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OSCILLA TION CRITERIA FOR A CERTAIN CLASS OF SECONDORDER
EMDEN–FOWLER DYNAMIC EQUATIONS

�
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�

, AND SAMIR H. SAKER
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Abstract. By meansof Riccati transformationtechniqueswe establishsomeoscillationcriteria for thesecond
orderEmden–Fowler dynamicequationon a time scale.SuchequationscontaintheclassicalEmden–Fowler equa-
tion aswell astheir discretecounterparts.Theclassicaloscillationresultsof Atkinson(in thesuperlinearcase)and
Belohorec(in thesublinearcase)areextendedin thispaperto Emden–Fowler dynamicequationsonany time scale.
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1. Intr oduction. In this paperwe shall considerthe secondorderEmden–Fowler dy-
namicequation
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on a time scale,where
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and
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arepositive, real-valuedrd-continuousfunctions,and * is an
oddpositive integer. We shallalsoconsiderthetwo cases
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In thecaseof *87:9 , (1.1) is theprototypeof a wide classof nonlineardynamicequations
calledEmden–Fowler superlineardynamicequations,andif

�

4

*

4

9 , then(1.1) is the
prototypeof dynamicequationscalledEmden–Fowler sublineardynamicequations.It is in-
terestingto study(1.1) becausethecontinuousversion,i.e.,when




is a continuousvariable,
hasseveralphysicalapplications,seee.g.,[20] andwhen




is a discretevariableit is a dif-
ferenceequationof Emden–Fowler typeandalsois importantin applications.By a solution
of (1.1) we meana nontrivial real-valuedfunction

�

satisfyingequation(1.1) for
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. A solution
�

of (1.1) is saidto beoscillatoryif it is neithereventually
positive nor eventuallynegative; otherwiseit is callednonoscillatory. Equation(1.1) is said
to beoscillatoryif all its solutionsareoscillatory. Ourattentionis restrictedto thosesolutions
of (1.1) which exist on somehalf line
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for any

�=N;3
>A

.
Much recentattentionhasbeengivento dynamicequationson time scales(or measure

chains),andwe refer the readerto the landmarkpaperof Hilger [20] for a comprehensive
treatmentof the subject. Sincethenseveral authorshave expoundedon variousaspectsof
this new theory;seethe survey paperby Agarwal, Bohner, O'Regan,andPeterson[1] and
thereferencescitedtherein.Two booksonthesubjectof timescales,by BohnerandPeterson
[9, 10], summarizeandorganizemuchof thetime scalecalculus.
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In recentyearstherehasbeenmuch researchactivity concerningthe oscillation and
nonoscillationof solutionsof dynamicequationson time scales.We refer the readerto the
papers[2, 3, 4, 7, 11, 12, 13, 14, 15, 16, 17, 18, 19, 21, 23].

In [3], Ak�n-BohnerandHoffackerconsideredthesecondorderdynamicequation

(1.4)
� ��� ��
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�	�	��Q�

andgave necessaryandsuf�cient conditionsfor oscillationof all solutionswhen *R7S9 and
�

4

*

4

9 . Their resultscannotbe appliedin the casewhen *

�

9 andappliedonly to
discretetimescales.

In this paperwe usetheRiccati transformationtechniqueto obtainsomeoscillationcri-
teriafor (1.1) when(1.2) or (1.3) holds.Our resultscanbeappliedin thecase*

�

9 andalso
for any timescale.Soour resultsextendandimprovetheresultsestablishedby Ak�n-Bohner
andHoffacker [3]. The paperis organizedasfollows. In thenext sectionwe presentsome
basicde�nitions concerningthecalculuson time scales.In Section3 we developa Riccati
transformationtechniqueandgive somefundamentallemmas. Theselemmasare usedto
give suf�cient conditionsfor oscillationof all solutionsof (1.1) in thesuperlinearcase,i.e.,
when *

;

9 (in Section4) andin thesublinearcase,i.e., when *

�2�P�B$

9

	

(seeSection5).
Our resultswhen(1.2) holdsaresuf�cient for oscillationof all solutionsof (1.1), andwhen
(1.3) holdsour resultsensurethatall solutionsareeitheroscillatoryor convergeto zero.For
thesuperlinearcasewe presentanextensionof theclassicalAtkinson[5] result,andfor the
sublinearcasewepresentanextensionof theclassicalBelohorec[6] result.

