichform agroupof effectivepar-
allel solversfor the systemof algebraicequationsarisingfrom the discretizationof partial
differentialequations,e.g. by �nite elementmethod,have beenstudiedandusedfor many
years,e.g.,cf. [29, 30, 32].

In this paperwe introduceandanalyzea domaindecompositionmethodbasedon Ad-
ditive Schwarz Methodabstractschemefor solving a systemof algebraicequationsarising
from Morley mortarelementdiscretizationof a fourth ordermodelelliptic problemin two
dimensions.

Themortartechniquewhich wasintroducedby Bernardi,MadayandPatera[6] allows
us to constructdiscretizationmethodson nonconforminggrids. Themeshesin subdomains
canbe nonmatchingacrossinterfaces,i.e., the commonedgesto adjacentsubdomainsand
thuscanbegeneratedindependently, e.g. onelocal subdomainmeshin eachprocessor. The
mortar techniqueimposeson the �nite elementfunctionsspecialweak continuity integral
couplingconditionson theinterfacesof adjacentsubdomains.Themortarmethodappliedto
many typesof problemshasbeenintensively studiedrecently;see[4, 5, 6] for secondorder
elliptic problemsand[22, 3, 26] for mortardiscretizationof fourthorderproblems.

In this paperlocally in subdomainswe utilize the well known Morley nonconforming
�nite elementwhich canbedescribedasoneof thesimplest�nite elementsfor fourth order
problemssuchasplateproblems.The mortarmethodwhich utilizes Morley discretization
wasdevelopedandanalyzedin [26] and[21]. (Thereis a slightly differentapproachin the
latterpaper.)

Additive Schwarz Method (ASM) framework is a very powerful tool of constructing
parallel preconditioners,e.g., cf. [32]. It is de�ned in termsof a decompositionof �nite
elementspaceinto subspacesandlocalbilinearformsde�ned ontothesesubspaces.

ASM typesolversfor Morley �nite elementdiscretizationbuilt ononeconformingtrian-
gulationweredevelopedandanalyzed,e.g.,cf. [10, 9, 13], andreferencestherein.

Many solversincludingASM typemethodsfor problemsarisingfrom mortardiscretiza-
tionsweredevelopedrecently(see,e.g.,[1, 2, 7, 8, 14, 15, 17, 20, 19, 25, 31, 33, 34, 35] and
the referencestherein),but therearenot many domaindecompositionmethodsfor solving
systemsof equationsarisingfrom themortarelementtypediscretizationof fourthorderprob-
lems;see[25] for ASM preconditionersfor conformingHCT elementand[36] for multigrid
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algorithm. The resultsof thesetwo papersconcernfourth orderproblemswith continuous
coef�cients, andif the ideascontainedtherearefollowed in orderto constructandanalyze
analogousalgorithmsfor an elliptic fourth order problemwith discontinuouscoef�cients,
thensomeconstantsin theestimateswould bedependenton jumpsof thecoef�cients, e.g.,
thecoarsegrid usedin [25] is not suitablefor theproblemswith jumpsin coef�cients even
for thecaseof oneconformingmesh.

To ourknowledgetherearenoparallelASM typemethodsfor mortarMorley discretiza-
tion or any othermortardiscretizationwith locally nonconformingelementsof a fourthorder
elliptic problemandtherearealsono algorithmsfor any mortardiscretizationswith locally
conformingor nonconformingelementsfor the caseof fourth order elliptic problemwith
discontinuitiesof coef�cients in literature.

Thenonconformityof theMorley elementleadsto linesof proof thatareusuallymuch
more technical. Simultaneously, the Morley �nite elementhasfewer degreesof freedom
thanother �nite elements.It is importantthat thereis only onedegreeof freedomrelated
to a crosspoint,i.e., a commonvertex to somesubstructures.This allows us to constructa
specialcoarsespacein our ASM methodwhich is suitablefor problemswith discontinuous
coef�cients, whichis notthecase,e.g.,in [25] whereconformingHCT elementis considered.

In this paperour domaindecompositionmethodis presentedin termsof ASM abstract
framework, i.e.,we introducespacedecompositioninto acoarsespaceandtwo typesof local
spacesandbilinearformsde�nedonthesespaces.Thenweshow analmostoptimalcondition
numberestimatewhich is independentof the jumpsof the coef�cients, i.e., the numberof
conjugategradientiterationsis proportionalonly to

�����	��

�������������

, where
�

and
�

denote
thesubdomainsizesandmeshsizes,respectively.

