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OPTIMAL GRIDS FOR ANISOTROPIC PROBLEMS

S. ASVADUROQV , V. DRUSKIN , AND S. MOSKOW

Abstract. Spectralcorvergenceof optimal grids for anisotropicproblemsis both numericallyobsered and
explained.For elliptic problemsthegriddingalgorithmis reducedo a Stieltjesrationalapproximatioronanintenal
of aline in the complex planeinsteadof therealaxisasin theisotropiccase.We shav rigorouslywhy this occurs
for asemi-in nite andboundedntenal. We thenextendthe griddingalgorithmto hyperbolicproblemson bounded
domains. For the propagatie modes,the problemis reducedto a rational approximationon an intenal of the
neyative real semiaxis,similarly to in the isotropic case.For the wave problemwe presennumericalexamplesin
2-D anisotropiomedia.
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1. Intr oduction. The Dirichlet-to-Neumann(DtN) operatoris an importanttool for
mary applications,suchasinverseproblems[19], domaindecompositior{1, 18, 12], and
absorbingboundaryconditions[11, 13, 15]. So,it soundsattractve to targetcomputational
algorithmsto generateaccurateapproximationf the DtN map at the expenseof accurag
in the entiredomain. The useof speciallyplaced nite differencegrid pointshave proven
usefulfor severalproblemsin geophysicslescribedy isotropicPDEs. Thesegridsaregen-
eratedfrom rationalapproximationf the DtN map,or impedancegunctionin the spectral
domain. See,for example[8] for anintroductionandtheir generatioralgorithm;[3, 4, 2, 6]
for their applicationto geophysicaproblemsandinversion;and[10] for their relationship
with spectraimethods.The staggerednite differencegridsarechoseno yield exponential
convergencefor themodelproblem

(1.1)

attheendpointeceverlocation(sfor inagivenspectrainterval. Thegridsarethenapplied
to morecomplex problems suchashigherdimensionalisotropic)wave propagationandthe
obsened spectralcornvergenceat receverscanbe explainedby Fourier transformreduction
of the problemto (1.1). Furthermoresincethe DtN mapcompletelydescribeghe coupling
of adomainwith its neighborsthesegrids canbe combinedwith domaindecompositiorto
yield spectrakorvergencdn piecavise constanmediawith Cartesiarinterfaceq 3, 9].

In geophysicshowever, onefrequentlydealswith piecavise smoothmediawhich are
inherentlyanisotropicor thatinvolve layersdippedat variousangles.For example,we may
beinterestedn two dimensionakcalarwave propagatiorin suchmedia,modelledpiecavise

by
(1.2)

At rst glanceit is not obvious how to even apply the optimal grids to sucha problem.
On staggeredyrids, the mixed derivative termwould requireus to sumtermswhich live on
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differentgrids. To resohe this issueon unboundedntervals, we uselLebede grid clusters
[16, 17, 7], which generallyleadto naturalextensiongo anisotropy. For boundedproblems,
we split the solutioninto its odd and even parts. We describethe techniquesn moredetail
throughouthepaper

Using the Lebed® clustertechnique,when the abose mentionedoptimal grids were
appliedto (1.2), spectralcorvergencewasobsenedat therecevers,despitethe factthatthe
equationdoesnottransforminto (1.1). Indeed eventhe steadystatecounterparto (1.2),

becomes
1.3)

after Fourier transformin the direction. Our goal is to explain why, then, the spectral
corvergencestill occurs.To do this, we:
explorerigorouslyin onedimensiorthe useof gridswhich wereoptimizedfor (1.1)
ontheproblem(1.3).
explainhow the corvergencédor (1.2) depend®nthe convergenceof thesegridsfor
theproblem(1.3).

Thepaperis organizedasfollows. In Section2 we provide backgroundn optimalgrids,
including a basicintroductionin 2.1 and a demonstratiorof how they work for isotropic
elliptic andwave problemsin 2.2 and2.3. Section3 containsthe studyof anisotropy. In 3.1
we motivateour 1-d modelwith an elliptic equation.In 3.2 we shav how to apply optimal
gridsto the anisotropigproblem(1.3) on a half-line andprove that exponentialcornvergence
is maintained.We handlea slightly more generalproblemin a boundednterval in 3.3. In
3.4and3.5we apply theseresultsfor a boundednterval to ananisotropicelliptic andwave
problem,respectiely. We presentumericalexperimentsin Section4 anda discussionn
Sectionb.

