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COMPUTING QUATERNIONIC ROOTS BY NEWTON'S METHOD
�

DRAHOSLAVA JANOVSKÁ
�

AND GERHARD OPFER�

Abstract. Newton's methodfor �nding zerosis formally adaptedto �nding rootsof Hamilton's quaternions.
Sincea derivative in thesenseof complex analysisdoesnot exist for quaternionvaluedfunctionswe comparethe
resultingformulaswith themoreclassicalformulasobtainedbyusingtheJacobianmatrixandtheGâteauxderivative.
Thelattercaseincludesalsotheso-calleddampedNewton form. Weinvestigatetheconvergencebehavior andshow
thatunderonesimpleconditionall casesintroduced,producethe sameiterationsequenceandhave thusthe same
convergencebehavior, namelythatof locally quadraticconvergence.By introducingananalogueof Taylor's formula
for �������
	�� , we canshow the local, quadraticconvergenceindependentlyof thegeneraltheory. It will alsobe
shown thattheapplicationof dampingprovesto beveryuseful.By applyingNewton iterationsbackwardswedetect
all pointsfor which the iteration(aftera �nite numberof steps)mustterminate.Thesepointsform a nicepattern.
Thereareexplicit formulasfor rootsof quaternionsandalsonumericalexamples.

Keywords. Rootsof quaternions,Newton's methodappliedto �nding rootsof quaternions.

AMS subject classi�cations. 11R52,12E15,30G35,65D15

1. Intr oduction. Thenewer literatureon quaternionsis in many casesconcernedwith
algebraicproblems.Let us mentionin this context the survey paperby Zhang[15]. Here,
for the �rst time we try to applyananalytictool, namelyNewton's method,to �nding roots
of quaternions,numerically. Let 
������������ bea givenmappingwith continuouspartial
derivatives.Then,theclassicalNewtonform for �nding solutionsof 
�������� � is givenby


!�"���$#%
'&(�"���*)
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where


&

standsfor thematrixof partialderivativesof 
 , whichis alsocalledJacobianmatrix.
Theequation(1.1) hasto beregardedasalinearsystemfor ) with known � . Thefurthersteps
consistof iteratively solvingthissystemwith ��/1032 .

In this paperwe want to treat a specialproblem 
!�"���7�8� with 
9�;:<�=: , where
: denotesthe (skew) �eld of quaternions.We usethe letter : in honorof William Rowan
: amilton (1805– 1865),the inventorof quaternions.In this settingwe will try alsoother
formsof derivativesof 
 thanthematrix of partialderivatives.

For illustration in this introduction,we usethe simpleequation
!�"���7�>�?�!@BA+C with
C�,D��E�: . If we follow therealor complex casefor de�ning derivatives,we have two possi-
bilities becauseof thenoncommutativity of themultiplicationin : , namely
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If weput g

L

�4�hT-��T

W!Y

for any Tji � � thenfrom laterconsiderationsweknow that k g

L

kl�mk �Vk

and ��g

L

�

Y

�n�

Y

. Thus, g

L �lls thesurfaceof a threedimensionalball andthereis no unique
limit. In other words, the above requirementfor differentiability is too strong. One can
even show that only the quaternionvaluedfunctions 
��(op�%�>�qC'o
#srN,t
��(op�%�>�uopC
#mr[,

C�,vr
Ee: , respectively, aredifferentiablewith respectto the two given de�nitions, Sudbery
[13, Theorem1].
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In approximationtheoryandoptimizationamuchweaker form of derivativeis employed
very successfully. It is theonesideddirectionalderivativeof 
j��:x��: in direction T or
onesidedGâteaux1 derivative of 
 in direction T (for shortonly Gâteauxderivative) which
for �$,yTzE7: is de�ned asfollows:
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Let T�E‡��ˆ

Q

�`Z , then 


&

�"�{,vT��t�9‰ŠT�� andfrom (1.1) replacing


&

�"��� with 
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thedampedNewtonform

� /‹032 �>�hŒ%�"���|�4�e�S#

•

‰lT

Ž

�$W!Y1CBA���•

if T‘•

•

. For T
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weobtainthecommonNewtonformfor squareroots.
If wework with partialderivatives,theequation
!�"�����>� ��@’A�C implies
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Matricesof this form areknown asarrow matrices. They belongto a classof sparsema-
trices for which many interestingquantitiescanbe computedexplicitly, Reid [11], Walter,
Lederbaum,andSchirmer[14], andArbenzandGolub[1] for eigenvaluecomputations.The
specialcasesC^,]�zEz� and C^,]�zEzœ reduceimmediatelyto thecommonNewton form
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The treatmentof analyticproblemsin : goesbackto Fueter[5]. A morerecentoverview
includingnew resultsis givenby Sudbery[13]. However, Gâteauxderivativesdo not occur
in this article.

We startwith someinformationon explicit formulasfor rootsof quaternions.Thenwe
adjustthecommonNewton formulafor the • -th root of a real(positive)or complex number
to thecaseof quaternions.Becauseof thenoncommutativity of themultiplicationweobtain
two slightly different formulas. We will seethat undera simple condition both formulas
producethe samesequence.We seeby examplesthat in this casethe convergenceis fast
andwealsoseefrom variousexamplesthatin casetheformulasproducedifferentsequences,
the convergenceis slow or even not existing. Later we apply the Gâteauxderivative and
theJacobianmatrix of thepartialderivativesto formula(1.1) andshow thatunderthesame
condition the sameformulascan be derived which proves that the convergenceis locally
quadratic.TheGâteauxderivativegivesalsoriseto thedampedNewtonform whichturnsout
to beverysuccessfulandsuperiorto theordinaryNewton technique.

2. Rootsof quaternions. We startby describinga methodfor �nding thesolutionsof


!�"���|�>� �
�
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explicitly. Thesolutionsof 
��������h� will becalledrootsof C . We needsomepreparations.If
CS�m��C
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1Reńe Gâteaux,Frenchmathematician(Vitry 1889– [Verdun?]1914)
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where
£

, ¤ , ¥ standfor theunits �(��,

•

,]�-,]�Š�¦,‹�(��,]�-,

•

,]�Š�¦,‹�(��,]�-,]�-,

•

� , respectively.
DEFINITION 2.1. Two quaternionsC�,vr are calledequivalent, denotedby C¨§©r , if there

is TcEz:5ˆ

Q

�`Z such that CŸ�9T

W!Y

r¦T (or T^CŸ�9r¦T ). Thesetof all quaternionsequivalentto C

is denotedby ª CŠ« . Let C‡�4�¬�(C

Y

,]C

@

,vC – ,]C ˜ �­E�:®ˆ�� . We call C'¯
�>�G���-,]C

@

,vC – ,]C ˜ � thevector
partof C . ByassumptionC'¯Ÿi � � . Thecomplex number
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has the property that it is equivalentto C (cf. (2.3)) and it is the only equivalentcomplex
numberwith positiveimaginary part. We shall call this number

°

C the complex equivalent
of C .

