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THE METHOD OF LOWER AND UPPERSOLUTIONS FOR PERIODIC AND
ANTI–PERIODIC DIFFERENCE EQUATIONS
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Abstract. In thiswork wedoasurvey onthemethodof loweranduppersolutionsfor periodicandanti-periodic
discreteproblems.Somenew existenceresultsarealsogiven.
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1. Intr oduction. The methodof lower and uppersolutionsfor ordinary differential
equationswasintroducedin 1931by G. ScorzaDragoni[25] for a Dirichlet problem. This
methodallow us to enssuretheexistenceof a solutionof the consideredproblemlying be-
tweenthe lower andtheuppersolutions,i. e.,we have informationabouttheexistenceand
locationof thesolutions. After this, thereis a largenumberof works in which the method
hasbeendevelopedfor differentboundaryvalueproblems,thus�rst, secondandhigherorder
ordinarydifferentialequationswith differenttypeof boundaryconditionsas,amongothers,
the periodic,mixed, Dirichlet or Neumannconditions,andpartial differentialequationsof
�rst andsecondorder, havebeentreatedin theliterature.In theclassicalbooksof S.R.Bern-
feld andV. Lakshmikantham[7] andG.S.Ladde,V. LakshmikanthamandA.S. Vatsala[22]
is exposedtheclassicaltheoryof themethodof loweranduppersolutionsandthemonotone
iterative technique,thatgive ustheexpressionof thesolutionasthelimit of a monotonese-
quenceformedby functionsthatsolve linearproblemsrelatedwith thenonlinearconsidered
equations.We refer to the readerto the surveys in this �eld of C. De CosterandP. Habets
[18, 19] in which onecanfoundhystoricalandbiographycalreferencestogetherwith recent
resultsandopenproblems.

Theapplicationof this kind of techniquesto differenceequationsis recent.In thispaper
we presentsomeof the resultsthat have appearedin this �eld. Furthermore,somenew
resultsfor �rst andsecondorderdifferenceequationsaregiven.In � 2, weconsider�rst order
equations.Secondorderequationsareabordedin � 3 andhigherorderin � 4. Asaconsequence
of theexposedresultsin thatsection,wepresentin � 5 someexistenceanduniquenessresults
for �rst andsecondorderanti-periodicdifferenceequations,someof them(for ordertwo) are
new.
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2. First order differ enceequations. Firstorderdifferenceequationshasbeenaborded
by V. Otero-Espinar, R. L. Pousoandthe authorin [16]. Therethe following problemhas
beenstudied.
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Whenwethink aboutanti - periodicboundaryvalueconditions( � J �M�[�

N ), we cannot
enssurethe existenceof extremalsolutions,unlessall of themstartat �

J
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casewe arrive at �
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�c1 , andsince�nal problemhasa uniquesolution,we concludethat
the anti-periodicproblemhasa uniquesolution too. As consequence,if the anti-periodic
problemhasmorethanonesolutionthenthereis no extremalsolutions. Our investigation
is directedto concludetheexistenceof at leastonesolutionand,if we try to usemonotone
iterative techniques,to ensuretheexistenceof only onesolution.
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periodicproblems.

Both existenceresultshave beengeneralizedby D. Franco,D. O'ReganandJ.Peŕanin
[23]. Theretheauthorsde�ne theconceptof coupledloweranduppersolutionsfor problem.
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In fact it is possibleto give an existenceresult for problem(2.1) (and the equivalent

expression(2.2)) replacingmonotony propertiesif G by theweakone:
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Underthisassumption,wearriveat thefollowing existenceresult.Theproof followsthe
ideasexposedin [16], we presentit hereby theconvenienceof thereader.
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andcomparisonresultsdonothold in thissituation,themonotonemethod,valid for periodic
equations,is not applicablein this situation. In [1] and[2] somecriteria for existenceand
uniquenessresultsfor ˆ –thorderanti-periodicdifferenceequationshavebeendeveloped.The
particularcaseof �rst orderequationshasbeenalsoconsideredin [2] andwill beexposedin
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in thesector
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F. Atici andtheauthorprovein [4] theexistenceof asolutionof thesecondorderperiodic

boundaryvalueproblem
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Othertypeof boundaryconditionshavebeenalsoconsidered.In [26] Zhuang,Chenand
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Similar existenceresultsaregivenby R. P. Agarwal andD. O'Reganin [3]. Moreover,
assumingaone- sidedLipschitzconditionin function ; , themonotonemethodis alsodevel-
opedin [26].