2. Background.

2.1. Optimal grids. We rst describethe optimal grid techniquefor backgroundand
notation.Considertheisotropiconedimensionaproblemon aninterval

(2.1)
whereour goalis to approximatehe solutionat theleft endpoint, . (Sourceandrecever
areat . ) We notethatwe allow the case . We usea staggeredhree-pointnite

differencescheme Staggeredchemesave primaryanddual grids:

and

respectiely, with correspondingtepsizes



ETNA

Kent State University
etna@mcs.kent.edu

GRIDSFORANISOTROPY 57

Onethinksof thepotential asliving onthe primarygrid andthederivative  asliving on
thedualgrid. Differencesrethree-pointtakingthemshiftsa discretesolutionfrom onegrid
to the other The grid is staggeredn the sensehatthe dual pointsare placedbetweenwo
primal points,with the exceptionof the left endpointwhich both grids share.We apply the
Neumannboundarycondition at by usinga ghostpoint to obtainthe systemfor an
approximation tothesolutionto (2.1)

2.2) —

The secondequationof (2.2) resultsfrom allowing in the rst equationof (2.2), and
setting

where isthe ctitious valueattheghostpoint . Or, we mayalsousethenotation
(2.3)
and
(2.9)

for the differenceoperatordrom the primaryto dual grid andfrom the dualto primarygrid,
respectiely. We thencanexpressthe above differenceequationas

For shorthandve will write the systemin matrix notation:

(2.5) —

The continuousNeumanrto Dirichlet, or NtD, mapis the mapping from the Neumann
data totheDirichletdata , with parameter :

Onecancompute explicitly; for nite

(2-6) -  —
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andfor

(2.7) B

Similarly, we cantalk aboutthe discreteNtD map, whichis grid-dependent:
(2.8)

With a bit of algebrawe canseethatthis discreteNtD map,or nite differenceimpedance,
canbewritten astherationalfunctionof

(2.9) —

wherethe aretheeigervaluesof  in (2.5 and arethe squareof the rst
component®f the correspondingigervectors(normalizedwith respecto an  weighted
innerproduct.)
Theideaof optimal gridsis to choosean  which is a goodrationalapproximatiorto
on the spectraldomainof interest,andto usethe grid which yields the desired . The
impedance is a Stieltjesfunctionof , andsowe canusethewell developedtheoryof
rationalapproximationgo Stieltjesfunctions[5]. Thatis, canbewrittenas

(2.10)

for somepositive measureon ; the spectralmeasure.For nite , the spec-
tral measurdas discrete. For elliptic problems,the spectralinterval of interest, is
to the right of the origin (away from the poles),andso is chosento be a nearoptimal
Pade-Chebysheapproximation For semi-in nite intervals( ), we will have acontin-
uousspectraimeasureandin this casewe useeitherPade-Chebysheor optimal Zolotare/'s
approximation.The Pade-Chebyshe approximationswill have exponentialcorvergencein

(2.11)

where . For Zolotare/'s approximationsthe corvergenceratewill dependoga-
rithmicallyon [14]. Forthediscretemeasurd nite ) casethecorvergencewill in factbe
supergponential 5].

For wave problems,the spectralinterval will containsomepoles,andone canchoose
the rational approximationto by combiningPade-Chebyshe approximationswvith pole-
matching.asin [3], wherethe high ordercorvergencevasmaintained We discusghe appli-
cationsto isotropicelliptic andwave problemsin moredetail below.

Onceasuitable is chosenthe correspondingyrid canbe constructedyy solving an
inversespectralproblem[8]. Thenthe cornvergenceat of the resultingnumerical
solutionis exactly that of the rational approximation. Furthermore the primary and dual
gridsassociatesvith  canbereversedandusedto approximatehesolutionto theNeumann
problem

(2.12)
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andexponentialconvergenceis maintained 9]. We will referto the continuousanddiscrete
NtD mapscorrespondingo this Neumanrproblemas and , respectiely.

Throughoutthe paperwe assumewe have sucha systemof primary and dual grids
which yield exponentialconvergencein our spectralinterval of interestfor problems(2.1)
and(2.12. Whatwe do hereis describehow to apply thesesamegridsto anisotropicprob-
lems,andinvestigatehe corvergence To studytheanisotropiccorvergencewe needto view

asarationalapproximatiorto for , hotjustontherealline.

Beforeanalyzinganisotroly we shov how optimal gridswork for isotropicelliptic and

hyperbolicequations.

2.2. Elliptic equations. Consideyfor example,the following boundaryalueproblem
for Laplaces equationontherectangle :

(2.13) -periodicin

Let usassumehatthe datahasboundedspectrumthatis,

(2.14)

where . Thenby usingthe Fourier method,we canobtainthe Dirichlet data
exactly:

where is theimpedancdunction (2.6). We introducea semidiscretizatiornf (2.13 on a

systemof primaryandduallines given,respectiely, by and , andconsidera
solution to
(2.15)

-periodicin

We canagainapplythe Fouriermethodto (2.15 to obtain

So,we canboundtheerrorof the Dirichlet data

(2.16)
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Hencefor a semi-discretizeelliptic problem,if the grid were choserby a nearoptimal ra-
tionalapproximationthe corvergencewill beexponential(2.11) ontheline . Notethat
(2.14) wasassumedanly for simplicity of explanation;for example,we could have usedary
smooth (with fastenoughdecayingFourier representationgndstill obtainedexponential
corvergence.
Also, we couldhave useddifferentboundaryconditions,or anarbitrarypositive-de nite

nite-dif ferenceoperatorin  with spectralinterval insteadof in (2.13, in
which case(2.16) would give the estimatefor the -discretizatiorerroronly.

