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ELECTROSTATICS AND GHOST POLES IN NEAR BEST FIXED POLE
RATIONAL INTERPOLATION

JORISVAN DEUN

Abstract. We considerpointsthatarenearbestfor rationalinterpolationwith prescribegolesin thesamesense
thatChebyshe pointsarenearbestfor polynomialinterpolation.lt is shavn thatthesenterpolationpointssatisfyan
electrostatiequilibrium probleminvolving the x edpolesandcertain’ghost' poles.This problemis closelyrelated
to Lamé equationswith residueof mixedsign.
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1. Intr oduction. Recentyearshave withesseda renaved interestin the electrostatic
interpretatiorof zerosof orthogonalpolynomialsandrelatedfunctions,a subjectwhich lay
dormantfor almostacentury Accordingto [9], thisrenevedinterests probablyduepartly to
its connectiorwith logarithmicpotentialtheory which providesa very powerful framework
to studyasymptotigpropertiesof orthogonapolynomialsandtheir zeros.

In the presentarticle we studythe zerosof a rational generalisatiorof the Chebyshe
polynomialsof the rst kind andpresenian electrostatidnterpretatiorin termsof the poles.
Thesezerosarenearbestfor rationalinterpolationwith prescribegoles,asexplainedin [16].
Section2 providestherelevantbackground Someof the physicsunderlyingthis electrostatic
interpretatioris givenin Section3 andthemainresultis provedin Section4.

Thesuney articles[14, 15] containStieltjes' resultsaboutthe zerosof JacobilLaguerre
andHermitepolynomials,aswell assereralpointersto theliteraturewhereconsequences
Stieltjes' work, newer resultsandapplicationscanbe found. A resultfor the zerosof more
generabrthogonalpolynomialswasprovedin [8] anda specialcaseof Stieltjespolynomials
(solutionsto Lamé differentialequationsjs discussedn [5, 6]. Therearemary moreim-
portantresearchpapersin this eld, but we only cite the onesmostrelevantto the present
article. Theconnectiorbetweerthe resultsobtainedn thesereferencesndour own work is
discussedn Sectionb.

Section4 shows thatthe electrostatignterpretationinvolvesnot only the real poles,but
alsocertain ghost' chageswhich arerelatedto thesepoles. Someof their propertiesare
discussedn thelastsection.

2. Near best xed polerational interpolation. Whenapproximatingananalyticfunc-
tion ontheinterval usinga polynomialinterpolant,a goodchoicefor theinter-
polationpointsis often givenby the zerosof a Chebyshe polynomialof the rst kind. For
functions which areanalyticin a large neighbourhoodf the interval, this givesrise
to aninterpolationerror which is very uniform on the interval, as opposedo interpolation
in equidistantpoints,which leadsto the Rungephenomenoifextremeoscillationsbetween
interpolationpoints).

Thereare several more or lessequivalentwaysto explain this attractve behaiour of
Chebyshe points. Let denotethe polynomialinterpolantof degree to in the
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points , thenformula(3.1.8)in [3] saysthat
(2.1)

Maximisingtheright handsideof this expressiorover andthenminimisingover all points

in the intenal leadsto the zerosof a Chebyshe polynomial of the rst
kind anddegree , accordingo [3, Theoren.3.4].In otherwords,themonicpolynomial
of degree  which bestapproximateshe zerofunction on the interval accordingto

the Chebyshe (minimax) norm, is a scaledChebyshe polynomial. The abose algumentis
givenin moredetailin [3, Section3.3].

Anotherargumentin favour of the Chebyshe pointsis givenby [12, Theorem5.6] or
[2, Theorem2.1], which both statethat the interpolationerror is of order for

, where is the sum of the semimajorand semiminoraxis lengthsof ‘s ellipse
of analyticity (in both referenceghe argumentis given for the Chebyshe extremaandnot
the Chebyshe zeros but asymptoticallythis doesnot make ary difference).Referencd 12]
alsogivesan interpretationin termsof potentialtheory: the asymptoticdistribution of the
interpolationpointsis exactly the equilibrium measureof theinterval withoutanex-
ternal eld.