Becauseof

CS�hT WXY r¦T
�x²

T
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r

T
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thereis no lossof generalityif we assumethat k TVk @´�

•

. Since C%E+� commuteswith all
elementsin : wehave ª CŠ«��

Q

C^Z . In otherwords,for realnumbersC theequivalenceclassª CŠ«

consistsonly of thesingleelementC . Let µ­E�œ , then µ andthecomplex conjugateµ belong
to thesameclassª µy« becauseof µ’�m�

¤
�

WXY

µ
¤ .

LEMMA 2.2. Theabovenotionof equivalencede�nesan equivalencerelation. Andwe
haveC5§nr if andonly if ¶

CS�

¶

rN,·k C�kŠ�mk r�k4f(2.3)

Proof. Let T^C9�¸r¦T for some T}i �<� . Then, the generalrule k �-gXk\��k �VkIk gXk yields
k C�k;�¹k r�k . Let us put Ce�ºT

WXY

r¦T andapply anothergeneralrule
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r . It remainsto show that (2.3) implies
theexistenceof an T�i � � suchthat T^C5�nr¦T . Let C
E‘� . Then(2.3) implies CS�nr andhence,

Tz�

•

. Otherwise,(2.3) is equivalentto a real,linear, homogeneous»Ÿ¼‘» system.It canbe
shown, thattherankof thecorrespondingmatrix is two.

Therearesituationswheretherearein�nitely many roots.
THEOREM 2.3. Let 
 bede�nedasin (2.1) but with real C . If thereexistsa complex root

� of C which is not real, thentherewill bein�nitely manyquaternionicrootsof C .
Proof. Let ���>� �

Y
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bea root of C with �

@

i�h� . We have 
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�`Z . We multiply thelastequationfrom theleft by T
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sincerealnumberscommutewith quaternions.Therefore,
!�(T

W!Y

��T^�t�n� or, in otherwords,
thewholeequivalenceclass ª �-« of � consistsof roots.

COROLLARY 2.4. Let Cji �s� bereal. For •U¢©½ there are alwaysin�nitely manyroots
of C . For •‡�h‰ thereare in�nitely manyrootsif CŸ¾e� .

The�nding of rootsof quaternionsis basedon thefollowing lemma.
LEMMA 2.5. Let C©Em:®ˆ[� and let

°

C be the correspondingcomplex equivalentof C

where
°

CS� T

WXY

C`T for someT�i �+� such that ¿

°

C
•U� . Then,� will bea rootof C if andonly if
À
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W!Y

��T is a rootof
°

C .
Proof. (i) Let � bea root of C . By applying(2.4) we obtain
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C . I.e. we have
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givesthedesiredresult.
This lemmayieldsthefollowing stepsfor solving(2.1) for CŸ�4�m�(C
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(i) Compute
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Now, in (iv) we needtheinversemapping
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The right handsideof (2.6) wasalreadygiven by Kuba[10]. However, the above deriva-
tion usingHouseholdertransformationsis new. It allows a very easyproof of thefollowing
lemma.

LEMMA 2.6. Let •e¢m‰ and CcEj:5ˆ[� begivenandlet �
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COROLLARY 2.7. Underthesameassumptionsasin thepreviouslemmaall roots �
Ã of

C are locatedon a (two dimensional)circle on thesurfaceof thefour dimensionalball with
radius k C!k

Y]Ä

�

.
Let �xE¬: be a root of CåE¬:®ˆ[� and let
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�{,

°

C be the complex equivalentsof �$,]C ,
respectively. The Lemma2.5 doesnot statethat

°

� is a root of
°

C . Nevertheless,it is half
way true. For any realnumberg we de�ne æRgpç asthe largestintegernot exceedingg . For a
complex numbero , thequantity o is de�ned asthecomplex conjugateof o .
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Let usillustratethis lemmaby a little example.
EXAMPLE 2.9. Let •º�Õ‰ . The two roots of Cê�>�à�èA�»^,D»p��,]½Š��,1A�‰l�Š� are �
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�4�
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It shouldbeobservedthatthefactor
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EXAMPLE 2.10. Let •%�Á½ and C‘�ø�èA’ùŠú�,yël‰`,‹A¡û[ù-,
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one of the quaternionic roots and the corresponding complex equivalents are
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Then the two other quaternionicroots are ð

Y

�4�ã�èA�ë`f

•

úŠ½pû`,]��f úpû�ù�»^,1A

•

f �

•

û�ë',

•

f ½lë�úŠûl�d,

ð

@

�>�m�"»-f

•

úŠ½pû`,

•

f ½Š‰

•

ú-,1A

•

f ïlùp‰�ë`,y‰'f ú�»l½Š½l�df

3. Newton iterations for rootsof quaternions. Newton iterationsfor �nding the • -th
root of a positivenumberC is commonlyde�ned by therepeatedapplicationof

�
/‹032

�>�hŒ%�����|�4�

•

•

²p�"•7A

•

�*��#

C

�

�

W!Y

³

f(3.1)

What happensif C is a quaternion? Thereare the two following analoguesof Newton's
formula(3.1):

�
/‹032

�>� Œ

Y

�����|�4�

•

•

Ž

�"•7A

•

�*��#6�
YyW

�

C`•†,(3.2)

g�/‹032j�4�hŒ

@

��g��t�>�

•

•

Ž

�"•‘A

•

�ègP#bCŠg
YdW

�

•
f(3.3)

Bothformulashaveto bestartedwith somevalue�

O

i� �-,Dg

O

i�h� , respectively. Thequantities
�

O

,Dg

O will becalledinitial guessesfor Œ

Y

,vŒ

@

, respectively. In the�rst placewedonotknow
whatformulato use.But thereis thefollowing importantinformation.

