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OSCILLATION CRITERIA FOR A CERTAIN CLASS OF SECOND ORDER
EMDEN-FOWLER DYNAMIC EQUATIONS

ELVAN AKIN-BOHNER , MARTIN BOHNER, AND SAMIR H. SAKER
Abstract. By meansof Riccatitransformatiortechniquesve establishsomeoscillationcriteriafor the second
orderEmden—Bwler dynamicequationon atime scale.Suchequationontainthe classicaEmden—ewler equa-
tion aswell astheir discretecounterpartsThe classicaloscillationresultsof Atkinson (in the superlineacase)and
Belohoreq(in thesublinearcase)areextendedn this paperto Emden—Bwler dynamicequationson ary time scale.
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1. Intr oduction. In this paperwe shall considerthe secondorder Emden—©ewler dy-
namicequation

(1.1) for

onatimescalewhere and arepositive, real-valuedrd-continuoudunctions,and is an
oddpositiveinteger We shallalsoconsiderthetwo cases

(1.2) —

and

(1.3) —

In the caseof , (1.1) is the prototypeof a wide classof nonlineardynamicequations
called Emden—ewler superlineardynamicequationsand if , then(1.1) is the

prototypeof dynamicequationgalledEmden—Bwler sublineardynamicequationslt is in-

terestingto study(1.1) because¢he continuousversion,i.e.,when is a continuousvariable,
hasseveral physicalapplicationsseee.g.,[20] andwhen is a discretevariableit is a dif-

ferenceequationof Emden—Bwler type andalsois importantin applications.By a solution
of (1.1) we meana nontrivial real-valuedfunction satisfyingequation(1.1) for

for some . A solution of (1.1) is saidto beoscillatoryif it is neithereventually
positive nor eventuallynegative; otherwiseit is callednonoscillatory Equation(1.1) is said
to beoscillatoryif all its solutionsareoscillatory Our attentionis restrictedo thosesolutions
of (1.2) which exist on somehalf line andsatisfy for ary

Much recentattentionhasbeengivento dynamicequationson time scalesor measure
chains),andwe refer the readerto the landmarkpaperof Hilger [20] for a comprehensie
treatmentof the subject. Sincethen sereral authorshave expoundedon variousaspectof
this new theory; seethe surney paperby Agarwal, Bohner O'Regan,andPetersorf1] and
thereferencesitedtherein. Two booksonthesubjectof time scalespy BohnerandPeterson
[9, 10], summarizeandorganizemuchof thetime scalecalculus.
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In recentyearsthere has beenmuch researchactivity concerningthe oscillation and
nonoscillationof solutionsof dynamicequationson time scales.We refer the readerto the
paperd2,3,4,7,11, 12,13, 14,15, 16,17, 18,19, 21, 23].

In [3], Ak n-BohnerandHoffacker consideredhe secondrderdynamicequation

(1.4)

andgave necessanandsufcient conditionsfor oscillationof all solutionswhen and
. Their resultscannotbe appliedin the casewhen and appliedonly to
discretetime scales.

In this paperwe usethe Riccatitransformatiortechniqueto obtainsomeoscillationcri-
teriafor (1.1) when(1.2) or (1.3) holds.Ourresultscanbeappliedin thecase andalso
for arny time scale.Soourresultsextendandimprove theresultsestablishedby Ak n-Bohner
andHoffacker[3]. The paperis organizedasfollows. In the next sectionwe presentsome
basicde nitions concerningthe calculuson time scales.In Section3 we develop a Riccati
transformationtechniqueand give somefundamentalemmas. Theselemmasare usedto
give sufcient conditionsfor oscillationof all solutionsof (1.1) in the superlineacase;.e.,
when (in Section4) andin the sublinearcase,i.e., when (seeSectionb).
Ourresultswhen(1.2) holdsaresufcient for oscillationof all solutionsof (1.1), andwhen
(1.3) holdsourresultsensurehatall solutionsareeitheroscillatoryor corvergeto zero. For
the superlineacasewe presenian extensionof the classicalAtkinson[5] result,andfor the
sublinearcasewe presentanextensionof the classicaBelohored 6] result.

