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ELECTROSTATICS AND GHOST POLES IN NEAR BEST FIXED POLE
RATIONAL INTERPOLA TION

�

JORISVAN DEUN
�

Abstract. Weconsiderpointsthatarenearbestfor rationalinterpolationwith prescribedpolesin thesamesense
thatChebyshev pointsarenearbestfor polynomialinterpolation.It is shown thattheseinterpolationpointssatisfyan
electrostaticequilibriumprobleminvolving the�x edpolesandcertain`ghost'poles.Thisproblemis closelyrelated
to Laméequationswith residuesof mixedsign.
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1. Intr oduction. Recentyearshave witnesseda renewed interestin the electrostatic
interpretationof zerosof orthogonalpolynomialsandrelatedfunctions,a subjectwhich lay
dormantfor almostacentury. Accordingto [9], thisrenewedinterestis probablyduepartlyto
its connectionwith logarithmicpotentialtheory, which providesa very powerful framework
to studyasymptoticpropertiesof orthogonalpolynomialsandtheir zeros.

In the presentarticle we studythe zerosof a rationalgeneralisationof the Chebyshev
polynomialsof the�rst kind andpresentanelectrostaticinterpretationin termsof thepoles.
Thesezerosarenearbestfor rationalinterpolationwith prescribedpoles,asexplainedin [16].
Section2 providestherelevantbackground.Someof thephysicsunderlyingthiselectrostatic
interpretationis givenin Section3 andthemainresultis provedin Section4.

Thesurvey articles[14, 15] containStieltjes' resultsaboutthezerosof Jacobi,Laguerre
andHermitepolynomials,aswell asseveralpointersto theliteraturewhereconsequencesof
Stieltjes' work, newer resultsandapplicationscanbe found. A resultfor thezerosof more
generalorthogonalpolynomialswasprovedin [8] anda specialcaseof Stieltjespolynomials
(solutionsto Lamé differentialequations)is discussedin [5, 6]. Therearemany moreim-
portantresearchpapersin this �eld, but we only cite the onesmostrelevant to the present
article.Theconnectionbetweentheresultsobtainedin thesereferencesandour own work is
discussedin Section5.

Section4 shows thattheelectrostaticinterpretationinvolvesnot only therealpoles,but
alsocertain`ghost' chargeswhich arerelatedto thesepoles. Someof their propertiesare
discussedin thelastsection.

2. Near best�xed pole rational interpolation. Whenapproximatingananalyticfunc-
tion ������� on theinterval 	�

������� usinga polynomialinterpolant,a goodchoicefor the inter-
polationpointsis oftengivenby thezerosof a Chebyshev polynomialof the �rst kind. For
functions ������� which areanalytic in a large neighbourhoodof the interval, this givesrise
to an interpolationerror which is very uniform on the interval, asopposedto interpolation
in equidistantpoints,which leadsto theRungephenomenon(extremeoscillationsbetween
interpolationpoints).

Thereare several moreor lessequivalentways to explain this attractive behaviour of
Chebyshev points. Let ������������� denotethe polynomial interpolantof degree � to � in the
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points ����� � ��� ��� �"! � , thenformula(3.1.8)in [3] saysthat

(2.1) # ��������
$� � �%���&����#(' )+*�,

-

�/.102.��

# �43

�"! �&5

��6&� #

# �7
8����#�9 9�9�# �:
8� �"! �;#

���:<=�>�/?

�

Maximisingtheright handsideof this expressionover � andthenminimisingoverall points
��@ in the interval 	A

�;� � � leadsto thezerosof a Chebyshev polynomial BC��! � �D��� of the �rst
kind anddegree�E<F� , accordingto [3, Theorem3.3.4]. In otherwords,themonicpolynomial
of degree � which bestapproximatesthe zerofunction on the interval 	�

������� accordingto
theChebyshev (minimax)norm, is a scaledChebyshev polynomial. Theabove argumentis
givenin moredetail in [3, Section3.3].

Anotherargumentin favour of the Chebyshev pointsis given by [12, Theorem5.6] or
[2, Theorem2.1], which both statethat the interpolationerror is of order GH��I

-

�

� for
�KJML , where I is the sumof the semimajorandsemiminoraxis lengthsof � 's ellipse
of analyticity (in both referencestheargumentis given for theChebyshev extremaandnot
theChebyshev zeros,but asymptoticallythis doesnot make any difference).Reference[12]
alsogivesan interpretationin termsof potentialtheory: the asymptoticdistribution of the
interpolationpointsis exactly theequilibriummeasureof theinterval 	A

�;� ��� without anex-
ternal�eld.