When is not analytic but merely continuous,the Chebyshe points are still a good
choice,asexplainedby [2, Theorem?2.1] andtheremarksfollowing it: the Chebyshe inter-
polantof a continuoudfunction is within afactor10 of the bestuniform approximationif

, or in thewordsof theauthors Chebyshe interpolantsarenearbest.Again this re-
latesto the Chebyshe extrema,but we assumehata similar statementanbegivenin terms
of the Chebyshe zeros.The reasonwhy the extremaareoftenused,is thatthey includethe
endpoints and , whichis oftenuseful,e.g.in spectralmethodgo solve boundaryalue
problems.

Whenthe singularitiesof the function arecloseto the intenval, polynomialinter-
polationcorvergesslowly (becausgheconstant aboveis very small)anda rationalinter
polantwith polesat or closeto the singularitiesof might do better In this caseassume
a real polynomial of degree is given. Thenfollowing the samereasoningas|3,
Section3.1],it is notdif cult to nd that

analogoudo (2.1). Maximisingtheright handsideof this expressiorover andminimising
overall leadsto theinterpolationpointswhichwe studyin this article. They arethezeros
of a rationalequivalentof a Chebyshe polynomial. This is a rationalfunction with x ed
denominatoof degree  andwhosenumeratorof degree is suchthatthe rational
functionhasminimal Chebyshe normon (and,asaconsequenc&qui-oscillates).

Explicit formulasfor this function were alreadyknown to Markoff and Bernsteinand
arederived by Achieserin AppendixA, Section5 of his book on approximatiortheory[1].
They aregivenbelon. Thesefunctionsare closelyrelatedto Bernstein—Szgo polynomials
[11, pp. 31-32]. It wasrecentlyshovn [16] thatthe zeros(interpolationpoints)canbe ob-
tainedef ciently astheeigervaluesof atridiagonalgeneralise@igervalueproblem,usinga
connectiorwith orthogonakationalfunctions.

So let therebe given a real monic polynomial of strict degree , whosezeros

areall outside . The Joulowski transformationwhich mapsthe com-

plex unit circle to the interval is denotedby with and
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in everythingwhich follows, and arealwaysrelatedby this transformation.The inverse
transformations denotecdby . It is givenby

wherethe branchof the squareootis suchthat . Now de ne thenumbers by

By de nition, they areall insidethecomplex unitcircle. Next weintroducethe nite Blaschle
product as

2.2)

Thestandardle nition of a Blaschle productcontainscomplex conjugate 'sin thedenom-
inator, but sincethey arereal or appeatin complex conjugatepairs,andonly real valuesof

will be consideredye canomit the conjugation.The product is obviously realfor
real . TheChebyshe rationalfunctionunderconsideratioris givenby

It canbeshavn that is of theform

(where is apolynomialof strictdegree ) andsati esthe minimaxandequi-oscillation

propertiesmentionedabove. For moreinformationwe referto [16]. Notethatin the polyno-

mial case , we obtainawell-known formulafor the Chebyshe polynomial

It is known thatthe zerosof are all real, simple and on the interval

Theseare the nearbestinterpolationpoints for rational interpolationwith x ed polesin
which we mentionedabove. In Section4 we derive an electrostaticnter-

pretationfor thesezeros,analogougo the onefor the Chebyshe polynomialsdiscussedn

[11, Section6.7].

3. The electrostatic model. We give a brief suney of the electrostaticef line chages,
which is neededin the sequel. Although the contentof this sectionis usually taken for
grantedby mostauthorswe believe it mightbeinstructive to peoplewith lessbackgroundn
electrostaticsThe basicde nitions weretakenfrom [10, Chaptersl3and14].

Accordingto Coulombslaw, theelectric eld (i.e.theforceactingonaunit chage)ata
point in spacegeneratedby apointchaige atposition , is proportionalto

where is the unit vectorpointingin thedirectionfrom to . Theconstanf propor
tionality is irrelevantfor our discussion.

Now assumeelectricchage is placedon anin nite straightline perpendiculato the
comple planeandsuchthatit intersectghe planein the point . The chagehasa uniform
lineardensityof . We wish to calculatethe electric eld generatedy this line chagein a
point of the plane. Becausef symmetry this eld hasno vertical componentndpoints
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from to . Accordingto Coulombslaw, thecontritutionto the magnitudeof the eld from
asmallsggment atheight is proportionalto

wherethe last factorcomesfrom taking the horizontalcomponentandis the cosineof the
anglebetweenthe line connecting andthe point at height above , andthe comple
plane.Integratingfor from to gives

For the sale of simplicity, we take the constanbf proportionalityequalto 1 sowe maywrite
thisin vectorform as

(3.1)

Thismeanghat,mathematicallytheelectric eld generatetby aline chagein three-dimensional
spaceaccordingto Coulombs inversesquarelaw is the sameasthat generatedy a point
chagein a planeaccordingto aninverse rst-power law. Only the rst interpretationhas
physicalmeaning,of course.Hence,in the sequelwhenwe speakof point chagesin the
comple plane,we actuallymeanline chagesperpendiculato the plane.

