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COMPUTING QUATERNIONIC ROOTSBY NEWTON'S METHOD

DRAHOSLAVA JANOVSKA AND GERHARD OPFER

Abstract. Newton's methodfor nding zerosis formally adaptedo nding rootsof Hamilton's quaternions.
Sincea dervative in the senseof complex analysisdoesnot exist for quaternionvaluedfunctionswe comparethe
resultingformulaswith themoreclassicaformulasobtainedoy usingtheJacobiamrmatrixandthe Gateauxderivative.
Thelattercaseincludesalsothe so-calleddamped\ewton form. We investigatethe corvergencebehaior andshaw
thatunderonesimpleconditionall casesntroduced producethe sameiterationsequencendhave thusthe same
corvergencebehaior, namelythatof locally quadraticconvergence By introducingananaloguef Taylor's formula
for , we canshaw thelocal, quadraticcorvergenceindependentiyof the generaltheory It will alsobe
shawvn thattheapplicationof dampingprovesto bevery useful. By applyingNewton iterationsbackwardswe detect
all pointsfor which theiteration (aftera nite numberof steps)mustterminate. Thesepointsform a nice pattern.
Thereareexplicit formulasfor rootsof quaternionandalsonumericalexamples.

Keywords. Rootsof quaternionsNewton's methodappliedto nding rootsof quaternions.

AMS subjectclassi cations. 11R52,12E15,30G35,65D15

1. Intr oduction. The newer literatureon quaternionss in mary casesoncernedvith
algebraicproblems. Let us mentionin this contet the surwey paperby Zhang[15]. Here,
for the rst time we try to apply ananalytictool, namelyNewton's method,to nding roots

of quaternionsnumerically Let be a given mappingwith continuouspartial
derivatives.Then,theclassicalNentonformfor nding solutionsof is givenby
(1.1

where standdor thematrix of partialderivativesof , whichis alsocalledJacobianmatrix.
Theequation(1.1) hasto beregardedasalinearsystenfor with known . Thefurthersteps
consistof iteratively solvingthis systemwith
In this paperwe want to treata specialproblem with , Where
denoteghe (skew) eld of quaternions.We usetheletter in honorof William Rowan
amilton (1805— 1865), the inventorof quaternions.In this settingwe will try alsoother
formsof derivativesof thanthematrix of partialderivatives.
For illustrationin this introduction,we usethe simple equation with
. If we follow therealor complex casefor de ning derivatives,we have two possi-
bilities becaus®f the noncommutatvity of the multiplicationin , namely

If we put for ary thenfrom laterconsiderationsve know that
and . Thus, lIs thesurfaceof athreedimensionaball andthereis no unique
limit. In otherwords, the above requirementfor differentiability is too strong. One can
even showv that only the quaternionvalued functions

, respectrely, aredifferentiablewith respecto the two givende nitions, Sudbery
[13, Theoremi].

Receved April 18,2006.Acceptedior publicationOctoberl8,2006.Recommendeby L. Reichel.

Institute of ChemicalTechnology Prague Departmenbf MathematicsTechnicla 5, 166 28 Praguet, Czech
Republic(janovskd@vscht.cz ).

University of Hamhurg, Faculty for Mathematics)nformatics,and Natural SciencegMIN], BundestralRé&5,
20146Hamhurg, Germary (opfer@math.uni-hamburg.de ).

82



ETNA
Kent State University
etna@mcs.kent.edu

COMPUTING QUATERNIONIC ROOTS 83

In approximatiortheoryandoptimizationamuchwealer form of derivativeis employed
very successfully It is the one sideddirectionalderivativeof in direction or
onesidedGateaux' derivative of in direction (for shortonly Gateauxderivative which
for is de ned asfollows:

(1.2)
Let , then andfrom (1.1) replacing with we obtain
thedampedNewntonform
if . For we obtainthe commorNewtonform for squareroots.
If wework with partialderivatives,the equation implies
(1.3)

Matricesof this form are known asarrow matrices They belongto a classof spaise ma-
trices for which mary interestingquantitiescan be computedexplicitly, Reid [11], Walter,
LederbaumandSchirmer]{14], andArbenzandGolub[1] for eigervaluecomputationsThe
specialcases and reducemmediatelyto thecommonNewton form

The treatmentof analyticproblemsin  goesbackto Fueter[5]. A morerecentoverview
including new resultsis givenby Sudbery{ 13]. However, Gateauxderivativesdo not occur
in thisarticle.

