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ON WORST-CASE GMRES, IDEAL GMRES, AND THE POLYNOMIAL
NUMERICAL HULL OF A JORDAN BLOCK

�
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�

, JÖRG LIESEN
�

, AND VANCE FABER
�

Abstract. Whensolving a linear algebraicsystem�����
	 with GMRES,the relative residualnorm at each
stepis boundedfrom above by theso-calledidealGMRESapproximation.This worst-caseboundis sharp(i.e. it
is attainableby the relative GMRESresidualnorm) in caseof a normalmatrix � , but it neednot characterizethe
worst-caseGMRESbehavior if � isnonnormal.Characterizingthetightnessof thisboundfor nonnormalmatrices�

representsanimportantandlargely openproblemin theconvergenceanalysisof Krylov subspacemethods.In this
paperweaddressthisproblemin case� is asingleJordanblock. Westudytherelationbetweenidealandworst-case
GMRESaswell astheproblemof estimatingtheidealGMRESapproximation.Furthermore,we prove new results
aboutthe radii of the polynomialnumericalhulls of Jordanblocks. Using these,we discussthe closenessof the
lower boundon theidealGMRESapproximationthatis derivedfrom theradiusof thepolynomialnumericalhull.
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1. Intr oduction. Let a nonsingularmatrix
�
���������

anda vector �

�����

be given.
Supposethatwe apply theGMRESmethod[14] with initial guess������� (chosenherefor
convenienceandwithout lossof generality)to the linearsystem

�

����� . Thenthis method
computesasequenceof iterates� �"!#��$%!'&(&'& , sothatthe ) th residual*,+.-/�10
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Here E2+ denotesthesetof (complex) polynomialsof degreeat most ) andwith valueoneat
theorigin, and

3GF�3

denotestheEuclideannorm. Theresidual*
+ is uniquelydeterminedby

theminimizationcondition(1.1) andsatis�estheequivalentorthogonalitycondition

*H+

�

��I

�KJ

+

A

�

!L�

C

! *H+.M

�NJ

+

A

�

!O�

C

&(1.2)

Here
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�HX is the ) th Krylov subspacegeneratedby
�

and � ,
and M meansorthogonalitywith respectto the Euclideaninner product. Without loss of
generalitywewill considerthat � is a unit normvector, i.e.

3

�

3

�ZY .
A commonapproachfor investigatingthe GMRESconvergencebehavior is to bound

(1.1) independentlyof � , andthusto studythealgorithm'sworst-casebehavior. In particular,
for eachiterationstep) onemayanalyzetheworst-caseGMRESapproximation
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Thequantity
[

+

A

�DC

is attainableby theGMRESresidualnormin thefollowing sense:For a
givenmatrix

�

andeveryGMRESstep ) , thereexistsa unit norminitial vector � , for which
theresulting ) th GMRESresidualnormis equalto

[

+

A

�DC

. It shouldbenoted,however, that
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for a given nonnormalmatrix
�

andinteger ) the quantity
[

+

A

�eC

typically is very hardto
compute.In fact,weareunawareof any ef�cient algorithmfor performingthiscomputation.

Usingthesubmultiplicativity of theEuclideannorm(or by changingtheorderof maxi-
mizationandminimizationin (1.3)), we caneasily�nd thefollowing upperboundon (1.3),
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The quantity h +

A

�DC

, called the ) th ideal GMRESapproximation, hasbeenintroducedby
GreenbaumandTrefethen[7]. They arguethat it is importantto investigatethis quantityto
improve the understandingof GMRES(andmatrix iterationsin general)particularlyin the
nonnormalcase,sincethe idealGMRESapproximation“disentanglesthematrix essenceof
the[GMRES]processfrom thedistractingeffectsof theinitial vector”,see[7, p. 362].

Beforecontinuingthis line of thoughtwehaveto stressasubtlepoint: In case
�Q�kj ���l�

it is customary(andwe will follow this custom)to assumethat �

�mj��

, andto considerthe
approximationproblem(1.3) only for

fn�kjo�

. In this(real)case,thevalues
[
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andho+
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�DC

areboth attainedby real polynomials
?

�

EW+ . For the worst-caseGMRESapproximation
[
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this fact is obvious,while for the idealGMRESapproximationh1+

A

�DC

this hasbeen
shown in [10, Theorem3.1].

After the 1994paper[7], several studieshave beendevotedto the problemof charac-
terizing the relation between

[
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and ho+
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, and in particularthe tightnessof the in-
equality(1.4). The bestknown result is that (1.4) is an equality, i.e.
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for
all )rqs� , whenever

�

is normal[6, 11]. In addition,(1.4) is anequalityfor arbitrary
�

and
)\�QY [6, 11], for triangularToeplitzmatriceswhentheright handsideof (1.4) equalsone[3],
andalsowhenthematrix

? t

>#u

v

A

�eC

thatsolvestheidealGMRESapproximationproblem(1.4)
hasa simplemaximalsingularvalue [6, Lemma2.4]. On the otherhand,someexamples
of nonnormalmatriceshave beenconstructed,for which (1.4) is a sharpinequality[3, 17].
Despitetheexistenceof thesecounterexamples,it is still anopenquestionwhether(1.4) is an
equality(or at leasttight inequality)for largerclassesof nonnormalmatrices.

Anotheropenproblemin thecontext of (1.4) is how to determineor estimatethevalue
of theidealGMRESapproximationh1+

A

�eC

in general.A possibleapproachthatis still under
developmentis to associatethe matrix

�

with someset in the complex planeandto relate
thenormof thematrix polynomialto themaximumnormof thepolynomialon this set. An
appropriateset,designedto giveusefulinformationaboutthenormof functionsof amatrix

�

,
is thepolynomialnumericalhull of degree ) ,
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introducedby Nevanlinna[13, p. 41]. Here
~

+ denotesthesetof (complex) polynomialsof
degreeat most ) . Basedon thede�nition (1.5) it is not hardto seethat thesesetsprovide a
lowerboundon theidealGMRESapproximation[4],
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Moreover,
w
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A

�eC

allowsusto identify whenidealGMRESfails to converge[3, 4],
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While polynomialnumericalhulls appearto bea valuabletool, their determinationor com-
putationrepresentsa dif�cult openproblemevenfor simpleclassesof nonnormalmatrices.

In summary, theinvestigationof worst-caseandidealGMRESaswell asthepolynomial
numericalhulls for nonnormalmatricesis at its very beginning. We believe that in this situ-
ationit is helpful to studyrelatively simplenonnormalmatrices,for which explicit solutions
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of someof theopenproblemscanbederived.Continuingthework startedin [2] and[5], we
hereconsider

�

beingan ‹�Œ•‹ Jordanblock •�Ž with eigenvalue •

�r�

.
Whenexperimentingwith theMATLAB softwareSDPT3[18] andsomeJordanblocks • Ž

of smallsize( ‹•�}‘%� , say),we observednumericallythat
[
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This ledusto conjecturethat
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for all • !#‹ and �

g

)

g

‹ .

At �rst sight, proving this conjecturelooks not too dif�cult; after all, one just hasto deal
with asingleJordanblock. However, it turnsout thattheapproximationproblemsbehindthe
quantities

[

+

A

�DC

and ho+

A

�eC

aswell astheexactdeterminationof
w

+

A

�DC

arehighly nontriv-
ial evenin case

�

�Q• Ž . Whentrying to proveour conjecturewe foundthatnumerouscases
needto bedistinguished,andin theendwe wereunableto prove all of them. Nevertheless,
we believe that the work presentedherehasbeenworthwhile. In particular, it uncovereda
previouslyunknown structurebehindtheworst-caseandidealGMRESapproximationprob-
lemsin case

�

�’•“Ž , it extendedthe recentresultsof [2, 5] on the polynomialnumerical
hullsof Jordanblocks,andit led to new resultsaboutthebound(1.6).

Sincethepresentationbelow is rathertechnical,we give a detailedoverview of thesec-
tionsandthecorrespondingresultsin thispaper:

” In section2 we summarizeknown resultson worst-caseandidealGMRESaswell
asthepolynomialnumericalhull.

” In section3 we show that
[
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for �

g

)••s‹d–%‘ andwhenever | •d| is
outsidea small interval on thepositivereal line.

