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ON WORST-CASE GMRES, IDEAL GMRES, AND THE POLYNOMIAL
NUMERICAL HULL OF A JORDAN BLOCK

PETRTICHY , JORG LIESEN , AND VANCE FABER

Abstract. Whensolving a linear algebraicsystem with GMRES, the relatve residualnorm at each
stepis boundedrom above by the so-calledideal GMRES approximation.This worst-caséboundis sharp(i.e. it
is attainableby the relatve GMRESresidualnorm)in caseof a normalmatrix , but it neednot characterizehe
worst-casésMRESbehaior if  isnonnormal Characterizinghetightnesf thisboundfor nonnormammatrices
representanimportantandlargely openproblemin the corvergenceanalysisof Krylov subspacenethods.In this
papemwe addresshisproblemin case is asingleJordarblock. We studytherelationbetweeridealandworst-case
GMRESaswell asthe problemof estimatingthe ideal GMRESapproximation Furthermorewe prove new results
aboutthe radii of the polynomialnumericalhulls of Jordanblocks. Using these,we discussthe closenes®f the
lower boundon theideal GMRESapproximatiorthatis derived from theradiusof the polynomialnumericalhull.

Keywords. GMRESconvergence jdeal GMRES,polynomialnumericalhull, Jordanblock.
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1. Intr oduction. Let a nonsingulamatrix anda vector be given.
Supposeéhatwe apply the GMRES method[14] with initial guess (choserherefor
convenienceandwithout lossof generality)to the linear system . Thenthis method
computesa sequencef iterates , sothatthe thresidual satis es
(1.1)

Here denoteghesetof (comple) polynomialsof degreeatmost andwith valueoneat
the origin, and denoteghe Euclideannorm. Theresidual is uniquelydeterminecby
theminimizationcondition(1.1) andsatis esthe equivalentorthogonalitycondition

(1.2)

Here isthe th Krylov subspacgeneratedy and ,
and meansorthogonalitywith respectto the Euclideaninner product. Without loss of
generalitywe will considetthat is aunit normvector,i.e. .

A commonapproachfor investigatingthe GMRES cornvergencebehaior is to bound
(1.2) independenthpf , andthusto studythealgorithm's worst-caséehaior. In particular
for eachiterationstep onemayanalyzetheworst-caseGMRESapproximation

(1.3)

The quantity is attainableby the GMRESresidualnormin the following sensefor a
givenmatrix andevery GMRESstep , thereexistsa unit norminitial vector , for which
theresulting th GMRESresidualnormis equalto . It shouldbe noted,however, that
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for a givennonnormalmatrix  andinteger the quantity typically is very hardto

compute.In fact,we areunavareof ary ef cient algorithmfor performingthis computation.
Usingthe submultiplicatvity of the Euclideannorm (or by changingthe orderof maxi-

mizationandminimizationin (1.3)), we caneasily nd thefollowing upperboundon (1.3),

(1.4)

The quantity , calledthe th ideal GMRESappmoximation hasbeenintroducedby
GreenbaunandTrefethen[7]. They arguethatit is importantto investigatethis quantityto
improve the understandingf GMRES (and matrix iterationsin general)particularlyin the
nonnormalcase sincethe ideal GMRES approximatiort‘disentangleghe matrix essencef
the[GMRES] procesdrom the distractingeffectsof theinitial vector”,see[7, p. 362].

Beforecontinuingthisline of thoughtwe have to stressasubtlepoint: In case
it is customaryandwe will follow this custom)to assumehat , andto considerthe
approximatiorproblem(1.3) only for . Inthis(real)casethevalues and
areboth attainedby real polynomials . For the worst-caseGMRES approximation

this factis obvious, while for theideal GMRES approximation this hasbeen
shavnin [10, Theorem3.1].

After the 1994 paper[7], several studieshave beendevotedto the problemof charac-
terizing the relation between and , andin particularthe tightnessof the in-
equality (1.4). The bestknown resultis that (1.4) is an equality, i.e. for
all , whenever isnormal[6, 11]. In addition,(1.4) is anequalityfor arbitrary and

[6, 11], for triangularToeplitzmatricesvhentheright handsideof (1.4) equalsone[ 3],
andalsowhenthe matrix thatsolvestheideal GMRESapproximatiorproblem(1.4)
hasa simple maximal singularvalue [6, LemmaZ2.4]. On the otherhand,someexamples
of nonnormalmatriceshave beenconstructedfor which (1.4) is a sharpinequality[3, 17].
Despitethe existenceof thesecountergamplesit is still anopenquestionwhether(1.4) is an
equality(or atleasttight inequality)for largerclasse®f nonnormamatrices.