2.3. Hyperbolic equations. Letusconsidetheinitial valueproblemfor theone-dimen-
sionalwave equationon .

(2.17)

where

and .Weassume irrationalto avoid resonanceddith the helpof the Fourier
methodwe obtain

whereagain is the one dimensionalimpedance(2.6). We introducea semidiscretiza-
tion of (2.17) by the methodof lines using and , and considera solution
to theapproximategroblem

Againusingthe Fouriermethodwe obtain

Thenthe errorboundfor the Dirichlet datacanbe obtainedasin theelliptic problem:

REMARK 2.1. An importantdifferencebetweerthis problemandtheelliptic oneis that
therearepolesof in the spectralinterval dueto the negativity of its lower bound. These
polesare matchedn the rationalapproximation.Hencewe needto set in (2.9, i.e., the
numberof termsin therationalapproximationto beatleastequalto thenumberof thesepoles
in the interval . Onecancalculatethatthis is the integer partof — , which
is approximatelytwice the numberof wavelengthscorrespondingo the temporalfrequeng

within . So,we arrive at theimportantconclusionthatthe exponentialcorvergence
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occurswhenthe averagegrid densityexceedstwo points per wave length,i.e., the Nyquist
limit frequeng. Thecorvergenceboundfrom[8] givesatleastalogarithmiccorvergenceate

proportionalto —, where is thedistancebetween andthe closeston-ecludedpole

of . It shaws that, asymptotically(for high frequencies)an appropriatelychosenoptimal
grid nite differenceschemeequiresonly two grid pointsperwavelengthto corverge.
Letusalsoconsidelamultidimensionahyperbolicequationsayin ,

-periodicin

with datagivenby a nite sumof theform

with — and —. Thenwe cancalculatethattheresultingDirichlet datais given
by

We canusethe semidiscretization

with appropriaténitial andboundaryconditions andfor the semidiscreteolutionobtain

Again, whenthe averagegrid densityexceedswo pointsperwave length,the maximalpos-
siblespectralerror

startsto decreasexponentially The mostdif cult andthe mostimportantfor the nite-
differenceapproximationof wave problemsare the propagatre modes,thatis, thosewith
purelyimaginaryexponentslf we look atthesolutionin theentiredomain,

we seethat thesepropagatie modescorrespondo . If one omits the so-called
evanescenmodeswith realexponentialdecayin the directionfrom the estimatewe have

Onecansimilarly construcianexponentiallyconvergentschemeor parabolicproblems.
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3. Anisotropy.

3.1. Motivation. To motivatethe materialin thefollowing sectionsjet us considerthe
constantoefcient anisotropicelliptic equation

(3.1)
ontherectangle , with periodicboundaryconditionsin  andNeumanndata
on theleft andright sides. Assumethat is realand . This equationon a rectangle

canbeviewedasthe Laplaceequationon a parallelogramwith bottomparallelto the -axis
andangle betweerits bottomandleft sides.Thatis, if we make the changeof variables

we obtainthe equation(3.1) where . We considerthe equation(3.1) in suchaform
for simplicity; it canbetransformedo themoregeneraknisotropicequation

by stretchingalongmain coordinateaxeswithout affecting exponentialcorvergenceof opti-
mal grids. It is the mixedderivative termthatneedsspecialtreatment.
Supposeave computethe Fouriercoefcients in - of asolutionto (3.1),

We have thenthat satis esthefollowing equationin
(3.2)
For simplicity of expositionwe will consider , astheanalysisfor worksin the

sameway. So,we will considersolutionsto

(3.3)

and refer to this as our one dimensionalanisotropicequation. When and -,
this correspond$o anisotropicproblem.In this case(3.3) hasthetwo linearly independent
solutions:

For nontrivial , we canrepresensolutionsin the form
wherecomplex satis esthequadraticequation
(3.4)

Thatis,
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where

Wewill use and to denotetherootswith negative andpositive real parts,respectiely.
Notethatit is not obvious how to apply optimalgridsto (3.2). Sincethegrid is a staggered
one,the rst orderterm  liveson the grid dualto the onefor and . Therefore,
applyingthe gridsanddifferenceq2.3) and(2.4) directly doesnot make geometricsenseln
the sectionghatfollow, we resole this problemby rewriting the equationasa system.The
techniquedor thein nite and nite intervals are someavhat different; so we examineeach
separatelyAlso, for wave problemswe needto considera slightly moregeneraform for the
equation(3.2), andwe do thatfor aboundednterval.