” In section4 we studythestructureof thepolynomialsthatsolve the idealGMRES
approximationproblem,i.e. thepolynomialsfor whichthevalue h—+
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is attained.
This allows usto show that h�+
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for all • in case) divides ‹ . More-
over, we establisha relationshipbetweenthe radii of polynomialnumericalhulls
of •

Ž .
” In section5 we analyzethequantities
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show that h
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whenever | •d|lq/Y and ) divides ‹ .
” Finally, in section 6 we applyresultsof theprevioussectionsto analyzetheclose-

nessof thebound(1.6) on the ) th idealGMRESapproximation.We areunaware
thatany theoreticalresultsin thisdirectionhavebeenobtainedpreviously.

2. Notation and theoretical background. The following resultcollectsa numberof
basicresultsconcerningthe quantities

[

+

A

�DC

and ho+

A

�DC

. Theseresultsareeithereasyto
verify, or they havebeenpublishedin [10, Theorem3.1] or [3, Proposition2.1].

LEMMA 2.1. Let
�˜�™�o�����

bea matrix with minimalpolynomialdegree š
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. Then
thefollowing hold:

1.
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are bothnonincreasingin ) .
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4. If

�

is nonsingular, then
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�s� for all )•q•š
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.
5. If

�

is singular, then
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�/h
+

A

�eC

�ZY for all )•q
� .

Theprevioustheoremshowsthatto investigatetherelationbetweenworst-caseandideal
GMRES,oneonly hasto considernonsingularmatrices

�

andpositive integers)•••š

A

�eC

. In
this caseho+

A

�DCDž

� , andthepolynomialthatsolvestheidealGMRESapproximationprob-
lem(1.4) is uniquelydetermined[7, Theorem2]. This givesriseto thefollowing de�nition.
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DEFINITION 2.2. For a nonsingularmatrix
�Z�Ÿ�����l�

, anda positiveinteger )•••š
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,
theuniquelydeterminedpolynomial
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is calledthe ) th idealGMRESpolynomialof
�

, andthematrix
?�t

> u

v

A
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is calledthe ) th ideal
GMRESresidualmatrixof

�

.
Thematrix

�

is calledidealof degree ) , when h1+
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�
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is calledideal,when
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We point out that if
�

is ideal of somedegree ) , thenthis doesnot necessarilyimply
that

�

is idealof any otherdegree.In fact, it would be interestingto characterizenecessary
andsuf�cient conditionson

�

thatallow oneto concludefrom idealnessof somedegreeto
idealnessof otherdegrees.

In generalit is anopenproblemwhichpropertiesof
�

arenecessaryandsuf�cient for
�

to beideal. Below we summarizethemostimportantresultsfor our context. Proofsof all of
thesestatementscanbefoundin [6, 11].

LEMMA 2.3. Anynonsingularmatrix
�Z�r�������

is idealof degree )\�ˆY . Moreover:
1. If

�

is normal,then
�

is ideal.
2. If
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hasa simplemaximalsingularvalue, then
�

is idealof degree ) .
Let usdiscusstheconditionin theseconditem. If
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is a normalmatrix with (distinct)
eigenvalues•W�"!'&(&(&(!O•¤£

…9†W‡ , thenthe idealGMRESapproximationproblemis a (scalar)min-
maxproblemon thesetof theeigenvalues,
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It is well known thatthecorrespondingmin-maxpolynomialof degree) attainsits maximum
valueon at least )\IZY of the eigenvalues,see,e.g.,[1, Chapter3, ª 4]. Hencein this case
themultiplicity of themaximalsingularvalueof

?�t

>#u

v

A

�DC

is at least ).IsY . Sinceany normal
matrix is ideal,weseethattheconditionin theseconditem is notnecessary.

This facthasalreadybeennoted,andexplainedby a similar argument,by Greenbaum
andTrefethen[7]. Basedon somenumericalobservations,they considerthecasein which

?2t

> u

v

A

�DC

for a nonnormalmatrix
�

hasa simplemaximalsingularvaluethe “genericcase”,
see[7, p. 366]. However, we believe thatthesituationof
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having a multiple maximal
singularvaluecanbequitefrequentalsofor nonnormal

�

. For a clearexampleseeFig. 4.1
below, whichshowsthatfor the ‘%��ŒK‘=� Jordanblock •�Ž with ••�QY , only 9 outof 19matrices
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haveasimplemaximalsingularvalue.
We denotethe maximalsingularvalueof a matrix « by ¬2­G®°¯

A
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, andwe de�ne the
linearspace
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We usesuchspacesin the next result, which gives a further characterizationof the case
[
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�eC

�¡ho+

A
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. This resultcanbe found in a moregeneralform in [3, Lemma2.16], but
we formulateandproveit hereindependentlyof [3].

LEMMA 2.4. Supposethata nonsingularmatrix
�

anda positiveinteger )Ÿ•�š
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given.Then
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If such ² and � exist, then ²³�

? t

>#u

v

.
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Proof. If
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, thenthereexist aunit normvector � andapolynomial ²
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But this meansthat �
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. Moreover, since Y
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� by Lemma2.1, andthus the ) th GMRESpolynomial is unique,cf. [7, Theo-
rem2]. Therefore
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Now assumethatthereexist apolynomial ²
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Since
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v is theidealGMRESpolynomial,
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equalityholdsin (2.3). But then
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In [3], the ) -dimensionalgeneralized�eld of valuesof
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is usedto characterizewhenworst-caseor idealGMRESdonotconverge.

THEOREM 2.5. For a nonsingularmatrix
�Z�r�������

thefollowinghold:
1.
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Notethatwhen
�ˆ�Âjo���l�

is real,onecantake thereal ) -dimensionalgeneralized�eld
of values

�

de�ned over
f��Ÿjo�

,
f“Ã f

�QY .
The ) -dimensionalgeneralized�eld of valuesof any triangularToeplitz matrix Ä

�

�������

is aconvex set[3], and,therefore,
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i.e. Ä is idealof degree) in caseof stagnation.However, it is in generalstill anopenproblem,
originally posedin [3, p. 722],whetherÄ is idealof degree) whenidealGMRESconverges,
i.e. when h

+

A

Ä

C

•{Y .
In this paperweconcentrateonan ‹�Œ•‹ Jordanblock
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Apart from theidentity matrix È

� andtheshift É

� , we will usethebackwardidentity È�Ê

� and
thediagonalmatrix ÈlË

� de�ned by
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As explainedabove, thesingularcase( •Ï�Q� ) is uninteresting,sowe only considerthe
nonsingularcase, i.e. •mÐ ��� . Each •

�k�

canbewrittenas ••��| •d| Ñ%Ò©Ó , andit holdsthat

• Ž �ÔÑ
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Ž
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Ó
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Ò

�

Ó

C

&(2.7)

Since ••Ž is unitarily similar to •¤Ö

Ž

Ö , andthevaluesof theapproximationproblemswe deal
with are unitarily invariant, it suf�ces to considerreal and positive • . All resultscan be
easily extendedto all •

���

using the unitary similarity transformationde�ned by (2.7).
Sinceš

A

••Ž

C

��‹ , wewill consider)\�ZY€!(&(&'&(!#‹•0
Y , sothat �7•

[

+

A

••Ž

Cœg

h +

A

••Ž

C

, andthe
correspondingidealGMRESpolynomialsarewell de�ned in thesenseof De�nition 2.2.