The paperis organizedas follows. We introducethe mortarMorley discretizationof
our modelproblemin Section2. Section3 is devotedto de�nition of our ASM method.In
Section4 weintroduceandanalyzeafew necessarytechnicallemmasand�nally in Section5
weprovetheconditionestimate.

In thepaperthe following notationis used: �	��� , ����� and  "!$# meanthat there
exist positiveconstants% and & independentof theparameterof the�ne triangulationof any
substructure,andthenumberof subdomainssuchthat
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2. Discrete problem. Let assumethat L is a polygonaldomainin MON andthat there
existsadecompositionof L into non-overlappingpolygonalsubdomainsLQP suchthat
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it follows thatthereexistsa uniquesolutionof theproblem;
see,e.g.,[12] or [16].

An important role in mortar discretizationsis played by the interface, de�ned by
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whichconsistsof non-overlappingtriangles,cf. [12].
Notethateachcommonedgeto two subdomainsLkP and L�_ calledbelow aninterface
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An importantrole is alsoplayedby two typesof nodalpoints,theverticesof triangles

andmidpointsof edgesof triangles.Let ­$®9L¦¯ e.g. ­ maybeanedge,theboundaryor the
whole L

¯ , thenlet ­—°

¯š± ¨
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of §
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L
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which are in ­ . Of coursewe drop subscriptŸ whenever it doesnot causeany
confusion.E.g.,we write Lk°

¯š± ¨

for thesetof all verticesof §
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.
We now introducethe mortarmethodthat locally usesthe nonconformingMorley el-

ement,cf. [16]. Let the local Morley �nite elementspace³
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Thedegreesof freedomof theMorley elementaregivenby
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ure2.1.

Next wecanintroduceanauxiliaryglobalspace³�¨

�

L

�

RtÆ

S

PrU'V

³Â¨

�

LWP

�

with socalled
brokennormsandseminorms:ÇD�2Ç

NÈŠÉ

Ê�Ë

•7Ì

RtÍ

S

PrU.V

Çr�ºÇ
NÈŠÉ

Ê�Ë

•
‡

Ì

-jÎ �ºÎ
NÈŠÉ

ÊHË

•7Ì

RtÍ

S

PrU'V

Î �ºÎ
NÈ�É

ÊHË

•
‡

Ì

-

wherewe have Çr�ºÇœN
ÈŠÉ

ÊpË

•�‡rÌ

R

Í

µHÏHÐ

Ê

Ë

•
‡

Ì

Çr�ºÇDN
È

É

Ë

µ

Ì

and Î �2Î N
ÈŠÉ

ÊHË

•�‡DÌ

R

Í

µ�ÏHÐ

Ê

Ë

•
‡

Ì

Î �2Î N
È

É

Ë

µ

Ì

,
Ñ

Rb˜c-

�

-

•

.
We now choosean opendisjoint sideof

£

Pr_k®

£

]ÒhiLWP denotedby ÓcÔj± P andnameit
master(mortar).Thesideof

£

P“_º®nhiL�_ is calledslave (nonmortar)andis denotedby Õ?Ôk± _ .
AssumptionsFor thesubdomainsL¦P and L�_ relatedto themasterÓxÔk± P½R

£
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FIG. 2.1. Morley element.

A.2 Themeshparametersof §.¨
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.
AssumptionA.2 is necessaryfor theproofsof sometechnicalresultsandis dueto the fact
thatany local �nite elementfunctionis not suf�ciently regular. It is worth notingthata good
practicalandmeaningfulalternativecouldbe(cf. [34]):
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TheassumptionA.3 is technical.If oneconsidersan interface
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Thisproblemhasa uniquesolutionandsomeerrorestimatesareestablished[26].

3. Additi ve Schwarzalgorithm. In this sectionwe describetheparallelalgorithmfor
solvingtheproblem(2.3).

3.1. An equivalent formulation. In this sectionwe reformulatetheproblem(2.3) into
aspectrallyequivalentone.Thenwewill beableto constructapreconditionerfor thisequiv-
alentproblemusingASM abstractscheme,i.e.,we replace(2.2) by (3.1), seebelow.