We startwith someinformationon explicit formulasfor rootsof quaternions.Thenwe
adjustthe commonNewton formulafor the -th root of areal (positive) or complex number
to the caseof quaternionsBecausef the noncommutatvity of the multiplicationwe obtain
two slightly differentformulas. We will seethat undera simple condition both formulas
producethe samesequence.We seeby examplesthatin this casethe convergenceis fast
andwe alsoseefrom variousexampleghatin casetheformulasproducedifferentsequences,
the corvergenceis slow or even not existing. Later we apply the Gateauxderivative and
the Jacobiarmatrix of the partial derivativesto formula(1.1) andshow thatunderthe same
conditionthe sameformulas can be derived which provesthat the corvergenceis locally
quadratic.The Gateauxderivative givesalsoriseto thedamped\Newton form which turnsout
to bevery successfuandsuperiorto the ordinaryNewton technique.

2. Rootsof quaternions. We startby describinga methodfor nding the solutionsof
(2.1)

explicitly. Thesolutionsof will becalledrootsof . We needsomepreparationslf
we will alsousethenotation

1Rere GateauxFrenchmathematiciarfVitry 1889— [Verdun?]1914)
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where standfor theunits , respectiely.

DEFINITION 2.1. Two quaternions  are calledequialent denotedby , if there
is sud that (or ). Thesetof all quaternionsequivalento
is denotecby . Let . Wecall thevector
partof . Byassumption . Thecomplex number
(2.2)

hasthe propertythat it is equivalentto  (cf. (2.3)) andit is the only equivalentcomple
numberwith positiveimaginary part. We shall call this number the complex equivalent
of .

Becausef

thereis no lossof generalityif we assumehat . Since commuteswith all
elementin wehave . In otherwords,for realnumbers theequialenceclass
consistonly of thesingleelement . Let , then andthecomplec conjugate” belong
tothesameclass becausef~ .

LEMMA 2.2. Theabovenotionof equivalencele nesan equivalenceaelation. Andwe
have if andonly if

(2.3)
Proof. Let for some . Then, the generalrule yields
. Let usput and apply anothergeneralrule . Then
. It remainsto shaw that(2.3) implies
theexistenceof an suchthat . Let . Then(2.3) implies andhence,

. Otherwise (2.3 is equivalentto areal,linear, homogeneous system.It canbe
shawn, thattherankof the correspondingnatrixis two. 0
Therearesituationswheretherearein nitely mary roots.
THEOREM 2.3. Let bede nedasin (2.1) butwithreal . If there existsa complexroot
of whichis notreal,thenthere will bein nitely manyquaternionicrootsof .
Proof. Let bearootof with . We have . Let
. We multiply thelastequationfrom theleft by andfrom therightby and

obtain
(2.4)
sincerealnumberscommutewith quaternionsTherefore, or, in otherwords,
thewholeequialenceclass of consistof roots.O

COROLLARY 2.4. Let bereal. For there are alwaysin nitely manyroots
of . For there are in nitely manyrootsif

The nding of rootsof quaternionss basecn thefollowing lemma.

LEMMA 2.5. Let andlet be the correspondingcomplex equivalentof
whee for some such that . Then, will bearootof if andonlyif

isarootof .

Proof. (i) Let bearootof . By applying(2.4) we obtain . (i) Let bea

rootof . l.e.wehave . Multiplying fromtheleft by andfrom theright by

givesthedesiredresult.O
Thislemmayieldsthefollowing stepsfor solving (2.1) for
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(i) Compute .
(i) Let betherootsof : —_

(i) Find suchthat .
(iv) Then,thesoughtafterrootsare .
Theequialence , expressedn (iii) mayberegardedasalinear mapping

(2.5) where
and isa Householdematrix

— with

Now, in (iv) we needtheinversemapping , thus,therootsare

(2.6)

The right handside of (2.6) was alreadygiven by Kuba[10]. However, the above deriva-
tion usingHouseholdetransformationss new. It allows a very easyproof of the following
lemma.