Anotheropenproblemin the contet of (1.4) is how to determineor estimatethe value
of theideal GMRESapproximation in general A possibleapproachhatis still under
developmentis to associatéhe matrix ~ with somesetin the complec planeandto relate
the norm of the matrix polynomialto the maximumnorm of the polynomialon this set. An
appropriateset,designedo give usefulinformationaboutthenormof functionsof amatrix ,
is the polynomialnumericalhull of deggree ,

(1.5) for all

introducedoy Nevanlinna[13, p. 41]. Here  denoteghe setof (complec) polynomialsof
degreeat most . Basedon the de nition (1.5) it is not hardto seethatthesesetsprovide a
lower boundontheideal GMRESapproximatior4],

(1.6)

Moreover, allows usto identify whenideal GMRESfails to corverge[ 3, 4],
(1.7)

While polynomialnumericalhulls appearto be a valuabletool, their determinatioror com-
putationrepresentadif cult openproblemevenfor simpleclasse®f nonnormamatrices.
In summarytheinvestigatiorof worst-casendideal GMRESaswell asthe polynomial
numericalhulls for nonnormalmatricesis atits very beginning. We believe thatin this situ-
ationit is helpful to studyrelatively simplenonnormalmatrices for which explicit solutions
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of someof the openproblemscanbe derived. Continuingthework startedn [2] and[5], we

hereconsider beingan Jordarblock  with eigervalue
Whenexperimentingvith theMATLAB softwareSDPT3[ 18] andsomeJordarblocks
of smallsize( , say),we obsenednumericallythat for

Thisled usto conjecturehat
for all and

At rst sight, proving this conjecturelooks not too dif cult; after all, onejust hasto deal
with asingleJordarblock. However, it turnsoutthattheapproximatiorproblemsbehindthe
quantities and aswell asthe exactdeterminatiorof arehighly nontriv-
ial evenin case . Whentrying to prove our conjecturewve foundthatnumerousases
needto be distinguishedandin the endwe wereunableto prove all of them. Nevertheless,
we believe that the work presentecherehasbeenworthwhile. In particular it uncosereda
previously unknawn structurebehindthe worst-caseandideal GMRESapproximatiorprob-
lemsin case , it extendedthe recentresultsof [2, 5] on the polynomialnumerical
hulls of Jordanblocks,andit ledto new resultsaboutthe bound(1.6).
Sincethe presentatioelow is rathertechnical we give a detailedoverview of the sec-
tionsandthe correspondingesultsin this paper:
In section2 we summarizeknown resultson worst-caseandideal GMRES aswell
asthe polynomialnumericalhull.
In section3 we show that for andwheneer is
outsidea smallinterval onthepositiverealline.
In section4 we studythe structureof the polynomialsthat solve theideal GMRES
approximatiorproblem,i.e. the polynomialsfor whichthevalue is attained.
This allows usto show that forall incase divides . More-
over, we establisha relationshipbetweenthe radii of polynomial numericalhulls
of
In section5 we analyzethe quantities and . This allows usto
shaw that wheneer and divides .
Finally, in section 6 we applyresultsof the previous sectiongo analyzethe close-
nessof the bound(1.6) onthe th ideal GMRES approximation.We are unavare
thatary theoreticakesultsin this directionhave beenobtainedpreviously.

2. Notation and theoretical background. The following resultcollectsa numberof
basicresultsconcerningthe quantities and . Theseresultsare either easyto
verify, or they have beenpublishedn [10, Theorem3.1] or [3, Proposition2.1].

LEMMA 2.1. Let be a matrix with minimal polynomialdegree . Then
thefollowing hold:
1. and are bothnonincreasingin
2. .
3. for .
4. If isnonsingularthen for all
5. If issingulatthen for all
Theprevioustheoremshawsthatto investigateaherelationbetweerworst-caseandideal
GMRES,oneonly hasto considemonsingulamatrices andpositive integers .In
this case , andthe polynomialthat solvestheideal GMRESapproximatiorprob-

lem (1.4) is uniquelydetermined 7, Theorem?2]. This givesriseto thefollowing de nition.
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DEFINITION 2.2. For anonsingulamatrix , anda positiveinteger ,
theuniquelydeterminecpolynomial that satis es
is calledthe thideal GMRESpolynomialof , andthematrix is calledthe thideal
GMRESresidualmatrix of
Thematrix is calledideal of degree , when ,and is calledideal,when
for

We point outthatif is ideal of somedegree , thenthis doesnot necessarilymply
that isidealof arny otherdegree.In fact,it would beinterestingto characterizenecessary
andsufcient conditionson thatallow oneto concludefrom idealnesof somedegreeto
idealnes®f otherdegrees.

In generait is anopenproblemwhich propertiesof  arenecessargndsufcient for
to beideal. Below we summarizeéhe mostimportantresultsfor our context. Proofsof all of
thesestatementsanbefoundin [6, 11].

LEMMA 2.3. Anynonsingulamatrix is ideal of degree . Moreover:

1. If isnormal,then isideal.
2. If hasa simplemaximalsingularvalue then is ideal of deggree .

Let usdiscussthe conditionin the secondtem. If  is a normalmatrix with (distinct)
eigervalues , thentheideal GMRESapproximatiornproblemis a (scalar)min-
maxproblemon the setof theeigervalues,