We formulatethenew problembecauseof thenonconformityof Morley �nite element
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§

_

¨

�

ÕœÔk± _

�

is computedby

ö� _

�š¿l�

R�Î

þ

Î��

V

} ÿ�h – ö� _

�

Ñ

�

‚

Ñ

R$Î

þ

Î��

V

} ÿ

ñ

P

�

Ñ

�

‚

Ñ

-(3.3)

where
ñ

P is de�ned asin (3.2).
Notethat thevaluesof respective degreesof freedomof ö� and � differ only at themid-

pointson slaves. Then following the lines of proof of Proposition3.1, p. 7, [27], we get

PROPOSITION 3.2. For all �

zlì

¨ and ö�

z

³Â¨

�

LWP

�

fromDe�nition 3.1 it holdsthat

|

È

�

�'-��

�

�

|

È

�

ö�.-
ö �

�DJ

We now introducea new space

ö

ì

¨

R+oB�

z

³
¨

�

L

��•��

�

z)ì

¨

�—Rûö �.q
-

i.e., ö

ì

¨ is theimageof
ì

¨ of themappingde�ned in De�nition 3.1.
And wecanformulateanew problem:

|

È

�

ö�

�

¨

-��

�

RY€

�

�

�

-8ƒ��

z

ö

ì

¨

J

(3.4)

We now introducenodalbasesfor
ì

¨ andthen ö

ì

¨ .
For eachdegreeof freedom(avertex or amidpoint)thatis not on a slaveweassociatea

nodalbasisfunctionin
ì

¨ . Let
ò

°

‹

thenodalbasisfunctionrelatedto a vertex � bede�ned
asfollows

��

�

��

ò

°

‹

�

�

�

R

�

ò

°

‹

�

�

�

R ˜ ƒ��

z

¤

P

L

°

P?± ¨

¥
¤

ï

É

ø�ù

ÕH°

ú

± ¨

�le RY�

h†–

ò

°

‹

�

�

�

R ˜ ƒ

¿

z

¤

P

L

²

P•± ¨

¥
¤

ï

É

ø�ù

Õ�²

ú

± ¨

J

Thefunction
ò

²

Ô

relatedto a midpoint
¿

not on a slavewesetby
��

�

��

ò

²

Ô

�

�

�

R ˜ ƒ��

z

¤

P

L

°

P?± ¨

¥
¤

ï

É

ø�ù

Õ
°

ú

± ¨

h
–

ò

²

Ô

�š¿l�

R

�

h†–

ò

²

Ô

�Ã¾��

R ˜ ƒ

¾

z

¤

P

L

²

P?± ¨

¥

¤

ï

É

ø�ù

Õ
²

ú

± ¨

¾

eR

¿;J

The functionsareuniquelyde�ned by theseconditionsasthevaluesof degreesof freedom
relatedto bothtypesof nodalpointsonslavesaredeterminedby (2.1) and(2.2), respectively.

In thesameway we cande�ne nodalbasisfunctionsof ö

ì

¨ : ö

ò

°

‹

and ö

ò

²

Ô

thenodalbasis
functionsrelatedto avertex � andamidpoint

¿

whicharenotonany slave.
Note that the thevaluesof degreesof freedomrelatedto both typesof nodalpointson

slaves are determinedby (2.1) and (3.1), respectively. Thus, e.g.,
ò

°

‹

z"ì

¨ and ö

ò

°

‹

z
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ö

ì

¨ which areboth elementsof ³ ¨

�

L

�

may have differentvaluesof normalderivativesat
midpointsonaslave.

Note also that �

z ì

¨ and ö�

z

ö

ì

¨ de�ned in De�nition 3.1 have the samevector
representation	�

z�


– ( � is the dimensionof
ì

¨ ) in the respective nodalbasesandif we
introducethematrixrepresentationsof |

È

�

�'-��

�

in thebothnodalbases,i.e., let 
 denotethe
onefor

ì

¨ and ö


 theonefor ö

ì

¨ , thenProposition3.2yields,(cf. [27])
COROLLARY 3.3. Thematrices
 and ö


 are spectrally equivalentwith constantsinde-
pendentof themeshparameters,jumpsof thecoef�cients andthenumberof subdomains.

Thusfurtherwe constructa preconditionerfor ö


 insteadfor 
 or in otherwordsfor the
problem(3.4) insteadfor (2.3).

3.2. Additi veSchwarzmethod. Now weconstructa parallelmethodfor solving(3.4).
Theconstructionandanalysisof our methodis basedon Additive SchwarzMethodscheme,
cf. [30], i.e., it is de�ned in termsof decompositionof ö

ì

¨ into subspaces,local bilinear
formsde�ned over thesesubspacesandspecialprojectionsonto thesesubspaces.Using the
abstractAdditive SchwarzMethod(ASM) framework we will thengeta preconditionerfor
theproblem(3.4) andthen(2.3), cf. Corollary3.3.