When � is not analytic but merely continuous,the Chebyshev points are still a good
choice,asexplainedby [2, Theorem2.1] andtheremarksfollowing it: theChebyshev inter-
polantof a continuousfunction � is within a factor10 of thebestuniform approximationif

�ONK��P�Q , or in thewordsof theauthors,Chebyshev interpolantsarenearbest.Again this re-
latesto theChebyshev extrema,but weassumethatasimilar statementcanbegivenin terms
of theChebyshev zeros.Thereasonwhy theextremaareoftenused,is that they includethe
endpoints

� and � , which is oftenuseful,e.g.in spectralmethodsto solve boundaryvalue
problems.

Whenthesingularitiesof the function ���D��� arecloseto the interval, polynomial inter-
polationconvergesslowly (becausetheconstantI above is very small)anda rationalinter-
polantwith polesat or closeto thesingularitiesof ������� might dobetter. In this case,assume
a real polynomial R�SH�D��� of degree T is given. Thenfollowing the samereasoningas [3,
Section3.1], it is notdif�cult to �nd that
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analogousto (2.1). Maximisingtheright handsideof this expressionover � andminimising
overall �

@ leadsto theinterpolationpointswhichwe studyin this article.They arethezeros
of a rationalequivalentof a Chebyshev polynomial. This is a rational function with �x ed
denominatorof degree T andwhosenumeratorof degree �[Z\T is suchthat the rational
functionhasminimalChebyshev normon 	A

�;� ��� (and,asa consequence,equi-oscillates).

Explicit formulasfor this function werealreadyknown to Markoff andBernsteinand
arederivedby Achieserin AppendixA, Section5 of his bookon approximationtheory[1].
They aregivenbelow. Thesefunctionsarecloselyrelatedto Bernstein–Szeg�o polynomials
[11, pp. 31–32]. It wasrecentlyshown [16] that thezeros(interpolationpoints)canbeob-
tainedef�ciently astheeigenvaluesof a tridiagonalgeneralisedeigenvalueproblem,usinga
connectionwith orthogonalrationalfunctions.

So let therebe given a real monic polynomial R
S

�D��� of strict degree T , whosezeros
]Y^

�
��� �����

^

S`_ areall outside 	A

�;� � � . TheJoukowski transformation,which mapsthecom-
plex unit circle to the interval is denotedby �badce��fg�+ah�Dfi<bf

-

�

�kj"l with # f�#E'm� and



ETNA
Kent State University 
etna@mcs.kent.edu

ELECTROSTATICSAND RATIONAL INTERPOLATION 441

in everythingwhich follows, � and f arealwaysrelatedby this transformation.The inverse
transformationis denotedby fna[c

-

�

����� . It is givenby

fna[c

-

�

�D���oa=�7
qp ��rs
t�"�

wherethebranchof thesquareroot is suchthat # f�#g'u� . Now de�ne thenumbersvC@ by

v @ aKc

-

�

�

^

@ �/�xw+ay����� � � �&Tz�

By de�nition, they areall insidethecomplex unit circle. Next weintroducethe�nite Blaschke
product{ � ��fg� as

(2.2) { � �Df(�|a=f

�

-

S

f

zv �

�}
zv � f

9 9�9

f

zv S

�}
zv S f

�

Thestandardde�nition of a Blaschkeproductcontainscomplex conjugatev 's in thedenom-
inator, but sincethey arerealor appearin complex conjugatepairs,andonly realvaluesof

f will beconsidered,we canomit theconjugation.Theproduct {
�

�Df(� is obviously real for
real f . TheChebyshev rationalfunctionunderconsiderationis givenby

~

���D���oa

�

l

•

{€�•�Df(�•<

�

{‚����fg�"ƒ

�

It canbeshown that
~

�•�D��� is of theform

~

�������oa

�
�

�����

R
S

�D���

(where��������� is apolynomialof strictdegree� ) andsati�es theminimaxandequi-oscillation
propertiesmentionedabove. For moreinformationwe referto [16]. Notethatin thepolyno-
mial caseT„a=P , we obtaina well-known formulafor theChebyshev polynomial B

�
����� .

It is known that the � zerosof
~

�
����� are all real, simpleandon the interval 	A

�;� � � .

