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ORTHOGONAL POLYNOMIALS AND RECURRENCE EQUATIONS, OPERATOR
EQUATIONS AND FACTORIZATION

WOLFRAM KOEPF

Abstract. This article suneys the classicalorthogonalpolynomialsystemsof the Hahnclass,which aresolu-
tions of second-ordedifferential,differenceor -differenceequations.

Orthogonafamiliessatisfythree-ternrecurrencequationsExampleapplicationsof analgorithmto determine
whethera three-termrecurrenceequationhassolutionsin the Hahn class—implementet the computeralgebra
systemMaple—aregiven.

Modi cations of thesefamilies,in particularassociatedrthogonakystemssatisfyfourth-orderoperatorequa-
tions. A factorizationof theseequationdeadsto a solutionbasis.

Keywords. orthogonapolynomials Hahnclass differentialequationsdifferenceequations, -differenceequa-
tions,hypegeometricfunctions,factorizationof operatompolynomials,computeralgebraMaple

AMS subjectclassi cations. 33C45,33C20,33D45,33D15,39A70

1. Classical Orthogonal Polynomials. To de ne families of orthogonalpolynomials
ontherealline, oneusesa scalamproduct

with nonngjative measure andsupportin arealinterval (which canbein nite in
oneor bothdirections).
As specialcaseoneconsiders
absolutelycontinuousmeasures ,
discretemeasures  supportedn
anddiscretemeasures  supportedn  for somebase

A family of polynomials
(1.2)
is calledorthogonalw. r. t. themeasure | if
if
if

The classicalorthogonalpolynomialscanbe de ned asthe commonpolynomial solutions
(1.2) of adifferentialequationof thetype

(1.2)
The case shaws that mustbe a rst orderpolynomial: ,
whereashecausef the function turnsout to be a polynomial of degree

. Consideringhe coefcient of , one nally gets

A completecharacterizatioof the solutionfamiliesof thedifferentialequation(1.1) can
be givenandleadsto thefollowing schemg[2], 1929):
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powers
Hermitepolynomials
Laguerrepolynomials
powers,Bessebpolynomials
Jacobipolynomials

All othersolutionsof (1.1) aretranslationsf the above systems. It turnsout that—besides
the powers—allthesepolynomial systemsare orthogonal.However, the weightfunction of
the Besselpolynomialsis not de ned in arealinterval but in the complex plane. However,
in boththe JacobiandBessekasefor speci ¢ valuesof the parametersite realorthogonal
familiesarise[1, 13, 15, 20].

The weight function correspondingo the systemsatis es Pearsors differential
equation

from whichit followsthat

Furtherdetailscanbefoundin [17].

2. ClassicalDiscrete Families. The classicaldiscreteorthogonalpolynomialscanbe
de ned asthepolynomialsolutionsof the differenceequation

(2.1)
where and denotethe forward and
backwarddifferenceoperatorsrespectiely.

Again, from (2.1) it follows that (using ) and

(using ). Thecoefcient of  yieldsalso .
Theclassicabiscretesystemsanbeclassi edaccordingo thescheme[11]-[12], 1962,
[18], 1991):

falling factorials —

translatedCharlierpolynomials

falling factorials,Charlier Meixner, Krawtchoukpolynomials
Hahnpolynomials

Again, all thesefamilies—besideghefalling factorials—formorthogonalpolynomialfami-
lies.

The weight function correspondingo the systemsatis es Pearsors difference
equation

from which it followsthat

Lf is constantpnegetstranslatedHermite polynomials,if hasdeayreel, thentranslated_aguerre
polynomialsresult,andif the degreeof is 2, thenJacobipolynomialsor Bessepolynomialsfollow depending
on whetheror not hastwo differentzeros(giving the intenal bounds and if they arereal) or onedouble
zero.



ETNA

Kent State University
etna@mcs.kent.edu

ORTHOGONAL POLYNOMIALS, RECURRENCEEQUATIONS AND FACTORIZATION 115

3. HypergeometricFunctions. The powerseries

whosecoefcients have rationaltermratio
is calledthe generalizechypegeometricfunction The summand is calleda
hypegeometridermw. r. t.
Hence becausef
andsince and arepolynomials the weightfunctions of theclassicaldiscrete

orthogonabolynomialsform hypeigeometrigdermsw. r. t. thevariable .
For the coefcients of thegeneralizethypeigeometridunctiononeobtainsthe formula

where denotegshe Pochhammesymbolor shiftedfactorial
Simpleexamplesof hypeigeometridunctionsarethe exponentiafunction

thesinefunction

aswell as . , ..., but for examplenot

Fromthedifferenceequationpnecandetermineahypeigeometriadepresentatiorsee 9,
18]. As anexample,the Hahnpolynomialsaregivenby?