We �rst introduceadecompositionof any �

z

³�¨

�

LŠ¯

�

into ��R��í¯��

���

¯À� where

|

¨H± ¯

���

¯��'-��

�

R

|

¨H± ¯

�

�'-��

�

ƒ��

z

³Â¨�±

{

�

LŠ¯

�

-(3.5)

where

³
¨H±

{

�

L
¯

�

Rto?�

z

³
¨

�

L
¯

�f•

�

�Z¾��

Rbh
–

�

�š¿l�

Rb˜

»š


:·3

���

s¼Ey6x@




EG5
C“>

¿

3H576—FH<œ:=C=EyAD<?>

¾¼


5uhiL
¯

q

Thus �
¯

��R9� é

�

¯
� andit is easyto seethatequivalentlywecande�ne �

¯
� asfollows

�

�

�

|

¨H± ¯

�

�í¯À�'-��

�

R9˜ ƒ½�

z

³Â¨H±

{

�

LŠ¯

�

�í¯��

�Z¾��

RY�

�Z¾��

ƒ

¾

FH<œ:=C=<œv




5uhiLŠ¯

h†–��í¯š�

�š¿l�

Rbh¸–†�

�š¿l�

ƒ

¿

s¼Ey6x@




E�5¸C




5¼hiLŠ¯

(3.6)

whichgivesusanothercharacterization:�^¯š� is auniquefunctionsuchthat

|

¨�± ¯

�

�
¯

�'-��
¯

�

�

R�s¼EG5©o

|

¨H± ¯

�

��-=�

�W•

�

z

³
¨

�

L
¯

�

>=¹7A“[—C=[73�C·�

�Z¾��

R9�

�Z¾��

3H576(3.7)

h
–

�

�š¿l�

R9h
–

�

�š¿l�.»š


:”3

���

s—Ey6x@




EG5¸C\>

¿

3H576¼3

�G�

FH<B:�C\EGAœ<B>

¾u


5uhiL
¯

q

J

Thenwe candecomposeany �1R

�

�
V

-

JBJœJ

-=�

S

�

znì

¨ as �1R

�

�

�

�í� , with
�

�	R

���

V
�

V
-

JœJBJ

-

�

S

�

S

�

and �í�)R

�

�
V

�
V

-

JBJœJ

-��

S

�

S

�

. It is worth to notethat
�

� and �í� are
orthogonalwith respectto |

È

�Ž¢

-

¢Û�

which follows directly from thede�nition of
�

¯ and �í¯ .
�í� (and �í¯��K¯ ) is calleddiscretebiharmonicpartof � ( �i¯ respectively).

We now introducethespacedecomposition.
For thesimplicity of presentationwe assumethatall Lj¯ aretriangles.
We �rst de�ne a coarsespace

ì

{

®

ö

ì

¨ . Let �

z+ì

{ be a discretebiharmonicfunc-
tion suchthaton any masterÓ

Ôk± ¯ we have �

�Z¾��

Rûä
Vr± �

á

�

�Z¾��

at
¾

z

Ó
Ôk± ¯š± ¨ andits normal

derivative takesa constantvalueat all midpointsof this mortar, i.e., h
–

�

�š¿l�

R+&ªç��

Ñ�� for a
¿

a midpointon ÓxÔk± ¯ . Here ä?V“± �

á

�

zf„

N

�

ÓxÔk± ¯

�

is a linearfunctionsuchthat ä?Vr± �

á

�

�

|

P

�

R

�

�

|

P

�

-“duR

�

-

•

for |

P anendof this interface.Notethatas �

zlì

{ is anelementof ö

ì

¨ . Thus
it is continuousatcrosspointsandthisgivesthatits valuesatverticesof any mortararesolely
determinedby linearinterpolationbetweentheendsof thatmaster. It is obviousthat 6cE�s

ì

{
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equalsthenumberof crosspointsplus thenumberof edgesbecausedegreesof freedomare
associatedwith a constantperedgeandvaluesat crosspoints.

REMARK 3.1. Thevaluesof degreesof freedom�

z	ì

{ at nodalpointson a slave are
determinedby the mortarconditions. However it directly follows that they aredetermined
in the sameway ason the mortarside, i.e., at the verticesthe function takesthe valuesof
thesamelinearfunctionason themortarside,andat themidpointson this slave thenormal
derivativetakesthesameconstantvalueason themortarside,which follows from (3.3).