3.2. Semi-in nite interval. Letusnow considerthe problem

(3.5)

on with boundaryconditions

(3.6)

Dueto thein nity conditionwe we will have a uniquesolutionwith , therootof (3.4

with negative real part. Onecancalculatethatthe NtD map(or impedance)s
(3.7) —_—

where is theisotropicimpedancg?2.7). To apply optimal gridsto this problem,we refor-
mulatethe equationasa secondrdersystem.
LEMMA 3.1. Thesystem

(3.8)

on with boundaryconditions

(3.9)

is equivalento the problem(3.5) with boundaryconditions(3.6).
Proof. Clearly, thesolution of (3.5), (3.6) satis es(3.9), (3.9) with

Furthermorepnecancheckthattherearefour linearly independensolutionsof (3.8) which
aresolutionsof the rst ordersystems

(3.10)

with bothroots of (3.4):
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If we now imposethe boundaryconditions(3.9), the uniquesolutionis

from whichtheresultfollows. O
What we will do is apply the optimal grids directly on the problem (3.8), usingthe
primarygrid for andthedualfor ,to getthe nite differencesystem

(3.11)

with the discreteboundaryconditions
(3.12) _

We de ne the nite differencempedancéy theaverage,

andestimatenow accuratelyit approximates . Whatthefollowing resultshows is that
thecornvergenceof theanisotropidmpedancelepend®nthe cornvergenceof thecorrespond-
ing isotropicimpedancen aray in thecomplec plane.

PROPOSITION 3.2. Let

be the numericalimpedancecomputedrom the system(3.11), (3.12 and let be the
continuoudmpedancg3.7). Thentherelativeerror of theimpedancesatis es

whee is theroot of (3.4) with negativereal part, are the discrete and con-
tinuousisotropic impedanceg2.8), (2.7), and is independenbf . Thatis, the error for
theanisotiopicimpedancdor real is ontheorder of the squake of the isotropicimpedance
error ontherayin thecomple plane

whele , .
Proof. Considetthe nite differencecounterparof (3.10),

(3.13)
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We will shaw that similar to in the continuouscase,usingbothroots and of (3.4) in
(3.13 givesa basisfor all the solutionsof (3.11). To seethis, considera solution of
(3.13. Eliminating  we obtain

(3.14) —

With the helpof (3.4), this equationbecomes

(3.15) —

By thensubstitutingthe rst equationof (3.13 into the seconderm of theleft handside of
(3.195 we obtainthe rst equationof (3.11). Similarly, eliminating from (3.13 we obtain

(3.16) —

andwe canagainshow thatit canbetransformedo thesecondequatiorof (3.11). Hencewe
seethatall solutionsof (3.13 satisfy(3.11). For each , thesystem(3.13 hastwo linearly
independensolutions. Using both the rootswe obtaina total of four linearly independent
solutionsto (3.11).

REMARK 3.3. Clearlythe system(3.14), (3.16) is not equivalentto (3.11); the former
alsocontainsfour morelinearly independensolutions.

To estimatethe corvergenceof  to , we decomposéhe solution of (3.1
into two linearly independensolutions of (3.13. Thesesolutionsareobtainedby
setting , andimposingthatthe boundaryconditionshold atin nity for
(3.17)

Fromthis conditionandequation(3.14) we have

where isthestandardliscretesotropicimpedancentheprimarygrid. De ne theratio

andrewrite theimpedanceas

By therepresentatiof2.10, onecanseethat Stieltjesfunctionsof complex conjugateargu-
mentsare also conjugate.The sameholdsfor the discreteimpedanceby the formula (2.9).
So,since

we have that

(3.18)



ETNA
Kent State University
etna@mcs.kent.edu

66 S.ASVADUROV, V. DRUSKIN, AND S. MOSKOW

Notethatsystem(3.13 in generabivesdualrelationshipdbetweerits solutions and . If
satis es(3.17), thenfrom (3.13 we obtain

and

(3.19) .

If we consider(3.13 with boundaryconditions(3.17) and

(3.20) S

thenfrom theseconcequationof (3.13

andfrom (3.19 we obtain

(3.21) — sign

Fromhereonweuse , to denotethe solutionsof (3.13, (3.17), (3.20 with
Then satisfying(3.11), (3.12 canberepresenteds

wherethe aredeterminedby the boundaryconditions(3.12 at the left. For brevity we
de ne

Then,using(3.20), (3.21) and(3.18, we obtain

This givesthediscretempedance

(3.22)

We know that



ETNA

Kent State University
etna@mcs.kent.edu

GRIDSFORANISOTROPY 67

and

Substitutingheseinto (3.22) we obtain

where

Now, if we assumehat is small,then

or

which completeghe proof. O

So, therelative error of the approximationof the continuousmpedances on the order
of thesquareof therelative errorof theisotropicimpedance . Thatis, wereducedhe
problemto thatof the approximatiorof a Stieltjesfunctionontheline

for apositiveinterval of  with

ThePade-Chebysheapproximationsgeneratedrom datafor for onthepositiverealline
will yield exponentialcorvergenceon nite regionsof  which areaway from the negative
realaxis,wherewe havethepolesof both and [5]. Henceit is aconsequencef rational
approximatiortheory[5] that standardptimal grids for the isotropic problemwill produce

exponentialcorvergencefor the problem(3.5). Note thatwhen we will have the
standardsotropicproblem;in the limit case the approximatiorline approacheshe
poles.