LEMMA 2.6. Let and be givenandlet , be
therootsof accodingto (2.6). Then(i) for all , and(ii)
thereal matrix of all rootshasranktwo.

Proof. (i) The matrix  is orthogonaland thus, doesnot changenorms:
. (i) The matrix  is non singularand thus, doesnot
changehe dimensionof theimagespace
COROLLARY 2.7. Underthesameassumptionasin the previouslemmaall roots  of
are locatedon a (two dimensionalxircle on the surfaceof the four dimensionaball with
radius
Let be a root of and let be the complex equialentsof ,
respectiely. The Lemma?2.5 doesnot statethat is aroot of . Neverthelessijt is half
way true. For ary realnumber we de ne asthe largestinteger not exceeding . For a
complex number , the quantity™ is de ned asthe complec conjugateof .

LEMMA 2.8. Let begivenandlet betherootsof in theordering
givenin (2.6). Let bethecomplex equivalentof and bethecomple
equivalentof . Then, isarootof for

and isarootof for theremaining .
Proof. We only shav the essentiapart: If isarootof ,theneither or isarootof
. Let and . By applying(2.4) we have . Since
and are both comple, they differ by LemmaZ2.2 at mostin the sign of the
imaginarypartandthe statements proved.
Let usillustratethis lemmaby alittle example.
EXAMPLE 2.9. Let . The two roots of are
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~and o o o
We have and .
If we usenumericalmethodsfor nding roots of we will nd only oneof the
guaternionicroots,say . Let be the complex equivalentsof  , respectrely. Then,

accordingo Lemma2.8, or isacomplecrootof .Wede ne
if ,

otherwise.

All furtherroots of follow theequation
(2.7) —
It shouldbeobseredthatthefactor ~ — apartfrom doesnotcontainary information
abouttheroot . In orderto nd all quaternioniacdootswe only needto apply(2.6) again.We
put and — andobtainthe otherrootsby
(2.8)
where andwhere

EXAMPLE 2.10. Let and . Then, is
one of the quaternionic roots and the corresponding complex equialents are

. We have

Then the two other quaternionicroots are

3. Newtoniterations for rootsof quaternions. Newton iterationsfor nding the -th
root of a positive number is commonlyde ned by the repeatedpplicationof

(3.1) - S—

What happendf is a quaternion? Thereare the two following analoguef Newton's
formula(3.1):

(3.2) -

(3.3) -

Bothformulashaveto bestartedvith somevalue , respectiely. Thequantities
will becalledinitial guesse$or , respectiely. In the rst placewe donotknow
whatformulato use.But thereis thefollowing importantinformation.
LEMMA 3.1. Lettheinitial guess bethe samefor bothformulas(3.2) and
(3.3. (i) Theformulas and  genertethe samesequences if and—
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commuteandin thiscase and~ commutéor all . (i) Let . Then for
all impliesthat and™ commutdor all

Proof Let  producethesequence and thesequence

(i) Assumethat and™ commute.Usingformulas(3.2) and(3.3), we obtain
(3.4) -
(3.5) - - - - -

We rst shaw thefollowing implication:

(3.6) - - for ary
For thisimplicationis true. Let . Then(a)implies — — forall and
hence;” — . Since™ — (b) follows. We shallprove by inductionthat
(3.7) - - for all
By assumption(3.7) is valid for . Assumethatit is valid for ary positve . Thenby
(3.4) andby (3.6), we have . And (3.5 implies - - . Thus,
(3.7) is valid for all

(i) Let for all . Then,(3.4), (3.5 reduceto
(3.8)
(3.9 - - _ -~
For equation(3.8) reads whichimplies . Since
— it follows that™ —andhenceby (3.9), wehave = -0

It shouldbe notedthatpart(i) is alreadymentionedoy Smith[12, Theorem3.1], though
in amatrix setting.In theabove lemmait wasassumedhat and— commute.However, it
is aneasyexerciseto seethatthisis equivalentto thecommutatiorof  and . Only in our
context it wasallittle morecorvenientto assumehat and™ commute.