It is well known thatthecorrespondingnin-maxpolynomialof degree attainsits maximum
valueon at least of the eigervalues,see,e.g.,[1, Chapter3, 4]. Hencein this case
the multiplicity of the maximalsingularvalueof is atleast . Sinceary normal
matrix is ideal,we seethatthe conditionin thesecondtemis notnecessary
This facthasalreadybeennoted,and explainedby a similar argument,by Greenbaum
and Trefethen[7]. Basedon somenumericalobsenations,they considerthe casein which
for anonnormalmatrix —hasa simple maximalsingularvaluethe “genericcase”,

see[7, p. 366]. However, we believe thatthe situationof having a multiple maximal
singularvaluecanbe quite frequentalsofor nonnormal . For a clearexampleseeFig. 4.1
below, whichshovsthatfor the Jordarblock  with , only 9 outof 19 matrices
have a simplemaximalsingularvalue.
We denotethe maximal singularvalue of a matrix by , andwe de ne the
linearspace

is aright singularvectorof  correspondingo

We use suchspacesn the next result, which gives a further characterizatiorof the case
. Thisresultcanbe foundin a moregeneralform in [3, Lemma2.16], but
we formulateandproveit hereindependentlyf [ 3].

LEMMA 2.4. Suppose¢hata nonsingularmatrix anda positiveinteger are
given.Then if andonly if there exist a polynomial anda unit norm
vector , sudh that
(2.1)

If suh and exist,then
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Proof. If , thenthereexist aunit normvector andapolynomial
satisfying(2.1), cf. (1.2), suchthat . Since
and is minimal,
(2.2)
But this meansthat . Moreover, since , we know that

by LemmaZ2.1, andthusthe th GMRES polynomialis unique,cf. [7, Theo-
rem?2]. Therefore , andhence

Now assumehatthereexist a polynomial andaunitnormvector suchthat(2.1)
holdsand . Then
(2.3)
Since  istheideal GMRESpolynomial, isimpossible andtherefore
equalityholdsin (2.3). Butthen , andfrom uniquenessf it followsthat
. d

In [3], the -dimensionabeneralizedeld of valuesof ,

is usedto characterizevhenworst-caser ideal GMRESdo not corverge.

THEOREM 2.5. For a nonsingulamatrix thefollowing hold:

1. if andonly if .

2. if andonly if , the convex hull of
Notethatwhen is real,onecantakethereal -dimensionageneralizedeld

of values de nedover , .
The -dimensionalgeneralizedeld of valuesof arny triangular Toeplitz matrix
is acorvex set[3], and,therefore,

(2.4

i.e. isidealof degree in caseof stagnationHowever, it isin generaktill anopenproblem,
originally posedn [3, p. 722],whether isidealof degree whenideal GMREScornvemes,
i.e.when .

In this paperwe concentrat®n an Jordanblock

(2.5)

Apartfrom theidentity matrix ~ andtheshift , wewill usethebackwardidentity = and
thediagonalmatrix  de ned by

(2.6)
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As explainedabove, the singularcase( ) is uninterestingsowe only considerthe
nonsingularcasei.e. . Each canbewrittenas , andit holdsthat
(2.7)
Since s unitarily similar to , andthe valuesof the approximationproblemswe deal
with are unitarily invariant, it sufces to considerreal and positive . All resultscanbe
easily extendedto all using the unitary similarity transformationde ned by (2.7).
Since , wewill consider , sothat , andthe

correspondingdeal GMRESpolynomialsarewell de ned in the senseof De nition 2.2.

As mentionedin the Introduction, the polynomial numericalhull (1.5 appeargo be
usefulin theanalysisof ideal GMRES.As shavn in [2], for each ,
is acircle aroundtheeigervalue with someradius  , where

and is independentf the eigervalue . In particular the authorsof [2] concentraten
determiningthe radii and . Since is equalto the eld of valuesof it
holdsthat

(2.8) —

cf. [2, p. 235]. The problemof determining is equivalentto a classicalproblemin
complex approximatiortheory closelyrelatedto the Caratteodory-Fegrinterpolationprob-
lem. Using this connectionit is shavn in [2, p. 238], that is a solutionof a certain

nonlinearproblemandcanbe boundecdby

(2.9) —

Continuingthis work, Greenbaunf5, p. 88] combineg1.6), (2.4) andresultsof [2] to prove
thatfor ,

(2.10) for
(2.11)
The upperboundon in (2.10 canbereplacedby if . Thelower boundin

(2.10 is a specialcaseof the generalower bound(1.6) ontheideal GMRESapproximation
basedon the polynomialnumericalhull. The closenes®f this lower boundis examinedin
section6 below.

We point out thatthe lower boundon in (2.9) approaches as . Hence
the equivalence(2.11) implies that for each with , thereexists a positive
integer suchthatfor the Jordanblock . In

otherwords, both worst-caseandideal GMRES stagnatecompletelyfor eachJordanblock
correspondindgo an eigervalue insidethe unit circle, providedthat  is sufciently
large. Themoreinterestingcasesarethereforethe Jordarblocks  with

3. Worst-caseand ideal GMRES for . In this sectionwe show thatif s
outsidea small interval aroundone,then is ideal of degree for . We
startwith a generalcharacterizatiorof the radius of the polynomialnumericalhull of
degree of

LEMMA 3.1. Apositiverealnumber satis es , if andonlyif there existsareal
unitnormvector sud that