By de nition, thepotentialdropfrom apoint toapoint intheelectriceld isgiven

by

where isthecomponentf the eld tangentiato thepathfrom to . Thispotentialdrop
is independenbf the pathtaken. Sincethe eld (3.1) is radial, it is alsoindependenbf the
anglebetween and . It isthennotdif cult to shav that

sowe mayde ne theelectrostatipotential in apoint by

(recallthatthe potentialis only de ned up to anadditive constant).
Next assumene aregiven free positive unit chagesat points  of therealline and
x edchages atpoints suchthatthe arerealor appeain complex conjugatepairs.
Thetotal potentialenegy of this systemwhich is thework doneagainsthe electric eld to
assemblehe freechagesoneby onein thepresencefthe x edchages,is givenby

Sincethe arerealandthe arereal or complex conjugate,the total electric eld of
this systemis everywhereparallelto the real axis, so the free chaigescannotmove into the
comple plane.Thesystemis in electrostatiequilibriumif

(3.2) -
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If and is minimal, the equilibriumis stable.lIt is possiblethat is only a
local minimum, but not a global one. In mechanicsthis situationis usuallyreferredto asa
“metastablesquilibrium”. If is maximal,the equilibriumis obviously unstable It may
alsohapperthat isasaddlepointfor . It is notdif cult to show that

(3.3) — S S

(thiswould not bethe caseif the werearbitraryinsteadof realor complex conjugate).So
in view of (3.1) andthe principle of superpositionthe condition only stateghat
thesumof theforceson eachparticleof the systemis equalto zero.

4. Equilibrium. We nally arive atthe main purposeof this article, whichis to shav
thatthe zeros  of satisfy an electrostaticequilibrium condition of the form (3.2),
wherethe points  arerelatedto thepoles . However, it is not certainwhetherthis equi-
librium is stable asis discussedbelon. Firstwe needa simplelemma.

LEMMA 4.1. Let bede nedby (2.2). Thenit followsthat

wheie the prime meandlifferentiationwith respecto andthefunction is givenby

Recallthat and arerelatedby
Proof. Thisfollows from thefactthat

and

andthede nition of .0

Before we proceed,it is corvenientto make explicit the possiblerepetitionof poles.
So let us assumethat thereare only  distinct polesamongthe  poles
Sincethe order of the polesdoesnot matter we may assumethat these dlfferentpoles
are , with multiplicities suchthat

Thefunction of the previouslemmamaythenbewritten

(4.1) —
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Thezerosof areimportantin whatfollows andwe denotethemby . In Section6 it is
shavn thatthey areoutside , andthatwhen andall  arereal,soarethe

Furthermorefor x ed they corvergetothe as goestoin nity .
Thefollowing theoremgivesanelectrostatianterpretatiorto the zerosof

THEOREM 4.2. Assume and let denotethe zewos of and
the zeosof . Then
4.2)
for .
Theelectostaticinterpretationis as follows. Fix negative charges at the
points and at ,for , andpositivecharges at  and . Assume
positiveunit chargescanmove freelyon theinterval . Thenthe zeos of cor-

respondo an electiostaticequilibriumfor this systen{in the wealestsenseof the vanishing
gradientof thetotal enegy).

If , thenthere are only zeos of andthenthelast sumin (4.2), and
hencealsotheelectostaticinterpretation,shouldbe modi ed appropriately.

Proof. We only give the proof for the case and note that the case
requiresonly minor changesln whatfollows, a prime meandifferentiationwith respecto
the variablebetweenbracletsand we write to mean . Accordingto the chain
ruleit thenfollowsthat

Thenwrite for . It follows from the de nition of and
thefactthat is azeroof that . Substitutingthis in the previous two
expressiongives

and

Fromthede nition of it followsthat

—— and
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andalsothat

We thenobtain

(4.3)

It follows from formula(4.1) thatwe maywrite

where

andtheconstant is furtherirrelevant. Combiningthis with equation(4.3) yields

Writing andusingthefactthat then nally gives

(4.4)

Formula(4.2) now easilyfollows.