Let bearbitrary Then for all implies (3.8). However, for
theimplication (3.6) is notanequialence.Take and , then(b) of (3.6) is valid,
but not necessarilya) of (3.6).

In the next examplewe shaw, that for the necessargondition(3.8) for
doesnotimply

ExAMPLE 3.2. Let and . Then(3.8) is valid for andall and
asaconsequence - . However, — ~— and for some .

In Lemma3.1we have shovn thatthecommutatiorof and impliesthecommutation
of and forall f , arethememberof any sequencef approximatiorfor
an -throotof , thenthe propertythat and commuteis intrinsic to the problem.

LEMMA 3.3. For agiven let beasolutionof . Then

and commute

Proof. Multiply from eithersideby andsubtractthe resulting
equationsThen .0

Lemma3.1doesnot excludethe casethat for some . This meanghatboth
sequencestopat the samestage.However, we will show thatthis cannothapperif is

alreadycloseto or faraway from oneof therootsof . Weintroducetheresidual of by
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It is acomputablequantity

LEMMA 3.4. Letusconsiderthetwo values , geneatedby  de ned
in (3.2) underthe only assumptiorthat . Lettheresidual havethe property
that
(3.10) or
Then andconsequently is well de ned.

Proof. It is clearfrom (3.2) that can happenif and only if

or —— . Then,in thiscase —

—— , which contradictour assumptionl]

FiG. 3.1. Exceptionaboints for androotsof marked

Let begivenby (3.2). It is easyandalsointerestingo nd all exceptionalpoints

for whichthe Newtoniterationwill terminate For this purposewne write the Newtoniteration
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backwards,i. e. we switch andobtaintheequation
(3.11)

In a rst step,startingwith we obtain solutions of , repeatwith

all solutions ,obtain solutions etc. In thisway, we generate

points of if we stopafter cycles. Since
we can apply the techniquesrom Section2 reducingequation(3.11) for all to an
equationwith complex coefcients with the consequencéhat all solutionsare complex as
well and . For theset is locatedon a straightline passinghrough
theorigin andhaving slope where . For theset
is rotationalinvariantunderrotationsof andshaows typical self-similarity. The
sets and differ only by scalingandrotation. Or in otherwords,the qualitative
look of is independendf . Sincethe exceptionalpointsareapartfrom rotationthe
samen eachof the sectorghereare pointsin each
sector An examplewith cycles, ,and is shavn in Figure3.1 It contains
points.We have alsoincludedthethreelevel curves

I for

4. Inclusion properties. Newton iterationscanbewrittenin theform
(4.1) —_— -

Thus, is a cornvex combinationof and . Let
betwo arbitraryquaternionsWith thehelpof the(closed honempty)intervals

we de ne thesegment

LEMMA 4.1. Let bethesequencgenemtedby  for a given . Then,
for all we have(componentwise)
(4.2)

Proof. Followsimmediatelyfrom (4.1). 00

TABLE4.1
Inclusionpropertyfor someselectedralues

EXAMPLE 4.2. UseExample2.10again: with
. We obtain(monotonicityis missing)the above numbergin Table 4.1) anda graphical
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FIG. 4.1. Inclusionpropertyof Newtoniterationsfromstep4 to step8.

representatiom Figure4.1l. We alsoseethattheinclusionis very quickly soprecisethatthe
threecurvescannotbedistinguishedy inspectionof the graph.

As we seefrom thetabletheinclusion whichis valid for realroots
is nottruein general.

5. Numerical behavior of Newtoniterations. Therearethreecases:
(i) Theiteratesconvergequickly (quadratically).
(i) Theiteratescorvergeslowly (linearly).

(iif) Theiteratesdo notcorverge.

Casei.) Wechooseanarbitrary andselectheinitial guess sothat—and commute
( ). We obsenre fast(quadratic)corvergence.In the Figures7.1, 7.2, left side,
p. 95, we seel6 examplesfor and for , shawving the absolutevalue of the
residualsIn all examplegshe cornvergencds eventuallyquadratic.