3.3. Two-sided problem on a nite interval. Whenapplyingoptimal grids on nite
regionsor for usein domaindecompositionjt is crucial that we can solve the two sided
problemwith spectralconvergenceat bothends.In this sectionwe considera two-sidedand
slightly moregeneraknisotropicequation

(3.23)
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wherewe view asa parameter(For wave problemswe will needto allow to vary) One
dif culty with the two-sidedproblemis that the NtD mapis now a matrix valued
functionof , mappingthetwo-pointNeumanrdatato the Dirichlet data:

(3.24)

First we shouldpoint out thatfor andpositive , the operatorof equation(3.23 with
thehomogenousleumanrboundaryconditionis Hermitianpositive-de nite,so is de ned
for ary

Notethatasin thelastsectionthetrue solutionto the equation(3.23 is of theform

where now satisfy
(3.25)
Dividing this solutioninto its oddandeven (about ) parts,

andplugginginto (3.23), we obtainthefollowing coupledsystem:

(3.26)

which hasthe solution

Notethatthedifferentialoperatoiis thesameasin (3.8), butona nite interval with boundary

conditions.Sincethesolutionsdo notdecayatin nity , bothof theroots and will appear

in the solution. Let us thereforedecomposehe solutionin termsof the functions ,
, and which satisfy

(3.27)

and

(3.28)
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We know thatthe problem(3.27) hasthe continuousmpedance

andonecancomputethatthe Neumanrproblem(3.28 hastheimpedance

We cannow rewrite theoddandevenpartsof the solutionas

(3.29)

wherethe boundaryconditionsimply that solve the system

(3.30) - - -

Now considerthe following numericalapproximation. We usethe primary anddual

grids,respectiely, for theoddandevenpartsof thesolution and  ontheinterval
; andsimilarto (3.11) we computethe nite differenceapproximatiorto (3.26):

(3.31)

We will shav thecorvergenceof this nite differencesolutionatthe boundarywill againde-
pendonthe cornvergenceof theisotropicimpedanceasin the caseof asemi-in nite interval.
For thiswe introducethe discreteNtD map, , Where

(3.32)

The following lemmasaysthat we have a decompositiorof the discretesolutionwhich is
similarto theabove decompositiorof the continuoussolution.
LEMMA 3.4. The nite differencesolutionto (3.31) canbewrittenas

(3.33)

whee are the solutionsto
(3.34)
and

(3.35)
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and satisfythesystem

(3.36) - -

whele is thediscreteisotropic impedancdor a boundednterval (2.6).

Proof. Notice that (3.33 asit is written will clearly satisfy all the discreteboundary
conditionsthanksto (3.34), (3.35 and (3.36. We will now shaw it is a solutionto the
differencesystem(3.31). Fromtheequation(3.34) for each andthefactthateach is
arootof (3.25 we have

Plugging(3.33 into the rst equationin (3.31) andusingtheabove to cancelwe get

(3.37)

Recalltheduality propertyof the oddandevenoptimal nite differencegrids,

from which we getthatthe above expression(3.37) is zero. The secondequationin (3.31) is
alsosatis edby (3.33. Onemaycheckby pluggingin andusingtheduality relation

Noticethatthanksto thelemma,thetrue and nite differencesolutionsboth have anal-
ogousdecompositiongnto componenparts. From this we cancalculatethe NtD mapsfor
bothproblems.The continuousboundarysolutionfrom (3.29 is

Recallthat

Invertingthesystem(3.30 for and wehavethat
(3.38)

sothatthe NtD map(3.24) is

where
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By the abore lemmaandessentiallythe samecalculation,the two sideddiscreteimpedance
(3.32, isexactlythesameas exceptthateachoccurrencefthecontinuousmpedance
is replacedby the discreteimpedance . Usingthesefactswe cansimplify theabove to

getthefollowing proposition.