Sincewe are interestedin oscillatory behavior, we supposethat the time scaleunder
considerationis notboundedabove,i.e., it is a timescaleinterval of theform

! #%$)13	

.

2. SomePreliminarieson Time Scales.A timescaleT is anarbitrarynonemptyclosed
subsetof therealnumbersU . Onany timescaleT wede�ne theforward andbackward jump
operatorsby
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. Thegraininessfunction f for a time
scale T is de�ned by f

��
�	

K

�g����
�	 h�


. For a function i8K0TkjlU (the range U of i may
actuallybereplacedby any Banachspace)the(delta)derivativeis de�ned by
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is right-scattered.If



is not right-scattered,thenthederivative is
de�ned by
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provided this limit exists. A function i:K
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juU is said to be rd-continuousif it is
continuousat eachright-densepointandthereexistsa �nite left limit atall left-densepoints,
and i is saidto bedifferentiableif its derivativeexists.A usefulformulais
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We will make useof theproductandquotientrulesfor thederivative of theproduct i�v and
thequotient ixw\v (wherevyv�z|{

�8�y	

of two differentiablefunctions i and v
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For
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T anda differentiablefunction i , theCauchyintegralof i
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is de�ned by
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An integrationby partsformulareads
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Notethatin thecaseT
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3. A Riccati Transformation. Crucialfor our calculationsis thefollowing lemma.
LEMMA 3.1. If ’ and

�

are differentiableona timescale T with
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Thisshowsthat(3.1) holds.
UsingLemma3.1, wenow derive thefollowing result.
THEOREM 3.2. Suppose

�

solves(1.1) such that
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Thenwehave

(3.3)
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Proof. We useagain(2.3) and(2.4) to �nd
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Now applyingformula (3.1) from Lemma3.1 (with
�

replacedby
�

�

), we arrive at (3.3).

We will usetheabove Theorem3.2severaltimesin theremainderof this paper, in con-
junctionwith theformula
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which is asimpleconsequenceof Keller's chainrule [9, Theorem1.90].
Thefollowing resultis usedfrequentlyin theremainderof this paper.
LEMMA 3.3. Assumethat (1.2) holds. If

�

is a solutionof (1.1) such that
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4. Oscillation Criteria in the Superlinear Case. In this sectionwe givesomeoscilla-
tion criteriawhen *

�²±

is odd.

First we considerthe casewhen (1.2) holds.

THEOREM 4.1. Assumethat (1.2) holds.Furthermore, assumethat there existsa differ-
entiablefunction ’ such that
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Proof. Supposeto thecontrarythat
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generality, wemayassumethat
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which is impossible.Theproof is complete.
COROLLARY 4.2. Assumethat (1.2) holds. Furthermore, assumethat there existsa

positivedifferentiablefunction Ã such that

(4.2)
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Since(4.2) holdsfor Ã , (4.1) holdsfor ’ . Sotheclaim followsby Theorem4.1.
From Theorem4.1 andCorollary 4.2 we canobtaindifferentconditionsfor oscillation

of all solutionsof (1.1) by differentchoicesof Ã . For instance,we obtainthefollowing two
corollariesif we chooseÃ

��
�	_Î

9 and Ã
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, respectively. The �rst choicecon�rms that
theLeighton–Wintnertheoremis valid for Emden–Fowler dynamicequations.