Since isrealfor real ,thezeros arerealor appealin complex conjugatepairs.
We may thus usethe resultsfrom Section3 andthe electrostatidanterpretationof the zeros
follows from formulas(3.2) and(3.3). This concludeghe proof. O

Note that the previous theoremgives a very precisemeaningto the statement'poles
attractzeros”which we madein [17]. The asymptoticzerodistribution wasalreadystudied
in termsof the asymptoticdistribution of the polesusinglogarithmicpotentialtheoryin [4],
but thecaseof nite  hadhithertobeenignored.

Following Marcellan et. al. in [9, p. 10], we chooseto call the chagesat  “ghost'
chages,or in this casemoreappropriatelyghostpoles.More informationabouttheseghost
polesis givenin thelast sectionandtheir relationto the more generalframeawork of Ismail
[8] is discussedhn the next section.

But beforewe move on, two importantquestionsremain: Do the  correspondo a
stableequilibrium? And is this equilibrium positionunique?Of course sinceary permuta-
tion of the equilibrium pointsagainyields an equilibrium position,we imposethe ordering

when studyingunigueness.Unfortunately at presentno con-
clusive answerto thesequestionss available. To studythe stability of the system,onecan
investigatehe Hessiarmatrix

If this matrix is positive de nite, the equilibrium correspondg¢o a minimum of  andis
thereforestable.In the polynomialcasediscussedn [7, 8, 14], it turnsout thatthe Hessian
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is notjust positive de nite in the equilibriumposition,but in theentireregion
of the hypercube , althoughthis is not always mentionedexplicitly. This implies
that the equilibrium is stableand unique,since is thena corvex function. The positive
de nitenessin thesecasess deducedrom the strictdiagonaldominanceof . However, as
will beshavn momentarilyin ourcase may not be positive de nite in this entireregion,
andit neednotbestrictly diagonallydominantalthoughseveralnumericalexperimentseem
to indicatethatthe equilibriumis indeedstableandunique. It appeardikely thata possible
proofof this propertywill beconsiderablynorecomplicatedhanin thepolynomialcase put
in the next sectionwe indicatehow stability anduniquenessnay be studiedin the context of
Lamé differentialequationswhich might provide an alternatve solution.

It caneasilybe shavn thattheHessiarmayfail to be positive de nite in someregionsof

. To seethis, considerthe -th diagonalelement

It is possibleto choosehepoles andthepoints  suchthatthis elements negative, e.qg.
when , iscloseto and isverylarge, iscloseto andalltheother are
closeto . A matrixwhich hasoneor morenegative diagonalelementscannotbe positive
de nite.
In [9] the authorsmentionthe possibility of a Nash-typeequilibrium, which meanghat
thetotal enegy, asafunctionof asinglevariable , alsoattainsits minimumatthezerosof
, andthisfor each . Thiswould meanthatif theHessiaris evaluatedn theequilibrium
position, its diagonalelementsare all positive. This is obviously a wealer conditionthan
requiring the Hessianto be positive de nite, but we have not beenable to prove that the
equilibriumis a Nash-typesquilibrium.
To endthis section,we analysea speci ¢ examplefor which it canbe provedthatthe
equilibrium positionis stable,eventhoughthe Hessiaris not strictly diagonallydominantat

this position. Take and realpoles and , symmetricwith respecto the
origin. Theequation leadsto
Dividingby andusingtheformula for the Chebyshe polynomial

of the rst kind anddegree , somealgebrayields

or, collectinglike powersof

fromwhichit readilyfollows that

(4.5)

To nd theghostpoles,we needto solve theequation
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which shavsthatthey aregivenby and with

(4.6)

The computationof the Hessianmatrix is now straightforward using formulas(3.3), (4.5

and (4.6), but the computationdbecomevery unelggantand we only give the nal result

(a computeralgebrapackagesuchas Maple comesin handyat this point). It follows that
wherethematrix  is equalto

andthevalues and aregivenby

It is easilychecledthat isincreasingand is decreasingvith for . We nd
that and , Sothe matrix is certainlynot strictly diagonallydominant
for all . However, a standarctriterionfor positive de nitenessis to verify thatthe

principalminorsof thematrix  areall strictly positive. Thoseare
and

andsincetheminimal valueof is andthatof is ,wecanconcludethat is positive
de nite andhencethe equilibriumis stable.