PrRoPOSITION 3.5. Let and bethetworootsof (3.25. Thenthe NtD map(3.24)
for (3.23 is givenby
(3.39)

while thediscretecounterpart(3.32) is givenby
(3.40)

for

and and therespectivelycontinuousand discreteisotropic impedanceg2.6) and (2.9
for theinterval

Note thatwhen , aswill bethe casefor elliptic problemstheroots and are
negative conjugateandagainwe have thattherootsare

for . So, the corvergenceof the solutionat the endpoints and
depend®nthe convergenceof to onthetwo complex conjugateays

for a positive interval of . Onecanseeeasilyfrom the Stieltjesforms (2.6) and(2.9) of
and that,

and

Hencaeit sufces to considettheapproximatioron justoneof therays.Also, because exists
for ary positive , thenasfollows from (3.39 thedenominatoin theexpressiorfor must
be alsononzerafor ary positve . Obviously, the sameis truefor , andsowe have the
following:

COROLLARY 3.6. When and .

uniformlyfor any and
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3.4. Anisotropic elliptic equations. Now, let us,for example,considerthe problemon

-periodicin

As before,we assumehatthe datahasboundedspectrumthatis,
where . Thenwe cancomputethatthe solutionis
where solves
Fromthiswe obtain
andsimilarly
where is thetwo-sidedimpedancg3.39 with . We will solwe thisproblemusingthe
semi-discretizatiomnthelines and for thehalvedinterval

are periodicin
This semi-discret@roblemthenhassolutionsat and , respectiely, givenby

From theseformulae and Corollary 3.6, the error from this -discretizationat both sides
and will be
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3.5. Anisotropic hyperbolic equations. Let us now considera wave problemon in

(3.41)
-periodicin
with data givenby a nite sumof theform
where,as before, and are the temporaland spatialfrequencies,

respectiely. Thesolutionto (3.41) canbeexpresseds

wherethe  satisfy

Thisis exactly thetwo-sidedproblem(3.23 with
(3.42) _

For the case , whichis our primaryinteresthere,the problembecomende nite, i.e.,
it will have resonancediVe needto assumethen,that arenotresonancérequenciesOne
cancomputethatasolution  is somecombinationof

where arethetwo rootsof

By theanalysisof the previoussection theresultingDirichlet datafor  is givenby

where

is the two-sidedimpedancerom (3.39), with given by (3.42. For the semi-discretized
problem,we againusethe systemof primaryandduallines and , anddivide
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the solutioninto its oddandeven partsabout . We solwe for ,
ontheprimaryandduallines,respectiely, which satisfy

(3.43)

are periodicin

Againusingthe Fouriermethod theresultingsemi-discretize®irichlet datais then

where

is the two-sideddiscreteimpedancdrom (3.40, whereagain is givenby (3.42. For

, matrix-valuedfunction haspoles,sowe cannot formulatean exact counterparbf
Corollary 3.6. However, sincewe have assumedhatthe arenot resonancdrequencies,
all entriesof areboundedHenceit follows from the equivalentrepresentatiofi3.38
thatthe denominator®f arenonzero.In this case,one canseeexplicitly from these
formulaethatfor largeenough theerrorof the Dirichlet datacanbe estimatedas

where aretherootsof

Notethat
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FiG. 3.1. Spectal approximationcurvesin the comple planefor xed tempoal frequency and varying
spatialfrequency . Here

Considemow the modeswhich arepropagatiein , thatis, when andtheroots
arepurelyimaginary This meanghat,just asin theisotropicwave problemof Section
2.3,weneed tobeagoodapproximatiorto onthenegativerealaxis-exactly where
haspoles.So,justasbefore, needgo bede ned by matchingthesepoles.
We canfurtherexaminethe negative real spectrainterval thatneedgo be approximated
by by consideringhefollowing form of a propagatre mode:

where , , and —. If we substitutethis representatiomto the
differentialequation(3.41) we obtain

where is thecoefcient matrix of theelliptic partof the operator

Fromthis we seethat , Where is the reciprocalof the minimal eigervalue of
. Thelatteris just the minimal wave speedor the anisotropicmedia. So, the errorfor the
Dirichlet datacorrespondingdo the propagatre modeswill dependn

We would thereforerequirethe elimination of the poleson the interval

This is similar to what wasdonefor the isotropic problemon the smallerinterval
wherethe minimal wave speedvas . Notethatfor agiven , thegrid sizeshouldstill be
inverselyproportionalto the minimalwave speed,i.e., it will require approximatelythesame
numberof grid pointsperwavelengttasfor theisotropic problem Theevanescenspectrum
is well separatedrom the spectrunof —, sothe semi-discretizednite differencesolution
will converge exponentially(with uniform exponentialrate) with  on the line . In
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Figure 3.1 we plot an example of curvesfor a xed andvarying . For ,
we seethetwo component®f the spectrumin blue. The horizontalinterval

correspondso the propagatie modesandthe curvilinearpartcorrespondso the evanescent
modes.This is shovn next to the correspondinged linesfor the elliptic case thatis, when

4. Numerical experiments. Optimalgridsweresuccessfullymplementedwithoutmath-
ematicalfoundation)to the 3D dissipatve (elliptic) anisotropicMaxwell's equationdgn in-
ductionwell logging applicationgfor oil exploration[7]. The exponentialcorvergencewas
experimentallyobsenedfor 3D anisotropicproblemsin unboundediomains.