COROLLARY 4.3 (Leighton–Wintner). Assume
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Theneverysolutionof (1.1) is oscillatoryon
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.
COROLLARY 4.4. Assumethat (1.2) holds.Furthermore, assumethat
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The next result is the sameas [3, Theorem5] when
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9 . But we note that [3,
Theorem5] cannotbe appliedin the casewhen *

�

9 andalso not for the secondorder
Emden–Fowler differentialequation,i.e., when T

�

U . Sothefollowing resultextendsand
improvesin variouswaystheresultsestablishedin [3]. Its classicalversionwasgivenin 1955
by Atkinson[5].
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Proof. Again we suppose
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�t��
�	

7

�

for all

_;¾
>=

. By
Lemma3.3 we obtain(3.5). Now we let ’
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(3.2). Usingtheproductrule from (2.4), wecalculate
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�	�(

Œ

�

‰J©

¬Ô�

9

h

*

	

+<•

=

! ©G�

z

��
�	��Q�

9

h¡©�	>�

z

��
�	…( Œ

�

‰J©

�Ó�

9

h

*

	ƒ���

z

��
�	�	

Œ

� 6

Uponintegrationwe arriveat

+

-

-
.

Ò

�P���

[

	�	����

[

	

/

[

¬

+

-

-
.

¿

�

•CŒ

�

9

h

*

h

¥

À

�

�

[

	

/

[

�

�

•)Œ

�

��
�	

9

h

*

h

¥

��
�	ah

�

•)Œ

�

��

=

	

9

h

*

�

¥

��
�=£	

¬

�

•)Œ

�

��

=

	

*

h

9

�

¥

��
�=\	ƒ6

Thiscontradicts(4.5) and�nishes theproof.
Putting

�0��
�	aÎ

9 , i.e.,
Ò

��
�	a��


in Theorem4.5, we obtainthefollowing corollary.
COROLLARY 4.6. Assume

�t��
�	aÎ

9 . If

(4.6)
pYVcq

D�EBF

-

s

,

+

-

•

���

[

	>���

[

	

/

[

�218$

theneverysolutionof (1.1) is oscillatoryon
! #%$C1�	

.
EXAMPLE 4.7. Considerthedynamicequation

(4.7)
�

���
�

9


>����
�	

���

z

	

“

���

for

�;

9

6

Here
�t��
�	aÎ

9 and
����
�	o�

•

-

z

»

-

¼

. Using[8, Theorem5.11],we�nd

+�,

-
.

���

[

	����

[

	

/

[

�

+3,

-
.

/

[

[

�e186

Hence, byCorollary 4.6, equation(4.7) is oscillatoryon
!

9

$)13	

.
THEOREM 4.8. Assumethat (1.2) holds.If there existsa positivedifferentiablefunction

Ã andanoddinteger Õ

�²±

such that

(4.8)
pYVYq

D�EBF

-

s

,

9


>Ö

+

-

•

��
0h

[

	

Ö

ÄÏ

Æ

Ã

�����

[

	�	>���

[

	ah

µ

�

Œ�•

�

Ã

�

�

[

	�	

“

�t�

[

	

™

È

Ã

�

[

	��

È

Ã

�P���

[

	�	

›

“

ËªÐ

Ì

/

[

�Q1
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holdsfor all
µ

7

�

, theneverysolutionof (1.1) oscillateson
! #%$)13	

.
Proof. Theproof is similar to [23, Theorem3.2] andhenceis omitted.
Notethatwhen Ã

��
�	oÎ

9 , then(4.8) reducesto

pYVcq

D�EBF

-

s

,

9


>Ö

+

-

•

��
mh

[

	

Ö

���

[

	

/

[

�218$

whichcanbeconsideredasanextensionof Kamenev typeoscillationcriteriafor secondorder
differentialequations(see[22]).

Next we consider the casewhen (1.3) holds. Now we give somesuf�cient conditions
when(1.3) holds,whichguaranteethateverysolutionof (1.1) oscillatesor convergesto zero
on

! #%$)13	

.
THEOREM 4.9. Assumethat(1.3) holds.Furthermore, assumethatthereexistsa positive

function ’ such that (4.1) holds,and

(4.9)
+

,

•

˜

9

�t��
�	

+

-

•

���

[

	

/

[

œ

/


a�e186

Theneverysolutionof equation(1.1) is oscillatoryor convergesto zero on
! #%$)13	

.
THEOREM 4.10. Assumethat (1.3) holds. Furthermore, assumethat there exists a

positivefunction Ã such that (4.8) and (4.9) hold. Thenevery solutionof equation(1.1) is
oscillatoryor convergesto zero on

! #%$)13	

.