Of course this direct approachis unfeasibleto study stability in the generalcase,but
atleastit shavs thatthe equilibriummay be stableeventhough is not strictly diagonally
dominant.

5. Orthogonal polynomialsand Laméequations. Theequilibriumproblemof thepre-
vioussectionis closelyrelatedto a moregeneratheoryfor the electrostatidnterpretatiorof
zerosof orthogonabpolynomialsasdescribedn [8], aswe shav next.

In theabosementionedrticle,theauthorconsidergpolynomials orthonormalvith
respecto aweightfunction on . Uponwriting
hethende nesafunction whichis relatedin arathercomplicatedvayto , and .
Thezerosof areshawn to be the pointsof electrostatiequilibriumof movableunit
chagesin in the presencef the externalpotentiat . The
uniqguenessnd stability of the equilibrium canbe guaranteedf is corvex and
doesnot changesignon . To provethisresult,hederivestheformula
(5.1)

1We have omitteda multiplicative constanin foundin [8] whichis irrelevantfor our discussion.
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which canbeinterpretedn the sameway asformula(4.4).
It is well-known [1, p. 250] thatthe numeratompolynomial of is orthogonal
to for with respecto theweightfunction

(5.2)

It follows from (5.2) that

andcomparing(5.1) to (4.4) thengives

from whichit followsthat

where is anarbitrary(irrelevant)constantComputing  from the generaformulasin [8]
seemgonsiderablymorecomplicatedhanthe derivationgivenin the previoussection.

The electric eld createdby is referredto asthe long range eld, while the one
createcby is calledtheshortrange eld. Notehow thechagesat and and
atthepolesaredistributedbetweertheseelds, andthattheghostpolesarerelatedonly to the
shortrange eld. Unfortunately the corvexity of cannotbe provedin our casesince
thiswould shaw thatthe Hessianis strictly diagonallydominant 8, p. 360] andwe know that
thisis not necessarilyrue.

Anotherdifferencebetweerour caseandthatof [8] is thatour derivationonly holdsfor

sofor xed the do not form a completeset of orthogonalpolynomials.
However, asexplainedin [16, Section3], it is possibleto recursvely de ne for
andalthoughthereis no mentionof orthogonalityin thatarticle, it is easy
to shaw thatthe polynomialsso de ned arealso orthogonalwith respecto . Explicit
formulas,however, areunavailable.

To study the stability and uniquenes®f the electrostaticequilibrium thereis another
perhapsnoreimportant,connectiorworth pointing out, i.e. thatto the theoryof Lamé dif-
ferentialequations.The article [5] is particularlyrelevantto our discussiorandit contains
mary morereferencegoncerninghis theory A Lamé equationis a differentialequationof
theform

where and and arepolynomialsof degree and
,and

Of particularinterestis the questionof characterisinghe polynomialsolutionsof this equa-
tion. It is known that, given and , thereexist at most
polynomials suchthatthis equationhasa polynomialsolution of degree . The
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polynomial is calleda Van Vleck polynomialandthe correspondingolution is
calleda Stieltjespolynomial.

Thecasewhereall theresidues arepositive hasbeenthoroughlystudiedandmuchis
known aboutthelocationof the zerosof the Stieltjespolynomialsin this case.However, the
caseof both positive and negative residuesappeardo be more complicatedandonly some
speci c casedhave beenstudied.

The relationto electrostaticequilibrium problemsis that the residues canbe inter-
pretedas chageslocatedat the points  andthenthe zerosof the Stieltjespolynomials
correspondo equilibriumpositionsfor ~ freeunit chages.More speci cally, if theresidues

(chages)arepositive andthe points  arereal,thenfor each thereexists ex-
actly onepair of a VanVleck and Stieltjespolynomialsuchthatthe zerosof are
in theinterval . This correspond$o a uniqueandstableequilibriumof movable

unit chaigeson thatinterval.

In [5] acon guration of two positive andtwo negative chaigesis studiedandthe unicity
of the pair is establishedindercertainconditions which thenleadsto an electrostatic
interpretatiorof the zerosof Gegenbaueitaurentpolynomials.