LEMMA 3.1. Let theinitial guess�

O

Ec:Bˆ

Q

��Z bethesamefor bothformulas(3.2) and
(3.3). (i) Theformulas Œ

Y

and Œ

@

generate the samesequences� O

,]�

Y

,D�

@

f1f‹f if �

O and C
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commuteandin this case��� and C commutefor all �´¢h� . (ii) Let •��9‰ . Then ���­�ng�� for
all �Ÿ¢ � impliesthat ��� and C commutefor all �¨¢e� .

Proof. Let Œ

Y

producethesequence�

O

,]�

Y

,D�

@

f1f‹f and Œ

@

thesequence�

O

,Dg

Y

,Dg

@

f‹f1f

(i) Assumethat �

O and C commute.Usingformulas(3.2) and(3.3), weobtain

� �

É

Y

A�g �

É

Y

�

•

•

Ž

�

YdW

�

�

CBAjCŠg

YdW

�

�

# ��•‘A

•

�¦�"� � Acg � �]•‚,(3.4)

� �

É

Y

CBA Cpg �

É

Y

�

•

•

Ž

�"•‘A

•

�1�"� �
C®A Cpg � �{#hk C!k

@

�"�

YdW

�

�

A�g

YyW

�

�

�

•

f(3.5)

We �rst show thefollowing implication:

�
	p�Õ� C5A Cp�´�h� � �
���ä� YdW

�

C5A�Cp� YyW

�

�h� for any �zE‘:Bˆ

Q

��ZŠf(3.6)

For C¨�n� this implicationis true. Let C�i �n� . Then(a) implies �

Ã

C�� Cp�

Ã for all Ë7E‡  and
hence,C

WXY

�

W

Ã

�+�

W

Ã

C

W!Y

. SinceC

W!Y

�

Ï

Ñ

Ï

Ñ

Û

(b) follows. We shallproveby inductionthat

�
�

Acg
�

�h��,ä�
�

C®A Cpg
�

�+� for all �¨¢e��f(3.7)

By assumption,(3.7) is valid for �‘�s� . Assumethat it is valid for any positive � . Thenby
(3.4) andby (3.6), we have ���

É

Y

A�g��

É

Y

�n� . And (3.5) implies ���

É

Y

C5A Cpg��

É

Y

�©� . Thus,
(3.7) is valid for all �¨E‘  .

(ii) Let ���¡�+g�� for all �Ÿ¢ � . Then,(3.4), (3.5) reduceto

�

YdW

�

�

C5A�Cp�

YdW

�

�

�h��,(3.8)

���

É

Y

C5A Cp���

É

Y

�

•´A

•

•

����� C®A CŠ���N��f(3.9)

For •��Á‰ equation(3.8) reads�

W!Y

�

C
�9Cp�

WXY

�

which implies C

W!Y

�
�

�©�
�

C

W!Y

. Since C

W!Y

�

Ï

Ñ

Ï

Ñ

Û

it follows that Cp�
�

�+�
�

C andhenceby (3.9), wehave Cp�
�

É

Y

� �
�

É

Y

C .
It shouldbenotedthatpart(i) is alreadymentionedby Smith[12, Theorem3.1], though

in a matrix setting.In theabove lemmait wasassumedthat �

O and C commute.However, it
is aneasyexerciseto seethatthis is equivalentto thecommutationof �

O and C . Only in our
context it wasa little moreconvenientto assumethat �

O and C commute.
Let • Ej  bearbitrary. Then �

�
�mg

� for all �‡¢©� implies(3.8). However, for • ¢9½

theimplication(3.6) is not anequivalence.Take •c�n½ and �c�4�

£

, then(b) of (3.6) is valid,
but notnecessarily(a)of (3.6).

In thenext examplewe show, that for •e¢©½ thenecessarycondition(3.8) for �

Y

�Ág

Y

doesnot imply �

@

� g

@

.
EXAMPLE 3.2. Let •6�9½ and �

O

�

£

. Then(3.8) is valid for �
�9� andall CzEc: and
asaconsequence�

Y

�+g

Y

�
Y

–

�(‰

£

AjC`� . However, �

O

CBA Cp�

O

i� � and �

@

i� g

@

for someC .
In Lemma3.1wehaveshown thatthecommutationof C and �

O impliesthecommutation
of C and ��� for all �¨¢e� . If ���l,��¨¢e� , arethemembersof any sequenceof approximationfor
an • -th rootof C
E‘: , thenthepropertythat C and ��� commuteis intrinsic to theproblem.

LEMMA 3.3. For a given C
E´: let � bea solutionof 
������|�4�e�

�

A7C5�h��,'•cE‘  . Then
C and � commute.

Proof. Multiply 
!�"���¨�4�ø�

�

A Cj�G� from eithersideby � andsubtractthe resulting
equations.Then Cp�´�+��C .

Lemma3.1doesnotexcludethecasethat �
�

�n� for some�
•+� . This meansthatboth
sequencesstopat thesamestage.However, we will show that this cannothappenif �

�

W!Y

is
alreadycloseto or faraway from oneof therootsof C . We introducetheresidualð

� of �
� by

ð
�

�>�hCBA��

�

�

f
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It is acomputablequantity.
LEMMA 3.4. Let usconsiderthetwo values���

WXY

,]���l,��z¢

•

, generatedby Œ

Y

de�ned
in (3.2) undertheonly assumptionthat ���

W!Y

i�ý� . Let the residual ð��

WXY

havetheproperty
that

k ð �

W!Y

k��Ák C!k or k ð �

W!Y

k'•e‰^k C!k f(3.10)

Then� � i�h� andconsequently, � �

É

Y

is well de�ned.
Proof. It is clear from (3.2) that � � �4� Œ

Y

��� �

W!Y

�%��� can happenif and only if
�"•\A

•

�*�

�

�

W!Y

#
C5�h� or �

�

�

WXY

�9A Y

�

W!Y

C . Then,in thiscaseð �

W!Y

�4�hC‚AS�

�

�

W!Y

�hCV# Y

�

W!Y

CS�

�

�

WXY

C , whichcontradictsourassumption.

FIG. 3.1. Exceptionalpoints �

�������

for ����� androotsof
�

��� marked � .

Let Œ

Y

begivenby (3.2). It is easyandalsointerestingto �nd all exceptionalpoints

�

�

��C`�|�4�

Q

�z�lŒ

Y

�"���;� �-,D�ji �h�`Z! 