As mentionedin the Introduction, the polynomial numericalhull (1.5) appearsto be
usefulin theanalysisof idealGMRES.As shown in [2], for each)���Y=!'&(&'&¢! ‹k0•Y ,

w

+

A

• Ž

C

is a circlearoundtheeigenvalue • with someradius Ø€+HÙ

� , where

�7•/Ø

�

VW�°Ù

�

•

F(F'F

•/Ø �°Ù

�

•{Y=!

and Ø +,Ù

� is independentof theeigenvalue • . In particular, theauthorsof [2] concentrateon
determiningtheradii Ø=�°Ù

� and Ø

�

V �LÙ

� . Since
w

�

A

•
Ž

C

is equalto the �eld of valuesof •
Ž , it

holdsthat

Ø=�°Ù

�

�

À¢Ú

P„Û

<

�%Ü

�=Ý

!(2.8)

cf. [2, p. 235]. The problemof determining Ø

�

V �LÙ

� is equivalentto a classicalproblemin
complex approximationtheory, closelyrelatedto theCarath́eodory-Fej́er interpolationprob-
lem. Using this connectionit is shown in [2, p. 238], that Ø

�

V �LÙ

� is a solutionof a certain
nonlinearproblemandcanbeboundedby

YG0{Þ ßOà

…

$

�

‡

�

g

Ø

�

VW�°Ù

�

g

YG0{Þ ßOà

…

$

�

‡

�

IˆÞ ß#à

…

Þ ßOà

…

$

�

‡á‡

�

&(2.9)

Continuingthis work, Greenbaum[5, p. 88] combines(1.6), (2.4) andresultsof [2] to prove
thatfor )\�ZY€!(&'&(&¢!#‹Ÿ0•Y ,

Ø

+

+,Ù

�

•

VW+

g

ho+

A

•
Ž

C
g

•

V2+ for •rq{Ø%+HÙ

�

!(2.10)
[

+

A

•
Ž

C

�Ôho+

A

•
Ž

C

�âY ‰7Š •

g

Ø%+HÙ

�

&(2.11)

The upperboundon h
+

A

••Ž

C

in (2.10) canbe replacedby Y if •

g

Y . The lower boundin
(2.10) is a specialcaseof thegenerallower bound(1.6) on theidealGMRESapproximation
basedon thepolynomialnumericalhull. The closenessof this lower boundis examinedin
section6 below.

We point out that the lower boundon Ø

�

V �LÙ

� in (2.9) approachesY as ‹•ãxä . Hence
the equivalence(2.11) implies that for each • with �Z•Ô| •B|³•iY , thereexists a positive
integer ‹��å‹

Ž suchthat for the ‹™ŒÏ‹ Jordanblock •
Ž ,

[

�

VW�

A

•
Ž

C

�˜h

�

VW�

A

•
Ž

C

�
Y . In
otherwords,both worst-caseandideal GMRESstagnatecompletelyfor eachJordanblock

•
Ž correspondingto an eigenvalue • inside the unit circle, provided that •

Ž is suf�ciently
large.ThemoreinterestingcasesarethereforetheJordanblocks •

Ž with | •d|lq{Y .

3. Worst-caseand ideal GMRES for )æ•ˆ‹d–%‘ . In this sectionwe show that if | •d| is
outsidea small interval aroundone, then •�Ž is ideal of degree ) for Y

g

)Z•
‹d–%‘ . We
startwith a generalcharacterizationof the radius Ø

+HÙ

� of the polynomialnumericalhull of
degree ) of •“Ž .

LEMMA 3.1. A positiverealnumberØ satis�es Ø

g

Ø=+HÙ

� , if andonly if thereexistsa real
unit normvector � such that

�

Ã

Éeç

�

�G�

A

0´Ø

C

ç=! èé�ZY=!'&(&'&¢!O)2&(3.1)
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Proof. A positiverealnumberØ satis�es Ø

g

Ø€+HÙ

� , if andonly if an ‹³ŒG‹ Jordanblock •lê

satis�es
[

+

A

•“ê

C

�sho+

A

•“ê

C

�QY , cf. (2.11). This is equivalentwith theexistenceof a realunit
normvector � suchthat

�GMZ•“ê

J
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�
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&(3.2)

But theorthogonalityof � to thespace
J

+

A

É

�

!(Ø��oI™É

�

�

C

meansthat
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�

C

!Çèé�QY€!(&'&(&¢!L)2!

whichcanbewritten in theequivalentform (3.1).

THEOREM 3.2. An ‹mŒr‹ Jordanblock • Ž with •

ž

� is ideal of degree ) with the ) th
idealGMRESpolynomialgivenby
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A

y

C

�

A

YG0ë•

VW�

y

C

+(3.3)

if andonly if Y

g
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&

Proof. Since

²
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C
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C
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eachì
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A

²
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ìs�

A

�T!(&'&(&¢!O�l!O�
�

!(&'&(&¢!L�

�

VW+

C

Ã

!(3.4)

andhence
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&

Using Lemma2.4 and the previous observation, •
Ž is ideal of degree ) and ² is both the

worst-caseandidealGMRESpolynomialif andonly if thereexistsa unit normvector ì of
theform (3.4) suchthat
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i.e.
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Since ì hasthe specialform (3.4), it holds that ì
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�,! where �Â-
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. Then,(3.6) is equivalentto
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Writing theequations(3.7) in thereverseorder(for è›�/)2!(&'&(&(!'Y ), we obtain
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or, equivalently,
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Clearly, if )rqs‹d–=‘ , then É

+

�

V2+

is thezeromatrix. In this caseat leastoneof theconditions
in (3.9) takes the form �æ�

A

0K•

C

+ , andthe system(3.9) doesnot have a solutionfor any
positive • . On theotherhand,for Y

g

)••
‹d–=‘ , thesystem(3.9) hasa solutionif andonly if
•

VW�

g

Ø"+HÙ

�

V2+ , cf. Lemma3.1, whichcompletestheproof.
We summarizewhatwehaveseensofar in thefollowing corollary.

COROLLARY 3.3. For an ‹mŒk‹ Jordanblock • Ž with eigenvalue •

���

, and Y

g

)Â•

‹d–%‘ thefollowinghold:
1. If | •d|

g

Ø%+HÙ

� , then • Ž is idealof degree ) with
[

+

A

• Ž

C

��ho+

A

• Ž

C

�ZY .
2. If | •d|lq/Ø

VW�

+HÙ

�

VW+

, then • Ž is idealof degree ) with
[

+

A

• Ž

C

�/ho+

A

• Ž

C

�{•

VW+ .

The �rst item alreadywasshown in (2.11), the secondfollows from Theorem3.2. In
summary, for Y

g

)�•{‹d–=‘ and | •d| q}� , we completelyunderstandthesituationexceptfor
thecases

Ø"+HÙ

�

•ï| •B|é•ÇØ

VW�

+HÙ

�

VW+

&(3.10)

The lower boundin (3.10) is boundedfrom below by Y"–%‘ , andit approaches1 for ‹mãxä ,
while theupperboundin (3.10) is boundedfrom aboveby 2.

4. Structur eof the ideal GMRES residualmatrices for a Jordan block. In this sec-
tion weanalyzethespecialstructureof theidealGMRESresidualmatricesfor aJordanblock,
which we originally discoverednumericallywhenexperimentingwith thesemide�nitepro-
grammingpackageSDPT3[18]. Sincethe developmentbelow is quite technical,we start
with a high-level descriptionof asimpleexample.

Considerthe ð�ŒÂð Jordanblock •
Ž with •Ï�ñY . As shown below, its second,third and

fourth idealGMRESresidualmatricesareuppertriangularToeplitzmatricesof theform
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where“ ” ” standsfor a nonzeroentry and“ þ ” representsa zeroentry. It is easyto seethat
thereexist permutationmatricesÿ

$ , ÿ�� and ÿ�� thattransform
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u
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A

•
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C

,
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u
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into blockdiagonalmatriceswith uppertriangularToeplitzblocks,
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Sincethetransformation
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v

A
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C

ãîÿ

Ã

+
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C

ÿ�+ is orthogonal,andall diagonalblocksof
ÿ

Ã

+
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v
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ÿB+ areequal,theidealGMRESapproximation
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Theseobservationsare the key to analyzingthe ) th and
A

‹m0�)

C

th ideal GMRESap-
proximationsfor • � and,moregenerally, for any Jordanblock •lŽ , when ) divides ‹ . The
following lemmaformalizesthejustdescribedorthogonaltransformationandshowsthecon-
nectionbetweenthe singularvaluedecompositionsof

?�t

> u

v

A

• Ž

C

andof a diagonalblock of
ÿ

Ã

+

? t

> u

v

A

• Ž

C

ÿB+ .

LEMMA 4.1. Let ‹ and ) bepositiveintegers, ‹

ž

) , andlet š betheir greatestcommon
divisor. De�ne �5- ‹d–"š and

�

� )�–"š . Considerthe � Œ�� upper triangular Toeplitz
matrix « ,

«¦-

�

	

ç

a
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�
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Ã

(4.1)

be its singular valuedecomposition.Thenthe singular valuedecompositionof the ‹�Œë‹

matrix � ,

�x-
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Proof. De�ne the ‹�Œ•‹ matrix ÿ by ÿZ-�� È
­

�
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­
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In thelastequationwehaveused[8, Corollary4.3.10].
As outlinedabove,ourstrategy is asfollows: Having anidealGMRESresidualmatrix �

of the specialform (4.2), we can�nd a permutationmatrix ÿ suchthat ÿ

Ã

�³ÿ �
È

�

«

(where È and « have the appropriatesizes),and then investigatethe norm andproperties
of � throughthenormandpropertiesof theblock « .