5. Oscillation Criteria in the Sublinear Case. In thissectionwegivesomenew oscil-
lationcriteriafor (1.1) when *

�¡�P�B$

9

	

is a quotientof oddpositive integers.

First we considerthe casewhen (1.2) holds.
THEOREM 5.1. Assumethat (1.2) holdsandsupposethat

�

is differentiableandnonde-
creasing. Furthermore, assumethat thereexistsa differentiablefunction ’ such that

(5.1)
pYVYq

D�EBF

-

s

,

+

-

•
³

���

[

	��

’

z

�

[

	�	

“

h"µ|�

Œ�•

�����

[

	�	

•CŒ

�\�0�

[

	

”

’

�®�

[

	
–

“
¶

/

[

�e1

holdsfor all constants
µ

7

�

. Theneverysolutionof (1.1) is oscillatoryon
! #�$C1�	

.
Proof. Supposeto thecontrarythat

�

is anonoscillatorysolutionof (1.1). Withoutlossof
generality, wemayassumethat

�

is aneventuallypositivesolutionof (1.1) suchthat
�0��
�	

7

�

for all

 ;3
�=

7

#

. Hence,by Lemma3.3, we obtain(3.5), which implies

�×;k�����
�

	
�

��
�	a�R�
�

��
�	��
�

��
�	��Ñ�

z

��
�	>�
���

��
�	

so that, againby using(3.5),
�

���

��
�	²¬Ø�

for all

¨;Ù
�=

. Hence
�

�

is nonincreasingon
! 
�=M$)13	

, andthereforewe obtain

�0��
�	o�8�t��
�=£	x�

+

-

-�.

�
�

�

[

	

/

[

¬<Ú²�¡Û�
C$

where
Ún���0��
�=£	Bh¢
�=Ÿ�

�

��
�=£	

and
Ûž�8�

�

��
�=`	

. By putting Ü

�

I

Ú

I

�¨Û

and



•

;3q5Ý£Þ

H


�=Ê$

9

L

,
we �nd that

(5.2)
�t��
�	d¬

Ü




for all

 ;<


•

6
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Now notethat *

�"���G$

9

	

and(3.4) imply

���

�

	

�

��
�	

�

�

��
�	

(3.4)�

*

+

•

=

! ©B�

z

��
�	��Q�

9

h¡©%	��0��
�	…(

�

Œ�• ‰J©

;

*

+

•

=

! ©B�

z

��
�	��Q�

9

h¡©%	��

z

��
�	…(

�

Œ�• ‰J©

�

*

���

z

��
�	�	

�

Œx•

(5.2)
;

*

�

Ü

����
�	�	 �

Œx•

�

������
�	�	

�

Œx•

¹

�

Œ�•

$

whereweput
¹

K

� ”

*

•�ºƒ»

�

Œx•>¼

Ü

–

Œx•

. Note
¹

7

�

. Now de�ne thefunction ¥ on
! 
�=Š$)13	

by
(3.2). Then(3.5) implies ¥

��
�	_;Q�

for all

b;Q
�=

. Therefore,using(3.3) from Theorem3.2,
weobtain

¥

��


•

	3;

¥

��


•

	mh

¥

��
�	

�lh

+

-

-
­

¥

�

�

[

	

/

[

�

+

-

-
­

¿

���

[

	��

’

z

�

[

	�	

“

h¸�t�

[

	

�

�

�

[

	

���

�

	

�

�

[

	

”

’

�

�

[

	
–

“
À

/

[

�

+

-

-P­

�t�

[

	

�

�

�

[

	

���

�

	

�

�

[

	

���0�

[

	>�

z

�

[

	�	

�

˜Ÿ™

’

�

�

›

�

�

[

	

œ

“

/

[

;