Q

�`Z

for whichtheNewtoniterationwill terminate.For thispurposewewrite theNewtoniteration



ETNA
Kent State University 
etna@mcs.kent.edu

COMPUTINGQUATERNIONIC ROOTS 89

backwards,i. e. weswitch ���

É

Y

,D��� andobtaintheequation

"

�"� �

É

Y

�t�>�s�"•7A

•

�*� �

�

É

Y

A�•!�^�

W!Y

�

É

Y

� � #bCS� �-,#�5�+�-,

•

,1f1f‹f¦,.�

O

�h��f(3.11)

In a �rst step,startingwith �

O

�s� we obtain • solutions�

Y

of "

���

Y

���s� , repeatwith
all • solutions�

Y

, obtain •$@ solutions�

@

etc. In this way, we generate$&%S�4�

•

#U•´#%•X@|#

â1â‹â

#e•

%

�º��•

%

É

Y

A

•

�]é��"•cA

•

� pointsof
�

�

��C`� if we stopafter ' cycles. Since �

O

�¬�

we canapply the techniquesfrom Section2 reducingequation(3.11) for all �n¢?� to an
equationwith complex coef�cients with the consequencethat all solutionsarecomplex as
well and

�

�

��C`��(9œ . For •%�m‰ theset
�

�

�(C'� is locatedon a straightline passingthrough
theorigin andhaving slope „c�)	&*

Ì,+

	�ÝX�3¿;�

Y

é

¶

�

Y

� where�

Y

�4�m�DA’C`�

Y]Ä

@ . For •�•e‰ theset
�

�

��C`� is rotationalinvariantunderrotationsof ‰�Ò{éN• andshows typical self-similarity. The
sets

�

�

��C`� and
�

�

�ar¦� differ only by scalingandrotation. Or in otherwords,thequalitative
look of

�

�

�(C`� is independentof C . Sincetheexceptionalpointsareapartfrom rotationthe
samein eachof the • sectorsthereare �
$ % A

•

�]é[•‘�-$ %

WXY

�Á�"•

%

A

•

�]é��"•SA

•

� pointsin each
sector. An examplewith '¨�Áû cycles, •c�©ú , and C‘�4�

£

is shown in Figure3.1. It contains
½l½pë†ïŠ‰l½ points.We havealsoincludedthethreelevelcurves

l .��4�

Q

o5Ezœn�^k o

�

A�C!kl�hµlk C!k>Z for µ’� �-f ï-,

•

,y‰`f

4. Inclusion properties. Newton iterationscanbewritten in theform

Œ

Y

�����’�>�

•´A

•

•

�S#

•

•

�
YdW

�

C�f(4.1)

Thus, Œ

Y

�"��� is a convex combinationof � and �

YdW

�

C . Let Cå�>� �(C

Y

,]C

@

,]C'–l,vCp˜€�d,’r �4�

�(r

Y

,vr

@

,vr
–

,vr
˜

� betwo arbitraryquaternions.With thehelpof the(closed,nonempty)intervals
/

�
�4�mª J�HKÝ{��C

�
,vr

�
�¦,DJ0	

Æ

�(C
�

,yr
�

�3«3,��5�

•

,y‰`,v½�,D»^,

wede�ne thesegment1

2

C^,yr

34

�4�m�

/

Y

,

/

@

,

/

–
,

/

˜
�df

LEMMA 4.1. Let �

O

,]�

Y

,1f‹f1f bethesequencegeneratedby Œ

Y

for a given C‘Ez: . Then,
for all �¨¢e� wehave(componentwise)

�
�

É

Y

E

1

2

�
�

,]�

YdW

�

�

C

34

f(4.2)

Proof. Follows immediatelyfrom (4.1).

TABLE 4.1
Inclusionpropertyfor someselectedvalues�65�����7�8

5

�

.

Þ

î

C �

•

A�‰ ½ A�»

�
–

�mA�‰`f>‰[»

•

ú A

•

f ï

•

úŠ½ ‰�f ù'ûN»l» A’½�f ùl½p‰�ú

�
˜

� ��f>‰��

•

û A

•

f »Š�Šë�»ã‰�f

•

�lù

•

A�‰`f ù

•

�lù

�

W

@

–

C � ë`f �lùŠùŠ‰ A’��f ½lùl½'û �-f ëpû�ëlë A’��f4û[ú'û[½

�-˜ � ��f>‰��

•

û A

•

f »Š�Šë�»ã‰�f

•

�lù

•

A�‰`f ù

•

�lù

�:9 �

•

f4ûlû�½lï A�‰`f>‰

•

ëlï·½-f ½p‰�½lù A�»-f »Š½

•

ù

�

W

@

˜

C � »-f ï

•

ù�» A’½�f ùl½lúŠù ë�f>ûlëlël‰ A¡û'f úpû�½pû

EXAMPLE 4.2. UseExample2.10again: •6�Á½-,]Cz�4�ø�DA’ùlú�,yël‰�,1A¡û[ù-,

•

��»p� with �

O

�4�

C�é[ù . We obtain(monotonicityis missing)theabove numbers(in Table4.1) anda graphical



ETNA
Kent State University 
etna@mcs.kent.edu

90 D. JANOVSKÁ AND G. OPFER
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FIG. 4.1. Inclusionpropertyof Newtoniterationsfromstep4 to step8.

representationin Figure4.1. We alsoseethattheinclusionis veryquickly soprecisethatthe
threecurvescannotbedistinguishedby inspectionof thegraph.

As weseefrom thetabletheinclusion ;

î

CŸE

1

2

���Š,]�

YdW

�

�

C

34

which is valid for realroots
is not truein general.

5. Numerical behavior of Newton iterations. Therearethreecases:
(i) Theiteratesconvergequickly (quadratically).
(ii) Theiteratesconvergeslowly (linearly).
(iii) Theiteratesdonot converge.

Casei.) Wechooseanarbitrary C andselecttheinitial guess�

O sothat C and�

O commute
( ��Œ

Y

�øŒ

@

). We observe fast(quadratic)convergence.In theFigures7.1, 7.2, left side,
p. 95, we see16 examplesfor •ø�8½ and for •å�<û , showing the absolutevalueof the
residuals.In all examplestheconvergenceis eventuallyquadratic.

Caseii.) We chooseC and �

O randomlyandindependently. Tenexamplesareexhibited
in Figure 5.1 wherethe horizontalaxis representsthe numberof iterationsandwherethe
vertical axis representsthe exponentof the absolutevalueof the residualswith respectto
baseten. In all casestheconvergenceis slow (linear).

