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ORTHOGONAL POLYNOMIALS AND RECURRENCE EQUATIONS, OPERATOR
EQUATIONS AND FACTORIZATION
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Abstract. This articlesurveys theclassicalorthogonalpolynomialsystemsof theHahnclass,which aresolu-
tionsof second-orderdifferential,differenceor � -differenceequations.

Orthogonalfamiliessatisfythree-termrecurrenceequations.Exampleapplicationsof analgorithmto determine
whethera three-termrecurrenceequationhassolutionsin the Hahnclass—implementedin the computeralgebra
systemMaple—aregiven.

Modi�cations of thesefamilies,in particularassociatedorthogonalsystems,satisfyfourth-orderoperatorequa-
tions.A factorizationof theseequationsleadsto asolutionbasis.

Keywords. orthogonalpolynomials,Hahnclass,differentialequations,differenceequations,� -differenceequa-
tions,hypergeometricfunctions,factorizationof operatorpolynomials,computeralgebra,Maple
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1. ClassicalOrthogonal Polynomials. To de�ne familiesof orthogonalpolynomials
on therealline, oneusesa scalarproduct
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As specialcasesoneconsiders
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The classicalorthogonalpolynomialscanbe de�ned as the commonpolynomialsolutions
(1.1) of adifferentialequationof thetype
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The case
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shows that R
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A completecharacterizationof thesolutionfamiliesof thedifferentialequation(1.1) can

begivenandleadsto thefollowing scheme([2], 1929):

j

ReceivedJanuary18,2003.Acceptedfor publicationMarch04,2003.Recommendedby F. Marcelĺan.
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Laguerrepolynomials
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A powers,Besselpolynomials
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Jacobipolynomials

All othersolutionsof (1.1) aretranslationsof theabovesystems.1 It turnsout that—besides
thepowers—allthesepolynomialsystemsareorthogonal.However, theweight functionof
theBesselpolynomialsis not de�ned in a real interval but in thecomplex plane. However,
in boththeJacobiandBesselcase,for speci�c valuesof theparameters�nite realorthogonal
familiesarise[1, 13, 15, 20].

The weight function
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correspondingto the systemsatis�es Pearson's differential
equation
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Furtherdetailscanbefoundin [17].

2. ClassicalDiscrete Families. The classicaldiscreteorthogonalpolynomialscanbe
de�ned asthepolynomialsolutionsof thedifferenceequation
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Again, from (2.1) it follows that R
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Theclassicaldiscretesystemscanbeclassi�edaccordingto thescheme([11]–[12], 1962,

[18], 1991):
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Hahnpolynomials

Again, all thesefamilies—besidesthefalling factorials—formorthogonalpolynomialfami-
lies.

The weight function
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correspondingto the systemsatis�es Pearson's difference
equation
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1If •�‘“’(” is constant,onegetstranslatedHermitepolynomials,if •<‘•’(” hasdegree1, thentranslatedLaguerre
polynomialsresult,andif thedegreeof •<‘•’(” is 2, thenJacobipolynomialsor Besselpolynomialsfollow depending
on whetheror not •�‘“’(” hastwo differentzeros(giving the interval bounds– and — if they arereal)or onedouble
zero.
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3. HypergeometricFunctions. Thepowerseries

˜(™6š�›

# >

�

PEPŠP

�

#

˜

$

>

�

PŠPEP

�b$

šUœ

œ

œ

œ

œ	•

ž

� Ÿ

¡

¢t£?¤¦¥

¢

•

¢

�

whosecoef�cients §

¢

�

¥

¢

•

¢

haverationaltermratio

§

¢t¨

>

§

¢

�

¥

¢t¨

>

•

¢t¨

>

¥

¢

•

¢

�

��7

9

# >

�

DEDŠD

��7

9

#

˜

�

�©7

9

$

>

�

DEDŠD

�©7

9

$

š

�

•

��7

9

Wh�

is called the generalizedhypergeometricfunction. The summand§
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of theclassicaldiscrete
orthogonalpolynomialsform hypergeometrictermsw. r. t. thevariable
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For thecoef�cients of thegeneralizedhypergeometricfunctiononeobtainstheformula
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denotesthePochhammersymbolor shiftedfactorial.
Simpleexamplesof hypergeometricfunctionsaretheexponentialfunction
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Fromthedifferenceequation,onecandetermineahypergeometricrepresentation;see[9,

18]. As anexample,theHahnpolynomialsaregivenby2
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4. q-Orthogonal Polynomials. To de�ne orthogonalpolynomialson thelattice -(. , we
needsomemorenotation.

Theoperator([6], 1949) Å
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2In theRussianliteraturetheparametersÆ and Ç areinterchanged,È is replacedby È�ÉnÊ , andthestandard-
izationis different;see[18, p. 54]. Thegivende�nition is theoneof theAmericanschool;see[7].
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is calledHahn'sq-differenceoperator, andthe - -bracketsarede�ned by
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The - -orthogonalpolynomialsof theHahnclasscanbede�ned asthepolynomialsolutions
of the - -differenceequation
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Theclassical- -systemscanbeclassi�edaccordingto thescheme([19], 1993)3
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3Historically many moresystemswereintroducedthat�t in this list. A completeclassi�cationthatboils down
to essentiallysevendifferenttypescanbefoundin [14], seealso[16].
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example,theBig - -Jacobipolynomialsare - -equivalentsof theJacobipolynomialsandare
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Thefamiliesof theHahnclassthatweconsideredin thisarticle—withabsolutelycontinuous,
arithmeticallydiscreteandgeometricallydiscreteweights—canbegeneratedbysuitablelimit
proceduresfrom theBig - -Jacobipolynomials.