Theseare the nearbest interpolationpoints for rational interpolationwith �x ed poles in
]Y^

�>��� � � �

^

S
_ which we mentionedabove. In Section4 we derive an electrostaticinter-

pretationfor thesezeros,analogousto theonefor the Chebyshev polynomialsdiscussedin
[11, Section6.7].

3. The electrostaticmodel. We givea brief survey of theelectrostaticsof line charges,
which is neededin the sequel. Although the contentof this sectionis usually taken for
grantedby mostauthors,webelieve it mightbeinstructiveto peoplewith lessbackgroundin
electrostatics.Thebasicde�nitions weretakenfrom [10, Chapters13and14].

Accordingto Coulomb's law, theelectric�eld (i.e. theforceactingonaunit charge)ata
point … in space,generatedby a pointcharge † at position ‡ , is proportionalto

ˆŠ‰

†

# …‹
8‡Œ# r�•�Ž"•

where
•

Ž"•

is theunit vectorpointing in thedirectionfrom ‡ to … . Theconstantof propor-
tionality is irrelevantfor ourdiscussion.

Now assumeelectriccharge is placedon an in�nite straightline perpendicularto the
complex planeandsuchthat it intersectstheplanein thepoint f . Thechargehasa uniform
lineardensityof † . We wish to calculatetheelectric�eld generatedby this line chargein a
point � of theplane. Becauseof symmetry, this �eld hasno verticalcomponentandpoints
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from f to � . Accordingto Coulomb's law, thecontributionto themagnitudeof the�eld from
a smallsegment•(‘ at height ‘ is proportionalto

•g’

‰

†‚•(‘

# f

8��# r <“‘ r

# f”
8��#

p

# f”
8��# rŒ<•‘1r

wherethe last factorcomesfrom taking the horizontalcomponentandis the cosineof the
anglebetweenthe line connecting� and the point at height ‘ above f , and the complex
plane.Integratingfor ‘ from 
‚L to L gives

’

‰

l"†

# f

8��#

‰

†

# f

z��#

�

For thesakeof simplicity, we take theconstantof proportionalityequalto 1 sowemaywrite
this in vectorform as

(3.1)
ˆ

a

†

# f

z��#

�7
zf

# �7
zf�#

a

†

�7
 f

�

Thismeansthat,mathematically, theelectric�eld generatedbyalinechargein three-dimensional
spaceaccordingto Coulomb's inversesquarelaw is the sameas that generatedby a point
charge in a planeaccordingto an inverse�rst-power law. Only the �rst interpretationhas
physicalmeaning,of course.Hence,in the sequel,whenwe speakof point chargesin the
complex plane,weactuallymeanline chargesperpendicularto theplane.

By de�nition, thepotentialdropfrom apoint – to apoint — in theelectric�eld
ˆ

is given
by ˜1™ š

ab›

™�š

’}0W•gœ

where’s0 is thecomponentof the�eld tangentialto thepathfrom – to — . Thispotentialdrop
is independentof thepathtaken. Sincethe �eld (3.1) is radial, it is alsoindependentof the
anglebetweenf

O– and f”
O— . It is thennotdif�cult to show that˜

™�š

a

˜

��–(�e


˜

��—��|aŠ†�•�ž;Ÿ‚# f 
¡—"#"
z†�•¢ž�Ÿ‚# f 
z–�#

sowemayde�ne theelectrostaticpotential

˜

�D��� in a point � by˜

�D���oay
s†C•¢ž�Ÿ€# f

z��#

(recallthatthepotentialis only de�ned up to anadditiveconstant).
Next assumewe aregiven � free positive unit chargesat points ��£ of the real line and

T �x edcharges†�£ at points f>£ suchthatthe f>£ arerealor appearin complex conjugatepairs.
Thetotal potentialenergy of this system,which is thework doneagainsttheelectric�eld to
assemblethe � freechargesoneby onein thepresenceof the T �x edcharges,is givenby
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Since the ��£ are real and the f�£ are real or complex conjugate,the total electric �eld of
this systemis everywhereparallelto the realaxis,so the freechargescannotmove into the
complex plane.Thesystemis in electrostaticequilibriumif

(3.2) «

¤
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If «

¤

��…C�€ayP and
¤

�D…C� is minimal, theequilibriumis stable.It is possiblethat … is only a
local minimum,but not a globalone. In mechanics,this situationis usuallyreferredto asa
“metastableequilibrium”. If

¤

�D…C� is maximal,theequilibriumis obviouslyunstable.It may
alsohappenthat … is a saddlepoint for

¤

. It is notdif�cult to show that

(3.3) ¬
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(this would not bethecaseif the f £ werearbitraryinsteadof realor complex conjugate).So
in view of (3.1) andtheprincipleof superposition,thecondition «

¤

�D…C�ŒabP only statesthat
thesumof theforcesoneachparticleof thesystemis equalto zero.