Caseiii.) We look at thefollowing specialexample.
EXAMPLE 5.1. Let CŸ�4�Á���-,]�-,

•

,v�Š�¦,vT´�>�

Â

½�#U‰

î

‰',�<

˜

�4�m�aë

î

‰’A6û��

L

ÿ

,v„%�4�hT�< and
•‡�+» . Then,( „>=+��f ïŠ‰l½lï-,:<?= ��f ½lùŠ‰pû )

ß

î

CŸE

Q

�(„�,v��,@<�,]�Š�¦,‹�DA’„�,v��,1AA<�,]�Š�¦,‹�DAA<‚,]�-,]„;,]�Š�¦,‹�
<‚,]�-,1A’„;,]�Š�dZŠf

If we startboth iterationsfor this casewith �

O

� ���-,]��,v��,

•

� , we have �

O

C i � Cp�

O andwe
obtaindifferent iterates. And even worse,if we continuethe computation(seeFigure 5.2,
showing theabsolutevalueof theresidual),we observe thatthe�rst andthird componentof
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FIG. 5.1. Fourth rootof quaternion
�

,
�

andinitial guess�CB random.

all iterateswill remainzero. Thus,convergenceis impossible.Observe, that thoseelements
whichcommutewith C have theform �7�m�"�

Y

,]�-,D�^–l,]�p� .

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
0.0275

0.028

0.0285

0.029

0.0295

0.03

0.0305

0.031

FIG. 5.2. Fourth rootof quaternion
�

�

��D

�

D

�@Ed�

D��

, with initial guess�
B

�

�FD

�

D

�

D

�@E

�

.

6. Convergenceof Newton iterations. Accordingto our previous investigations,the
two Newtoniterationsde�nedin (3.2), (3.3) mayconvergeslowly or maynotconvergein case
the initial guess�

O andthegiven C do not commute.Therefore,we assumethroughoutthis
sectionthat C and �

O commute.We alreadymentionedthatequivalently, �

O and C commute.
Then,accordingto Lemma3.1 thetwo formulasproducethesamesequence.Therefore,we
only useformula(3.2). We wantto show thatin this casetheconvergenceis fast.Thedetails
will bespeci�edlater.

Let 
 bede�ned by 
!�"���B�4�s�

�

AUC where C�,]�UE6: and CUi �å� . We will comparethe
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iterationgeneratedby formula(3.2) with theclassicalNewton iterationwhich is de�ned by
thelinear �"»¨¼7»p� system


������N�X#6
`&(�����N�è)����h��,ä���

É

Y

�4�+���t#6)��l,#�S�+�-,

•

,‹f1f‹f¦,(6.1)

where 


&

is the alreadymentioned�"»‡¼j»'� Jacobianmatrix whosecolumnsare the partial
derivativesof 
 with respectto thefour componentsof ���ý���

Y

,]�

@

,D�^–l,D�^˜N�

Ú . Theequation
(6.1) is a linearsystemfor theunknown )&� where��� is known. Hereandin thesequelof this
section,it is reasonableto assumethat � � ,D) � have the form of columnvectors.An explicit
formulafor 


&

for •z�h‰ wasalreadygivenin theIntroduction,formula(1.3). For thegeneral
case,we will developa recursive andan explicit formula for 


&

. Let us denoteby 
�G

��H the
columnvectorof the partial derivative of 
 with respectto the variable � � ,I�b�

•

,v‰�,]½-,D» .
Then 


&

�s�R
JG

Y

H

,D
:GI@

H

,D
:G

–�H

,è
JG

˜KH

� . We will usetheformulas

���

@

�

G

��H

�4�m���-���

G

��H

�+�-�

G

��H

#6�

G

��H

�{,#�5�

•

,y‰`,]½-,D»^,(6.2)

�"�

�

�

G

��H

�4�m���-�

�

W!Y
�

G

��H

�+�{���

�

WXY
�

G

��H

#6�

G

��H

�

�

W!Y
,#�5�

•

,y‰`,]½-,D»^, •c¢ ½-f(6.3)

Since�7�h�

Y

#b�

@€£

#6�
–a¤

#6�
˜‹¥ we have �LG

Y

H

�

•

,D�MGI@

H

�

£

,]�MG

–�H

�
¤

,]�MG

˜KH

�
¥ . For •��h‰

we havetherefore


'&a�"�����s�"�S#%�$,]�

£

#

£

�{,D�
¤

#
¤

�{,D�
¥

#
¥

���t�e�JN #ON��{,

where

Nm�>�m�

•

,

£

,
¤

,
¥

��,

and the multiplications �JN®,�N�� are not matrix multiplicationsbut simply componentwise
multiplicationswith the(quaternionic)constant� . If N is considereda matrix, thenit is the
identitymatrix. For ageneral•c¢e½ we obtainfrom (6.3)



&

�"����� �

²

�"�
�

W!Y

�

G

Y

H

,€�"�
�

W!Y

�

GK@

H

,‹���
�

WXY

�

G

–�H

,‹�"�
�

W!Y

�

G

˜�H

³

#PN¡�
�

W!Y

f

In orderfor themultiplicationwith � to becorrect,eachcolumn �"�

�

WXY

�,G

��H

,��5�

•

,v‰�,]½-,D» , has
to beunderstoodasa quaternion.

Let us write insteadof 


&

a little moreaccurately


&

�

if the Jacobianmatrix is derived
from 


�

�����|�4� �

�

A�C . Thentheformulas(6.2), (6.3) read



&

@

�"���;�+�JNU#PN¡�$,ä

&

�

������� ��

&

�

W!Y

#ON��
�

W!Y

,.•c¢ ½�f(6.4)

Fromtheseformulasit is easyto derivethefollowing explicit formula


`&

�

É

Y

�"�����

�

Q

��R

O

�

�

W

�

N¡�

�

,.•�¢U�-,(6.5)

wherewe alsoallow 


&

Y

�4�SN . In particular, we have 


&

�

���p�¡�UT for • ¢m‰ . Sincewe have
alreadycomputed


&

@

in (1.3) we cancompute


&

–

quiteeasilyby using(6.4):
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This expressionis quite complicated. However, we do not needany explicit formula
like(6.6) for numericalpurposes,becausewecancreatetheneededvaluesbyevaluating(6.4),
or (6.5) directly.