To seehow all of thisis relatedto our problem,considerequation(4.4). It follows from
this equatiorthatthe expression

is apolynomialof degree whichvanishesn the points andthus

for somepolynomial of degree , where

Thisis aLamé equatiorwith both positive andnegative residueswhich clearlyhasthe poly-

nomialsolution . Following thesamereasoningsin [5], it followsthatestablishinghe

unicity of the pairwhere hasall its zerosin , IS equivalentto establishing
theunicity andstability of the electrostatiequilibrium problemof the previoussection.

6. Ghost poles. A greatdeal canbe saidaboutthe location of the ghostpoles , as
showvn in the next theorem.

THEOREM 6.1. Theghostpoles are outsidetheinterval andif is xed they
corvergeto thepoles as . Furthermog, if andif all  arereal, thenso
areall

Proof. It follows from the proof of Lemmad4.1 thatwe maywrite

where andasusual f then andthus™ f
isreal,thensois andit followsthat
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If iscomple, thentheremustbeatermin thesum(4.1) whichis complex conjugateo the
oneabove. Adding thesetwo termsgives

for , wherethe lastequalityfollows from thefactthat ™ . Fromtheabove
formulasandthefactthat , we concludethat
Since arethezerosof , they mustbe outsidetheintenal

Concerningthe cornvergenceof the ghostpolesto the actualpolesfor and
X ed,assumehat andwrite theequationfor  as
where . In thecasewhere , this is calleda secularequation
andit arisesin the contet of divide-and-conquealgorithmsto solve eigervalue problems
[13, Lect.30]. In ourmoregenerakasede ne thevector _ ~  wherethe

branchof thesquareootdoesnot matter Thenfollowing thesamereasoningsin [13] it can
beshovn thatthevalues aregivenby theeigervaluesof the matrix

It is clearthatfor theseeigervaluescorvergeto thepoles .
Finally, if all poles  arereal, thenthe function hassimplepolesat the
points  andit is easilychecledthat

if
if

Becaus®f continuity, this meanghattheremustbe oneghostpole betweerany two consec-
utive positive polesandsimilarly betweenary two consecutie negative poles. Thisyieldsa
total of ghostpoles( if all polesareeitherall positive or all negative). Thensince

 if theremustbe onemorepositive ghostpolewhich is greatetthan
thelargestpositive poleandonemorenegative ghostpolewhichis larger(in absolutevalue)
thanthelargestnegative pole (or eitheroneof thesecasesf all polesareeitherall positive or
all negative). This givesatotalof realghostpoles.O



ETNA

Kent State University
etna@mcs.kent.edu

ELECTROSTATICSAND RATIONAL INTERPOLATION 451

The previoustheoremshows thatfor large and x ed , the electrostaticequilibrium
problemapproximateshe situationwhereeachpole is givena negative chage equalin
magnitudeto the multiplicity of this pole, sincethe ghostpoleswill thenalmostcoincide
with the real poles. Asymptotically however, for  tendingto in nity and  x ed, the
equilibrium problemcorrespondso the casewithout polesandthe equilibrium distribution
is the equilibrium measureof . More interestingasymptoticbehaiour occurswhen

and bothtendto in nity suchthatthe limit exists. The study of the asymptotic
behaiour andzerodistributionof the , however, is outsidethe scopeof this article.

Furthermorethefactthatthe ghostpolesarealwaysoutsidetheinterval is quite
fortunatesincethatway we do not have to give aninterpretatiorto the casewhere(negative)
ghostchagescollide with (positive) unit chages . This casecannotoccut

7. Conclusion. The electrostaticequilibrium problemdiscussedn this article nicely
complimentssomeof the existing theoryfor polynomial problems. As we have shown, it
canberegardedasa specialcaseof a moregeneraktheorydiscussedn [8], andmoreimpor-
tantly, it is closelyconnectedo the theoryof Lamé equationswith residuesof mixed sign.
Establishinghe uniquenessndstability of the equilibriumwould meana considerablestep
forwardin thestudyof thiskind of Lamé equationsHowever, atpresenthisremainsanopen
problemand,asthediscussioratthe endof Section4 showvs, themethodof proofusedin the
polynomialcasecannotsimply be adaptedo our case.

Acknowledgements. Theauthorwould lik e to thankoneof the anorymousrefereedor
providing him with a simplerargumentto prove the positive de nitenessof thematrix  at
theendof Sectiond. It is this argumentwhichis usedin thetext.
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