Thebilinearform �

{

�

�'-��

�

is de�ned asequalto theoriginal |

�

�.-=�

�

.
The next subspacesareassociatedwith domains,let

ì

P ®

ö

ì

¨ be formedby functions
which arein ³ ¨H±

{

�

L P

�

andarezeroover all othersubstructures,equivalentlywe canwrite
ì

P R oB�

z

ö

ì

¨

•

�àR

�

˜c-

JBJœJ

-=˜c-=�KP¸-\˜c-

JœJœJ

-=˜

�

-8�KP

z

³Â¨�±

{

�

LWP

�

q . We take �œP

�

�'-��

�

R

|

È

�

�'´

• ‡

-��c´

• ‡

�

asthebilinearform correspondingto thesubspace
ì

P .
Finally wede�ne a family of spacescorrespondingto themortars.
Let Ó

ú

± P ®nhiL P beamaster(mortar)andlet Õ

ú

± _ beits associatedslave. Thenlet
ì

�

É

â

‡

®

ö

ì

¨ be a spaceof piecewise discretebiharmonicfunctionsthat may have nonzerodegrees
of freedomonly thesewhich areassociatedwith Ó

ú

± ¯ , i.e., valuesat verticesandvaluesof
normalderivative at midpointswhich areon this openmaster. Thebilinear form associated
with

ì

�

É

â

‡

is de�ned astherestrictionof |

È

�

�.-=�

�

to LWP , i.e.,

�

ú

�

�.-=�

�

R

|

¨�± P

�

�
P

-��
P

�

ƒ��'-��

zlì

�

É

â

‡
J

We have

ö

ì

¨

R

ì

{

�

S

…

PrU.V

ì

P

�

…

�

É

ø�ù

ì

�

É

J

Next we introduce
¶

{

•

ö

ì

¨

å

ì

{ ,
¶

P

•

ö

ì

¨

å

ì

Px-¼dnR

�

-

JœJœJ

-=ã and §

ú

•

ö

ì

¨

å

ì

�

É

-'ƒ�Ó

ú

®

£

de�ned by

�

{

�

¶

{

�'-��

�

R

|

È

�

�'-��

�

ƒ��

zlì

{

|

P

�

¶

P•�'-��

�

R

|

È

�

�'-��

�

ƒ��
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�

-
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�

ú

�

§

ú

�'-��

�

R

|

È

�

�'-��

�
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zlì

�
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-'ƒ�Ó

ú
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J

Let anoperator§

•

ö

ì

¨

å

ö

ì

¨ bede�ned by

§YR

¶

{

�

S

…

PDU.V

¶

P

�

…

�

É

ø�ù

§

ú

J

Then,themainresultof this sectionis thefollowing:
THEOREM 3.4. For any �

z

ö

ì

¨ it holdsthat

×

�Å� �G
H�

×

�

�

ØkØ

�

N

|

È

�

�'-��

�

!

|

È

�

§¦�'-��

�

!

|

È

�

�'-��

�

-

where
�

RYsu3pvcP

�

P and
�

RYs¼E�5�P

�

P .
It followsdirectly thatfor thematrix representationin thenodalbasispresentedin � 3.1

of § it holdsthat §ûR��

�

V

ö


 , for a parallelpreconditioner� R

ö


¦§

�

V . (Here § denotes
boththeoperatorandits matrix representation.)
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Thuswecanrewrite Theorem3.4as,(e.g.,cf. [18]),

×

�Å� ��

�

×

�

�

Ø¦Ø

�

N

	�

Ð

��	 �)! 	 �

Ð

ö


!	 �)! 	 �

Ð

��	 � ƒ"	 �

z#


–

-

where
�

RYs¼E�5�P

�

P and
�

R9su3pvcP

�

P .
FromthisandCorollary3.3 it follows in astandardway, see,e.g.,[18], that
COROLLARY 3.5. It holdsthat

×

�Å� ��

�

×

�

�

Ø¦Ø

�

N

	�

Ð

��	 �)! 	 �

Ð


!	 �)! 	 �

Ð

��	 � ƒ"	 �

z#


–

-

where
�

R s—EG5 P

�

P and
�

R su3pv P

�

P . Thuswe can usethe preconditioner�

�

V in
conjugategradientmethodfor solvinga following problem:�nd 	�

�Qz#


– suchthat:


!	 �

�

R

	

€

which is thematrix form of (2.3). Here 	�

�

is avectorrepresentationof �

�

¨

asolutionof (2.3).
The numberof conjugategradientiterationsof the preconditionedproblemwill grow

only logarithmicallywith the ratio
���H�

andis independentof meshsizesandthe jump of
coef�cients ˆxP .

4. Technicaltools. In thissectionwede�ne severalauxiliaryoperatorsandprovesome
usefulresultswhicharenecessaryfor theproofsof our theorems.

First we introducethe so calledmortarprojection: $.N

Ôk± Ö

•

„

N

�

ÕBÔj± Ö

�¼å �

V

{

�

ÕœÔk± Ö

�

, an
operatorcorrespondingto Õ?Ôk± Ö , a slave de�ned asfollows,cf. [4].