Sincewe are interestedn oscillatory behaior, we supposehat the time scaleunder
considerations notboundedabove,i.e., it is atime scaleinterval of theform

2. SomePreliminarieson Time Scales. A timescale isanarbitrarynonemptyclosed
subsebf therealnumbers . Onarny timescale wede ne theforward andbadkward jump
opefators by

and
A point with is saidto beleft-densdf andright-densef ,
left-scatteredf andright-scatteredf . Thegraininessunction for atime
scale is de ned by . For afunction (therange of may

actuallybereplacedoy any Banachspace}he (delta)derivativeis de ned by
(2.1)

if iscontinuousat and isright-scatteredlf is notright-scatteredthenthederivativeis
de ned by

2.2)

provided this limit exists. A function is saidto be rd-continuousif it is
continuousat eachright-densepointandthereexistsa nite left limit atall left-densepoints,
and is saidto bedifferentiablégf its derivative exists. A usefulformulais

(2.3)
We will make useof the productandquotientrulesfor the derivative of the product  and
thequotient (where of two differentiablefunctions and

(2.4) and -
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For andadifferentiablefunction , the Cauchyintegralof  is de ned by

An integrationby partsformulareads

andimproperintegralsarede ned as

Notethatin thecase we have

andin thecase we have

3. A Riccati Transformation. Crucialfor our calculationds thefollowing lemma.

LEMMA 3.1. If and aredifferentiableonatimescale with for all ,
thenwe have
(3.1) — —

Proof. Using(2.3), (2.4), and , we obtain

This shavsthat(3.1) holds. O

UsingLemma3.1, we now derive thefollowing result.

THEOREM 3.2. Suppose solves(1.1) suc that for all . Let beany
differentiablefunctionandde ne  bytheRiccatisubstitution

(3.2) -
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Thenwe have

(3.3) S S

Proof. We useagain(2.3) and(2.4) to nd

Now applyingformula (3.1) from Lemma3.1 (with replacedby ), we arrive at (3.3).
d

We will usetheabove Theorem3.2 severaltimesin theremainderof this paperin con-
junctionwith theformula

(3.4) S

whichis asimpleconsequencef Keller's chainrule [9, Theoreml.90].

Thefollowing resultis usedfrequentlyin theremainderof this paper

LEMMA 3.3. Assumehat (1.2) holds.If is a solutionof (1.1) sud that for
all , then

(3.5) for

Proof. In view of (1.1) we have

(3.6)

for all , andso is aneventuallydecreasindunction. We rst show that is
eventuallynonneative. Supposehereexists suchthat . Thenfrom (3.6)
we have for . Hence

whichimpliesby (1.2) that
(3.7) — as

contradictingthe fact that for all . Hence is eventually
nonngative. Therefore we seethatthereexistssome suchthat
for

Hence(3.5) holds. O



ETNA

Kent State University
etna@mcs.kent.edu

EMDEN-FOWVLER DYNAMIC EQUATIONS 5

4. Oscillation Criteria in the Superlinear Case. In this sectionwe give someoscilla-
tion criteriawhen is odd.

First we considerthe casewhen (1.2) holds.

THEOREM 4.1. Assumehat (1.2) holds. Furthermoke, assumehat there existsa differ-
entiablefunction sud that

(4.1)

holdsfor all constants . Theneverysolutionof (1.1) is oscillatoryon

Proof. Supposéo thecontrarythat isanonoscillatorysolutionof (1.1). Withoutlossof
generalitywe mayassumehat is aneventuallypositive solutionof (1.1) suchthat
for all . We shallconsideronly this case sincethe substitution transforms
equation(1.1) into anequationof the sameform. By Lemma3.3 we obtainthat (3.5 holds.
Now notethat and(3.4) imply

(349

@9

wherewe put . Note . Now de ne thefunction on
by (3.2). Then(3.5) implies for all . Thereforeusing(3.3) from Theorem
3.2, we obtain