4. Equilibrium. We �nally arive at themainpurposeof this article,which is to show
that the zeros � £ of

~

������� satisfyan electrostaticequilibrium conditionof the form (3.2),
wherethepoints f £ arerelatedto thepoles

^

@ . However, it is not certainwhetherthis equi-
librium is stable,asis discussedbelow. Firstwe needa simplelemma.

LEMMA 4.1. Let {€���Df(� bede�nedby (2.2). Thenit followsthat
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where theprimemeansdifferentiationwith respectto f andthefunction °���fg� is givenby
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Recallthat � and f are relatedby �$a[c|�Df(� .
Proof. This follows from thefactthat
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andthede�nition of { ���Df(� .
Before we proceed,it is convenientto make explicit the possiblerepetitionof poles.

So let us assumethat thereare only ´ distinct polesamongthe T poles
]Y^

�
��� � ���

^

S”_ .
Sincethe order of the polesdoesnot matter, we may assumethat these ´ differentpoles
are

]Y^

�
� � �����

^�µ

_ , with multiplicities
]

T
�

� � ��� ��T

µ

_ suchthat
µ
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@
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Thefunction °���fg� of thepreviouslemmamaythenbewritten
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Thezerosof °��Df(� areimportantin whatfollowsandwe denotethemby ·

^

@ . In Section6 it is
shown thatthey areoutside 	�

������� , andthatwhen �¹¸XT andall

^

@ arereal,soarethe ·

^

@ .
Furthermore,for �x ed T they convergeto the

^

@ as � goesto in�nity .
Thefollowing theoremgivesanelectrostaticinterpretationto thezerosof

~

�•����� .
THEOREM 4.2. Assume�º¸»T and let

]

��@ _

�

@ ©��

denotethe � zeros of
~

�•�D��� and
]

·

^

@ _
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the ´ zerosof °���fg� . Then
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for ½iaK�;� � �����&� .
Theelectrostatic interpretationis as follows. Fix negativecharges 
}T¾@
<y�>j�l at the

points
^

@ and 

��j"l at ·

^

@ , for w$a¿����� � � �k´ , andpositivecharges �>j>¼ at 

� and � . Assume
� positiveunit chargescanmovefreelyon theinterval 	�

������� . Thenthezerosof

~

������� cor-
respondto an electrostaticequilibriumfor this system(in theweakestsenseof thevanishing
gradientof thetotal energy).

If �8abT , thenthere are only ´‚
t� zeros ·

^

@ of °��Df(� andthenthelast sumin (4.2), and
hencealsotheelectrostaticinterpretation,shouldbemodi�ed appropriately.

Proof. We only give the proof for the case �º¸dT and note that the case �²ahT

requiresonly minor changes.In whatfollows,a primemeansdifferentiationwith respectto
the variablebetweenbracketsandwe write f������ to mean c

-

�

����� . Accordingto the chain
rule it thenfollows that
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wherethelastequalityfollows from Lemma4.1. Similarly, somecomputationsyield
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Thenwrite f
§
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-
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�D�
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� for ½taÀ�;� � ��� ��� . It follows from the de�nition of
~

������� and
the fact that �

§ is a zeroof
~
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Fromthede�nition of c|��fg� it follows that
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andalsothat
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We thenobtain
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It follows from formula(4.1) thatwe maywrite
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is furtherirrelevant.Combiningthis with equation(4.3) yields
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Formula(4.2) now easilyfollows.
Since°��Df(� is real for real � , thezeros ·

^

@ arerealor appearin complex conjugatepairs.
We may thususethe resultsfrom Section3 andtheelectrostaticinterpretationof the zeros
follows from formulas(3.2) and(3.3). Thisconcludestheproof.

Note that the previous theoremgivesa very precisemeaningto the statement“poles
attractzeros”which we madein [17]. Theasymptoticzerodistribution wasalreadystudied
in termsof theasymptoticdistribution of thepolesusinglogarithmicpotentialtheoryin [4],
but thecaseof �nite � hadhithertobeenignored.