+

-

-
­

¿

���

[

	��

’

z

�

[

	�	

“

h¸�t�

[

	

�

�

�

[

	

���

�

	

�

�

[

	

”

’

�

�

[

	
–

“
À

/

[

;

+

-

-
­
Á

���

[

	��

’

z

�

[

	�	

“

h

¹

�

Œ�•

�P���

[

	�	

•)Œ

�\�0�

[

	

”

’

�®�

[

	
–

“
Â

/

[

(5.1)
j

1

as



j

18$

which is impossible.Theproof is complete.
Thenext resultfollowsasin theproofof Corollary4.2.
COROLLARY 5.2. Assumethat (1.2) holds and supposethat

�

is differentiableand
nondecreasing. Furthermore, assumethat there exists a positivedifferentiablefunction Ã

such that

(5.3)
pcVYq

D�EBF

-

s

,

+

-

•

Ä
Æ

���

[

	

Ã

z

�

[

	mh"µ
�

Œ�•

�t�

[

	ƒ�P���

[

	�	

•)Œ

�
Ç

Ã

�

�

[

	

È

Ã

�

[

	0�

È

Ã

z

�

[

	
É

“
Ë
Ì

/

[

�21

holdsfor all constants
µ

7

�

. Theneverysolutionof (1.1) is oscillatoryon
! #%$C1�	

.
FromTheorem5.1 andCorollary 5.2 we canobtaindifferentconditionsfor oscillation

of all solutionsof (1.1) by differentchoicesof Ã . For instance,we obtainthe following two
corollariesif wechooseÃ

��
�	�Î

9 and Ã

��
�	a�8


, respectively.
COROLLARY 5.3 (Leighton–Wintner). Suppose

�

is differentiableand nondecreasing
andassume

(5.4)
+3,

•

/




�0��
�	

�21

and
+�,

•

����
�	

/


a�e1�6
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Theneverysolutionof (1.1) is oscillatoryon
! #%$)13	

.
COROLLARY 5.4. Assumethat (1.2) holds and supposethat

�

is differentiableand
nondecreasing. Furthermore, assumethat

(5.5)
pYVcq

D�EBF

-

s

,

+

-

•

ÄÏ

Æ

���

[

	>���

[

	ah—µ �

Œ�•

�P���

[

	�	

•)Œ

� �t�

[

	

9

™

Í

[

�

È

���

[

	

›

“

ËªÐ

Ì

/

[

�e1

holdsfor all constants
µ

7

�

. Theneverysolutionof (1.1) is oscillatoryon
! #�$C1�	

.
Thenext resultgivesaconditionfor oscillationin thesublinearcase.Its classicalversion

wasgivenin 1961by Belohorec[6].
THEOREM 5.5. Assumethat (1.2) holds.If

(5.6)
+3,

•

}




�0��
�	

~

�

����
�	

/


o�e18$

theneverysolutionof (1.1) is oscillatoryon
! #�$C1�	

.
Proof. We supposethat

�

is a solutionof (1.1) satisfying
�t��
�	

7

�

for all

•;8
>=

andlet
«

���G�

�

. Thenby Lemma3.3 we obtainthat «

��
�	

7

�

and «

�

��
�	

4

�

for all

®;e
�=

. First
observethat

�0��
�	o���0��
�=£	��

+

-

-
.

���_�

[

	

/

[

;<���_��
�	š��
mh"
�=`	 ;




•

���_��
�	

for all

 ;3


“

if



“

7

•£

=

. Next notethat

”

«

•CŒ

�

–

�

��
�	

«

�

��
�	

(3.4)�Ó�

9

h

*

	

+

•

=

! ©

«

z

��
�	��Q�

9

h¡©%	

«

��
�	�(
Œ

�

‰J©

;Ô�

9

h

*

	

+

•

=

! ©

«

��
�	��Q�

9

h¡©%	

«

��
�	�(

Œ

�

‰J©

�Ó�

9

h

*

	ƒ�

«

��
�	�	

Œ

�

6

Usingthesetwo inequalities,we obtainafterdividing (1.1) by
�

«

��
�	�	

�

for all

�;3


“

,

�]�

«

�

��
�	��R����
�	ƒ���

z

	