(3.1)
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Proof. A positiverealnumber satis es ,if andonlyif an Jordarblock
satis es , cf. (2.17). Thisis equivalentwith the existenceof arealunit

normvector suchthat

(3.2)
But theorthogonalityof to thespace meanghat
which canbewrittenin theequivalentform (3.1). d
THEOREM 3.2. An Jordanblock  with is ideal of degree with the th
ideal GMRESpolynomialgivenby
(3.3)
if andonly if and
Proof. Since
each hasto be of theform
(3.4)
andhence

Using Lemma?2.4 andthe previous obsenation, is ideal of degree and is both the
worst-casendideal GMRESpolynomialif andonly if thereexistsa unit normvector of
theform (3.4) suchthat

(3.5)
i.e.
(3.6)

Since hasthe specialform (3.4), it holdsthat where
. Then,(3.6) is equivalentto

(3.7)

Writing theequationg3.7) in thereverseorder(for ), we obtain
(3.8)

or, equivalently,

(3.9)
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Clearly; if , then is the zeromatrix. In this caseat leastoneof the conditions
in (3.9 takesthe form , andthe system(3.9) doesnot have a solutionfor ary
positve . Ontheotherhand,for , thesystem(3.9) hasa solutionif andonly if
, cf. Lemma3.1, which completeghe proof. d
We summarizevhatwe have seensofarin thefollowing corollary.
COROLLARY 3.3. For an Jordanblodk  with eigervalue , and
thefollowing hold:
1. If ,then isidealof degree with
2. If ,then isidealof degree with
The rst item alreadywasshowvn in (2.11), the secondfollows from Theorem3.2. In
summaryfor and , we completelyunderstandhe situationexceptfor
thecases
(3.10)
Thelower boundin (3.10 is boundedrom below by  , andit approache& for ,

while theupperboundin (3.10 is boundedrom above by 2.

4. Structur e of the ideal GMRES residualmatrices for a Jordan block. In this sec-
tion we analyzethespeciaktructureof theideal GMRESresiduaimatricedor aJordarblock,
which we originally discorerednumericallywhenexperimentingwith the semide nite pro-
grammingpackageSDPT3[18]. Sincethe developmentbelow is quite technical,we start
with a high-level descriptionof asimpleexample.

Considerthe Jordanblock  with . As shawn belaw, its secondthird and
fourthideal GMRESresidualmatricesareuppertriangularToeplitzmatricesof the form

where" " standsfor a nonzeroentryand” " represents zeroentry. It is easyto seethat
thereexist permutatiormatrices , and thattransform , and
into block diagonalmatriceswith uppertriangularToeplitzblocks,

Sincethetransformation is orthogonalandall diagonalblocksof
areequal theideal GMRESapproximation equalghenormof ary
diagonalblock of
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Theseobsenationsare the key to analyzingthe th and th ideal GMRES ap-
proximationsfor  and,moregenerally for any Jordanblock , when divides . The
following lemmaformalizesthejust describedrthogonatransformatiorandshovsthecon-

nectionbetweenthe singularvalue decomposition®f and of a diagonalblock of
LEMMA 4.1. Let and bepositiveintegers, ,andlet betheir greatestommon

divisor De ne and . Considerthe upper triangular Toeplitz

matrix

(4.2) andlet

be its singular value decomposition.Thenthe singular value decompositiorof the
matrix ,

(4.2) is givenby

Proof. De ne the matrix by then
andhence
In thelastequatiornwe have used[8, Corollary4.3.10]. O

As outlinedabore,our stratey is asfollows: Having anideal GMRE Sresidualmatrix
of the specialform (4.2), we can nd a permutationmatrix  suchthat
(where and have the appropriatesizes),and theninvestigatethe norm and properties
of throughthenormandpropertiesof the block

THEOREM 4.2. Let and be positiveintegers, , andlet betheir greatest
commordivisor. Let andde ne , ,

Supposehatthe thideal GMRESpolynomial  of  is oftheform

(4.3)

If isidealofdegree ,then isidealof degree , and

Moreover, the thideal GMRESpolynomial — of  is givenby

(4.4)
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Proof. Giventhe thideal GMRESpolynomial of asin (4.3), wede ne the
polynomial
(4.5)

Ourgoalisto shav thatthis polynomial , whichis equalto in (4.4), isthe thidealGM-
RESpolynomialof . We will shaw this by constructinga unit normvector ,
suchthatthe condition(2.1) is satis ed.

From
(4.6)
we seethatthe matrices and have asimilar structureasthematrices and
respectiely, in Lemmad4.1 (upto thesignin case iseven).

By assumption, , andhenceby Lemma2.4thereexistsaunitnorm
vector , suchthat
4.7
De ne , , and by

if isodd,

(4.8) if iseven,
(4.9)
Thenit easilyfollowsthat
(4.10)
and . Since is a Toeplitz matrix, the matrix is symmetric,and hence
unitarily diagonalizable, . Thereforethereexistsadiagonamatrix ~ having
entries and  onits diagonalsuchthat
is the singularvalue decompositiorof . If is a right singularvector thenthe
correspondindeft singularvectoris giveneitherby or by . Since , we
candecomposthis vectoras . Here resp. aretheorthogonabrojections
of ontothespacespannedy right singularvectors with the correspondindeft
singularvectorequalto resp.