THEOREM 4.2. Let ‹ and ) be positiveintegers, ‹

ž

) , and let š be their greatest
commondivisor. Let •

ž

� andde�ne �p-�‹d–%š ,
�
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Supposethat the
�

th idealGMRESpolynomial
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of •�� is of theform
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If •
� is idealof degree

�

, then •“Ž is idealof degree ) , and
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Moreover, the ) th idealGMRESpolynomial
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of •
Ž is givenby

?

t

> u

v

A

y

C

�

�

	

ç

a

�#"

ç

A

•�0ëy

C

ç

£

&(4.4)



ETNA
Kent State University 
etna@mcs.kent.edu
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Proof. Giventhe
�

th idealGMRESpolynomial
? t! 

u

v

�

E

� of • � asin (4.3), we de�ne the
polynomial
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Ourgoalis to show thatthispolynomial ² , whichis equalto
?�t

> u

v

in (4.4), is the ) th idealGM-
RESpolynomialof •“Ž . We will show this by constructinga unit normvector �
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suchthatthecondition(2.1) is satis�ed.
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weseethatthematrices
? t  

u

v

A
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and ²
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•
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haveasimilarstructureasthematrices« and � ,
respectively, in Lemma4.1(up to thesignin caseš is even).

By assumption,
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vector ì
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Thenit easilyfollowsthat
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and
f¡�

±

A

«
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. Since « is a Toeplitz matrix, the matrix È
Ê
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« is symmetric,and hence
unitarily diagonalizable,È Ê
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wherewehaveappliedLemma4.1to obtainthelastequality.
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where1 is chosensothat
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�G�/�

+

I•�

-

! �

+

-41

A

f

+

�

Ñ Ž

C

! �

-

-51

A

f

-

�

Ñ Ž

C

!

with ²

A

••Ž

C

�

+

��0"È Ê

�

�

+

, ²

A

••Ž

C

�

-

�Z060"È Ê

�

�

-

. Hence,usingthe�rst expressionin (4.11),

²

A

• Ž

C

�G�51W²

A

• Ž

C

A

�

+

I
�

-

C

�4170"È

Ê

�

A

�

+

0ë�

-

C

�5170"È

Ê

�

A A

f

+

0

f

-

C

�

Ñ Ž

C

��180

A A

È

Ê

­

A

f

+

0

f

-

C C

�

A

È

Ê

£

Ñ Ž

C#C

�51

A A

«

f“C

�

A

È

Ê

£

Ñ Ž

C C

&(4.13)

We next show that

²

A

• Ž

C

�
Mô•

ç

Ž

�,! è›�ˆY=!(&'&(&¢!L)2!(4.14)

i.e. that ² is a GMRESpolynomialfor •�Ž andtheinitial vector � . Since

spanU=•
Ž

�,!'&(&'&¢!¢•

+

Ž

�HXs� spanU,É

�

�

•
Ž

�,!'&(&(&(!#É

+HV �

�

•
Ž

�HX•!(4.15)

therelation(4.14) holdsif andonly if

²

A

•
Ž

C

�•MÔÉeç

�

•
Ž

�,!ïèé���T!(&(&'&¢!O)é0•Y=&(4.16)

Let usdecomposetheindex è as

èé��9HšeI;:°! 9K�s�T!(&'&(&¢!=<20
Y€! :1���T!(&(&'&¢!#š 0
Y€&(4.17)

An elementarycomputationshowsthat

•
Ž

�Ÿ�>1.•
Ž

A

f

�

Ñ
Ž

C

�?1

A#A




�

f�C

�

Ñ

£

C

&

Multiplication of •
Ž

� from the left by É

ç

� shifts all entriesof •
Ž

� upwardsby è positions.
Using(4.17), É

ç

�

•“Ž€� canbewrittenas

Éeç

�

•
Ž

�k�@1eÉBA

£

�

A#A




�

f�C

�

Ñ

£

V.C

C

�51

A A

ÉDA

­




�

f�C

�

Ñ

£

V.C

C

&(4.18)

Now from (4.13) and(4.18) we obtain
A

²

A

•
Ž

C

�

C

Ã

A

É´ç

�

•
Ž

�

C

�51

$

A#A

«

f�C

�

A

È

Ê

£

Ñ
Ž

C#C

Ã

A#A

ÉBA

­




�

f�C

�

Ñ

£

VEC

C

�>1

$

�

A

«

f�C

Ã

ÉBA

­




�

f

�

� Ñ

Ã

Ž

È

Ê

£

Ñ

£

V.C

�

&

Similar asin (4.15), É

A

­




�

fm�




�

J

�

A




�2!

f�C

for 9��ñ�l!'&(&'&¢!F<d0/Y . Since «

f

is orthogonal
to 


�

J

�

A




�
!

f“C

, cf. (4.10), it holdsthat
A

«

f�C Ã

É

A

­




�

f

�˜� for 9n�˜�l!'&(&(&(!F<d0/Y . In other
words,we just proved(4.14).

Summarizing,² is the ) th GMRESpolynomialfor thematrix •�Ž andthe initial vector
�

�

±

A

²

A

••Ž

C C

. Using Lemma2.4, it holdsthat
[

+

A

••Ž

C

�
h
+

A

••Ž

C

and,therefore,² is the
) th idealGMRESpolynomialof •“Ž . Moreover, Lemma4.1 implies that the idealGMRES
residualmatrices

? t  

u

v

A

•��

C

and
?2t

> u

v

A

•
Ž

C

have the samenorm andthus
[

�

A

•��

C

�Ìh

�

A

•��

C

�

[

+

A

•
Ž

C

�/ho+

A

•
Ž

C

.
Notethattheintegers

�

and � de�ned in Theorem4.2arerelatively prime.Theassertion
of this theoremis quitetricky, sosomeexplanationis appropriate.Supposewe know thatan

� ŒG� Jordanblock •$� is idealof degree
�

, where
�

and � arerelatively prime. Thenby
Theorem4.2, an ‹•Œé‹ Jordanblock •

Ž is idealof degree) , where‹r-sšH� , )é-/š

�

, ••-5�

£ ,
and š is anypositive integer. Therefore,to prove thatany Jordanblock is ideal, it would be
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FIG. 4.1. Multiplicity of themaximalsingularvalueof I

t

> u

v�JLKNMFO for the P�QSRBP�Q Jordanblock KNM and T.�

U�VXWXWYWXVYUXZ

.

suf�cient to show thatany Jordanblock is idealof degree ) whenever ) andthesizeof the
Jordanblock arerelatively prime; all the othercasesarethencoveredby Theorem4.2. In
otherwords,Theorem4.2reducesthequestionof idealnessof Jordanblocksto blocksizes‹

andsteps) , where ) and ‹ arerelatively prime.
EXAMPLE 1. Considerthe ‘%�7ŒÂ‘=� Jordanblock •l� . In Fig 4.1we plot themultiplicity

of themaximalsingularvalueof
?

t

> u

v

A

•“�

C

for )Â�ÌY=!(&'&(&¢!'Y\[ . Apparently, themultiplicity is
equalto thegreatestcommondivisorof ‹ and ) . In particular, atsteps) suchthat ) and ‹ are
relatively prime, themaximalsingularvalueof

? t

> u

v

A

•“�

C

is simple. (Thesamephenomenon
canbeobservednumericallyalsofor otherchoicesof ‹ .) By theseconditem in Lemma2.3,

•
� is ideal of degree ) in thestepswhere ) and ‹ arerelatively prime. ThenTheorem4.2

impliesthat •
� is ideal.

Theorem4.2alsoallowsusto provethefollowing resultabouttheradii of thepolynomial
numericalhullsof Jordanblocks.