DEFINITION 4.1. Let $©N

Ôk± Ö

� for �

z$„

N

�

ÕœÔk± Ö

�

be a continuousfunction which is a
polynomialof seconddegreeover all elementsof the

•H�

Ö triangulationof ÕBÔk± Ö vanishingat
endsof this slaveandsatisfying

}
ï

á2â

›"%

ä½é�$

N

Ôj± Ö'&

�

ñ

‚

Ñ

Rb˜ ƒ

ñ

z

Ý

N

¨B›

ê

�

ÕœÔk± Ö

�DJ

(4.1)

(Notethat $
N

Ôk± Ö

�^RYä

N

¨
›

±

N

$
N

Ôj± Ö

� ).
The next lemmais a specialcaseof Lemma2.2 in [4], (the

„

N stability is given in the
proofof this lemma;see(2.19)in [4]):

LEMMA 4.2. Theoperator $`N

Ôk± Ö

de�nedin (4.1) is stablein
„

N and
�

V)(

N

{={ norms,i.e., it
holdsthat

Ç*$

N

Ôk± Ö

�2Ç,+

‘

Ë

ï

áºâ

›

Ì

!+Çr�ºÇ*+

‘

Ë

ï

á2â

›

Ì

ƒ��

zl„

N

�

ÕBÔj± Ö

�

(4.2)

Ç-$

N

Ôj± Ö

�ºÇ

È

Œ/.•‘

0/0

Ë

ï

áºâ

›

Ì

!+Çr�ºÇ

È

Œ1.m‘

0/0

Ë

ï

á2â

›

Ì

ƒ��

z

�

V�(

N

{\{

�

Õ
Ôk± Ö

�DJ

Wenext introducealocally continuous�nite elementspacewhich is acounter-partnerof
theMorley local �nite elementspace:³

È32

Ð

¨

�

LWP

�

- theHsieh-Clough-Tocher(HCT) macro
�nite elementlocal space,cf. [16], anda local equivalencemapping;seeSection3, (3.2) in
[13], 4

P

•

³
¨

�

L
P

�”å

³

È32

Ð

¨

�

L
P

�

. This will allow usto utilize all technicalresultsknown
for HCT spacesto Morley �nite elementlocal space.

Thelocal �nite elementspace³

È32

Ð

¨

�

L
P

�

for HCT elementis de�nedby, cf. Figure4.1,

³

È52

Ð

¨

�

LWP

�

R+oB�

z

&

V

�
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��•

�c´ µ

z^¶

Ä
�

«œ¯

�

-

»š
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�
�
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�

-
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I
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§©¨

�
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�
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FIG. 4.1. HCT macro element.

Thedegreesof freedomof HCT elementaregivenby

oœ�

�Ã¾K�

-=��‹•Œ

�Ã¾��

-���‹?‘

�Z¾��

-\h
–

�

�À¿O�

q”-

cf. Figure4.1.
In the next de�nition, we usethe fact that for quadraticpolynomial :

zY¶

N

�

‰

|

-;�\’

�

we
have

:=<

���

|

�

�

�=�H•H�

R

:

�

�

�

é>:

�

|

�

�”é

|

J

Thus ?½� for �

z

³í¨

�

LWP

�

is well de�ned at all midpoints.Let
¿!@

beanadjacentmidpoint
of thevertex

¾

if bothpointsbelongto thesameedgein §.¨

�

LWP

�

. Thechoiceof themidpoint
is notuniqueandthis factwill beusedbelow.

DEFINITION 4.3. ([13]) We de�ne 4
P

•

³
¨

�

L
P

��å

³

È32

Ð

¨

�

L
P

�

by settingits degrees
of freedomat all verticesandmidpointsof L

P , i.e., let
¾

bea vertex and
¿

themidpointof an
edgeof anelementof §

¨

�

L
P

�

, then

4*P•�

�Ã¾��

RY�

�Ã¾��

ƒuF
<œ:=C=EyAD<?>

¾

-

h†–A4*P•�

�À¿O�
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�À¿O�

ƒus¼Ey6x@
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E�5¸C

J

Note that the choiceof the adjacentmidpoint
¿!@

in the above de�nition may be arbitrary
andit will furtherbeof a greatuse.

In thefollowing lemma,we statesomepropertiesof the local equivalencemappingde-
�ned above.