4.1 as
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whichis impossible.The proofis complete. 0
COROLLARY 4.2. Assumehat (1.2) holds. Furthermoe, assumehat there existsa
positivedifferentiablefunction sud that

4.2) — —
holdsfor all constants . Theneverysolutionof (1.1) is oscillatoryon
Proof. De ne andnotethat[9]

Since(4.2) holdsfor , (4.1) holdsfor . Sotheclaim follows by Theorem4. 1 d
From Theorem4.1 and Corollary 4.2 we canobtaindifferentconditionsfor oscillation
of all solutionsof (1.1) by differentchoicesof . For instancewe obtainthe following two
corollariesif we choose and , respectiely. The rst choicecon rms that
the Leighton—Wntnertheoremis valid for Emden—ewler dynamicequations.
COROLLARY 4.3 (Leighton—Wntner). Assume

(4.3) — and

Theneverysolutionof (1.1) is oscillatoryon
COROLLARY 4.4. Assumehat (1.2) holds. Furthermoe, assumehat

(4.4)

holdsfor all constants . Theneverysolutionof (1.1) is oscillatoryon

The next resultis the sameas|[3, Theorem5] when . But we notethat[3,
Theorem5] cannotbe appliedin the casewhen and also not for the secondorder
Emden-ewler differentialequationj.e., when . Sothefollowing resultextendsand
improvesin variouswaystheresultsestablishedh [3]. Its classicalversionwasgivenin 1955
by Atkinson[5].

THEOREM 4.5. Assumehat (1.2) holds.De ne

(4.5)

theneverysolutionof (1.1) is oscillatoryon
Proof. Againwe suppose is asolutionof (1.1) suchthat for all . By
Lemma3.3 we obtain(3.5. Now we let andde ne the Riccati substitution by
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(3.2). Usingtheproductrule from (2.4), we calculate

wherethelastinequalityis true because dueto (3.4) andbecause

(3.9

Uponintegrationwe arrive at

This contradictg4.5) and nishes the proof. d

Putting e, in Theorem4.5, we obtainthefollowing corollary.
COROLLARY 4.6. Assume f
(4.6)

theneverysolutionof (1.1) is oscillatoryon
EXAMPLE 4.7. Considerthe dynamicequation

4.7) —_— for

Here and ——. Using[8, Theoemb5.11], we nd

Hence by Corollary 4.6, equation(4.7) is oscillatoryon
THEOREM 4.8. Assumehat (1.2) holds.If there existsa positivedifferentiablefunction
andan oddinteger sud that

(4.8) —
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holdsfor all , theneverysolutionof (1.1) oscillateson
Proof. The proofis similarto [23, Theorem3.2] andhenceis omitted. O
Notethatwhen , then(4.8) reducedo

whichcanbeconsideredsanextensionof Kamene typeoscillationcriteriafor secondrder
differentialequationgsee[22)).

Next we considerthe casewhen (1.3) holds. Now we give somesufcient conditions
when(1.3) holds,which guaranteghatevery solutionof (1.1) oscillatesor corvergesto zero
on .

THEOREM 4.9. Assume¢hat(1.3) holds.Furthermoe, assuméhatthere existsa positive
function sud that(4.1) holds,and

(4.9) —

Theneverysolutionof equation(1.1) is oscillatory or cornvergesto zeio on

THEOREM 4.10. Assumehat (1.3) holds. Furthermoe, assumethat there exists a
positivefunction sud that (4.8) and (4.9) hold. Thenevery solutionof equation(1.1) is
oscillatoryor corvergesto zeo on

5. Oscillation Criteria in the Sublinear Case. In this sectionwe give somenew oscil-
lation criteriafor (1.1) when is a quotientof odd positive integers.