THEOREM 4.3. Let ‹ and ) be positiveintegers, ‹

ž

) , and let š be their greatest
commondivisor. De�ne �ï-p‹d–%š ,

�

- )�–"š . Thenthe radius Ø=+,Ù

� of the ) th polynomial
numericalhull of an ‹ëŒŸ‹ Jordanblock satis�es

Ø"+,Ù

�

�xØ

�X]

£

�

Ù
­

&(4.19)

Proof. Let •

ž

� andconsiderJordanblocks

•
Ž

-/•�È

�

I™É

�

! •��é-�� È
­

I™É
­

! �•-/•

£

&

We provethefollowing equivalence

�

g

Ø

�

Ù
­ ^

‰7Š

[

�

A

•��

C

�/h

�

A

•��

C

�QY _‰7Š

[

+

A

•
Ž

C

�/h�+

A

•
Ž

C

�ˆY `‰éŠ •

g

Ø"+HÙ

�

&
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Theequivalencesa and b follow from (2.11), sowe only have to prove theequivalencec .
FromTheorem4.2,

[

�

A

•$�

C

��h

�

A

•��

C

�ZY � Š

[

+

A

• Ž

C

�/ho+

A

• Ž

C

�ˆY=&

On theotherhand,supposethat
[

+

A

••Ž

C

�}h +

A

••Ž

C

�¡Y . Considerthepolynomial
? t! 

u

v of the
form (4.3). Then,similarly asin theproofof Theorem4.2, thepolynomial ² de�ned by (4.5)
satis�es ²

�

E + and
3

²

A

•“Ž

C

3

�

3@?2t! 

u

v

A

• �

C

3

, cf. (4.11). Now if h +

A

• �

C

�

3c?2t  

u

v

A

• �

C

3

•˜Y ,
then

3

²

A

•“Ž

C

3

• Ym� h +

A

••Ž

C

, which contradictsthe optimality propertyof the ) th ideal
GMRESpolynomial

?Wt

> u

v

of • Ž . Thereforeh�+

A

•$�

C

�ñY , which impliesthat
[

+

A

•��

C

�åY , cf.
(2.4), andthus c musthold.

Consequently, for each•

ž

� , •

£

g

Ø

�

Ù ­ ‰7Š •

g

Ø"+HÙ

� , which implies(4.19).

COROLLARY 4.4. Consideran ‹•ŒÏ‹ Jordan block • Ž with •

ž

� . Let )�•å‹ be a
positiveinteger dividing ‹ . Then

[

+

A

• Ž

C

��ho+

A

• Ž

C

, andif •rq/Ø%+HÙ

� , then

•

V2+

À¢Ú

P
Û

<

�

]L+

Ü

�€Ý

g

h
+

A

•“Ž

C
g

•

V2+

&(4.20)

The ) th idealGMRESpolynomial
? t

> u

v

of •
Ž is of theform

?

t

> u

v

A

y

C

�

"

�—I

"

�

A

•\0ëy

C

+

!(4.21)

where
"

� and
"

� are thecoef�cients of the�r st ideal GMRESpolynomial(4.3) of the
�

+

Œ

�

+

Jordanblock •

Ž

> . Moreover, it holdsthat

Ø
+HÙ

�

�}Ø

�X]L+

�LÙ

�

]O+

�ed

À¢Ú

P
Û

<

�

]O+

Ü

�€ÝEf

�F]L+

&(4.22)

Proof. All resultsfollow from Theorem4.2 and Theorem4.3. If ) divides ‹ , then
š•�˜) is their greatestcommondivisor, and � �å‹d–%) ,

�

� Y . For
�

� Y , the assumption
[

�

A

•$�

C

�sh

�

A

•��

Cœž

� in Theorem4.2 is satis�edandtherefore
[

+

A

•
Ž

C

�sho+

A

•
Ž

C

. In (4.22)
we usedTheorem4.3 andtheexplicit form of theradius Ø

�LÙ

�

]O+

, cf. (2.8). Thebound
A

4.20
C

is just thebound(2.10), wherefor Ø=+HÙ

� we substitutedits exactvalueon theright handside
of (4.22).

If ) divides ‹ , then
? t

> u

v

A

y

C

�ïY for •

g

Ø

�

Ù + and
?Wt

>#u

v

A

y

C

�

"

�
I

"

�

A

•m0/y

C

+ for
•

ž

Ø

�

Ù + . For ••qZØ

VW�

+HÙ

�

V2+

we know that
"

�´�{� and
"

�
�Z•

VW+ , cf. Theorem3.2. Moreover,
since

[

+

A

••Ž

C

�ph
+

A

••Ž

C

, it follows from (2.11) andTheorem3.2 that
"

�™Ð �p� and
"

�
Ð�Ì�

whenever Ø
+HÙ

�

•˜•{• Ø

VW�

+HÙ

�

VW+

. Then,from the form of the ) th ideal GMRESpolynomial
(4.21) it is easyto seethatthe ) rootsof

? t

>#u

v

areuniformly distributedon thecirclearound•

with radius |

"

�,–

"

�
|

�F]O+ .
EXAMPLE 2. Consideran ‹•ŒÏ‹ Jordanblock •

Ž with •

ž

� , ‹ even and )æ�Ì‹d–=‘ .
This gives šæ� ‹d–=‘ , � � ‘ ,

�

� Y , and �}�
•

�

]#$ in Theorem4.2. Sincefor the ‘ŸŒm‘

Jordanblock •$� ,
[

�

A

•��

C

�ph��

A

•��

C�ž

� , Theorem4.2 implies that
[

�

A

•$�

C

�
h��

A

•��

C

�

[

�

]O$

A

•
Ž

C

�/h

�

]O$

A

•
Ž

C

. Theorem4.3shows that

Ø

�

]#$(Ù

�

�ZØHgih

>

�LÙ $

�{‘

-

ù

hkj

&(4.23)

Moreover, by a direct computationof the �rst ideal GMRESapproximationfor the ‘kŒæ‘

Jordanblock •$� with �Â�/•

�

]O$ , weobtainthatfor •kq�‘

V¤$l]

�

,

"

�D�

‘

m

•

�

I�Y

!

"

�
�

Y

•

�

]O$

m

•

�

0•Y

m

•

�

IsY

! h

�

]O$

A

••Ž

C

�

m

•

�

]O$

m

•

�

I�Y

&(4.24)



ETNA
Kent State University 
etna@mcs.kent.edu
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Using(2.10) andthefactthat Ø

+

+HÙ

�

q/Ø

+

�

]O$(Ù

�

�{‘

-

ù

>

hnj

q�‘

V � for )

g

‹d–%‘ , wegetthebound

Y

‘

•

V2+

g

h +

A

••Ž

C™g

•

VW+

! )

g

‹d–=‘�&(4.25)

5. The next-to-last worst-caseand ideal GMRES approximations. In this section
weconsiderthe

A

‹Ÿ0
Y

C

stworst-caseandidealGMRESapproximationsfor an ‹�Œ•‹ Jordan
block • Ž with •

ž

� . Our main result,statedin Theorem5.5 below, is that
[

�

V �

A

• Ž

C

�

h

�

VW�

A

• Ž

C

for •åq Y . We also give an explicit expressionfor h

�

V �

A

• Ž

C

in termsof the
eigenvalue • . Theproof of this resultwill make useof threetechnicallemmas.To simplify
thenotation,wede�ne thevector

Ñ

t

j

u

Ž

- È

Ë

�

�9Y=!L• !'&(&(&(!O•

�

VW�

�

Ã

andtheHankel matrix

o

A

f

�"!'&(&(&(!

f

�

C

-

¹
Å

Å

Å

º

f

�

f

$ &'&(&

f

�

f

$

&

&

&

&

&

&

&

&

&

f

�

» Æ

Æ

Æ

¼

&(5.1)

The�rst lemmais aslight reformulationof [12, Corollary2.2].