Denotingby the maximalsingularvalueof ,
(4.11) and
wherewe have appliedLemmad4.1to obtainthe lastequality

Since , Lemma4.1limpliesthat , where denoteghe th
standardasisvectorfor . Now de ne ,and

(4.12)
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where is chosersothat . Clearly, ,and canbedecomposeds
with , . Hence usingthe rst expressiorin (4.17),

(4.13)

We next shaw that

(4.14)

i.e.that isaGMRESpolynomialfor andtheinitial vector . Since
(4.15) span span

therelation(4.14) holdsif andonly if

(4.16)

Letusdecompos¢heindex as

(4.17)

An elementarycomputatiorshavs that

Multiplication of from the left by shifts all entriesof upwardsby positions.
Using(4.17), canbewrittenas

(4.18)

Now from (4.13 and(4.18 we obtain

Similar asin (4.15), for . Since  is orthogonal
to , cf. (4.10, it holdsthat for . In other
words,we just proved(4.14).

Summarizing, isthe th GMRESpolynomialfor thematrix  andtheinitial vector

. UsingLemma?2.4, it holdsthat and, therefore, is the
th ideal GMRES polynomialof . Moreover, Lemma4.1 impliesthattheideal GMRES
residualmatrices and have the samenorm andthus
O

Notethattheintegers and de nedin Theoren¥.2arerelatively prime. Theassertion
of thistheoremis quitetricky, sosomeexplanationis appropriate Supposeve know thatan
Jordanblock is idealof degree , where and arerelatively prime. Thenby
Theoremd.2, an Jordarblock isidealof degree , where ,
and is any positive integer. Thereforeto prove thatany Jordanblock s ideal, it wouId be
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multiplicity of the maximal singular value

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
k

FiG. 4.1. Multiplicity of the maximalsingularvalueof for the Jordanblok  and

sufcient to shav thatarny Jordanblockiis ideal of degree whenerer andthe sizeof the
Jordanblock arerelatively prime; all the othercasesarethencoveredby Theorem4.2. In
otherwords, Theoremd.2 reduceghe questionof idealnes®f Jordarblocksto block sizes
andsteps , where and arerelatively prime.

ExAMPLE 1. Considetthe Jordanblock . In Fig 4.1 we plot the multiplicity
of the maximalsingularvalue of for . Apparently the multiplicity is
equalto thegreatestommondivisorof and . In particularatsteps suchthat and are
relatively prime, the maximalsingularvalue of is simple. (The samephenomenon

canbeobsenednumericallyalsofor otherchoicesof .) By thesecondtemin Lemma?2.3
is ideal of degree in the stepswhere and arerelatively prime. ThenTheorem4.2
impliesthat isideal.

Theoremd.2alsoallows usto provethefollowing resultabouttheradii of the polynomial
numericalhulls of Jordarblocks.

THEOREM 4.3. Let and be positiveintegers, , andlet betheir greatest
commondivisor. De ne , . Thentheradius of the th polynomial
numericalhull of an Jordanblodk satis es
(4.19)

Proof. Let andconsiderJordanblocks

We prove thefollowing equivalence
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Theequialences and follow from (2.11), sowe only have to provetheequialence .
FromTheoren¥.2,

Ontheotherhand,supposehat . Considerthe polynomial  of the
form (4.3). Then,similarly asin theproof of Theorem4.2, thepolynomial de ned by (4.5
satis es and , cf. (4.11). Now if
then , Which contradlctsthe optimality property of the th |deal
GMRESpolynomial of . Therefore , which impliesthat , cf.
(2.4), andthus musthold.
Consequentlyfor each . , whichimplies(4.19). O
COROLLARY 4.4. Consideran Jordanblock  with . Let bea
positiveinteger dividing . Then , andif , then
(4.20) —_—

The thideal GMRESpolynomial  of isoftheform
(4.21)

wheie and arethecoefcients of the r stideal GMRESpolynomial(4.3) ofthe— -
Jordanblok . Moreover, it holdsthat

(4.22) S

Proof. All resultsfollow from Theorem4.2 and Theorem4.3. If divides , then

is their greatestommondivisor, and . For , the assumption
in Theorem¥.2is satis ed andtherefore .In(4.22
we usedTheorem4.3 andthe explicit form of the radius , cf. (2.8). Thebound 4.20
is justthe bound(2.10, wherefor we substitutedts exactvalueon theright handside
of (4.22. O
If divides , then for and for
. For we know that and , cf. Theorem3.2. Moreover,
since , it follows from (2.11) and Theorem3.2 that and
wheneer . Then,from the form of the th ideal GMRES polynomial

(4.2)) it is easyto seethatthe rootsof areuniformly distributedon the circle around
with radius

EXAMPLE 2. Consideran Jordanblock  with , evenand
This gives , , , and in Theorem4.2. Sincefor the
Jordanblock , Theorem4.2 implies that

. Theorem4.3 shaws that
(4.23)

Moreover, by a direct computationof the rst ideal GMRES approximationfor the
Jordarblock  with , we obtainthatfor ,

(4.24) — - —
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Using(2.10 andthefactthat for , we getthebound
(4.25) -

5. The next-to-last worst-caseand ideal GMRES approximations. In this section
we considerthe stworst-caseandideal GMRESapproximationgor an Jordan
block  with . Our mainresult, statedin Theorem5.5 below, is that

for . We also give an explicit expressionfor in termsof the

eigervalue . The proof of this resultwill make useof threetechnicallemmas.To simplify
thenotation,we de ne thevector

andthe Hankel matrix

(5.1)

The rst lemmais aslight reformulationof [12, Corollary2.2].