Caseii.) Wechoose and randomlyandindependentlyTenexamplesareexhibited
in Figure 5.1 wherethe horizontalaxis representshe numberof iterationsand wherethe
vertical axis representshe exponentof the absolutevalue of the residualswith respectto
baseten. In all caseghe corvergenceis slow (linear).

Caseiii.) We look atthefollowing specialexample.

ExXAMPLE 5.1. Let - and
. Then,( )
If we startbothiterationsfor this casewith ,wehave — — andwe

obtaindifferentiterates. And evenworse,if we continuethe computation(seeFigure 5.2,
shaving the absolutevalueof theresidual),we obsene thatthe rst andthird componenbf
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FiG. 5.1. Fourthrootof quaternion , andinitial guess random.

all iterateswill remainzero. Thus,convergences impossible.Obsere, thatthoseelements
whichcommutewith havetheform

0.031

0.0305

0.03

0.0295

0.029

0.0285

0.028

0.0275 I I I I I I I I I I I I I I I I I I
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

FIG. 5.2. Fourthroot of quaternion , with initial guess

6. Convergenceof Newton iterations. Accordingto our previous investigationsthe
two Newtoniterationsde nedin (3.2), (3.3) maycorvergeslowly or maynotcorvergein case
theinitial guess andthegiven donotcommute.Thereforewe assumeahroughouthis
sectionthat and commute.We alreadymentionedhatequivalently ~ and™ commute.
Then,accordingto Lemma3.1 the two formulasproducethe samesequenceThereforewe
only useformula(3.2). We wantto shaw thatin this casethe convergences fast. The details
will bespeci edlater

Let bede ned by where and . We will comparethe
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iterationgeneratedy formula(3.2) with the classicalNewton iterationwhich is de ned by
thelinear system

(6.1)

where is the alreadymentioned Jacobianmatrix whosecolumnsare the partial
derivativesof  with respecto the four component®f . Theequation
(6.1) is alinearsystemfor theunknovn  where is known. Hereandin thesequelof this
section,it is reasonabléo assumehat have the form of columnvectors. An explicit

formulafor  for wasalreadygivenin theIntroduction,formula(1.3). For thegeneral

case,we will developarecursve andan explicit formulafor . Let usdenoteby the
columnvector of the partial derivative of ~ with respecto the variable

Then . We will usetheformulas

(6.2)

(6.3)

Since we have . For

we have therefore

where

and the multiplications are not matrix multiplicationsbut simply componentwise
multiplicationswith the (quaternioniconstant . If  is considereda matrix, thenit is the
identity matrix. For ageneral we obtainfrom (6.3

In orderfor themultiplicationwith  to becorrect,eachcolumn ,has

to beunderstoodsa quaternion.
Let uswrite insteadof  a little moreaccurately if the Jacobiarmatrix is derived
from . Thentheformulas(6.2), (6.3) read

(6.4)

Fromtheseformulasit is easyto derive thefollowing explicit formula

(6.5)

wherewe alsoallow . In particular we have for . Sincewe have
alreadycomputed in (1.3 we cancompute quiteeasilyby using(6.4):

(6.6)
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This expressionis quite complicated. However, we do not needary explicit formula
like(6.6) for numericapurposeshecauseve cancreateheneededialueshy evaluating(6.4),
or (6.5 directly.

We shall shov below that, roughly; the classicalNewton iteratesgovernedby (6.1) are
identicalwith the iteratesproducedby (3.2) or (3.3). However, thereis a differencein the
breakdown behaior. We have alreadyseen(proof of Lemma3.4) thatthe iterationde ned
by (3.2) canbreakdownif andonly if , whichwouldimply thatthe Jacobiammatrix

is thezeromatrix. Thus,the classicaNewtoniterationwill alsobreakdown. However,
thereis the possibilitythat  is not the zeromatrix but neverthelessingular implying that
the classicalNewton iterationbreaksdown, whereaghe otheriterationstill works. It is best
to presentanexamplefor this case.

