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THE METHOD OF LOWER AND UPPER SOLUTIONS FOR PERIODIC AND
ANTI-PERIODIC DIFFERENCE EQUATIONS

ALBERTO CABADA

Abstract. In thiswork we do asuney onthemethodof lower anduppersolutionsfor periodicandanti-periodic
discreteproblems.Somenew existenceresultsarealsogiven.
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1. Intr oduction. The methodof lower and uppersolutionsfor ordinary differential
equationsvasintroducedin 1931by G. ScorzaDragoni[25] for a Dirichlet problem. This
methodallow usto enssurehe existenceof a solutionof the consideregroblemlying be-
tweenthe lower andthe uppersolutions,i. e.,we have informationaboutthe existenceand
locationof the solutions. After this, thereis a large numberof works in which the method
hasbeendevelopedfor differentboundaryalueproblemsthus rst, secondandhigherorder
ordinarydifferentialequationswith differenttype of boundaryconditionsas,amongothers,
the periodic, mixed, Dirichlet or Neumannconditions,and partial differential equationsof

rst andsecondrder, have beentreatedn theliterature.In theclassicabooksof S.R.Bern-
feld andV. Lakshmikanthani7] andG.S.Ladde,V. LakshmikanthanandA.S. Vatsala[22]
is exposedhe classicatheoryof the methodof lower anduppersolutionsandthe monotone
iterative techniquethatgive usthe expressiorof the solutionasthelimit of a monotonese-
quenceformedby functionsthatsolve linear problemsrelatedwith the nonlinearconsidered
equations.We refer to the readerto the suneys in this eld of C. De CosterandP. Habets
[18, 19] in which onecanfound hystoricalandbiographycateferencesogethemith recent
resultsandopenproblems.

Theapplicationof this kind of techniquego differenceequationds recent.In this paper
we presentsomeof the resultsthat have appearedn this eld. Furthermore,somenew
resultsfor rst andsecondrderdifferenceequationsaregiven.In 2, we considerrst order
equationsSecondrderequationg@reabordedn 3andhigherorderin 4. Asaconsequence
of theexposedresultsin thatsectionwe presenin 5 someexistenceanduniquenessesults
for rst andsecondrderanti-periodicdifferenceequationssomeof them(for ordertwo) are
new.

In all the paperwe denoteby and . Moreovergiven

, suchthat , We write

2. First order differ enceequations. Firstorderdifferenceequation$asbeenaborded
by V. Otero-EspinarR. L. Pousoandthe authorin [16]. Therethe following problemhas
beenstudied.
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Thus, is alower solutionif

and is anuppersolutionwhen

In thatpaperit is provedthatif , and
arecontinuougunctionssuchthat and arenonincreasing,

thenthis problemhasat leastone solutionin the sector . Moreover, if is a

nonincreasingunction for each , then problem (2.1) hasextremal solutions

lying between and . Whereby extremalsolutionswe denotethe biggestandthe smallest
solutionsof the problemlying in the sector

It is clearthat this resultis applicableto initial conditions and periodic
boundarywalueproblems

Whenwe think aboutanti - per|od|cboundaryvaluecondmons( ), we cannot
enssurghe existenceof extremal solutions,unlessall of them startat , but in this
casewe arrive at , andsince nal problemhasa uniquesolution,we concludethat

the anti-periodicproblemhasa uniquesolutiontoo. As consequencsdf the anti-periodic
problemhasmorethanonesolutionthenthereis no extremalsolutions. Our investigation
is directedto concludethe existenceof at leastonesolutionand,if we try to usemonotone
iterative techniquesto ensurehe existenceof only onesolution.

With respecto the existenceresults,in [2] the de nition of relatedlower andupperso-

lutionsfor problem(2.1) is givenasa pair and
of realsequencesuchthat in , suchthat
and

andit is provedthatif thereexist and a pair of relatedlower and uppersolutionsof

(2.2), and and arenondecreasinn then,providedthat and are
continuoudunctions,problem(2.1) hasatleastonesolution
Clearly, de ning we have an eX|stenceresuItfor rst order anti-

periodicproblems.
Both existenceresultshave beengeneralizedy D. Franco,D. O'ReganandJ. Pe&nin
[23]. Theretheauthorsde ne theconcepiof couplediower anduppersolutionsfor problem.