Following Marcelĺan et. al. in [9, p. 10], we chooseto call the chargesat ·

^

@ `ghost'
charges,or in this casemoreappropriately, ghostpoles.More informationabouttheseghost
polesis given in the last sectionandtheir relationto themoregeneralframework of Ismail
[8] is discussedin thenext section.

But beforewe move on, two importantquestionsremain: Do the �
@ correspondto a

stableequilibrium?And is this equilibriumpositionunique?Of course,sinceany permuta-
tion of theequilibriumpointsagainyields an equilibriumposition,we imposetheordering



�¾N\���ÇNº��� �ÁN\�
�

Nº� whenstudyinguniqueness.Unfortunately, at presentno con-
clusive answerto thesequestionsis available. To studythestability of thesystem,onecan
investigatetheHessianmatrix È

adÉÊ¬

r

¤

¬

�1£

¬

�ª§ÄË

�V.�£�Ì §�.
�

�

If this matrix is positive de�nite, the equilibrium correspondsto a minimum of
¤

and is
thereforestable.In thepolynomialcasesdiscussedin [7, 8, 14], it turnsout thattheHessian
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is not justpositivede�nite in theequilibriumposition,but in theentireregion �4�€Nu� ���¥N“� �

of the hypercube	�

�������

� , althoughthis is not always mentionedexplicitly. This implies
that the equilibrium is stableandunique,since

¤

is thena convex function. The positive
de�nitenessin thesecasesis deducedfrom thestrict diagonaldominanceof

È

. However, as
will beshown momentarily, in our case

È

maynot bepositive de�nite in this entireregion,
andit neednotbestrictly diagonallydominant,althoughseveralnumericalexperimentsseem
to indicatethat theequilibriumis indeedstableandunique. It appearslikely thata possible
proofof thispropertywill beconsiderablymorecomplicatedthanin thepolynomialcase,but
in thenext sectionwe indicatehow stability anduniquenessmaybestudiedin thecontext of
Lamédifferentialequations,whichmightprovideanalternativesolution.

It caneasilybeshown thattheHessianmayfail to bepositivede�nite in someregionsof
	�

��� � �

� . To seethis,considerthe � -th diagonalelement

‘1�"�+a

�

-

�

¦

@
©4�

�

�D� @ 
z� � �Wr

<

�>j>¼

�D� � 
t�Y�Wr

<

��j>¼

��� � <=�>�Wr




µ

¦

@
©4�

•

T³@Í
t�>j�l

��� � 


^

@ �Wr

<

�>j�l

�D� � 
Ê·

^

@ �&rÄƒ

�

It is possibleto choosethepoles
^

@ andthepoints �
§ suchthatthis elementis negative,e.g.

when ´€a[� ,
^

�
¸u� is closeto � and T

� is verylarge, ��� is closeto � andall theother ��@ are
closeto 

� . A matrix which hasoneor morenegativediagonalelementscannotbepositive
de�nite.

In [9] theauthorsmentionthepossibilityof a Nash-typeequilibrium,which meansthat
thetotalenergy, asa functionof a singlevariable��@ , alsoattainsits minimumat thezerosof

~

������� , andthisfor eachw . Thiswouldmeanthatif theHessianis evaluatedin theequilibrium
position, its diagonalelementsareall positive. This is obviously a weaker condition than
requiring the Hessianto be positive de�nite, but we have not beenable to prove that the
equilibriumis a Nash-typeequilibrium.

To endthis section,we analysea speci�c examplefor which it canbe proved that the
equilibriumpositionis stable,eventhoughtheHessianis not strictly diagonallydominantat
this position. Take �Xa¶Î and TÏa¶l real poles

^

and 


^

, symmetricwith respectto the
origin. Theequation

~

�
�D���oaXP leadsto

f

r

��f

r


zv

r

�

r

<Š�W�}
zv

r

f

r

�

r

aXP¥�

Dividing by fgÐ andusingtheformula B•�������Œay�Df

�

<Of

-

�

��j�l for theChebyshev polynomial
of the�rst kind anddegree� , somealgebrayields

B

Ð

�D���4<Š��vCÑs
Ol"v

r

�WB
�

�����oaŠP

or, collectinglikepowersof � ,

�4�D¼��

r


zÎÍ<¹v•Ñs
¡l�v

r

�|aŠP

from which it readilyfollows that

(4.5) ���say


p

�&�Œ<¡vCr>����Î 
OvCr��

l

�Ò�

r

aŠP¥�Ó�

Ð
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�W�E<¹vCr�� �DÎ

zvCrY�

l

�

To �nd theghostpoles,weneedto solve theequation
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whichshowsthatthey aregivenby 
F·