EXAMPLE 6.1. Let . Then(cf. (6.9)

and the classicalNewton iteration cannotbe continued. However,
andthe following valuesconverge quickly to . Compareto
Example5.1 A remedywould beto startthe classicaNewton iterationwith
The connectiorbetweerthetwo iterations(3.2) and(6.1) is establishedh thefollowing
theorem.

THEOREM 6.2. Let  bede nedby for and .
Lettheinitial guess commutenith —andlet  bethesamefor bothiterations(3.2),
(6.2). Then,bothiterationsproducethe samesequenceqrovidedthe Jacobianmatrix  is
notsingular

Proof. We provethat
(6.7) -

solves(6.1) for . Thisis sufcient becaus®f -

- . If we useformula(6.5) we haveto shav that

Insidethe squarebracletsarematrices.Vectorsarein roundor in no parentheses heformer
equationis equivalentto

Thus,it sufces to shaow that
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The rst equatioris aspeciakaseof thesecondquationput . It isthereforesufcient

to shav thevalidity of the secondequation.We prove the secondequationby induction. We

shallusethat and commutewith the consequencthat and alsocommutefor all
. See(3.6). For theequationis true. Supposét is trueasit stands.Then

Thus,we have shawvn, that  solves(6.1) for . Thiswill evenbetrue,if issingular
d

By this theoremwe have shavn, that the iterationde ned by (3.2) coincideswith the
classicalNewtoniterationvia the Jacobiammatrix  of the partialderivatives. Therefore all
known featuresarevalid: Theiterationcorvergesocally andquadraticallyto oneof theroots.
Theiterationgeneratedy (3.2) hasthe advantagethat, numerically the case is
practicallyimpossible(cf. Proofof Lemma3.4) sincethisrequiresthatthecomponent®f
areirrationalnumberswvhich, however, have in generaho representatioin acomputer

In the last section(no. 9) we shall give an independenproof for the local, quadratic
cornvergenceof Newton's methodfor nding rootsby shaving that an analogueof Taylor's
theoremcanbeappliedto  or

7. The Gateauxderivative and the damped Newton iteration. The Gateauxderiva-

tive of amapping wasalreadyde nedin (1.2). Let for ,

then

Forreal thisspecialize$o andif we introducethis expressiorninto the
classicaNewton form (1.1) (replacing with ) we obtain

which coincideswith ~ de nedin (3.2) if , otherwiseit canberegardedasa damped
Newton form with dampingfactor . Dampingis normally usedin the beginning of

theiteration. It enlages(sometimes}he basinof attraction. In orderto apply dampingwe
write

(7.1) -

andcarryoutthefollowing test

The rst (largest) which passeghis testwill be usedto de ne for the next step.
This strategy provedto bevery usefulin all exampleswe used.
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FiG. 7.2. Nenvtonwithoutand with damping appliedto the computatiorof seventhroots.

As expectedthe dampingis usedonly in the beginning of theiteration,with the conse-
quencethatthe corvergenceorderis not changedand,in addition,only few dampingsteps
wereapplied. We shav the effectin Figures7.1and7.2, where16 casesareexhibited each
for and . Theinitial dataareidenticalfor theundampednddampedcase.ln the
caseof theundampedinddampedcaseook alike.

We alsocomparedhe numberof callsof  (de nedin (7.1)) for the dampedNewton
iterationandfor (de nedin (3.2) for the undamped\ewton iteration. For and

thesenumbersare similar, but from on thereis a cleardifference.We made
1000testsfor , andfor . For the numberof callswith dampingis about
22% smallerthanthatwithout damping.For those gure is 25%.