LEMMA 5.1. Considerthe linear algebraic system•
Ž

�Q�î� , with an ‹�Œm‹ Jordan
block •

Ž , anda right handsidevector �´�@� �H�,!(&'&(&¢!L�

�

�

Ã

such that �

�

Ð�¡� . If �
�

�¡� , then
the

A

‹Ÿ0•Y

C

stGMRESresidual*

�

V � is uniquelydeterminedby thelinear system

3

*

�

VW�

3

V¤$

o

A

�(�"!(&(&'&(!L�

�

C

*

�

V ���ÔÑ

t

j

u

Ž

&(5.2)

LEMMA 5.2. Let •

ž

� begivenandlet �

�rjo�

betheunit normvector

�
-

A

0³Y

C

�

VW�

3qpT3

VW�

È

Ê

�

p

!(5.3)

where
p

���

p

�
!(&(&'&(!

p

�

�

Ã

hasthecomponents

p

¨

Ü

�
�Ç•

j

-

g

ù
V2¨

A

0³Y

C

¨

m

¨sr

‘Nt

t8u

! t��s�l!'&(&(&(! ‹k0
Y€&(5.4)

Thenthe
A

‹ 0ÏY

C

stGMRESresidual*

�

VW� for the ‹nŒ›‹ Jordanblock •“Ž andtheinitial vector
� is givenby *

�

VW�K�

3qpT3

V
�

p

, andhence

3

*

�

V �

3

�

3�pT3

V2$

�

Y

•

�

VW�wv

�

V �

	

¨

a

�

A

m

•

C

V2$#¨

r

‘Nt

t7u

$�x

VW�

&(5.5)

Proof. Sincethelastcomponentof �G�

A

0³Y

C#�

V �

3qpT3

VW�

�

p

�

!'&(&'&(!

p

�

�

Ã

isnonzero,Lemma5.1
impliesthatthe

A

‹Ÿ0•Y

C

stGMRESresidualfor •
Ž and � satis�es

A

0³Y

C �

VW�

3�pT313

*

�

VW�

3

$zy

o

*

�

V �
�iÑ

t

j

u

Ž

!(5.6)
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where
y

o

�

o

ALp

�

!(&(&'&(!

p

�

C

. Using the de�nition (5.4), the numbers
p

¨

Ü

� satisfy for è��

�l!'&(&(&(! ‹Ÿ0
Y ,

ç

	

¨

a

�

p

¨

Ü

�

p

ç

V¤¨

Ü

�K�

A

0³Y

C

ç

m

ç

•

�

V

ç

VW�

ç

	

¨

a

�

r

‘{t

t u

r

‘

A

è.0|t

C

è.0|t u

�

A

0³Y

C

çH•

�

V

ç

VW�

&

In thelastequalitywe usethefact that thesumof theproductsof thegivenbinomialcoef�-
cientsis equalto

m

ç

, seee.g.[15, p. 44]. The ‹ previousequationscanbewritten in matrix
form as

y

o

p

�

A

0³Y

C

�

VW�

Ñ

t

j

u

Ž

&(5.7)

A comparisonof (5.7) and(5.6) showsthat
p

�

3

*

�

VW�

3

V2$

*

�

VW�

3�pT3

V � and,therefore,
3qpT3

V¤$

�

3

*

�

VW�

3

. Finally, *

�

VW�é�

pG3qpT3�3

*

�

VW�

3

$

�

pG3qpT3

V � . A straightforwardcomputationshows
that

3

*

�

VW�

3

is givenby (5.5).
REMARK 5.3. It is not hardto checkthat

p

¨

Ü

� de�ned in (5.4) canbecomputedby the
recurrence

p

�G�{•

j

-

g

ù

!

p

¨

Ü

�N�ˆ0

p

¨ •

VW�

‘{t�0•Y

‘Nt

! to�ZY=!'&(&'&¢! ‹k0•Y=&(5.8)

LEMMA 5.4. Let •

ž

� begivenandlet
p

+

-QÈ�Ë

�

p

, where thevector
p

is de�nedasin
Lemma5.2. ThenthereexistsanuniquelydeterminedHankel matrix *

o

such that
p

+

�}*

o

p
+

&(5.9)

If •�q�Y , thematrix *

o

is primitive andhasonly oneeigenvalueof maximummodulus.This
eigenvalueis equalto Y , and

p

+

is thecorrespondingeigenvector.

Proof. First notethatsincetheentriesof
p

alternatein signand
p

�

ž

� , all components
of

p

+

�~�

p

+

�

!'&(&'&¢!

p

+

�

�

Ã

arepositive. We arenow goingto constructtheHankel matrix *

o

of
theform *

o

�

o

A€•

�

!'&(&(&(!

•

�

C

.
The ‹ th equationin

p

+

�
*

o

p

+

is
•

�

p

+

�

�

p

+

� , i.e.
•

�ë�

p

+

�

–

p

+

�

. Therefore,
•

� is
well-de�ned andpositive. Consideringtheequations‹r0sY=!'&(&(&(!(Y it is clearthat theentries

•

$=!(&'&(&(!

•

� of *

o

areuniquelydetermined.
To show theremainingpartof thelemma,wewill �rst proveby inductionthatfor •rq}Y ,

*

o

is nonnegative with
•

¨

ž

� , tK� Y=!'&(&'&¢! ‹ . We alreadyknow that
•

�

ž

� . Now suppose
that

•

�

ž

�l!'&(&(&(!

•

ç

ž

� for someè�q{Y . The
A

‹�0•è

C

th equationin
p

+

�•*

o

p

+

is of theform

p

+

�

V

ç

�

•

ç

Ü

�

p

+

�

I

ç

Ü

�

	

¨

a

$

•

ç
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Ü

$

p

+

¨

�

•

ç

Ü

�

p

+

�

I

ç

	

¨

a

�

•

ç

V¤¨

Ü

�

p

+

¨

Ü

�

&

Usingthede�nitions of
p

+

¨

Ü

�

and
p

¨

Ü

� , cf. (5.4) and(5.8), it holdsthat

p

+

¨

Ü

�

�s•

VW�

r

p

+

¨

0

p

+

¨

‘{t
u

and,therefore,

p

+

�

V

ç

�

•

ç

Ü

�

p

+

�

I™•

VW�

ç

	

¨

a

�

•

ç

V¤¨

Ü

�

p

+

¨

0ë•

VW�
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¨

a

�

•

ç

V¤¨

Ü

�

p

+

¨

‘{t

�

•

ç

Ü

�

p

+

�

I™•

VW�

p

+

�

V

ç

Ü

�

0m•

V �

ç

	

¨

a

�

•

ç

V2¨

Ü

�

p

+

¨

‘{t
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Finally,

•

ç

Ü

�N�

ALp

+

�

C

VW�(‚

p

+

�

V

ç

0m•

V �

p

+

�

V

ç

Ü

�

I

v

•

V �

ç

	

¨

a

�

•

ç

V¤¨

Ü

�

p

+

¨

‘{t

x8ƒ

&(5.10)

Thetermin thesquarebracketsis positive accordingto theinductionhypothesis.Moreover,
sincethesequence

p

+

�

!

p

+

$

!'&(&(& is decreasingfor •ëq�Y , it holdsthat
p

+

�

V

ç

ž

•

V �

p

+

�

V

ç

Ü

�

, i.e.
•

ç

Ü

�

ž

� .
Summarizing, *

o

is nonnegativeand
p

+Ÿž

� is aneigenvectorof *

o

correspondingto the
eigenvalue Y . Therefore,Y mustbeaneigenvalueof maximummodulus[9, Corollary8.1.30.].
Moreover, since *

o

$

ž

� , *

o

is primitive, cf. [9, Theorem8.5.2.],andthereexistsonly one
eigenvalueof maximummodulus.

Now we canstateandprovethemainresultof thissection.

THEOREM 5.5. Consideran ‹
ŒÏ‹ Jordanblock •�Ž with •�qpY . Thentheunit norm
vector � de�nedin (5.3)–(5.4) solvestheworst-caseGMRESapproximationproblem(1.3) for

••Ž and )\��‹Ÿ0
Y , andit holdsthat

[

�

VW�

A

•
Ž

C

�ih

�

VW�

A

•
Ž

C

�

Y

•

�

VW�|v

�

V �

	

¨

a

�

A

m

•

C

V¤$O¨

r

‘{t

t
u

$lx

V �

&(5.11)

Proof. Considerthe
A

‹™0QY

C

st GMRES residual *

�

VW� for •
Ž and the initial vector �

de�ned in (5.3)–(5.4), anddenoteby
?

�

V � thecorrespondingGMRESpolynomial,i.e.

*

�

VW���

?

�

VW�

A

•
Ž

C

�,&(5.12)

Using (5.5),
3

*

�

V �

3

is equalto the rightmostexpressionin (5.11). To prove the assertion
it suf�ces to show that � is a maximal right singularvector of the matrix

?