LEMMA 5.1. Considerthe linear algebraic system , with an Jordan
block , andaright handsidevector sud that f , then
the stGMRESresidual is uniquelydeterminedy thelinear system
(5.2)

LEMMA 5.2. Let begivenandlet betheunit normvector
(5.3)
whele hasthecomponents
(5.4) - —

Thenthe stGMRESesidual for the Jordanblock  andtheinitial vector
is givenby ,andhence
(5.5) —_—

Proof. Sincethelastcomponenof isnonzerol.emmab.1

impliesthatthe stGMRESresidualfor and satis es

(5.6)
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where . Using the de nition (5.4), the numbers satisfy for

In thelastequalitywe usethe factthatthe sumof the productsof the givenbinomial coef-
cientsis equalto , seee.g.[15, p. 44]. The previousequationsanbe writtenin matrix
formas

(5.7)
A comparisorof (5.7) and(5.6) shavsthat and therefore,

. Finally, . A straightforvard computatiorshavs
that is givenby (5.5). d

REMARK 5.3. It is nothardto checkthat de nedin (5.4) canbe computedoy the
recurrence

(5.8) — S

LEMMA 5.4, Let begivenandlet , Whee thevector isde nedasin
Lemma5.2. Thenthere existsan uniquelydeterminedHankel matrix ~ suc that

(5.9)

If , thematrix is primitive and hasonly oneeigervalue of maximunmodulus.This
eigervalueis equalto ,and isthecorrespondingigernvector

Proof. First notethatsincethe entriesof alternatein signand , all components
of arepositive. We arenow goingto constructhe Hankel matrix  of
theform .

The th equationin is , L.e. . Therefore, is
well-de ned andpositive. Consideringhe equations it is clearthatthe entries

of areuniquelydetermined.

To show theremainingpartof thelemma,wewill rst proveby inductionthatfor ,

is nonneyative with , . We alreadyknow that . Now suppose
that for some . The th equationin is of theform

Usingthede nitions of and , cf. (5.4) and(5.9), it holdsthat

and,therefore,
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Finally,
(5.10) —

Thetermin the squarebracletsis positive accordingto theinductionhypothesis Moreover,
sincethe sequence is decreasindor , it holdsthat ,l.e.

Summarizing, is nonngyativeand isaneigervectorof  correspondingo the
eigervalue . Therefore, mustbeaneigervalueof maximummodulug 9, Corollary8.1.30.].
Moreover, since , Is primitive, cf. [9, Theorem8.5.2.],andthereexistsonly one
eigervalueof maximummodulus. d

Now we canstateandprove the mainresultof this section.

THEOREM 5.5. Consideran Jordanblock  with . Thenthe unit norm
vector de nedin (5.3—(5.4) solvegheworst-caseGMRESapproximationproblem(1.3) for
and , andit holdsthat

(5.11) -

Proof. Considerthe st GMRES residual for andthe initial vector
de nedin (5.3—(5.4), anddenoteby thecorrespondingsMRESpolynomial,i.e.

(5.12)

Using (5.5), is equalto the rightmostexpressionin (5.11). To prove the assertion

it sufces to shav that is a maximal right singularvector of the matrix , cf.

Lemma2.4. Since is anuppertriangularToeplitzmatrix, the matrix

where is de nedin (2.6), is symmetric,and henceunitarily diagonalizable. Denotelts

eigendecompositiohy ,where is anonsingularealdiagonalma-

trix, and . Given ,thereexistsa(uniqueIydetermined}iiagonalmatrix
having entries or  onits diagonalsuchthat is areal diagonalmatrix with

positive diagonalentries.Then

(5.13)

andtherightmostexpressioris the singularvaluedecompositiorof
Substituting(5.3), (5.5 and(5.13) into (5.12), we obtain

(5.14)

Similarly asin Lemmab.4, denote . Multiplying bothsidesof 5.14 fromthe
leftby  wereceve

(5.15)

Since is an uppertriangularToeplitz matrix, the expression(5.15 shows that

is aHankel matrix. Consideringhe eigervaluedecomposition it is easyto see
that

(5.16)
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0.98

0.96

0.94

0.92t/

|

T
— — —rhsof (5.11)
F n-1 (J\ )

0.82

0.84

0.86

FiG. 5.1. Theright handsideof (5.11) and

Therefore,the modulusof ary eigervalue of

of . Consequently
of maximummodulusof
maximalsingularvalueof
modulus,and
vectorof . 0

is a

0.88 0.9

plottedasa functionof .