8. The Schur decompositionof quaternions. We startwith ade nition.
DEFINITION 8.1. Let be anyfour real numbes. We form thetwo comple
numbes andthefollowing two matrices:

(8.1) - _
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Thematrix  will becalledcomplex g-matrix, thematrix ~ will becalledrealg-matrix

Bothtypesof matricesareisomorphicto quaternions with respecto
matrix multiplication. We have with the consequencthatthe conditions
of and areequalto one.Further . Theeigervaluesof
and arethesameonlyin all eigervaluesappeaitwice. Thetwo eigervaluesof are

. They aredistinctif

In Bjorck and Hammarling[2] the authorsdevelop methodsto nding the squareroot
of a matrix. In morerecentpapersthesemethodsare extendedto the computationof -th
roots of matrices,Smith [12], Higham[6], lannazz[7]. For nding a root of a matrix
the authorsusethe Schurdecompositiorof . If  is any complex squarematrix, thenthe
(complex) Schurdecompositiorwhich alwaysexists hastheform

where is uppertriangular thus, having the eigervaluesof  on its diagonal,and is
unitary(i.e. ). If oneknowsan -throot of ,then
. Thus, isan -throotof
An applicationto quaterniongesultsin thequestion:Can or havea Schurdecom-
position,in termsof g-matricesaf we posethis problemfor complex g-matricesve have to
askwhetheradecompositiorof thefollowing form is possible:

(8.2) _ _ - L

where arearbitrary given complex numbersand arewantedcomplex numbers
suchthat . If we rewrite this equatiorwith quaternionsit reads

(8.3) -

where is the quaternionde ning the g-matrix , i. e. .
Since we have —. Thus,equation(8.3) de nesanequialenc

between and . OurformerLemma2.2conrmsthat and areindeedequivalent. This
may be summarizedsfollows.

THEOREM 8.2. Let beaquaternionand thecomplerepresentativeof . Then(8.3)
is the Schur decompositiomf .

Proof. Rewrite (8.3) in form of complex g-matrices

In termsof quaternionsthe applicationof the Schurdecompositiorleadsto the explicit
determinatiorof therootsasalreadydescribedn Section2.

Becausef theisomorphybetweencomplex andreal g-matrices correspondingesults
for realg-matricesanbedirectly copiedfrom the caseof complex g-matricesandaredeleted
here.

In orderto nd , equation(8.3) mayberegardedasalinear, homogeneouseal system
of four equationsn thefour component®f . In aformerpaper[8], we have alreadysolved
asimilar system It hastheform

Thematrix hasranktwo for . We nd two independensolutionsasfollows:
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provided or isnotvanishing.ln case and ,
areindependensolutions. In case and

areindependensolutions.Thegenerabkolutionof (8.3) andof (8.2) aswell
is, therefore,

(8.4)

We couldchoose suchthatoneof thefour componentsf is vanishingwhichwould
simplify the resultingmatrix  slightly. E. g. would
make theseconccomponenbf vanishandthecorrespondingomplex  would have areal
diagonal(provided ). But we would like to point out thatthe considerations
of this sectionare of theoreticalnatureand not usedin our numericalcomputations.The
Householdetransformationdevelopedfrom (2.5) to (2.6) is to our tastemuch neaterand
doesnot needthe explicit knowledgeof

In view of the isomorphicrepresentationg3.1) of quaternionsn matrix forms, it is of
coursetemptingto usematrix algorithmsfor treatingquaternions.As far asonly elemen-
tary arithmeticoperationsareused,therewill be no problem. But thereis alreadya differ-
encein the amountof arithmeticwork. To invert a quaternion,11 (real) ops areneeded.
To invert a correspondingcomplex matrix requires300 ops andto invert a real

matrix requires350 ops (matlab counts). Sincein generalmatrix operationsdo

not know aboutthe underlyingguaternionicstructure problemsof ignoringthe matrix struc-
ture canbe avoided by simply usingquaterniorarithmetic. This is supportedn two papers
by Dongarra,Gabriel, Koelling, andWilkinson, [3], [4]. Thereis a very simple example,
seethe presentauthorg 9], of computingeigervaluesof a quaternionvalued matrix
whereanapplicationof aneigervaluealgorithmto the correspondingomplex matrix
givesbadresults. The matrix structureis ignoredandthe precisionis reducedsigni cantly.
Anotherexample:If onecomputeghematlab Schurdecompositiorof theresulting
unitarymatrices do notbelonginto the classof g-matrices.