First we considerthe casewhen (1.2) holds.
THEOREM 5.1. Assumehat (1.2) holdsandsupposéhat is differentiableand nonde-
creasing Furthermoge, assumehatthere existsa differentiablefunction sud that

(5.1)

holdsfor all constants . Theneverysolutionof (1.1) is oscillatoryon

Proof. Supposéo thecontrarythat isanonoscillatorysolutionof (1.1). Withoutlossof
generalitywe mayassumehat is aneventuallypositive solutionof (1.1) suchthat
for all . Hence by Lemma3.3, we obtain(3.5), whichimplies

so that, againby using(3.5), for all . Hence s nonincreasingn
, andthereforewe obtain

where and . By putting and ,
we nd that

(5.2) for all
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Now notethat and(3.4) imply

G4

(52
wherewe put . Note . Now de ne thefunction on by
(3.2. Then(3.5 implies for all . Thereforeusing(3.3) from Theorem3.2,
we obtain

G0 as

whichis impossible.The proofis complete. d

Thenext resultfollows asin the proof of Corollary 4.2

COROLLARY 5.2. Assumethat (1.2) holds and supposehat is differentiable and
nondeceasing Furthermok, assumethat there exists a positive differentiablefunction
sud that

(5.3) _ __

holdsfor all constants . Theneverysolutionof (1.1) is oscillatoryon

From Theorem5.1 and Corollary 5.2 we canobtaindifferentconditionsfor oscillation
of all solutionsof (1.1) by differentchoicesof . For instancewe obtainthe following two
corollariesif we choose and , respectiely.

COROLLARY 5.3 (Leighton—Wintner). Suppose is differentiableand nondeceasing
andassume

(5.4) — and
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Theneverysolutionof (1.1) is oscillatoryon

COROLLARY 5.4. Assumethat (1.2 holds and supposethat

nondeceasing Furthermoee, assumehat

(5.5)

ETNA
Kent State University
etna@mcs.kent.edu

is differentiable and

holdsfor all constants . Theneverysolutionof (1.1) is oscillatoryon
Thenext resultgivesa conditionfor oscillationin thesublinearcase Its classicalversion

wasgivenin 1961by Belohored 6].
THEOREM 5.5. Assumehat (1.2) holds. If

(5.6) S

theneverysolutionof (1.1) is oscillatoryon .
Proof. We supposéhat is a solutionof (1.1) satisfying

. Thenby Lemma3.3 we obtainthat and
obsenethat
for all if . Next notethat
3.4

Usingthesetwo inequalitieswe obtainafterdividing (1.1) by

Uponintegrationwe arrive at

for all
for all

for all

andlet
. First
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This contradictg5.6) and nishes the proof. d

Putting in Theoremb5.5, we obtainthefollowing corollary.
COROLLARY 5.6. Assumehat f
(5.7)

theneverysolutionof (1.1) is oscillatoryon
EXAMPLE 5.7. Considerthe dynamicequation

(5.8) — for

Here and . Asin Example4.7 it followsfrom Corollary 5.6that (5.8)
is oscillatoryon

THEOREM 5.8. Assumehat is differentiableandnondeceasingandsupposehat (1.2)
holds.If there existsa positivedifferentiablefunction andan oddinteger sud that

(5.9) —

for all constants , theneverysolutionof (1.1) oscillateson
Proof. Theproofis similarto [23, Theorem3.2] andhences omitted. d

Next we considerthe casewhen (1.3) holds. Now we give somesufcient conditions
when(1.3) holds,which guarante¢hatevery solutionof (1.1) oscillatesor corvergesto zero
on .

THEOREM 5.9. Assuméhat andthat (1.3) holds. Furthermoe, assumehat
there existsa positivefunction sud that(5.1) holds,and

(5.10) -

Theneverysolutionof equation(1.1) is oscillatoryor corvergesto zeo on

THEOREM 5.10. Assumehat andthat (1.3) holds. Furthermoe, assume
thatthere existsa positivefunction sud that (5.9) and (5.10 hold. Thenevery solutionof
equation(1.1) is oscillatory or cornvergesto zeio on

REMARK 5.11. Notethat our resultsalsocanbe extendedo the more geneal equation

for

whee to coverthecasewhen is even.
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