In [8] is studiedthesecondorderdifferenceequationwith nonlinearfunctionalboundary
conditions
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Thenonusualcase,in which the lower solution � is biggerthanor equalsto theupper
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directly from the monotoneiterative techniques.In [13], A. CabadaandV. Otero-Espinar
studythe — -Laplacianproblem
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4. Higher order equations. As wehaveseenin theprevioussections,thestudyof �rst
andsecondorderdifferenceequationsgiveustheexistenceof solutionslying betweena pair
of well orderedloweranduppersolutions.Themainargumentsto enssurethelocationof the
solutionsaretheoscillationproperties.When � and � aregivenin thereversedorderfor �rst
andsecondorderproblemsor if weconsiderequationsof order ˆ�QR¦ , thiskind of techniques
areinsuf�cient to concludethe locationof solutions.In this situationwe mustuseiterative
techniquesto derive existenceandapproximationof solutions.This classof techniqueshas
beenappliedto ˆ -th orderperiodicequationsin [14, 15] andfor ˆ -th orderanti-periodicones
in [1, 2].

For theperiodiccase,thefollowing existenceandapproximationresultis provedin [14].
THEOREM 4.1. Let ;dT…,-1

�424232
��C

�d7:9oW

">§

�f�

XO" be a continuousfunctionand
˜l¨

 {" , ©ƒ�œ1

�423242��
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�‚,

�

J
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�
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�

§

�
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�
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�
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�
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�

§

�
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�

�
�

§
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and
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§
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�

�

2

If function ; satis�esthefollowing condition
=yxa� @ Thereexists ,qª J
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ª

§
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 #" §

��� such that
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§
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¬
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¬
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�

for all 0H 
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�
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&
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ª
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N

�
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�
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¯

§

(
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ª

§

+

�
�

•

�
�
�

§
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§

¬

¨v­
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ª
¨

�
�
��¨
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�324232���C
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then �¥QR1 in ,k1

�423242��DC

h!ˆ#�/7V9 .
Thenthere exist two monotonesequencesin "

N

�

§ , ,k°F±j9 and ,k²�±�9 with °FJa�

� and
²

J
�

� , which convergepointwiseto theextremalsolutionsin
(

�)�*��+ of problem
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2

Proof. For eacḩ  

(

������+ , we considerthefollowing linearproblem:

=6³f¹
@
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¯

§
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¸
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2

It is notdif�cult to verify thatproblem =6³
¹

@ admitsauniquesolution � for eacḩ given.
Fromcondition =6xB�

@ andthede�nition of � and � , we havethat

¯

§

(

ª
J

�423242��

ª

§

+

=I�a�

�

@
Q81 on ,-1

�424232
��C

�87:9

andweconcludethat �.Q

� on ,-1

�324232���C

h{ˆH�87:9 .
On the other hand, let �

¨ , ©¥�»7

�

£ , be the uniquesolutionsof problem =6³•¹D¼
@ , with

¸
�

&

¸

Œ

on ,-1

�423242��DC

h{ˆ#�/7V9 . We know that

¯

§

(

ª•J
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ª
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+
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Œ

���
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andthen �

Œ

Q8��� on ,-1

�324232���C

h{ˆH�87:9 .
Thesequences,-°®±�9 and ,-²
±j9 areobtainedby recurrence:°½Jw�

� , ²¾J��

� and °½± and
²
± aregivenastheuniquesolutionsof =6³e¿
À>ÁFÂ @ and =6³>Ã†À>ÁFÂ @ respectively.

It is importantto notethat in the proof of the previous result is fundamentalthe study
of theGreen's functionrelatedwith operator

¯

§

(

ª J

�424232��

ª

§

+ and,moreconcisely, with the
valuesof the parametersª'¨ for which suchGreen's function hasconstantsign. In [15], a
formula to obtainsuchfunction is given. Using this expression,optimal estimatesfor �rst
andsecondorderequationsareobtained.Thisstudyhasbeencontinuedin [11], where,using
thoseoptimalestimatestogetherwith theexpressionof the ˆ -th orderlinearoperator

¯

§

(

ª

+

� �

•

�

§

� � h'ª`� �

asa compositionof suitable�rst andsecondorderoperators,the following resultis proved
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THEOREM 4.2. Let ;8Tf,k1

�423242
��C

�S7:9tW

"œXÅ" bea continuousfunction. Suppose
that thereexist �'&/� satisfying

�

§

�

�

&

;>=

0����

�:@

�A0H 

,-1

�324232���C

�87:9

�

�

¨
�

�
N

��¨
�
1

�

©>�S1

�424232��

ˆ#�!£

�

�

§

�

�
�

�
N

�

§

�

�

&

1

and

�

§

�

��Q8;>=

0?�*�

�
@

�A0H 

,-1

�424232���C

�87:9

�

�

¨��

�KN

��¨��
1

�

©f��1

�423242��

ˆH�!£

�

�

§

�

�…�

�lN

�

§

�

��Q/1

2

If ; satis�escondition =6xB�
@ (with obviousnotation)for someª

‡
1 such that
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Œ
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if ˆ odd.