We shall show below that, roughly, theclassicalNewton iteratesgovernedby (6.1) are
identicalwith the iteratesproducedby (3.2) or (3.3). However, thereis a differencein the
breakdown behavior. We have alreadyseen(proof of Lemma3.4) that the iterationde�ned
by (3.2) canbreakdown if andonly if Œ

Y

�"�����+� , whichwouldimply thattheJacobianmatrix



&

�

�"��� is thezeromatrix. Thus,theclassicalNewtoniterationwill alsobreakdown. However,
thereis thepossibility that 


&

�

is not thezeromatrix but neverthelesssingular, implying that
theclassicalNewton iterationbreaksdown, whereastheotheriterationstill works. It is best
to presentanexamplefor this case.

EXAMPLE 6.1. Let •‡� »-,XCS�+�

O

�s����,v��,

•

,]�p� . Then(cf. (6.5))



&

˜

�"�

O

���

“”

•

�—�—» �

�—� �—�

A�» � �—�

�—� �—�

™1š

›

and the classicalNewton iteration cannotbe continued. However, �

Y

�4�·Œ

Y

���

O

�m�

�èA

•

éN»-,v��,v½péN»^,]�p� andthe following valuesconverge quickly to �DAA<‚,]�-,]„;,]�p� . Compareto
Example5.1. A remedywould beto starttheclassicalNewton iterationwith �

Y

.
Theconnectionbetweenthetwo iterations(3.2) and(6.1) is establishedin thefollowing

theorem.
THEOREM 6.2. Let 


�

bede�nedby 


�

�����¡�>�n�

�

A6C for �$,]C‘E�:S,VC�i �©� and •6¢n‰ .
Let theinitial guess�

O

i�©� commutewith C andlet �

O bethesamefor bothiterations(3.2),
(6.1). Then,bothiterationsproducethesamesequences,providedtheJacobianmatrix 


&

�

is
not singular.

Proof. We provethat

)

O

�>�

•

•

²
�

YdW

�

O

C®A��

O

³

(6.7)

solves(6.1) for �5�h� . This is suf�cient becauseof �

Y

� �

O
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#
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�5�ŠŒ

Y

���

O

� . If weuseformula(6.5) we haveto show that
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Insidethesquarebracketsarematrices.Vectorsarein roundor in noparentheses.Theformer
equationis equivalentto
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Thus,it suf�ces to show that
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The�rst equationis aspecialcaseof thesecondequation,put C��+�

�

O . It is thereforesuf�cient
to show thevalidity of thesecondequation.We provethesecondequationby induction.We
shall usethat C and �

O commutewith the consequencethat C and �

Ã

O alsocommutefor all
Ë´Eon . See(3.6). For •z�

•

theequationis true.Supposeit is trueasit stands.Then
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Thus,we haveshown, that )

O solves(6.1) for �S�n� . This will evenbetrue,if 


&

�

is singular.

By this theoremwe have shown, that the iterationde�ned by (3.2) coincideswith the
classicalNewton iterationvia theJacobianmatrix 


&

of thepartialderivatives.Therefore,all
knownfeaturesarevalid: Theiterationconvergeslocally andquadraticallyto oneof theroots.
The iterationgeneratedby (3.2) hastheadvantagethat,numerically, thecaseŒ

Y

�����P�å� is
practicallyimpossible(cf. Proofof Lemma3.4) sincethis requires,thatthecomponentsof �

areirrationalnumberswhich,however, have in generalno representationin a computer.
In the last section(no. 9) we shall give an independentproof for the local, quadratic

convergenceof Newton's methodfor �nding rootsby showing thatananalogueof Taylor's
theoremcanbeappliedto Œ

Y

or Œ

@

.

7. The Gâteauxderivative and the dampedNewton iteration. TheGâteauxderiva-
tiveof amapping
Ÿ��:m�8: wasalreadyde�ned in (1.2). Let 


�

�����|�4� �

�

A
C for �$,vCŸE‘: ,
then
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��R
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For real T this specializesto 


&

�

�"�{,vT���� •$T��

�

W!Y

andif we introducethis expressioninto the
classicalNewton form (1.1) (replacing


&

�"��� with 


&

�

�"�{,vT�� ) weobtain

�
/‹032

�>�hŒ%�����|�4�+��#

•

•$T

Ž

�!YyW

�

CBA���•

whichcoincideswith Œ

Y

de�ned in (3.2) if T´�

•

, otherwiseit canberegardedasa damped
Newton form with dampingfactor t‡�4�

•

élT . Dampingis normallyusedin thebeginningof
the iteration. It enlarges(sometimes)thebasinof attraction.In orderto applydampingwe
write

�^/1032t�ut^���>�hŒ%�"�{,�t��|�4�+�5#vt

•

•

Ž

�
YyW

�

C®A���•(7.1)

andcarryout thefollowing test

k 


�

�"�^/1032��wt��D�1k�¾9k 


�

�"���1k ,xtz�4�

•

,

•

‰

,

•

»

,1f‹f1f

The �rst (largest) t which passesthis testwill be usedto de�ne ��/1032��wt�� for the next step.
Thisstrategy provedto beveryusefulin all examplesweused.
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FIG. 7.1. Newtonwithoutandwith damping, appliedto thecomputationof third roots.
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FIG. 7.2. Newtonwithoutandwith damping, appliedto thecomputationof seventhroots.

As expected,thedampingis usedonly in thebeginningof theiteration,with theconse-
quencethat theconvergenceorderis not changed,and,in addition,only few dampingsteps
wereapplied.We show theeffect in Figures7.1 and7.2, where16 casesareexhibitedeach
for •z�h½ and •z�©û . Theinitial dataareidenticalfor theundampedanddampedcase.In the
caseof •‡�h‰ theundampedanddampedcaselook alike.

We alsocomparedthe numberof calls of Œ (de�ned in (7.1)) for thedampedNewton
iterationandfor Œ

Y

(de�ned in (3.2)) for the undampedNewton iteration. For •n�x‰ and
•+�G½ thesenumbersaresimilar, but from • �Gë on thereis a cleardifference.We made
1000testsfor •��n½�,vë , andfor •��9û . For •‡�në thenumberof callswith dampingis about
22%smallerthanthatwithoutdamping.For •‡�©û those�gure is 25%.