^

and ·

^

with

(4.6) ·

^

a

p

�&�Œ<¡vCr>����Î 
8v4rY�

l�v

�

The computationof the Hessianmatrix is now straightforward using formulas(3.3), (4.5)
and (4.6), but the computationsbecomevery unelegant and we only give the �nal result
(a computeralgebrapackagesuchasMaple comesin handyat this point). It follows that

È

a[�W�Á<¡v

r

�

-

�

��Î 
8v

r

�

-

� Ô wherethematrix Ô is equalto

Ô

aÖÕ ×ÙØ
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�Û
}¼

Ø
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andthevalues
Ø

and Ú aregivenby

Ø

a

��Þ1�DÎ€
8v

Ñ

�

�&�s
8v4r��

Ñ


t�
�

Úia

�

l

��ß 
t����v

r

<¹v

Ñ


zvCà

�Œ<¹vCr

�

It is easilycheckedthat
Ø

is increasingand Ú is decreasingwith v for PÇNKvXNá� . We �nd
that )Hâ¢ã

Ø

aÆ¼(ä and )Hâ�ã}Ú¾aál , so thematrix is certainlynot strictly diagonallydominant
for all PHNqv¹NK� . However, a standardcriterionfor positivede�nitenessis to verify thatthe
principalminorsof thematrix Ô areall strictly positive. Thoseare

Ø

�

Ø

Ú`
•�YÞ¥� and �

Ø

<=�>���DÚ��

Ø


•�>��
¡Î;l����

andsincetheminimal valueof
Ø

is ¼(ä andthatof Ú is l , we canconcludethat

È

is positive
de�nite andhencetheequilibriumis stable.

Of course,this direct approachis unfeasibleto studystability in the generalcase,but
at leastit shows that theequilibriummaybestableeventhough

È

is not strictly diagonally
dominant.

5. Orthogonal polynomialsandLaméequations. Theequilibriumproblemof thepre-
vioussectionis closelyrelatedto a moregeneraltheoryfor theelectrostaticinterpretationof
zerosof orthogonalpolynomialsasdescribedin [8], asweshow next.

In theabovementionedarticle,theauthorconsiderspolynomials�
�

�D��� orthonormalwith
respectto a weightfunction ån�D��� on 	 –��k—V� . Uponwriting

ån�����Œa=æ

-�ç

3�è

5

�Ò�³é¡��–1�V—��/�

hethende�nesafunction ê
�

�D��� which is relatedin arathercomplicatedwayto �
� , å and Ú .

Thezerosof �
�

����� areshown to bethepointsof electrostaticequilibriumof � movableunit
chargesin 	 –1�V—k� in thepresenceof theexternalpotential1

˜

�D���ŒaŠÚ������4<“•�ž;Ÿ1�k# ê
�

����� # � . The
uniquenessandstability of theequilibriumcanbeguaranteedif

˜

����� is convex and ê
�

�D���

doesnot changesignon �D–��V—�� . To provethis result,hederivestheformula

(5.1) 
}Ú
¯

�D�ª§Y��


ê

¯
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���
§
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êÍ�C���
§

�
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�

¯ ¯

�

���
§

�

�

¯

�

���
§

�

aXP

1Wehave omittedamultiplicative constantin ë�ì foundin [8] which is irrelevant for our discussion.
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whichcanbeinterpretedin thesamewayasformula(4.4).
It is well-known [1, p. 250] thatthenumeratorpolynomial� � ����� of

~

� �D��� is orthogonal
to �

@ for w+aK�;� ��� � ���$
t� with respectto theweightfunction

(5.2) ån�����oay	 R

r
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z�1r �
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It follows from (5.2) that

Ú ¯ �����ŒaŠl
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andcomparing(5.1) to (4.4) thengives
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�����

from which it followsthat

ê
�

�����Ea

Å

�}
z�1r

9

‘

µ

�D���

R

µ

�D���

whereÅ is anarbitrary(irrelevant)constant.Computingê � from thegeneralformulasin [8]
seemsconsiderablymorecomplicatedthanthederivationgivenin theprevioussection.