Thenthere exist two monotonesequencesin "

N

�

§ , ,k°½±�9 and ,q²
±j9 with °FJB�

� and
²¾J��

� , which convergepointwiseto theextremalsolutionsin
(

�)�*��+ of problem =6³
@ .

If we areinterestedinto approachthesolutionsof theanti-periodicproblem

=6 �³
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¨
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�
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�

with
“

§

a ˆ -th orderlinear operator, it is not possible,aswe have notedbefore,to ensure
existenceof extremalsolutionsand,obviously, the Green's function associatedto operator
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¯

§

(

ª J

�4242324�

ª

§

+ in thesetof anti-periodicfunctionschangessign. Is for this thatthedevel-
opmentgivenfor periodicequationsdoesnotholdin thisnew situation.J.J.Nietoandtheau-
thor presentin [10] theconceptof coupledloweranduppersolutionsfor anabstractHilbert-
Schmithoperatoranddeduceexistenceanduniquenessresultsfor someordinarydifferential
equations.Underthispointof view, existenceanduniquenessresultsfor anti-periodicdiffer-
enceequationshave beenobtainedin [2] where,for any choiceof =yÐaJ

�4232424�

Ð

§

@

 
">§

��� ,
thefollowing equivalentproblemis considered
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� �
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Ð ¨ � �
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§

(
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Ð

§
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Ò
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�(4.1)

de�ning for any ¸

 ."•Ó

�

§ , theoperators
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Where
Ô

Õ

=

0?�ÙÖ

@ is theGreen's functionassociatedwith theoperator
”

�

�

§

(

ÐaJ

�423242��

Ð

§

+ , ³ is
thesuperpositionoperatorinducedby thenonlinearfunction
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"

§
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Ô
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Ô
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@

�
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Ô

�
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=

0?�ÙÖ

@
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Ô
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0?�†Ö
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�
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2

It is clearthatthesolutionsof problem =y •³

§

@ arethe�x edpointsof theoperator
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+
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Now, given � , �� R"

N

�

§•� suchthat �M&œ� on ,k1

�423242��DC

h
ˆi�<7:9 , we saythat � and �

arecoupledlower anduppersolutionsof =6 �³
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J

�4242324�

Ð
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@

 #">§
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2

Note that in this casewe do not imposeany additionalconditionson � and � on the
boundaryof ,-1

�424232
��C

h<ˆ!�Ñ7:9 . One can verify, see[2], that this de�nition covers the
de�nition of relatedloweranduppersolutionsfor �rst orderanti-periodicequations.



ETNA
Kent State University 
etna@mcs.kent.edu

22 ALBERTO CABADA

Thus,it is provedin [2] thefollowing result.
THEOREM 4.3. Supposethat thereexistsa pair of coupledloweranduppersolutionsof
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@ for someÐ‹�c=6ÐaJ
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Proof. De�ne theoperator:
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5. First and secondorder anti-periodic problems. As we have seenin theprevious
section,to giveexistenceanduniquenessresultsfor anti-periodicproblemswe mustto study
theGreen's functionrelatedwith operator
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ª
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+ . To do it, it is obtainedin [2] the
following expressionfor theGreen's functionof anti-periodicequations.
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hasa uniquesolutionfor every í
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, it is givenby
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Usingthis expressionandde�ning thefollowing constant
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the following two existenceand uniquenessresultsfor �rst order anti–periodicdifference
equationshavebeenprovedin [2].

THEOREM 5.2. Assumethat thereexist coupledloweranduppersolutionsof
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THEOREM 5.3. Assumethat thereexist coupledloweranduppersolutionsof
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for ÐY• �Ñ�•£ whenever C is odd. If ; is a continuousfunctionthat satis�estheinequalities

�ƒÐ‚=I^a�

_

@

&

;>=

0?�

^
@

�•;>=

0?�*_

@

&

=yªÅ�UÐ
@

=I^o�

_

@

�

for every ^ , _‰ �" such that �

�

&S_‰&

^

&��

� , 0‰ 

,-1

�324232���C

�
7V9 and ªïQ<1 such that
ª

“

Õ

„
7 (

“

Õ

givenin (5.2)), thenthisproblemhasa uniquesolutionin
(

������+ .



ETNA
Kent State University 
etna@mcs.kent.edu

24 ALBERTO CABADA

If we considerthesecondorderdifferenceequation
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we canprove,by usingTheorem4.3, theexistenceof a uniquesolutionin thesectorformed
by apairof coupledloweranduppersolutions.To thisendwemustsolvethefollowing linear
problemfor someÐ ‡ 1
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As consequence,from the identity (5.1), onecanverify that theGreen's function
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if Ð`�Ñ7 .
Thus,weobtainthefollowing existenceanduniquenessresultfor thesecondorderprob-

lem(5.3).
THEOREM 5.4. Assumethat there exist coupledlower anduppersolutionsof problem
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