9. Taylor for in the quaternionic case. The questionis whetherthereare some
possibilitiesto extendTaylor's theoremalsoto quaternionicszaluedfunctions,thoughderiva-
tivesin the strong(complex) sensedo not exists. We will only treatthe questionfor simple
functions de ned by

andwe will replacederivativesof by the derivativeswe know from the realandcomple
casenamely

(9.1)

andwe will call thesefunctions, derivatives We shall show thata Taylor formula of
theform

(9.2)
is possiblewhich readsn our specialcase
(9.3)

which leadsfor to

(9.4) -
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Thatmeanswve can nd valuesof suchthatformula(9.2) is valid. However, this
is quitetrivial. Whatwe wantto know is someinformationonthelocationof in relationto
and . If wedonotmalespecialassumptionsn and wearenotableto make forecasts

about . Butif we assumehat commutethenthe situationchanges.For commuting
we have theformula

(9.5)
Thesameformulafor negatve  reads
(9.6)

Theseformulasarealsovalid for , but they aretrivial in this case.If we goone
stepfurtherwith Taylor'sformulawe obtain

(9.7) —_—
If we put thenfor we obtain(for ) theformula
(9.8)

With the helpof (9.4), (9.5, and(9.6) we obtain

(9.9)

(9.10)

If we express de nedin (9.4) eitherby (9.5 or by (9.6) and de nedin (9.9
eitherby (9.9) or by (9.10, then have onecommonfeature. They all represent
corvex combinationsThereforewe have thefollowing inclusionproperties:

(9.11)
(9.12)
(9.13)
(9.14)
wherein all caseghe minimaandmaximahave to be appliedcomponentwiseMore exactly,

onecouldalsosaythatthesevaluesareall containedn the corvex hull of the givenpoints.
Thesituationis particularlysimplein thecaseswvhere is small:
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We summarizeour resultssofar.

THEOREM 9.1. (Taylor form 1) Let bede nedby ,and
de ne accodingto (9.1). Assumehat commute Thenthere is an element
andan element sud that

where for wehavetheinclusionsgivenin (9.11) to (9.14).
We aremainly interestedn thecasewhere

is small. The commutatiorof impliesthatalso commutesvith andwith  because

Sincethecommutatiorof alsoimpliesthe commutatiorof for arbitrary ,

this appliesalsofor the two commutingpairs . Thus, the binomial formula for
is valid in the ordinarysense.

THEOREM 9.2. (Taylor form 2) Let bede nedby ,and
de ne accodingto (9.1). Assumehat commute Thenwith we
have
(9.15)

(9.16) -
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whele is anabbreviation for an expressionwith the property
Proof. (i) Let . [a] From(9.2) and(9.5) by letting we obtain
[b] From(9.7) and(9.9) by letting we obtain
(ii) Now, let andde ne by . Then, . Assumethat

aresmall. [a] We use(9.2) and(9.6) andobtain
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where arepositive constantge.g. —_—).
[b] We use(9.7) and(9.10 andobtain

wherethe constants couldbecomputedby arecursionformula.ld
Somegeneralizationsre possible. If we multiply the formulasgivenin Theorem9.1,
and Theorem9.2 from the left by ary constant andtake into accountthe fact that

thenwe seethat we canapply thesetheoremsalsoto
, wherethe derivativesof arede ned asusual. If aretwo functionsfor which the
two theoremsare valid, thenthesetheoremsare also valid for the sum becauseof
. SinceNewton's formulafor computingtherootis a sumof thistype
we have thefollowing result.
COROLLARY 9.3. Let andlet beoneof the possiblesolutionsof for
andassumehat is commutingvith . De ne

Then is alsocommutingvith and

(9.17) —

Proof. Since and commutewe have implying and
. Since theelements and commute.Formula(9.17) is the

secondraylorformulaof Theorem9.2. O
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This corollary provesthe local, quadraticcorvergenceof Newton's methodfor comput-
ing quaternionicootswithoutrelying on ary globaltheory
COROLLARY 9.4. Let andlet bethesetof all polynomialsof theform

De ne the r stderivative andthe secondderivative of asin the comple case Let
be commutingelementsThenfor wehave
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