Herewe demonstratéhe useof optimalgridsfor thetwo dimensionakcalarwave equa-
tion with domaindecomposition.In practice,we designoptimal grids for constantcoef-
cients,but, indeed our objective is to applythemfor variablecoefcient problems.Oneway
to dothisis by decomposinghedomain.Let usassumefor simplicity, thatwe solve a piece-
wise constantcoefcient elliptic equationin , suchthatin every subdomain
we have the Laplaceequation.If the NtD mapsin every subdomairare approximatedvith
accurag , andtheapproximatesolutionsatis estheconjugationcondition(continuityof the
solutionandnormalcomponenbf the current)on theinterface  betweernthe subdomains,
thenthe solutionof the entireproblemwould be approximatedvith erroron . Thisis
why we canusethe optimal grids,which weredesignedor constantoefcient problemsjn
the homogeneousubdomain®f variablecoefcient problems.By the samereasoninghey
areparticularlyusefulin the exterior partof unboundediomains.

Now let usapply optimalgridsto the problem

Weintroducea -discretizatiorwith, respectiely, primaryanddual grids (seeFigure4.1):

and

in asimilar mannerasfor the -grid. Thisyieldsthesemi-discretasystem(3.43

(4.1)

wherethe FD operators and arethecounterpart®f and , respectiely. Theobtained
ODE system(4.1) is solvedby the standardexplicit time-stepping.

The corvergenceanalysisof (3.43 canbe extendedto (4.1) in the following way. The
error of (4.1) canbe estimatedasthe error of (3.43 plusthe error of the -discretization.
Following the approachof [4], we computethe rational approximation,not to the exact
impedancebut to the impedanceof a ne equidistantgrid. Suchgrids are easierto com-
puteanddo not generatearti cial re ections whencombinedwith ne equidistantgridsin
multi-domainsettings.The extremelyfastconvergenceof the Pade-Chebyshealgorithmaf-
ter the elimination of the resonanceoles, i.e., after averagegrid densityexceedsNyquist
limit of two points per wave length, allows us to obtainan accurate(with single precision
accurag) approximatiorof the ne-grid impedanceon the prescribedspectralinterval with
very small cost. So,whatwe will dois comparethe resultsfor suchspectrally’equivalent”
coarseoptimaland ne equidistangrids.



ETNA

:nt State University
tna@mcs.kent.edu

77

0 1

HOEXIXX X o X e X oKX I OXK oK OKOK O X s XOX o X oKX o XX o X o XX o X o X ¢X ¢ X ¢ X o X o X = x

FIG. 4.1. Sampleoptimalgrid. Dotsare the primary pointsandcrossesre thedual grid points.

Inthe rst experimentwe useahomogeneousnisotropianediumgivenby asymmetric
matrix thathasvalue onthediagonaland off the diagonal. The computationsare
doneonasquarecenteredibouttheorigin with half sideequalto one,andthesourcefunction
is aGaussiarpulsewith centerfrequeng equalto  Hz. Thesources locatedattheorigin.

In this rst experimentwe performthe computationghreetimes. The rst is with an
equidistantgrid with  points per minimum wavelength(with the respectof the minimal
wavespeedn themodel). In the secondcomputationwe usethe equidistangrid on theleft
half while theright half of the domainwe usedan equivalentoptimalgrid in the direction.
Theoptimalgrid in theright half planehasslightly lessthan1/3 of thenodesof theequidistant
grid. In thethird computationwe usedthe optimal grid in boththe directionontheright
half of thedomainandin the directionon thetop half of the domain. The tensorproduct
optimalgrid in theupperright region of thedomainhasapproximatelyl/10of the numberof
nodesonthegrid asthe equidistantneshin the sameregion. Thisis alesssigni cant sazings
thanonewould have if higheraccurag were needed.For comparisonjf we wereto need

pointsperwavelengththesavingswouldbeabout times;for  pointsperwavelength
the saringswould be over times. In Figure4.2 we presenta snapshobf thewave atthe
sametime for the threedifferentgrids. The gridlinesare also shovn on the plots, but for
convenienceonly every 10thgridline is drawn in eachdirection.