8. The Schur decompositionof quaternions. We startwith a de�nition.
DEFINITION 8.1. Let C

Y

,]C

@

,vC
–

,]C
˜ beanyfour real numbers. We form thetwo complex

numbers „6�>�hC

Y

#UC

@1£

,e<��4�hC
–

#bC
˜

£

andthefollowing twomatrices:

y

�4�ºÔ
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A < „
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,{zø�>�
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–
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˜
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C
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A’C
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C
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A’C
–

C

@

C

Y

™1š

›

f(8.1)
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Thematrix
y

will becalledcomplex q-matrix, thematrix z will becalledrealq-matrix.
Bothtypesof matricesareisomorphicto quaternionsC
�>�s��C

Y

,vC

@

,]C'–�,vCp˜€� with respectto
matrix multiplication. We have k C!kŠ�åkIk

y

kKk'�åkKk z7kIk with theconsequencethattheconditions
of

y

and z areequalto one.Further,
y|y �

�ýk C�k @XØ[,}z~z

Ú

�¬k C!k @XØ . Theeigenvaluesof
y

and z arethesame,only in z all eigenvaluesappeartwice. The two eigenvaluesof
y

are
ó:• �4�+C

Y•€

Â C

@

@

#bC

@

–

#bC

@

˜

£

. They aredistinct if Ccé E7� .
In Björck andHammarling[2] the authorsdevelopmethodsto �nding the squareroot

of a matrix. In morerecentpapersthesemethodsareextendedto the computationof • -th
rootsof matrices,Smith [12], Higham[6], Iannazzo[7]. For �nding a root of a matrix ‚

theauthorsusetheSchurdecompositionof ‚ . If ‚ is any complex squarematrix, thenthe
(complex) Schurdecompositionwhichalwaysexistshastheform

ƒ

�…„

�

‚~„c,

where
ƒ

is uppertriangular, thus, having the eigenvaluesof ‚ on its diagonal,and „ is
unitary(i.e. „

�

„?�nØ ). If oneknowsan • -th root † of
ƒ

, then ‚ý�‡„

ƒ

„

�

�‡„ˆ†

�

„

�

�

�
„ˆ†ˆ„

�

�

�

�5�lá

�

. Thus, á is an • -th root of ‚ .
An applicationto quaternionsresultsin thequestion:Can

y

or z have a Schurdecom-
position,in termsof q-matrices?If we posethis problemfor complex q-matriceswe have to
askwhetheradecompositionof thefollowing form is possible:

Ô

ó

É

�

� ó

W

Ö

�5�
Ô

ó �

� ó

Ö

�
Ô

ò A

Ù

Ù

ò

Ö

Ô

„ <

A < „

Ö

Ô

ò

Ù

A

Ù

ò

Ö

,(8.2)

where „�,�< arearbitrary, given complex numbersand ó�,DòV,

Ù arewantedcomplex numbers
suchthat k ò…k @t#hk

Ù

k @��

•

. If we rewrite this equationwith quaternions,it reads

ó‘� ‰{C�‰;,·k ‰|kl�

•

,(8.3)

where ‰ is the quaternionde�ning the q-matrix „ , i. e. ‰x�4�<�

¶

�"ò!�d,d¿\�"ò!�d,

¶

�

Ù

�¦,y¿\�

Ù

�]� .
Since k ‰|k @¡�_k ò†k @t#hk

Ù

k @¡�

•

we have ‰

WXY

� ‰ . Thus,equation(8.3) de�nesanequivalence
betweenó and C . Our formerLemma2.2con�rms that ó and C areindeedequivalent.This
maybesummarizedasfollows.

THEOREM 8.2. Let C bea quaternionand ó thecomplex representativeof C . Then(8.3)
is theSchur decompositionof C .

Proof. Rewrite (8.3) in form of complex q-matrices.
In termsof quaternions,theapplicationof theSchurdecompositionleadsto theexplicit

determinationof therootsasalreadydescribedin Section2.
Becauseof the isomorphybetweencomplex andrealq-matrices,correspondingresults

for realq-matricescanbedirectlycopiedfrom thecaseof complex q-matricesandaredeleted
here.

In orderto �nd ‰ , equation(8.3) mayberegardedasa linear, homogeneous,realsystem
of four equationsin thefour componentsof ‰ . In a formerpaper, [8], wehavealreadysolved
a similar system.It hastheform

Š

‰��)T$,

Š

�>�

“”

•

� A’C

@

#nk C'¯`k A’C
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#nk C
¯

k �

™1š

›

f

Thematrixhasranktwo for CŸE7:5ˆ[� . We �nd two independentsolutionsasfollows:

‰

Y

�>�s�]k C'¯�k�#ŸC

@

,Nk C'¯`k�#
C

@

,]C
–

A�C
˜

,]C
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#
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�d,{‰

@
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A�C
˜

,]C
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#
C
˜

,€k C'¯'k*ASC

@

,Nk C'¯`k3A�C

@

�d,
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provided C'– or Cp˜ is notvanishing.In caseC`–�� Cp˜¡� � and C

@

• � , ‰

Y

�>�s�

•

,]�-,]��,v�Š�¦,�‰

@

�4�

���-,

•

,v��,v�Š� areindependentsolutions. In caseC�–Ÿ�ýCp˜¨�ý� and C

@

¾_� , ‰

Y

�>�}�(��,v��,

•

,]�p� ,
‰

@

�4�s����,v��,v��,

•

� areindependentsolutions.Thegeneralsolutionof (8.3) andof (8.2) aswell
is, therefore,

‰6�4�

„

Y

‰

Y

#%„

@

‰

@

k „

Y

‰

Y

#%„

@

‰

@

k

,ž„

Y

,]„

@

Ez�P,·k „

Y

k€#hk „

@

k'•e��f(8.4)

Wecouldchoose„

Y

,]„

@

suchthatoneof thefour componentsof ‰ is vanishing,whichwould
simplify the resultingmatrix „ slightly. E. g. „

Y

�4�¹A’Cp–BAeCp˜Š,]„

@

�>�<k C ¯ kp#hC

@

would
makethesecondcomponentof ‰ vanishandthecorrespondingcomplex „ wouldhaveareal
diagonal(provided k C`–'k[#9k Cp˜pkX•Á� ). But we would like to point out that theconsiderations
of this sectionare of theoreticalnatureandnot usedin our numericalcomputations.The
Householdertransformation,developedfrom (2.5) to (2.6) is to our tastemuchneaterand
doesnotneedtheexplicit knowledgeof ‰ .