The electric �eld createdby Ú��D��� is referredto as the long range�eld, while the one
createdby •�ž;Ÿ1�k# ê‚�•�D����# � is calledtheshortrange�eld. Notehow thechargesat 

� and � and
atthepolesaredistributedbetweenthese�elds, andthattheghostpolesarerelatedonly to the
shortrange�eld. Unfortunately, theconvexity of

˜

�D��� cannotbeprovedin our case,since
thiswouldshow thattheHessianis strictly diagonallydominant[8, p. 360]andweknow that
this is notnecessarilytrue.

Anotherdifferencebetweenour caseandthatof [8] is thatour derivationonly holdsfor
�\ZíT so for �x ed T the �

�
�D��� do not form a completesetof orthogonalpolynomials.

However, asexplainedin [16, Section3], it is possibleto recursively de�ne �
�

����� for �ta

TX
F����TX
Hl¥� ��� �/� � andalthoughthereis nomentionof orthogonalityin thatarticle,it is easy
to show that the polynomialsso de�ned arealsoorthogonalwith respectto ån����� . Explicit
formulas,however, areunavailable.

To study the stability anduniquenessof the electrostaticequilibrium thereis another,
perhapsmoreimportant,connectionworth pointing out, i.e. that to the theoryof Lamé dif-
ferentialequations.The article [5] is particularlyrelevant to our discussionandit contains
many morereferencesconcerningthis theory. A Lamé equationis a differentialequationof
theform

ên�D���±îª¯ ¯ª<“l�{:�����±îª¯g<•ïH�����±î7aXPÄ�

where ê`�����`að���³
t–gñY��9�9 9 �D�³
•–�ò�� and {:�D��� and ïH����� arepolynomialsof degree� and
�+
t� , and

{:�D���

ê`�����

a

ò

¦

§�©
ñ ó

§

�:
z–�§

�

Of particularinterestis thequestionof characterisingthepolynomialsolutionsof this equa-
tion. It is known that,given ên����� and {$����� , thereexist at most ���‹<z�‹
X�Y��?ôj¥���e?õ�ö�F
X�Y��? �

polynomials ïH����� suchthat this equationhasa polynomialsolution î������ of degree � . The
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polynomial ïH�D��� is calleda Van Vleck polynomialandthe correspondingsolution î��D��� is
calleda Stieltjespolynomial.

Thecasewhereall theresidues

ó

§ arepositive hasbeenthoroughlystudiedandmuchis
known aboutthelocationof thezerosof theStieltjespolynomialsin this case.However, the
caseof both positive andnegative residuesappearsto be morecomplicatedandonly some
speci�c caseshavebeenstudied.

The relation to electrostaticequilibrium problemsis that the residues

ó

§ canbe inter-
pretedas chargeslocatedat the points – § and then the zerosof the Stieltjespolynomials
correspondto equilibriumpositionsfor � freeunit charges.More speci�cally, if theresidues
(charges)arepositive andthepoints – § arereal, thenfor each½Ça²��� ��� ����� thereexistsex-
actly onepair ��ï€��î¥� of a VanVleck andStieltjespolynomialsuchthat the � zerosof î are
in theinterval �D–;§

-

�"��–�§Y� . This correspondsto a uniqueandstableequilibriumof � movable
unit chargeson thatinterval.

In [5] acon�gurationof two positiveandtwo negativechargesis studiedandtheunicity
of the �%ï€�&î¥� pair is establishedundercertainconditions,which thenleadsto anelectrostatic
interpretationof thezerosof Gegenbauer-Laurentpolynomials.

To seehow all of this is relatedto our problem,considerequation(4.4). It follows from
this equationthattheexpression
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is a polynomialof degreel;´Œ<¹� whichvanishesin thepoints �
�

� ��� � ���1� andthus
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This is aLaméequationwith bothpositiveandnegativeresidues,whichclearlyhasthepoly-
nomialsolution�

�
����� . Following thesamereasoningasin [5], it followsthatestablishingthe

unicity of the �%ï€�&î¥� pair where î hasall its � zerosin 	�

��� � � , is equivalentto establishing
theunicity andstabilityof theelectrostaticequilibriumproblemof theprevioussection.

6. Ghost poles. A greatdealcanbe saidaboutthe locationof the ghostpoles ·

^

§ , as
shown in thenext theorem.