4. g-Orthogonal Polynomials. To de ne orthogonabolynomialsonthelattice , we
needsomemorenotation.
Theoperator([6], 1949)

2|n the Russiarliteraturethe parameters and areinterchanged, is replacecby , andthe standard-
izationis different;see[18, p. 54]. Thegivende nition is theoneof the Americanschool;se€[7].
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is calledHahn’s g-differenceoperatorandthe -bracletsarede ned by

Since

by de I'Hospital's rule, the limit yields the continuouscase. The -bracletsarethe
-equialentof theterm since

The -orthogonalpolynomialsof the Hahnclasscanbe de ned asthe polynomialsolutions
of the -differenceequation

Analogouslyto theclassicakcase pnegets , and

Theclassical -systemsanbeclassi ed accordingio thescheme[19], 1993y’

powersand -Pochhammesymbols(5.1)
discrete -Hermitell polynomials

-Charlier, -Laguerre-, -Meixnerpolynomials
-Hahnpolynomials Big -Jacobipolynomials

Theweightfunction correspondingo thesystensatis esthe -Pearsomifferenceequa-
tion

Hencewe have

5. Basic Hypergeometric Series. Insteadof consideringserieswhosecoefcients
have rationalterm ratio , we canalsoconsidersuchserieswhosecoef-
cients havetermratio w. . t. somebase

Thisleadsto the -hypegeometriqor basichypelgeometrickeries

Now the coefcients—thatarecalled -hypeigeometriderms—aregivenby theformula

SHistorically mary moresystemswereintroducedthat t in thislist. A completeclassi cationthatboils down
to essentiallyserendifferenttypescanbefoundin [14], seealso[1€].



ETNA

Kent State University
etna@mcs.kent.edu

ORTHOGONAL POLYNOMIALS, RECURRENCEEQUATIONS AND FACTORIZATION 117

where

(5.1)

denoteghe -Pochhammesymbol.Since

is rational theweight ofa -orthogonakystenoftheHahntableatusa -hypegeometric
termw. r. t. .

Classicabrthogonakystemdave (generallyseveral) -hypeigeometricequivalents.For
example,the Big -Jacobipolynomialsare -equivalentsof the Jacobipolynomialsandare
givenby

Thefamiliesof theHahnclassthatwe consideredn this article—withabsolutelycontinuous,
arithmeticallydiscreteandgeometricallydiscreteveights—carbegeneratedby suitableimit
proceduresrom theBig -Jacobipolynomials.

6. Computing the Differ enceEquation from a RecurrenceEquation. Fromthedif-
ferentialor ( )-differenceequationonecandeterminethe three-ternrecurrenceequationfor
in termsof the coefcients of and . Usinga computeralgebrasystemlik e
Maple one can easily computehow the three-termrecurrenceequationcorrespondingo a
givensystemcanbeexpressedy the ve parameters and .
As anexamplecasewe considerthe discretesituation.
This de nestheforwardandbackwarddifferenceoperators
Delta:=(f,x)->subs(x=x+1,f)-f:
nabla:=(f,x)->f-subs(x=x-1,f):
We considerthethreehighestcoefcients of the orthogonalbpolynomial
p:=K[n]*x"n+kprime[n]*x"(n-1)+kprim eprim e[n*x “(n-2 );

andwe de ne the polynomials and with symbolicallygivencoefcients

sigma:=a*x"2+b*x+c:

tau:=d*x+e:
Thepolynomial satis esthedifferenceequation with:
DE:=sigma*Delta(nabla(p,x),x)+tau*D elta( p,x)+l ambdaln]*p ;

We replacethepowers and by the binomialtheorem
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DE:=subs(
(x+1)"'n=xX"n+n*x"(n-1)+n*(n-1)/2*x “(n-2 ),
(x+1)"(n-1)=subs(n=n-1,x"n+n*x"(n-1) +n*(n -1)/2 *"(n- 2)),
(x+1)"(n-2)=subs(n=n-2,X"n+n*x"(n-1) +n*(n -1)/2 *"(n- 2)),
(x-1)"n=x"n-n*x"(n-1)+n*(n-1)/2*x"(n -2),
(x-1)"(n-1)=subs(n=n-1,x"n-n*x"(n-1) +n*(n -1)/2 *X(n- 2)),
(x-1)"(n-2)=subs(n=n-2,x"n-n*x"(n-1) +n*(n -1)/2 *>"(n- 2)) ,
DE):

andcollectcoefcients:

de:=collect(simplify(DE/X"(n-4)),X);

Equatingthe highestcoefcient givesthealreadymentioneddentity for

rulel:=lambda[n]=solve(coeff(de,x,4) Jamb da[n] );

Thisresultcanbe substitutednto thedifferentialequation:

de:=expand(subs(rulel,de)):
Equatingthe seconchighestcoefcient gives  asrationalmultiple of

rule2:=kprime[n]=solve(coeff(de,x,3) Jkpri  me[n] );

andequatingthethird highestcoefcient gives  asrationalmultipleof  :#

rule3:=kprimeprime[n]=solve(coeff(su bs(ru le2,d €),x,2 ),
kprimeprime[n]);