6. Computing the Differ enceEquation fr om a RecurrenceEquation. Fromthedif-
ferentialor ( - )-differenceequationonecandeterminethethree-termrecurrenceequationfor
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As anexamplecase,we considerthediscretesituation.

Thisde�nestheforwardandbackwarddifferenceoperators
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Ú DE:=subs(
Ú ê (x+1)ˆn=xˆn+n*xˆ(n-1)+n*(n-1)/2*x ˆ(n-2 ),
Ú (x+1)ˆ(n-1)=subs(n=n-1,xˆn+n*xˆ(n-1) +n*(n -1)/2 *xˆ(n- 2)),
Ú (x+1)ˆ(n-2)=subs(n=n-2,xˆn+n*xˆ(n-1) +n*(n -1)/2 *xˆ(n- 2)),
Ú (x-1)ˆn=xˆn-n*xˆ(n-1)+n*(n-1)/2*xˆ(n -2),
Ú (x-1)ˆ(n-1)=subs(n=n-1,xˆn-n*xˆ(n-1) +n*(n -1)/2 *xˆ(n- 2)),
Ú (x-1)ˆ(n-2)=subs(n=n-2,xˆn-n*xˆ(n-1) +n*(n -1)/2 *xˆ(n- 2)) ë ,
Ú DE):

andcollectcoef�cients:
Ú de:=collect(simplify(DE/xˆ(n-4)),x);
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Equatingthehighestcoef�cient givesthealreadymentionedidentity for T

5 :
Ú rule1:=lambda[n]=solve(coeff(de,x,4) ,lamb da[n] );
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This resultcanbesubstitutedinto thedifferentialequation:

Ú de:=expand(subs(rule1,de)):

Equatingthesecondhighestcoef�cient gives
7

;

5

asrationalmultipleof
7

5

Ú rule2:=kprime[n]=solve(coeff(de,x,3) ,kpri me[n] );
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7

; ;

5

asrationalmultiple of
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Ú rule3:=kprimeprime[n]=solve(coeff(su bs(ru le2,d e),x,2 ),
Ú kprimeprime[n]);

4Of course,taking into considerationthe fourth highestcoef�cients yields ö/÷ ÷ ÷

ø asrationalmultiple of ö

ø , and
soforth.
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Now we would like to �nd thecoef�cients
Á

5 and ý�5 in therecurrenceequationþ
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(see(7.1)):
Ú RE:=P(n+1)-(x-beta[n])*P(n)+gamma[n ]*P(n -1);
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We substitutethealreadyknown formulas:
Ú RE:=subs(
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ê rule2,subs(n=n+1,rule2),subs(n=n -1,rul e2),
Ú rule3,subs(n=n+1,rule3),subs(n=n-1, rule3 ) ë ,R E):

andgetahighly complicatedexpansion
Ú re:=simplify(numer(normal(RE))/xˆ(n -3)):
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Ú rule4:=beta[n]=
Ú factor(solve(coeff(re,x,3),beta[n]) );
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andequatingthesecondhighestcoef�cient yields�nally ý
5 asrationalfunction,too:

Ú rule5:=gamma[n]=factor(subs(rule4,
Ú solve(coeff(re,x,2),gamma[n])));
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Startingfrom a giventhree-termrecurrenceequation,onecanusetheseidentitiesin the
oppositedirectionto �nd thecorrespondingdifferentialor ( - )-differenceequationby solving
a quadraticsystemof equations;see[10].
Example1: Let therecurrenceequation
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5TheparametersR and S thatappearin Maple's outputcorrespondto thetranslation’UT VWR‰’YX-S .
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Example2: Let therecurrenceequation
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begiven.Thecomputations
Ú RE:=P(n+2)-x*P(n+1)+alpha*qˆn*(qˆ(n +1)-1 )*P(n) =0;
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show thatfor every §U032 thereare - -orthogonalpolynomialsolutionsof (6.2).

7. AssociatedOrthogonal Polynomials. A monicorthogonalsystem
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calledthe _ th associatedorthogonalpolynomials, arealsoorthogonalby FavardsTheorem;
see[3].

It turnsout thattheassociatedpolynomialscanberepresentedaslinearcombinations
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8. Factorization of Fourth Order Differ enceEquations. By linear algebra,onecan
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for somefunction
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. Usingcomputeralgebra,in eachspeci�c casethis factor-
izationcanbecomputedexplicitly.
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still denotingthemonicCharlierpolynomial.Thefunction
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turn out to berathercomplicated.
Onemainadvantageof thefactorizationis thefollowing: In thegeneralcase,usingthe
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In a similar manner, the fourth orderdifferenceequationsandtheir factorizationsof differ-
ently modi�ed polynomialslike thegeneralizedco-recursive andthegeneralizedco-dilated
polynomialscanbedetected[5].

9. Conclusion. The softwareusedwaswritten in connectionwith my book [8] andis
availablefrom my homepage.7

I hopeto have shown that new andinterestingresearchresultsin the classicaltopic of
orthogonalpolynomialscanbeobtainedusingcomputeralgebraalgorithms.

The most importantcomputeralgebraalgorithmsutilized are the algorithmsof linear
algebra,polynomialfactorizationandthesolutionof polynomialsystems,e. g. by Gröbner
bases.

6whichdoesn't necessarilylook simplerbut is of secondinsteadof fourthorder
7http://www.mathematik.uni- kassel.de/˜koepf

http://www.mathematik.uni-kassel.de/~koepf
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Softwaredevelopmentis atimeconsumingactivity! Softwaredeveloperslovewhentheir
softwareis used.But they needyour support.Hencemy suggestion:If you usea computer
algebrapackagefor your research,pleasecite its use!
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