-multiple of somesingularvalue

in (5.15 is an eigervectorcorrespondindo the eigervalue
is a right singularvectorcorrespondindo the

if andonly if
. By Lemmabs.4,

In the previous theoremwe usethe assumption
relationbetweernworst-caseandideal GMRE Sfor
theright handsideof (5.117) still characterizes

experimentsredictthat
thereseemso exist a ,
handsideof (5.11) wheneer
notcharacterize and

approximation

hasonly oneeigervalueof maximum
is the correspondingigervector Hence is the maximalright singular

. It is naturalto askaboutthe
, andwhetherfor such

and . While ournumerical
alsofor , for eachinteger
, suchthat is largerthanthe right

for all
in Fig. 5.1, which shavs a numericalexperimentwith
dashedine shaws theright handsideof (5.11), andthe solid line shaws the ideal GMRES

, bothasafunctionof

. In otherwords, the right handside of (5.11) does

. This situationis demonstrated
, giving . The

In the following corollary we combineresultsof Theorem4.2, Theorem4.3 and Theo-

rem5.5.

COROLLARY 5.6. Consideran

integer dividing , then

(5.17)

and

(5.18)

Proof. The parameterin Theorem4.2 andTheorem4.3 aregivenby ,
. Applying Theorem5.5to the

and

Jordanblodk

with f is a positive

’

Jordanblock  we seethal
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, andthis quantityis positive. Hencetheassumptiorof Theoremé.2

is satis ed. Therefore, . The value of
(andalsoof ) is givenby (5.11), where and haveto bereplacecby and
respectiely. d

For example, if is even and , then and (5.18 meansthat

Using a completelydifferent and highly nontrivial proof technique
basedon comple analysis,the sameresulthasbeenobtainedin [2, p. 241]. Tight bounds
on aregivenby (2.9). Notethatfor evenand , it canbe easilychecled
thattherightmostexpressionn (5.17) agreeswith therightmostexpressiorin (4.24).

6. Polynomial numerical hulls and the ideal GMRES corvergence. In [4, Section3],
somenumericalexampleswith nonnormaimatrices of (small)size aregiven,for which

where is amoderatesizeconstantlt is notshavn, however, whetherthe constantdepends
on , or how closethe bound(1.6) may be for a generalnonnormalmatrix . As we are

unawvare of arny suchresultsin the literature,we herestudythis questionusing our above

resultsfor an Jordanblock . We concentrateon the case . We needthe

following lemma,which canbe provenby a straightforwardcomputationseealso[ 16].

LEMMA 6.1. Thesingularvaluedecompositiomf the Jordanblock is givenby
, whee
(6.1) —_— —_—
(6.2) —_— —
(6.3) —

THEOREM 6.2. Considerthe Jordanblock , andlet bea positiveinteger
dividing . Thentheideal GMRESapproximations and are boundedby
(6.4) —_— —_—

(6.5) - -

Proof. We rst prove (6.4). In the notationof Theorem4.2, and .
Denoteby the Jordanblock with the eigervalueone. Since ,
Theoremd.2impliesthat . It thereforesufces to bound

Theupperboundin (6.4) follows from

where is known, cf. Lemma6.1. For , de ne the polynomial
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Thenormof is thesquareroot of the maximaleigervalueof
where , , . Next, de ne the matrix
Denotethecharacteristipolynomialsof and
by and , respectiely.

It is not hardto seethat

Using resultsof classicalpolynomialtheory the rootsof the polynomials and
interlace. Therefore,the maximalroot of (equalto ) mustlay betweenthe
maximalrootsof and (betweerthe maximaleigervaluesof and ).
It is well known thatthe eigervaluesof aregivenby

Consideringtheseeigervaluesasa functionof , andtaking derivativeswith respecto ,
shawsthatthe minimumis obtainedfor . Therefore,

Takingsquareroots,we obtainthe lower boundin (6.4).

We next prove (6.5). Using(5.17), thevalueof is givenby
(6.6) —
We rst provethatfor it holdsthat
(6.7) _ —
For , - and(6.7) holds. Supposéhat (6.7) is satis edfor some . We showv
thatthis inequalityholdsalsofor . For we obtain

Similarly,
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and(6.7) holds.Now, we can nd upperandlowerboundson ,

Usingtheseinequalitiesand(6.6) we obtain(6.5). O
For simplicity, let usassumehat is even. The bounds(6.4) and(6.5) predictthatthe
convergenceof ideal GMRESfor  hastwo phases:

(6.8) _ for divides

(6.9) for divides
Thecorvergenceboundbasednthepolynomialnumericahull, i.e. (1.6), whichis thelower
boundin (2.10 in caseof a Jordanblock, is . For dividing weknow
explicitly, andthis lower boundcanbe evaluated,cf. (4.20. For other onecanusethe
explicit valueof resp.thelowerboundon , cf. (4.29 resp.[5, p. 88], giving
(6.10) - for

(6.11) e for

Comparing(6.10 and(6.8) shows that the lower boundin (6.10) is a tight approximation
of the actualideal GMRES approximations. Hencethe polynomial numericalhull of
givesgoodinformation aboutthe rst phaseof the ideal GMRES corvergence. However,
theinformationis lessreliablein the secondhase.In particulatr considettheideal GMRES
approximatiorfor . Then(6.9) shavsthat

while thelower bound(6.117) yields

A realanalysisexerciseshavs that

Hencefor large and , the value on the right handside of the lower bound
(6.17) is of order , While the actualideal GMRES approximation is of
order . Notethatsince

anapproximatiorof basedntheupperboundon , cf. (2.9), alsowouldfail

to predictthe correctorderof magnitudeof theideal GMRESapproximation.