We seethat the pro les presentan ellipse, as expectedfor anisotropicmedia. On the
rst andequidistanigrid, this ellipse hasa well-de ned, non-dispersie front. In the second
pictureof Figure4.2, in the optimal grid region oneseeghe numericaldispersiorcausedy
the coarseningf the grid steps. This dispersionhowever, doesnot affect the accurag on
theleft half of the domain. The optimal grid accuratelyreproduceshe NtD mapat ,
thatis why theresultsin theleft half planeareaccurate Similarly, in the third snapshotve
obsene thatalthoughthereis large numericaldispersiorin the coarsegrid region, this error
doesnot propagatanto ne grid region. We notethatwhile a rigorousapproacho tensor
productoptimal grids goesbeyond the analysisdescribechere,it is not dif cult to seewhy
they maywork. Usinganequialentoptimalgrid in  in theupperhalf planeleavesthe NtD
mapof (4.1) (with ne -grid) at unchanged.This is why the resultsin the lower
left quarterremainunchangeaomparedo the ne uniform -grid in the secondpicture. In
fact, the differencebetweerthe rst andthird picturesin the bottomleft region is lessthan
0.1%,while theerrorbetweerthesecomputationswith  pointsperwavelengthandthetrue
solution,is itself on the orderof 1%.

Forthesecondxperimentpurgeometryis amodelof asimpleverticalwell, or borehole,
with ananisotropicbhackgroundnmedium. SeeFigure4.3. The squareof computationis the
same,but the mediumnow variesin the direction. For the medium
is an isotropic uid with speed , but outsideof this region we have an anisotropicsolid
representedby the matrix with  on thediagonaland on the off-diagonal. We rst
performthe computatiorusinga ne equidistangrid. In the secondcomputationye usea

ne equidistantgrid within the isotropicboreholeregion andan optimal grid coarseningn
thex directionin the outer, anisotropicdomain.Figure4.4 shavs thewave beforeit hitsthe
anisotropicregion. In both casest is still within the ne griddedregion. In Figure 4.5, we
seetheanisotrogy in uencing the wavefrontandthe beginning of numericaldispersiorwith
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FiG. 4.2. Wavein HomaeneousAnisotopic Media

the coarsegrid. Finally in Figure4.6, we seethatthe grid coarseninganddispersionin the
outerregion hasnot affectedthe accurag of the solutionin the boreholeregion, wherethe
receversarelocated.

5. Discussion. In this manuscriptwe have demonstratedhat if oneusespre-&isting
optimalgridsontheanisotropigroblem(1.3) ona nite or semi-in nite interval by usingthe
schemeslescribedabore, the corvergenceof theNtD mapis ontheorderof thecorvergence
of thatof theisotropicNtD maponaray in thecomple plane.In particular this saysthatif
the gridswerecomputedrom a Pade-Chebysheor Zolotare/'s rationalapproximationthe
corvergencewill be exponential. We also shoved that for wave problems,the propagatie
modesrequirea spectralapproximatioron the negative realaxiswherethe polesarelocated,
similarto theisotropiccase.

We alsopresentedomequalitatve numericakesultsfor thetwo dimensionakcalawave
equationin anisotropicmedia. We sav that the errorin the coarselygriddedoptimal grid
subrgyionsdid not penetratento the high accurag regions,evenif the two regionsdid not
have the samematerialproperties. This shaws that the optimal grids, usedin oneor more
directions cangreatlyreducethe systemsizefor a givenaccurag atareceverlocation.

As is the casefor isotropic problems,optimal grids achieve spectral(generallyexpo-
nential)convergencefor theimpedancaesponsepr NtD map,of aninterval, whether nite
or semi-in nite. In otherwords, a coarseoptimal grid will yield an approximationof this
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FIG. 4.3. BoreholeGeometry

FIG. 4.4. Wavein BoreholeModel: t=0.3
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FiG. 4.5. Wavein BoreholeModel: t=0.8

FiG. 4.6. Wavein BoreholeModel: t=1.3

responseequialentto that of a very ne (exponentially ner) equidistantgrid. Becauset

is the NtD mapthat completelydetermineghe coupling of a domainwith its neighbor(s),
subdomainganbe discretizedvery coarselywithout affecting the accurag of the solution
in the nely griddedregions. Subrejionsarecoupledusingstandarcconjugationconditions.
Furthermorethesesubrgionsneednot have the samematerialproperties.

The next stepwill be to apply thesetechniquego more comple« boreholegeometries.
This will requiretruly two dimensionaldomaindecompositionas was donefor isotropic
problemsin [3]. To show that spectralcorvergencewill be maintainedfor suchproblems,
one needsto examinethe corvergenceof the higherdimensionalNtD map computedwith
tensomproductoptimalgrids. We arecurrentlyworking to shav thatthe Galerkinequivalence
describedn [10] is maintainedfor the two dimensionalNtD mapin the senseof its repre-
sentationn the eigenbasesWhatthis will meancomputationallyis thatwe canuseoptimal
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gridsin bothdirectionson rectangularhomogeneousnisotropicsubdomaingor geometries

with

parallelogramsWhile maintaininghigh order corvergence. A rigorousanalysisand

numericalexperimentswill beprovidedin aforthcomingpaper
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