�

��
�	

�

«

��
�	�	

�

;

«

�®��
�	ƒ�

«

��
�	�	

Œ

�_������
�	

}

�t��
�	

�0��
�	��

�

��
�	

~

�

;

}

«

•)Œ

�

9

h

*
~

�

��
�	�������
�	

}




•C�t��
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~
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Uponintegrationwe arriveat

+

-

-�ß

���

[

	

}

[

�0�

[

	

~

�

/

[

¬

+

-

-�ß

•

�

*

h

9

�

«

•CŒ

�
	

�
�

[

	

/

[

�

•

�

9

h

*

«

•)Œ

�
��


“

	mh

•

�

9

h

*

«

•)Œ

�
��
�	

¬

•

�

9

h

*

«

•)Œ

�
��


“

	ƒ6



ETNA
Kent State University 
etna@mcs.kent.edu

EMDEN–FOWLER DYNAMIC EQUATIONS 11

Thiscontradicts(5.6) and�nishes theproof.
Putting

�0��
�	aÎ

9 in Theorem5.5, we obtainthefollowing corollary.
COROLLARY 5.6. Assumethat

�t��
�	aÎ

9 . If

(5.7)
+3,

•


��y����
�	

/


o�Q1�$

theneverysolutionof (1.1) is oscillatoryon
! #%$C1�	

.
EXAMPLE 5.7. Considerthedynamicequation

(5.8)
� ��� �

9


�à

º'á

���

z

	 •�º'á �Q�

for

 ;

9

6

Here
�t��
�	dÎ

9 and
����
�	d�

9\w




à

º'á

. Asin Example4.7 it followsfromCorollary 5.6 that (5.8)
is oscillatoryon

!

9

$C1�	

.
THEOREM 5.8. Assumethat

�

is differentiableandnondecreasingandsupposethat (1.2)
holds.If thereexistsa positivedifferentiablefunction Ã andanoddinteger Õ

�Ñ±

such that

(5.9)
pYVcq

D�EGF

-

s

,

9



Ö

+

-

•

��
mh

[

	

Ö

ÄÏ

Æ

Ã

�P���

[

	�	����

[

	ah

µ

�

Œx•

�����

[

	�	

•CŒ

�

�

Ã

�

�

[

	�	

“

�0�

[

	

™

È

Ã

�

[

	��

È

Ã

�P���

[

	�	

›

“

ËªÐ

Ì

/

[

�21

for all constants
µ

7

�

, theneverysolutionof (1.1) oscillateson
! #%$)13	

.
Proof. Theproof is similar to [23, Theorem3.2] andhenceis omitted.

Next we consider the casewhen (1.3) holds. Now we give somesuf�cient conditions
when(1.3) holds,whichguaranteethateverysolutionof (1.1) oscillatesor convergesto zero
on

! #%$)13	

.
THEOREM 5.9. Assumethat

�

�

��
�	b;W�

andthat (1.3) holds.Furthermore, assumethat
thereexistsa positivefunction ’ such that (5.1) holds,and

(5.10)
+

,

•

9

�0��
�	

+

-

•

���

[

	

/

[

/


o�21�6

Theneverysolutionof equation(1.1) is oscillatoryor convergesto zero on
! #%$)13	

.
THEOREM 5.10. Assumethat

�

�

��
�	 ;•�

and that (1.3) holds. Furthermore, assume
that there existsa positivefunction Ã such that (5.9) and (5.10) hold. Theneverysolutionof
equation(1.1) is oscillatoryor convergesto zero on

! #%$)13	

.
REMARK 5.11. Notethatour resultsalsocanbeextendedto themoregeneral equation

���0��
�	��%����
�	�	��"������
�	

I

�t������
�	�	

I

�

D�â

XN�P�0�P����
�	�	�	��Q�

for

 �¡! #%$)&'(‚$

where *n7

�

to cover thecasewhen* is even.
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