�

VW�

A

•
Ž

C

, cf.
Lemma2.4. Since

?

�

V �

A

•
Ž

C

is anuppertriangularToeplitzmatrix, thematrix
?

�

VW�

A

•
Ž

C

È
Ê

� ,
where È

Ê

� is de�ned in (2.6), is symmetric,andhenceunitarily diagonalizable.Denoteits
eigendecompositionby

?

�

VW�

A

•
Ž

C

È
Ê

�

�

Õ…„•Õ

Ã

, where „ is a nonsingularrealdiagonalma-
trix, and Õ

Ã

Õ

�

Õ.Õ

Ã

�/È

� . Given „ , thereexistsa (uniquelydetermined)diagonalmatrix
*È

Ë

� having entries Y or 0³Y on its diagonalsuchthat 


-

„

*È
Ë

� is a realdiagonalmatrix with
positivediagonalentries.Then

?

�

VW�

A

•
Ž

C

�

Õ

A

„

*È

Ë

�

C

A

*È

Ë

�

Õ

Ã

È

Ê

�

C

�

Õw


A

*È

Ë

�

Õ

Ã

È

Ê

�

C

!(5.13)

andtherightmostexpressionis thesingularvaluedecompositionof
?

�

VW�

A

••Ž

C

.
Substituting(5.3), (5.5) and(5.13) into (5.12), weobtain

p

�

A

0³Y

C

�

V �

3qpT3

$

Õ�


*
È

Ë

�

Õ

Ã

p

&(5.14)

Similarly asin Lemma5.4, denote
p

+

-sÈ
Ë

�

p

ž

� . Multiplying bothsidesof
A

5.14
C

from the
left by È�Ë

� we receive
p

+

� *

o

p

+

! *

o

-

A

0³Y

C

�

V �

3qpT3

$

A

È

Ë

�

Õ

C




*È

Ë

�

A

È

Ë

�

Õ

C

Ã

(5.15)

�

A

0³Y

C

�

V �

3qpT3

$

A

È

Ë

�

?

�

VW�

A

•
Ž

C

È

Ê

�

È

Ë

�

C

&

Since
?

�

VW�

A

••Ž

C

is an uppertriangularToeplitz matrix, the expression(5.15) shows that *

o

is a Hankel matrix. Consideringtheeigenvaluedecomposition *

o

��†

'

†

Ã

it is easyto see
that

†Z�/È

Ë

�

Õ

!

'

�

A

0³Y

C

�

V �

3�pT3

$




*
È

Ë

�

&(5.16)
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l
)

FIG. 5.1. Theright handsideof (5.11) and ‡,ˆN‰

M�JŠKŒ‹NO plottedasa functionof • .

Therefore,the modulusof any eigenvalueof *

o

is a
3�pT3

$ -multiple of somesingularvalue
of

?

�

V �

A

•
Ž

C

. Consequently,
p

+

in (5.15) is an eigenvectorcorrespondingto theeigenvalue
of maximummodulusof *

o

if andonly if � is a right singularvectorcorrespondingto the
maximalsingularvalueof

?

�

V �

A

•“Ž

C

. By Lemma5.4, *

o

hasonlyoneeigenvalueof maximum
modulus,and

p

+

is the correspondingeigenvector. Hence � is the maximal right singular
vectorof

?

�

VW�

A

••Ž

C

.
In the previous theoremwe usethe assumption•QqíY . It is naturalto askaboutthe

relationbetweenworst-caseandidealGMRESfor Ø

�

V �LÙ

�

•/•Ï•QY , andwhetherfor such •

theright handsideof (5.11) still characterizes
[

�

V �

A

•
Ž

C

and h

�

VW�

A

•
Ž

C

. While ournumerical
experimentspredictthat

[

�

VW�

A

•
Ž

C

�/h

�

VW�

A

•
Ž

C

alsofor Ø

�

VW�°Ù

�

•�•r•/Y , for eachinteger ‹

thereseemsto exist a •

t

j

u

v , Ø

�

VW�°Ù

�

•�•

t

j

u

v
•åY , suchthat h

�

VW�

A

•
Ž

C

is larger thantheright
handsideof (5.11) whenever •�•˜•

t

j

u

v

. In otherwords,the right handsideof (5.11) does
not characterize

[

�

VW�

A

•
Ž

C

and h

�

VW�

A

•
Ž

C

for all ••q/Ø

�

V �LÙ

� . This situationis demonstrated
in Fig. 5.1, which shows a numericalexperimentwith ‹��’Y'� , giving Ø

�

V �LÙ

�;Ž

�l& • . The
dashedline shows the right handsideof (5.11), andthesolid line shows the idealGMRES
approximationh

�

VW�

A

•
Ž

C

, bothasa functionof • .
In thefollowing corollarywe combineresultsof Theorem4.2, Theorem4.3 andTheo-

rem5.5.

COROLLARY 5.6. Consideran ‹kŒ7‹ Jordanblock •
Ž with •Âq/Y . If )n••‹ is a positive

integer dividing ‹ , then

[

�

V2+

A

•
Ž

C

�Ôh

�

V2+

A

•
Ž

C

�

Y

•

�

VW+�• ‘

�

]L+HVW�

	

¨

a

�

•

V¤$L+°¨

m

V¤$O¨

r

‘{t

t8u

$l’ “

V �

&(5.17)

and

Ø

�

VW+HÙ

�

�}Ø

�X]L+

�

]L+HVW�°Ù

�

]L+

&(5.18)

Proof. Theparametersin Theorem4.2andTheorem4.3aregivenby š��Z) , � �{‹d–=) ,
�

���
0�Y and �™��•

+ . Applying Theorem5.5 to the �íŒ”� Jordanblock •$� we seethat
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h�­ VW�

A

• �

C

�

[

­ V �

A

• �

C

, andthisquantityis positive. Hencetheassumptionof Theorem4.2
is satis�ed. Therefore, ho­ VW�

A

• �

C

� h

�

VW+

A

••Ž

C

�

[

�

V2+

A

••Ž

C

. The value of h�­ V �

A

• �

C

(andalsoof h

�

V2+

A

• Ž

C

) is givenby (5.11), where ‹ and • have to bereplacedby � and •

+ ,
respectively.

For example, if ‹ q

m

is even and )��ï‘ , then � �Ô‹d–=‘ and (5.18) meansthat
Ø

�

V¤$(Ù

�

�âØ

�X]O$

­ VW�°Ù ­

. Using a completelydifferent and highly nontrivial proof technique
basedon complex analysis,thesameresulthasbeenobtainedin [2, p. 241]. Tight bounds
on Ø ­ VW�°Ù ­ aregivenby (2.9). Note that for ‹ evenand )��¡‹d–%‘ , it canbeeasilychecked
thattherightmostexpressionin (5.17) agreeswith therightmostexpressionin (4.24).

6. Polynomial numerical hulls and the ideal GMRES convergence. In [4, Section3],
somenumericalexampleswith nonnormalmatrices

�

of (small)size ‹ aregiven,for which

h

�

VW�

A

�DC
g2•

47698

:";=<

j

-

g

47S%]

‚';%ƒ

j

-

g

…9†W‡

|

?dA

y

C

|©!

where
•

is amoderatesizeconstant.It is notshown, however, whethertheconstantdepends
on ‹ , or how closethe bound(1.6) may be for a generalnonnormalmatrix

�

. As we are
unawareof any suchresultsin the literature,we herestudy this questionusingour above
resultsfor an ‹�Œæ‹ Jordanblock •

Ž . We concentrateon the case •ˆ�ÔY . We needthe
following lemma,whichcanbeprovenby a straightforwardcomputation;seealso[16].