2.2)

asapair and of realsequencesuchthat
in , suchthat

and

andprovethatif thereexist and apairof coupledioweranduppersolutionsof (2.2), and
and aremonotongnondecreasingr nonincreasingn and and
arecontinuoudunctions,thenproblem(2.2) hasatleastonesolution
In factit is possibleto give an existenceresultfor problem(2.1) (andthe equialent
expression(2.2)) replacingmonotory propertiesf by theweakone:
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Thereexists a pair and of real se-
quencesuchthat in , suchthat
and
for all

Underthis assumptionye arrive atthefollowing existenceresult. The proof follows the
ideasexposedn [16], we presentit hereby the corvenienceof thereader
THEOREM 2.1. Supposéhat function is continuousin for all
andthat . If condition holdsthenproblem(2.1)
hasat leastonesolution .
Proof. Let usconsiderthefollowing modi ed problem:

(2.3)
(2.4)
where for all and
Follow the proof of Theorem2.1in [16] onecanseethat(2.3) — (2.4) hasat leastone
solution andthatall of the possiblesolutionsof that problembelongto the sector
Now, we needto verify thatall the solutionsof (2.3) — (2.4) satisfy . To
thisend,let beasolutionof problem(2.3) — (2.4), if , by de nition of
function , we have that , andthen,since from condition  , wearrive
at

whichis acontradiction.

Thefactthat holdssimilarly. d

If weareinterestednto approachhesolutionsof theanti-periodigproblemvia monotone
iterative techniquessince ,aswe have exposedabove, thereis no extremalsolutionsin
andcomparisorresultsdo nothold in this situation,the monotonemethod valid for periodic
equationsjs not applicablein this situation. In [1] and[2] somecriteria for existenceand
uniguenessesultsfor —thorderanti-periodiadifferencesquationdiave beendeveloped.The
particularcaseof rst orderequationshasbeenalsoconsideredn [2] andwill beexposedn

5 of this paper

3. Secondorder differ enceequations. Secondorder boundaryvalue problemshave
beenstudiedfor differentauthorsunderthe assumptiorof the existenceof a pair of lower
anduppersolutions.Thus,assuminghat is acontinuoudunction,
monotoneadecreasingn the seconcandthethird variablesandthe existenceof a pair of well
orderedlower and uppersolutions,thatis, the lower solutionis lessthanor equalsto the
upperone,P. W. Eloe, providedthatthe lower andthe uppersolutionsatisfysomeadditional
conditions,provesin [21] the existenceof at leastonesolutionof the secondorderperiodic
boundaryvalueproblem
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in the sector
F. Atici andtheauthorprovein [4] theexistenceof asolutionof thesecondrderperiodic
boundaryalueproblem

(3.1)

with and in .
Herewe de ne alower solution asavectorin thatsatis es

will beanuppersolutionif thereversednequalitieshold.
Thesede nitions arethe naturaladaptatiorto this caseof the problemstudiedby P. W.
Eloein [21]].
In this caseno monotory conditionsareimposedin the continuousfunction . In the
proof, somepropertienf the Greens functionrelatedwith thelinearoperator

in the spaceof periodicfunctions

givenby F. Atici andS. Guseinw in [6], areused.

Dueto thefact[6] thatthe Greens functionrelatedwith operator hasconstansign,
it is alsodevelopedthe monotonemethod,. e.,assumingaone- sidedLipschitzconditionin
funcion , two monotonesequencethatstartatthe lower solution andthe uppersolution

andcorvergeto a solutions and , areconstructedmoreorer every solution
of problem(3.1) satis esthat in .

Thesekind of resultshave beenappliedby F. Atici, A. CabadaandV. Otero-Espinam
[5], where dependingnthevaluesof therealparameter , existenceresultsfor thefollowing
seconcdrderperiodicboundaryalueproblemaregiven

Othertype of boundaryconditionshave beenalsoconsideredin [26] Zhuang,Chenand
Chengstudythe Dirichlet boundaryalueproblem

anddeduceaheexistenceof asolutionlying betweeralowersolution andanuppersolution
suchthat of the Dirichlet problem.Here is alower solutionwhenit satis es(the
reversednequalitiesfor anuppersolution )

Similar existenceresultsaregivenby R. P. Agarwal andD. O'Reganin [3]. Moreover,
assumingone- sidedLipschitzconditionin function , themonotonemethodis alsodevel-
opedin [26].

In [8] is studiedthe secondrderdifferenceequationwith nonlinearfunctionalboundary
conditions

(3.2)
(3.3)
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with  a continuousfunction, continuous strictly increasingand ,
continuousand nondecreasingn the secondvariableand
continuousandnonincreasingn the rst variable.

This kind of problemsis known as — Laplacianequationand arisesin the theory of
radial solutionsfor the — Laplacianequation( , ) on anannular
domain (see[20], and referencedherein),and hasbeenexhaustvely studiedrecentlyfor
differentialequationgsee for instance[9, 17]). Thisclassof nonlineaboundaryconditions
allow functionaldepencef the solutionsandincludethe Dirichlet,

Neumann,

andperiodicboundaryconditions

asparticularcases.