40f course takinginto consideratiorthe fourth highestcoefcients yields asrationalmultipleof , and
soforth.
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We considerthemoniccasehence

k[n]:=1;

andtherefore

rule2;

rule3;

Now wewouldliketo nd thecoefcients and intherecurrencequation
(see(7.2)):

RE:=P(n+1)-(x-beta[n])*P(n)+gammaln *P(n -1);
RE:=subs(
P(n)=p,P(n+1)=subs(n=n+1,p),P(n- 1)=sub s(h=n -1,p) ,RE);

We substitutehealreadyknown formulas:

RE:=subs(
rule2,subs(n=n+1,rule2),subs(n=n -Lrul  e2),
rule3,subs(n=n+1,rule3),subs(n=n-1, rule3 ) ,RE):

andgetahighly complicatedexpansion
re:=simplify(numer(normal(RE))/x"(n -3)):
Equatingthe highestcoefcient gives  asrationalfunctionof and :

rule4:=beta[n]=
factor(solve(coeff(re,x,3),beta[n]) );

andequatinghe seconchighestcoefcient yields nally  asrationalfunction,too:

rule5:=gammal[n]=factor(subs(rule4,
solve(coeff(re,x,2),gammaln))));
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Startingfrom a giventhree-ternrecurrencequationonecanusetheseidentitiesin the
oppositedirectionto nd thecorrespondinglifferentialor ( )-differenceequatiorby solving
aquadraticsystemof equationssee[10].

Example 1: Let therecurrencesquation

(6.1)

begiven. Thecomputations
read "hsum9.mpl";

read “"retode.mpl”;

RE:=P(n+2)-(x-n-1)*P(n+1)+alpha*(n+1 Y'2*P (n)=0 ;

REtoDE(RE,P(n),x);

REtodiscreteDE(RE,P(n),x);

shav that for translatedLaguerrepolynomialsand for Meixner and
Krawtchoukpolynomialsaresolutionsof (6.1).°

5Theparameters and thatappeain Maple's outputcorrespondo thetranslation
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Example 2: Let therecurrencesquation
(6.2)
begiven. Thecomputations

RE:=P(n+2)-x*P(n+1)+alpha*q n*(q"(n +1)-1 )*P(n) =0;

REtoqDE(RE,P(n),q,X);

shaw thatfor every thereare -orthogonapolynomialsolutionsof (6.2).

7. AssociatedOrthogonal Polynomials. A monicorthogonakystem

satis esarecurrenceequationof theform (seee.g.,[3])
(7.1)

Thepolynomialsde ned by

calledthe th associate@rthogonalpolynomials arealsoorthogonalby FavardsTheorem;
see[3].
It turnsoutthatthe associategolynomialscanberepresentedslinearcombinations

where ; see[4].

As exampleswe considerthe classicaldiscretepolynomials. Thenit turnsout thatthe
associategolynomials satisfyafourthorderrecurrencequatiorof theform
with polynomials , Where denoteghe shift operator

8. Factorization of Fourth Order Differ enceEquations. By linearalgebra,onecan
prove thata certainmultiple of the differenceoperator canbefactorizedasproductof
two differenceoperatorof secondorder|[5]
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for somefunction . Using computeralgebra,n eachspeci c casethis factor
izationcanbe computedexplicitly.

For example, let's considerthe Charlier polynomialsandtheir associated.The monic
Charlierpolynomialsaregivenby

Thefourth orderdifferenceoperatorof the th associateharlierpolynomialsis givenby

where . Thefactorizationyieldsthe secondrderright factof

still denotingthemonicCharlierpolynomial. Thefunction  aswell astheleft factor
turn outto berathercomplicated.

Onemainadwantageof the factorizationis thefollowing: In the generalcase usingthe
right factor , onecan nd a solutionbasisfor the fourth order differenceequationof
the th associategholynomials(for arbitrary ) consistingof the four linearly independent
functions

In a similar manner the fourth orderdifferenceequationsandtheir factorizationsof differ-
ently modi ed polynomialslik e the generalizedco-recursie andthe generalizedco-dilated
polynomialscanbe detected5].

9. Conclusion. The software usedwaswritten in connectiorwith my book[8] andis
availablefrom my homepage’

I hopeto have shawvn that new andinterestingresearchesultsin the classicaltopic of
orthogonabpolynomialscanbe obtainedusingcomputeralgebraalgorithms.

The mostimportantcomputeralgebraalgorithmsutilized are the algorithmsof linear
algebrapolynomialfactorizationandthe solution of polynomialsystemseg. g. by Grobner
bases.

6which doesnt necessarilyook simplerbut is of secondnsteadof fourth order
http://www.mathematik.uni- kassel.de/ koepf
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Softwaredevelopmenis atime consumingactiity! Softwaredeveloperdovewhentheir

softwareis used.But they needyour support.Hencemy suggestionif you usea computer
algebrapackagdor yourresearchpleasecite its use!
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