As shown by this example thebound(1.6) onthe thideal GMRESapproximatiorfor a
generahonnormamatrix basednthepolynomialnumericahull of of degree , cannot
be expectedo betight for all
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7. Concluding remarks. Motivatedby the (in general)openquestionof how to char
acterizethe corvergenceof the GMRESmethodin the nonnormalcase we have studiedthe
behaior of worst-caseand ideal GMRES for an Jordanblock  with eigervalue

. We conjecturghatany such isideal. We have shovnin thispaperthat isideal
of degree if ary of thefollowing conditionsis satis ed:

1. ,

2. divides ,

3. and ,

4, , divides and

Apartfrom studyingtheidealnes®f , wehave extendedheresultsof [2, 5] by proving new
resultsaboutthe radii of the polynomialnumericalhulls of Jordanblocks. Using thesewe
discussedheclosenessf (1.6), i.e. thelower boundonideal GMRESbasedon polynomial
numericalhull.

Acknowledgments. We thank Anne Greenbaunfor mary helpful commentsandin
particularfor pointing out that Theorem4.2 canbe usedfor investigatingthe radii of poly-
nomial numericalhulls of Jordanblocks. We alsothankJurjenDuintjer Tebbendor helpful
commentsandsuggestions.

REFERENCES

[1] R. A. DEVORE AND G. G. LORENTZ, ConstructiveApproximation vol. 303 of Grundlehrerder Mathe-
matischerWissenschaftefFundamentaPrinciplesof MathematicalSciences]SpringefVerlag,Berlin,
1993.
[2] V.FABER, A. GREENBAUM, AND D. E. MARSHALL, Thepolynomialnumericalhulls of Jordanblodksand
relatedmatrices LinearAlgebraAppl., 374(2003),pp. 231-246.
[3] V.FABER, W. JOUBERT, E. KNILL, AND T. MANTEUFFEL, Minimal residualmethodstronger thanpolyno-
mial preconditioning SIAM J. Matrix Anal. Appl., 17 (1996),pp. 707-729.
[4] A.GREENBAUM, Genenlizationsofthe eld of valuesusefulin the studyof polynomialfunctionsof a matrix,
LinearAlgebraAppl., 347(2002),pp. 233—-249.
, Sometheoketical resultsderivedfrom polynomialnumericalhulls of Jordanblodks Electron.Trans.
Numer Anal., 18 (2004),pp. 81-90.
http://etna.math.kent.edu/vol.18.2004/pp8 1- 90.dir /pp81- 90.html
[6] A. GREENBAUM AND L. GURVITS, Max-minpropertiesof matrix factor norms SIAM J. Sci. Comput.,15
(1994),pp. 348-358.
[7] A. GREENBAUM AND L. N. TREFETHEN, GMRES/CRand Arnoldi/Lanczosas matrixappoximationprob-
lems SIAM J. Sci. Comput.,15(1994),pp. 359-368.
[8] R. A. HORN AND C. R. JOHNSON, Topicsin Matrix Analysis CambridgeUniversity Press,Cambridge,
1994. Correctedeprintof the 1991 original.
, Matrix Analysis CambridgeUniversity PressCambridge 1999. Correctedeprintof the 1985origi-
nal.
[10] W. JouBERT, On the corvemgencebehaviorof the restartedGMRESalgorithm for solvingnonsymmetric
linear systemsNumer LinearAlgebraAppl., 1 (1994),pp.427-447.
, A robust GMRES-base@daptive polynomial preconditioningalgorithm for nonsymmetridinear
systemsSIAM J. Sci. Comput.,15 (1994),pp.427-439.
[12] J. LIESEN AND Z. STRAKOS, Corvergenceof GMRESfor tridiagonal Toeplitzmatrices SIAM J. Matrix
Anal. Appl., 26 (2004),pp. 233-251(electronic).
[13] O. NEVANLINNA, Corvergenceof lterationsfor Linear Equations Lecturesin MathematicsETH Zdrich,
BirkhauseVerlag,Basel,1993.
[14] Y. SAAD AND M. H. ScHULTZ, GMRES:A genealizedminimalresidualalgorithmfor solvingnonsymmet-
riclinear systemsSIAM J. Sci. Statist.Comput.,7 (1986),pp. 856—869.
[15] R.P. STANLEY, EnumeativeCombinatoricsVol. 1, vol. 49 of CambridgeStudiesn Advancedviathematics,
CambridgdUniversity PressCambridge1997. Correctedeprintof the 19860riginal.
[16] P. TicHY AND J. LIESEN, Worst-caseand ideal GMRESfor a Jordan blod, Preprint19-2005,Institute of
MathematicsTechnicalUniversity of Berlin, 2005.
[17] K. C. ToH, GMRESys.ideal GMRES SIAM J.Matrix Anal. Appl., 18 (1997),pp. 30-36.
[18] K. C. ToH, M. J. TopbD, AND R. H. TUTUNCU, SDPT3- a Matlab softwae padkage for semide nite
programming version 2.3. Interior pointmethodsJune2001.

(5]

9]

(11]