THEOREM 6.1. Theghostpoles ·

^

§ areoutsidetheinterval 	�

��� � � andif T is �xed they
converge to thepoles

^

@ as �¹JøL . Furthermore, if �•¸uT andif all
^

@ are real, thenso
areall ·

^

§ .
Proof. It follows from theproofof Lemma4.1thatwe maywrite
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aÊc|��v�� andasusual �ÇaÊc|�Df(� . If �zé“	�

��� � � then # f�#gaÆ� andthus f+aÆ�>j�f . If
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is real,thensois v andit follows that
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If
^

is complex, thentheremustbea termin thesum(4.1) which is complex conjugateto the
oneabove. Adding thesetwo termsgives
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for �¡é=	A

�;� ��� , wherethe lastequalityfollows from thefact that f:a\��j�f . Fromtheabove
formulasandthefactthat �zZtT , we concludethat

°��Df(�E¸tPÄ�ù�³é¡	�

�������2�

Since ·

^

§ arethezerosof °��Df(� , they mustbeoutsidetheinterval 	�

������� .
Concerningthe convergenceof the ghostpolesto the actualpolesfor �bJúL and T

�x ed,assumethat �z¸“T andwrite theequationfor ·
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§ as
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��jª�%l�v�@�� . In thecasewhereåÍ@H¸=P , this is calleda secularequation
andit arisesin the context of divide-and-conqueralgorithmsto solve eigenvalueproblems
[13, Lect.30]. In ourmoregeneralcase,de�ne thevector ûüa[	Aý å
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wherethe
branchof thesquarerootdoesnotmatter. Thenfollowing thesamereasoningasin [13] it can
beshown thatthevalues ·
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§ aregivenby theeigenvaluesof thematrix
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It is clearthatfor �‹JÀL theseeigenvaluesconvergeto thepoles
^
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��� �����

^�µ

.
Finally, if all poles

^

@ arereal, thenthe function ·°������`a\°���fg� hassimplepolesat the
points

^

@ andit is easilycheckedthat
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Becauseof continuity, thismeansthattheremustbeoneghostpolebetweenany two consec-
utive positive polesandsimilarly betweenany two consecutivenegativepoles.This yieldsa
totalof ´}
Ol ghostpoles( ´Á
•� if all polesareeitherall positiveor all negative).Thensince

·°��

�

L•�|aq�+
³T , if �8¸•T theremustbeonemorepositiveghostpolewhich is greaterthan
thelargestpositivepoleandonemorenegativeghostpolewhich is larger(in absolutevalue)
thanthelargestnegativepole(or eitheroneof thesecasesif all polesareeitherall positiveor
all negative).This givesa totalof ´ realghostpoles.
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Theprevious theoremshows that for large � and�x ed T , theelectrostaticequilibrium
problemapproximatesthesituationwhereeachpole

^

@ is givena negative chargeequalin
magnitudeto the multiplicity of this pole, sincethe ghostpoleswill thenalmostcoincide
with the real poles. Asymptotically, however, for � tendingto in�nity and T �x ed, the
equilibriumproblemcorrespondsto thecasewithout polesandtheequilibriumdistribution
is the equilibrium measureof 	�

������� . More interestingasymptoticbehaviour occurswhen

� and T both tendto in�nity suchthat the limit TÇj>� exists. The studyof the asymptotic
behaviour andzerodistributionof the

~

� , however, is outsidethescopeof thisarticle.
Furthermore,thefactthattheghostpolesarealwaysoutsidetheinterval 	�

������� is quite

fortunatesincethatwaywedonothave to giveaninterpretationto thecasewhere(negative)
ghostchargescollidewith (positive)unit charges� @ . Thiscasecannotoccur.

7. Conclusion. The electrostaticequilibrium problemdiscussedin this article nicely
complimentssomeof the existing theory for polynomialproblems. As we have shown, it
canberegardedasa specialcaseof a moregeneraltheorydiscussedin [8], andmoreimpor-
tantly, it is closelyconnectedto the theoryof Lamé equationswith residuesof mixedsign.
Establishingtheuniquenessandstability of theequilibriumwould meana considerablestep
forwardin thestudyof thiskind of Laméequations.However, atpresentthisremainsanopen
problemand,asthediscussionat theendof Section4 shows,themethodof proofusedin the
polynomialcasecannotsimplybeadaptedto ourcase.

Acknowledgements.Theauthorwould like to thankoneof theanonymousrefereesfor
providing him with a simplerargumentto prove thepositive de�nitenessof thematrix Ô at
theendof Section4. It is this argumentwhich is usedin thetext.
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