LEMMA 4.4. For all �

z

³
¨

�

L
P

�

, it holdsthat
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J

Here
£

P“_ is anedgeof L¦P .
Thisis Lemma10,in � 4.2of [26], theproofof the�rst two statementsweregivenearlier

in [13].
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We alsohaveasimplebut importantremarkwhich followsform the�e xibility of choos-
ing theadjacentmidpointin thede�nition of 4 :

REMARK 4.1. Consideranedge
£

Pr_¦®+hKLWP andlet �

z

³Â¨

�

LWP

�

bea functionwhich
hasall degreeof freedomassociatedwith nodesthatareon hiLkPº¥

£

P“_ equalto zero.Thenwe
canchoose4*Pp� suchthat 4/P•��Rb˜ and ?B4*P•��Rb˜ on hiLWPW¥

£

P“_ .
Thenext lemmashowsanimportantpropertyof discretebiharmonicfunctions:
LEMMA 4.5. Let �

z

³Â¨

�

LŠ¯

�

bea discretebiharmonic,i.e., �^¯À�ðR�� , cf. (3.6). Then
wehave

Î �ºÎ

È

‘

Ê Ë

•

™

Ì

!+Î ?H4÷¯��ºÎ

È

Œ1.m‘

Ë

•

•

™

Ì

J

Proof. Let I�

z

³

È32

Ð

¨

�
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�

bea functionde�ned asfollows: §jèJI �ÒRt§jèK4 ¯ � on hiL ¯ ,
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L
¯
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, i.e., I� is a discretebiharmonicin HCT sense
extensionof 4

¯
�2´

•

•

™

. Thenby the discreteanalogof the extensiontheoremfor Sobolev
spaces,cf. Theorem4.4in [23], andthefactthatdiscretebiharmonicfunctionshaveaminimal
energy property, wehave
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Next we introducea function  

z

³�¨

�

LŠ¯

�

by settingits all degreesof freedomrelated
to verticesandmidpointsof §`¨

�

LŠ¯

�

to therespectiveonesof I� . Thenext estimateis obtained
by astandardargumentfollowing from thefactthatall degreesof freedomof  areincluded
in thesetof degreesof freedomof I� :
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Notethatfrom De�nition 4.3 follows that  

�Ã¾K�

RMI �
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Rt�
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for all vertices
¾

z

hiL
¯ and

h
–
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for all midpoints
¿

z

hKL
¯ .

Henceby (3.7) we get
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whatendstheproofof this lemma.
Thenext lemmais Lemma4.1in [23].
LEMMA 4.6. Let N bean edge of L¦P . If �

z

�

V)(

N

�
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�
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and ÇDh
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where h

ê denotesthetangentialderivativeon N .
We alsoneedto introducetracespacesde�ned overaninterface

£

¯ÛÖ :

V
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andanauxiliaryoperatorde�ned on thetracespace.
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DEFINITION 4.7. We nowde�ne an auxiliary operator de�ned on an edge
£

¯ÃÖ : $

ê
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•

�
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�

£

¯ÃÖ

�·å

V
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where :

z

Õ Ôk± Ö=± ¨ is a neighboringnodalpoint of
¾

and
¿ @

R

@

æZY

N

is an adjacentmidpoint.
Notethat for each

¾

theselectionof : canbedecidedin conformitywith thesimilar choice
in de�nition of 4ëÖ , which is furtherusedin theproofs.

LEMMA 4.8. Theoperator de�nedin De�nition 4.7satis�es:
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.
Proof. Firstweprovestabilitiesin

„

N -normand
�

N -seminormandthenthesecondstate-
mentof thelemmais obtainedby a standardHilbert spaceinterpolationargument,cf. [12].
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N
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ÕœÔk± Ö

�

andlet I +R\$

ê

Ôj± Ö

� and  �RC$©N

Ôj± Ö

� , cf. De�nitions 4.1and4.7.
Then,by astandardscalingargument,De�nition 4.7, and(4.2), we get
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Here : is aneighboringnodalpointof
¾

.
Now consider�

z

�

N

{

�

£

¯ÃÖ

�

. Let again I ~R�$

ê

Ôk± Ö

� and  ~R�$©N

Ôj± Ö

� .
We alsoneedanadditionalfunction �

z_V

¨
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�

Õ
Ôk± Ö
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which is de�ned asfollows:
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de�nition of $
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.
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Thesecondtermis estimatedasfollows:
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where I

þ is a sumof þ andits all neighboringelements,
b

V

z

þ

-

b

N

z

I

þ , % is any constant,and
: P aretherespectivenodalpoints(asin thede�nition of � ).