In view of the isomorphicrepresentations(8.1) of quaternionsin matrix forms, it is of
coursetemptingto usematrix algorithmsfor treatingquaternions.As far asonly elemen-
tary arithmeticoperationsareused,therewill be no problem. But thereis alreadya differ-
encein the amountof arithmeticwork. To invert a quaternion,11 (real) �ops areneeded.
To invert a correspondingcomplex �a‰‡¼U‰Š� matrix requires300 �ops and to invert a real

�"»‘¼‡»'� matrix requires350 �ops (matlab counts).Sincein generalmatrix operationsdo
not know abouttheunderlyingquaternionicstructure,problemsof ignoringthematrix struc-
turecanbeavoidedby simply usingquaternionarithmetic. This is supportedin two papers
by Dongarra,Gabriel,Koelling, andWilkinson, [3], [4]. Thereis a very simpleexample,
seethepresentauthors[9], of computingeigenvaluesof a quaternionvalued �a‰¨¼�‰Š� matrix
whereanapplicationof aneigenvaluealgorithmto thecorrespondingcomplex �"»\¼B»'� matrix
givesbadresults.Thematrix structureis ignoredandtheprecisionis reducedsigni�cantly.
Anotherexample:If onecomputesthematlab Schurdecompositionof

y

,Iz theresulting
unitarymatrices„ donotbelonginto theclassof q-matrices.

9. Taylor for �

�

in the quaternionic case. The questionis whetherthereare some
possibilitiesto extendTaylor's theoremalsoto quaternionicvaluedfunctions,thoughderiva-
tivesin thestrong(complex) sensedo not exists. We will only treatthequestionfor simple
functions ‹ de�ned by

‹…�"�����>� �

�

,.•�Eon’,!�‡E´:¨,

andwe will replacederivativesof ‹ by thederivativeswe know from the realandcomplex
case,namely

‹
&

�"���|�>� •!�
�

W!Y

,Œ‹
& &

�"���|�>� •‚�"•7A

•

�*�
�

W

@

,ä•cE•n|,!�‡E7:¨,(9.1)

andwe will call thesefunctions, ‹

&

,�‹

& &

derivatives. We shall show thata Taylor formulaof
theform

‹…�"���‚�)‹…���

O

�X#O‹�&a�
Žl�1�"�
A��

O

�d,(9.2)

is possiblewhich readsin ourspecialcase

�

�

�+�

�

O

#6•eŽ

�

W!Y
�"�ŸA��

O

�d,(9.3)

which leadsfor •Ui �h� to

Ž
�

WXY

�

•

•

���
�

Ac�
�

O

�¦���ŸA��

O

�

W!Y

f(9.4)
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Thatmeanswe can�nd •´A

•

valuesof Ž suchthatformula(9.2) is valid. However, this
is quitetrivial. Whatwewantto know is someinformationonthelocationof Ž in relationto �

and �

O . If wedonotmakespecialassumptionson � and �

O wearenotableto makeforecasts
about Ž . But if we assumethat �$,D�

O commutethenthe situationchanges.For commuting
�$,]�

O wehave theformula

‹�&a�
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� WXY �
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f(9.5)

Thesameformulafor negative • reads
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�

É

•

O

,‘•’�hA

•

f(9.6)

Theseformulasarealsovalid for •8�m•6�m� , but they aretrivial in this case.If we go one
stepfurtherwith Taylor's formulawe obtain

‹…�����‚�‡‹…�"�
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f(9.7)

If we put ‹…�"�����>� �

�

thenfor ) we obtain(for •bi � �-,D•7A

•

i�h� ) theformula
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f(9.8)

With thehelpof (9.4), (9.5), and(9.6) weobtain
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If we expressŽ
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de�ned in (9.4) eitherby (9.5) or by (9.6) and )
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wherein all casestheminimaandmaximahaveto beappliedcomponentwise.Moreexactly,
onecouldalsosaythat thesevaluesareall containedin theconvex hull of thegivenpoints.
Thesituationis particularlysimplein thecaseswhere• is small:
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We summarizeour resultssofar.
THEOREM 9.1. (Taylor form 1) Let ‹6�-:ý�¸: bede�nedby ‹…�"���\�>�Á�
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where for Ž`,D) wehavetheinclusionsgivenin (9.11) to (9.14).
We aremainly interestedin thecasewhere
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where œ��(T�� is anabbreviation for anexpressionwith theproperty

FIHIJ

Ñ

L

Ñ

MPO

œ��aT^�]T!WXY’�

Ì¦Í

Ý

Îž+

f

Proof. (i) Let •c¢

•

. [a] From(9.2) and(9.5) by letting �z�4�+�

O

#›˜ we obtain

‹…�"���;�)‹…���

O

�{#

�

WXY

Q

��R

O

���

O

#—˜l�

�

�

�

W

�

WXY

O

˜

�)‹…���

O

�{#

�

WXY

Q

��R

O

²

�

Q

Ã,R

O

Ô

�

Ë

Ö

�

�

W

Ã

O

˜

Ã

³

�

�

W

�

WXY

O

˜

�)‹…���

O

�{#

�

WXY

Q

��R

O

�

Q

Ã,R

O

Ô

�

Ë

Ö

�^�

W

Ã

W!Y

O

˜

Ã

É

Y

�)‹…���

O

�{#

�

WXY

Q

��R

O

²1�
�

W!Y

O

˜�#?�l�
�

W

@

O

˜

@

#

â‹â1â

³

�)‹…���

O

�{#O‹
&

�"�

O

�1�"�ŸA��

O

�$#

�

W!Y

Q

��R

Y

²
�Š���

W

@

O

˜

@

#

â‹â1â

³

�)‹…���

O

�{#O‹�&a�"�

O

�1�"�ŸA��

O

�$#vœ��•˜

@

�¦f

[b] From(9.7) and(9.9) by letting �7�e�
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[b] We use(9.7) and(9.10) andobtain
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Somegeneralizationsarepossible. If we multiply the formulasgiven in Theorem9.1,

andTheorem9.2 from the left by any constantC E9: andtake into accountthe fact that
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secondTaylor formulaof Theorem9.2.
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This corollaryprovesthelocal,quadraticconvergenceof Newton'smethodfor comput-
ing quaternionicrootswithout relyingonany globaltheory.
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