LEMMA 6.1. Thesingularvaluedecompositionof the ‹kŒ7‹ Jordanblock •T� is givenby
•“�G�

Õ�

�

Ã

, where

�

�ôU

f

¨

ç

X

�

¨áÙ

ç

a

�

!

f

¨

ç

�

$

–

$

�%Ü

�

P#698
Û

$#¨áVW�

$

�%Ü

�

è€E

Ý

!(6.1)

Õ

�ôU\—2¨

ç

X

�

¨áÙ

ç

a

�

! —¤¨

ç

�

$

–

$

�%Ü

�

P 6b8
Û

$#¨

$

�%Ü

�

è€E

Ý

!(6.2)




�ÇÍ�6bS=Î

A

¬
¨

C

! ¬
¨

�Ç‘

À(Ú

P
Û

¨

<

$

�%Ü

�=Ý

!˜tB�QY€!(&'&(&¢!#‹o&(6.3)

THEOREM 6.2. Considerthe ‹rŒn‹ Jordanblock •T� , andlet )•••‹ bea positiveinteger
dividing ‹ . ThentheidealGMRESapproximationsh1+

A

•“�

C

and h

�

V2+

A

•“�

C

areboundedby

À(Ú

P—Û

<

$

�

]L+
Ý

g

h�+

A

•“�

Cæg À¢Ú

P„Û

<

$

�

]L+

Ü

�
Ý

!(6.4) ™

Y—I

�

$
š

Ú

Î

A

‹d–%)

Cn›

V �

g

h

�

V2+

A

•“�

C™g

™

Y—I

�

�
š

Ú

Î

A

‹d–%)

Cn›

VW�

&(6.5)

Proof. We �rst prove (6.4). In the notationof Theorem4.2, �¥-î‹d–=) and
�

�ÔY .
Denoteby • the �îŒœ� Jordanblock with theeigenvalueone. Since

[

�

A

•

C

��ho�

A

•

Cež

� ,
Theorem4.2 impliesthat ho+

A

•“�

C

�sh��

A

•

C

. It thereforesuf�ces to bound
3c? t

g

u

v

A

•

C

3

.
Theupperboundin (6.4) follows from

3@?

t

g

u

v

A

•

C

3

g

3

È.0

Y

‘

•

3

�

Y

‘

3

•

3

�

À¢Ú

P„Û

<

$
­

Ü

�
Ý

!

where
3

•

3

�s¬2�

A

•

C

is known, cf. Lemma6.1. For •

�rj

, de�ne thepolynomial

?.žBA

y

C

-ˆYG0z•1yT&
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Thenormof
? ž A

•

C

is thesquarerootof themaximaleigenvalueof

?Ÿž�A

•

C

Ã

?ŸžBA

•

C

�

¹Å

Å

Å

º

1

ž

0S 

ž

0S 
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&
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Æ
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¼
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where
¡ ž

-5•

$

I

A

YG0G•

C

$

,  

ž

-

A

YG0G•

C

• , 1

ž

-

A

YG0z•

C

$

. Next, de�ne the �¡Œ¢� matrix
Ä

ž

Ù ­/-�£F¤O6 Í�6bS=Î

A

0S 

ž

!

¡ ž

!'0S 

ž

C

& Denotethecharacteristicpolynomialsof
? ž A

•

CcÃ

? ž A

•

C

and
Ä

ž

Ù ­ by ¥

ž
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A

y

C
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•

C Ã
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ž
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A
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, respectively.
It is nothardto seethat
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A

y

C
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ž
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A

y

C
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$

¨

ž

Ù ­ V �

A
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&

Usingresultsof classicalpolynomialtheory, the rootsof thepolynomials̈
ž

Ù ­ and ¨

ž

Ù ­ VW�

interlace. Therefore,the maximal root of ¥

ž

Ù
­ (equalto

3c?
ž

A

•

C

3

$ ) must lay betweenthe
maximalrootsof ¨

ž

Ù
­ and ¨

ž

Ù
­

VW� (betweenthemaximaleigenvaluesof Ä

ž

Ù
­ and Ä

ž

Ù
­

V � ).
It is well known thattheeigenvaluesof Ä

ž

Ù
­

V � aregivenby

•

t!©

u
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¡
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Consideringtheseeigenvaluesasa function of • , andtaking derivativeswith respectto • ,
shows thattheminimumis obtainedfor •m�ˆY,–%‘ . Therefore,
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ž

A

•

C

3

$

q 47S%]
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Takingsquareroots,we obtainthelowerboundin (6.4).
We next prove(6.5). Using(5.17), thevalueof h

�

V2+

A

•“�

C

is givenby

h

�

VW+

A

•
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C

�
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&(6.6)

We �rst provethatfor è\q�‘ it holdsthat
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­
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&(6.7)

For è\�Q‘ ,
­

$´�

�

�

and(6.7) holds.Supposethat(6.7) is satis�ed for someè•q/‘ . We show
thatthis inequalityholdsalsofor èeIsY . For

­
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� weobtain
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Similarly,
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472 P. TICHÝ, J.LIESEN,AND V. FABER

and(6.7) holds.Now, we can�nd upperandlowerboundson h

�

V2+
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,
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Usingtheseinequalitiesand(6.6) we obtain(6.5).
For simplicity, let usassumethat ‹ is even. Thebounds(6.4) and(6.5) predictthat the

convergenceof idealGMRESfor • � hastwo phases:

ho+

A

•“�

Cw°ÔÀ¢Ú

P Û

<

$

�

]L+

Ü

� Ý

! for )

g

‹d–=‘�!�) divides ‹o!(6.8)

h

�

VW+

A

• �

Cw°

�©Y—I

š

Ú

Î

A

‹d–%)

C

�

V �

! for ‹Ÿ0ë)

ž

‹d–%‘�!o) divides ‹o&(6.9)

Theconvergenceboundbasedonthepolynomialnumericalhull, i.e. (1.6), whichis thelower
boundin (2.10) in caseof a Jordanblock, is h

+

A

•
�

C

qZØ

+

+HÙ

� . For ) dividing ‹ we know Ø
+HÙ

�

explicitly, and this lower boundcanbe evaluated,cf. (4.20). For other ) onecanusethe
explicit valueof Ø

�

]O$(Ù

� resp.thelowerboundon Ø

�

VW�°Ù

� , cf. (4.25) resp.[5, p. 88], giving

Y

‘

g

‘

V¤$L+q]

�

g

ho+

A

•“�

C

! for )\�QY=!(&'&(&'! ‹d–%‘l!(6.10)
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! for )\��‹d–%‘NIsY=!(&'&(&¢!#‹•0•Y=&(6.11)

Comparing(6.10) and(6.8) shows that the lower boundin (6.10) is a tight approximation
of the actual ideal GMRES approximations.Hencethe polynomial numericalhull of •��

givesgood informationaboutthe �rst phaseof the ideal GMRESconvergence. However,
theinformationis lessreliablein thesecondphase.In particular, considertheidealGMRES
approximationfor ‹•0•Y . Then(6.9) showsthat

h

�

VW�
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Cw°

�©Y—I
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Ú
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while thelowerbound(6.11) yields
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A realanalysisexerciseshows that
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Hencefor large ‹ and )ˆ� ‹™0¡Y , the value on the right handside of the lower bound
(6.11) is of order ³

A

Y,–"‹

C

, while the actual ideal GMRES approximationh
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VW�

A

•
�

C

is of
order ³

A

Y,–
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. Notethatsince
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anapproximationof h

�

VW�

A

•“�

C

basedontheupperboundon Ø

�

VW�°Ù

� , cf. (2.9), alsowouldfail
to predictthecorrectorderof magnitudeof theidealGMRESapproximation.

As shown by thisexample,thebound(1.6) on the ) th idealGMRESapproximationfor a
generalnonnormalmatrix

�

basedonthepolynomialnumericalhull of
�

of degree) , cannot
beexpectedto betight for all ) .
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7. Concluding remarks. Motivatedby the(in general)openquestionof how to char-
acterizetheconvergenceof theGMRESmethodin thenonnormalcase,we have studiedthe
behavior of worst-caseand ideal GMRES for an ‹sŒm‹ Jordanblock • Ž with eigenvalue

•

�r�

. We conjecturethatany such • Ž is ideal.We haveshown in this paperthat • Ž is ideal
of degree) if any of thefollowing conditionsis satis�ed:

1. | •B|

g

Ø"+,Ù

� ,

2. ) divides ‹ ,

3. )n•
‹d–%‘ and | •B|“q{Ø

VW�

+HÙ

�

V2+

,

4. )nq
‹d–%‘ , ‹•0m) divides ‹ and | •B|�q}Y .
Apartfrom studyingtheidealnessof • Ž , wehaveextendedtheresultsof [2, 5] byprovingnew
resultsaboutthe radii of thepolynomialnumericalhulls of Jordanblocks. Using these,we
discussedtheclosenessof (1.6), i.e. thelower boundon idealGMRESbasedon polynomial
numericalhull.
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