Then,by a Sobolev embedding&

{>f

åý�

V in 1-D, a quotientspaceargument,anda
scalingargumentweget
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(4.3)

Now we estimate
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For thesecondtermwe get
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where ä Vr± ¨ is a piecewiselinear interpolantde�ned on §

Ö

¨

�

Õ Ôk± Ö
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. If we consideranelement
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thenby aninverseinequality, (4.3), andthewell known propertiesof ä•V“± ¨ we
have
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where I

þ is a sumof þ andits all neighboringelements.Summingoverall þ
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ends
theestimateof thesecondtermbecauseeveryelementis countedthreetimesat most.

Thusto get the stability of $
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where ä

N

¨B›œ±

N

is a piecewisequadraticinterpolantde�ned over the
•
�

Ö -meshof ÕBÔj± Ö . (Note
that ä
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).
Now notethat from De�nition 4.1 it holdsthat äB¨B›r±
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Theproofof thestability in
�

N normis completed.
The

�

Ä

(

N

{={ casefollowsby aninterpolationargument,e.g.cf. [12].
We alsoneedanauxiliaryoperatorde�ned on thetracespace.
DEFINITION 4.9. We now de�ne an auxiliary operator $
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where
¿ @

is anymidpointof anelementof §

Ö

¨
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Õ

ú

± Ö

�

of which
¾

is anend.
Thechoiceof

¿ @

for each
¾

is decidedin conformitywith thesimilar situationin de�nition
of 4"Ö and $

ê

.
LEMMA 4.10. Theoperator de�nedin De�nition 4.9satis�es:
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Proof. The linesof theproof basicallyhave thesamestructureasthoseof theproof of
Lemma4.8; seealsotheproofof Lemma3.5 in [24].

LEMMA 4.11. Let �

z

ö
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¨ bea discretebiharmonicfunctionwhich is zero at all degrees
of freedomontheboundarynodesexcepton theopenmortar Ó Ôk± ¯ R
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Proof. Let 4*P?�'-\dORàŸ“-•  bede�ned in sucha way that §¦èO?B4/P•�ÒR�˜ on hKL¦Pj¥
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We estimatebothtermsindependently.
Firstweget
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The secondterm canbe estimatedusingLemma4.8, the tracetheoremandLemma4.4 as
follows:
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Note that the tangential(normal)traceof 4ôÖœ�7Ö on eachedgeis solely de�ned by the
valuesof �

Ö atverticesof §
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Usingstandardpropertiesof apiecewisequadraticinterpolant,thetracetheoremandLemma4.4
we concludethat
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Now we haveto estimatethesecondtermin (4.5).
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By Lemma4.10, a tracetheoremandLemma4.4wegettheestimateof thesecondterm:
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Thus,Lemma4.4appliedto thesecondterm,and
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By thisandLemma4.5weget
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whichconcludestheproof.

5. The proof of ASM theorem. Theproof is basedon theabstractschemeof theASM
method;cf. [30]. It consistsof checkingthreeassumptions.AssumptionII is satis�ed by
the standardcoloring argument. AssumptionIII is satis�ed for
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Then,Lemma3, Section5.2 in [30] endstheproofof Theorem3.4.
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Here ã
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andthusatracetheorem,Lemma4.4, ascalingargumentandaquotientspaceargumentyield
that
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UsingagainLemma4.4directly for thesecondtermwe get
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Thusweconcludethat
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Proceedinganalogouslyin thecasewhen
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¯yP RbÕ
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± ¯ is a slave of hiLW¯ with associatedmortar
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We havealsousedtheassumption̂cP 0 ˆ†¯ .
Combiningtheseestimatesandsummingover all mortarsandslavesof L ¯ andthenall

domainsLŠ¯ gives
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Next weestimatethetermsassociatedwith � P
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Thisand(5.5) yields
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Now let considera mortar Ó
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± ¯ which geometricallyoccupiestheplaceof the interface
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Note that the tangentialandnormaltracesof 4/¯ areequalzeroon hiLŠ¯`¥WÓ

ú

± ¯ thuswe can
concludethat
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We estimatebothtermsusingLemma4.6andget
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We show the boundsfor all thesetermssuccessively. Note that the tangentialtraceof �
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� . Thusthetracetheorem,Lemma4.4, (5.4), aquotientspaceargument,and
a scalingargumentyield that
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Thelast two termsin (5.7) canbeestimateusing(5.3) andstandardargumentslike dis-
creteSobolev like inequality, cf. Lemma4.15in [32]:
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Theseestimatestogetherwith (5.7), (5.8), (5.9), and(5.10) give
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Summingby all mortarsweget
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Finally, (5.5), (5.6) andthelastboundyield (5.2) whatendstheproof.
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