Obviously, de ning astheidentity, we have thatevery givenresultfor problem(3.2) —
(3.3 remainsvalid for secondbrderdifferencesquationsin thatpapelis provedanexistence
resultof extremalsolutionswhen without assumingmonotory propertiesn function

. In this casewe saythat is alower solutionfor problem(3.2) — (3.3 if it satis esthe
following inequalities

When satis esaone- sidedLipschitzcondition,themonotonéterative techniquds devel-
oped.Theseresultsgeneralizeprevious givenresultsandsomeof themhave beenappliedin
[12] to deduceexistenceresultsin presencef lower anduppersolutionsfor thefunctional
— Laplacianproblemwith periodicboundaryalueconditions

with in and nondecreasingnddis-
continuousn thethird variable. In this casethe techniqueslevelopedby S. HeikkilaandV.
Laksmikanthanin themonograph 24] arethe fundamentatools.
Nonlinearboundaryvalueproblemdor secondrderdifferenceequation$iave beenalso
consideredy D. Franco,D. O'ReganandJ. Peianin [23], whereis consideredhe problem

The authorsintroducethe conceptof coupledlower anduppersolutionsasa pair of vectors
in , and , suchthat and

with
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In this caseit is provedthatif functions , and are
monotoneg(nonincreasingr nondecreasmg)henthereeX|sts atleastonesolutionin
of thetreatedproblem.

In thisde nition of coupledoweranduppersolutionsareincludedbothfunctions,unless
thefour previousfunctionswasnondecreasing.

The nonusualcase,n which thelower solution is biggerthanor equalsto the upper
solution , hasbeenabordedin different papers. In this casethe existenceresultsfollow
directly from the monotoneiterative techniques.In [13], A. CabadaandV. Otero-Espinar
studythe -Laplacianproblem

There,undersuitableconditionsin functions and , someresultsof existenceof ex-
tremalsolutionsaregivenfor Neumanrandperidicboundaryvalueproblems.
An exhaustve studyof thesecondbrderNeumanrboundaryalueproblem

hasbeendonein [14], wherecomparisomresultsfor the secondorderlinearoperator

in theset

aregiven.

4. Higher order equations. As we have seenin the previoussectionsthestudyof rst
andsecondrderdifferenceequationgive usthe existenceof solutionslying betweera pair
of well orderedower anduppersolutions.The mainargumentgo enssurahelocationof the
solutionsaretheoscillationpropertiesWhen and aregivenin thereversedorderfor rst
andsecondrderproblemsor if we considerequation®f order , thiskind of techniques
areinsufcient to concludethe locationof solutions. In this situationwe mustuseiterative
techniquedo derive existenceand approximationof solutions. This classof techniquesas
beenappliedto -th orderperiodicequationsn [14, 15] andfor -th orderanti-periodicones

in[1, 2.
For the periodiccase thefollowing existenceandapproximatiorresultis provedin [ 14].
THEOREM 4.1. Let be a continuousfunctionand

, , given. Supposéhat there exist and
, satisfying and
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and

If function satis esthefollowing condition

Thee exists sud that
for all and
for some for which it is satis edthatif
and
in
then in .
Thenthere exist two monotonesequences , and with and
, which corvemge pointwiseto the extremalsolutionsin of problem
Proof. For each , we considerthefollowing linearproblem:

It is notdif cult to verify thatproblem admitsa uniquesolution for each given.

Fromcondition andthede nition of and , wehavethat
on
andwe concludethat on .
On the otherhand,let , be the unique solutionsof problem , with
on . We know that

on
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andthen on .

Thesequences and areobtainedby recurrence: , and and

aregivenasthe uniquesolutionsof and respectiely. d

It is importantto notethatin the proof of the previous resultis fundamentathe study
of the Greens functionrelatedwith operator and,moreconcisely with the
valuesof the parameters  for which suchGreens function hasconstantsign. In [15], a
formulato obtainsuchfunctionis given. Using this expressionoptimal estimatedor rst
andsecondrderequationsareobtained.This studyhasbeencontinuedn [ 11], where,using
thoseoptimalestimatesogethemith the expressiorof the -th orderlinearoperator

asa compositionof suitable rst andsecondorderoperatorsthe following resultis proved
for problem

THEOREM 4.2. Let be a continuousfunction. Suppose
thatthere exist satisfying
and
If satis escondition (with obviousnotation)for some sud that

— , when , ,
— Jif . ,
or - if odd.
Thenthere exist two monotonesequences , and with and
, which corvermge pointwiseto the extremalsolutionsin of problem

If we areinterestednto approactthe solutionsof the anti-periodicproblem

with a -th orderlinear operatorit is not possible,aswe have notedbefore,to ensure
existenceof extremalsolutionsand, obviously, the Greens function associatedo operator
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in the setof anti-periodicfunctionschangesign. Is for this thatthe devel-
opmentgivenfor periodicequationgloesnotholdin thisnew situation.J.J.Nieto andtheau-
thor presenin [10] the conceptf coupledlower anduppersolutionsfor anabstracHilbert-
Schmithoperatoranddeduceexistenceanduniquenessesultsfor someordinarydifferential
equationsUnderthis point of view, existenceanduniquenessesultsfor anti-periodicdiffer-
enceequationshave beenobtainedin [2] where,for ary choiceof ,
thefollowing equivalentproblemis considered

If existsin theset
(4.1)
de ning for ary , theoperators
and
Where is the Greens functionassociateavith the operator , s

thesuperpositioroperatorinducedby the nonlinearfunction

and
It is clearthatthe solutionsof problem arethe x edpointsof the operator
in
Now, given , suchthat on , we saythat and
are coupledlower and uppersolutionsof if existsin andthe
inequalities
and

hold for some

Note thatin this casewe do not imposeary additionalconditionson and onthe
boundaryof . Onecanverify, see[2], thatthis de nition coversthe
de nition of relatedlower anduppersolutionsfor rst orderanti-periodicequations.
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Thus,it is provedin [2] thefollowing result.
THEOREM 4.3. Supposé¢hatthere existsa pair of coupledower anduppersolutionsof

for some . If is acontinuoudunctionthat satis esthe
inequalities
for all for every sud that in

and , sudc that
then hasa uniquesolutionin

Proof. De ne theoperator:

as
Onecanverify that
andthat
if and , then
De ning , , and ,
we constructtwo monotonecorvergentsequences and , suchthat
and

Now, from theinequality

we concludethat is theuniquesolutionof in . O

5. First and secondorder anti-periodic problems. As we have seenin the previous
section to give existenceanduniquenessesultsfor anti-periodicproblemswe mustto study

the Greensfunctionrelatedwith operator . Todolit, it is obtainedn [2] the
following expressiorfor the Greens functionof anti-periodicequations.

THEOREM 5.1. Let be xed sud that there exists the operator

in ( de ned in Theoem4.1 and givenin

(4.2)). Then.,if thefollowing problem
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hasa uniquesolutionfor every , it is givenby
for all
whee satis es
if
(5.1)
if

and istheuniquesolutionof

Usingthis expressiorandde ning thefollowing constant

if and ;
if ;
(5.2) — if and even;or
_— if and odd,;
if and even,

the following two existenceand uniquenessesultsfor rst order anti—periodicdifference
equationave beenprovedin [2].
THEOREM 5.2. Assumehatthere exist couplediower anduppersolutionsof

for wheneer isodd,or . If is a continuoudunctionthat satis esthe
inequalities

for every suc that , and suct
that ( givenin (5.2), thenthis problemhasa uniquesolutionin

THEOREM 5.3. Assumehatthere exist couplediower anduppersolutionsof
for wheneer isodd.If isacontinuoudunctionthatsatis estheinequalities

for every suc that , and sudc that
( givenin (5.2)), thenthis problemhasa uniquesolutionin
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If we considetthe secondbrderdifferenceequation
(5.3)

we canprove, by using Theorem4.3, the existenceof a uniquesolutionin the sectorformed
by apairof coupledoweranduppersolutions.To this endwe mustsolve thefollowing linear
problemfor some

In this case,function introducedin Theorem5.1 is given by this expressionwhen

if and areeven;

_ if isoddand iseven;

if isevenand isodd;

if and areodd;

and
if and areeven;
if isoddand iseven;
if isevenand isodd;
if and areodd;
when

As consequencdrom the identity (5.1), one canverify thatthe Greens function
satis esthat

if iseven,
(5.4)
_ if isodd,
when ,and
— if and areeven,
(5.5) —— if isoddand iseven,

— if isodd,
if .
Thus,we obtainthefollowing existenceanduniquenessesultfor thesecondrderprob-
lem(5.3).
THEOREM 5.4. Assumehat there exist coupledlower and uppersolutionsof problem
(5.3 for some . If isacontinuoudunctionthat satis estheinequalities

for every sud that , and sud that
( givenin (5.4) and(5.5), thenthis problemhasa uniquesolutionin
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