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AN ALGEBRA OF INTEGRAL OPERATORS

SERGEIK. SUSLO/

Abstract. We introducean algebraof integral operatorselatedto a modelof the -harmonicoscillatorand
investigatesomeof its properties.

Keywords. integral operatorsdivided differenceoperatorsthe continuous -Hermitepolynomials,generating
functions,Poissorkernel,bilineargeneratingunctions, -harmonicoscillators
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1. Intr oduction. Inthisreportauni cation of thebasicanalogof Fouriertransformand
inversesf the Askey—Wilson divided differenceoperatorswill be givenin aform of certain
algebraicstructurerelatedto a modelof the -harmonicoscillator We presentereonly the
summaryof results;a papemwith detailedproofswill appeaelsevhere[53].

To be morespeci ¢, let usconsidera -quadratidattice of theform
with andlet usintroducethe symmetricdifferenceoperatoras

The rst orderAsley—Wison divideddifferenceoperator is givenby

(1.1) S

Several“right” inverses of the Askey—Wilson divideddifferenceoperatorsuchthat
and is theidentity operatoywereconstructedn [20, 31, 33],

It was Dick Askey who realizedthat Wiener's treatmentof the Fourier integrals [59]
containsthe key to -extensiong8, 11, 41]. GeneralizingWiener's methodto the level of
the Askey—Wilson polynomialsone canintroducea setof one-parameteintegral operators
whichresembleaisingandloweringoperatorsTheseoperator®bey aninterestingalgebraic
structurewhich allows to obtainone-sidednversesf the divided differenceoperatorsf the

rst order[20, 31, 33|, andto nd theresohentsof thesecondrderAskey—Wilsonoperators
in differentspace®f functions. Theaimof thepresennoteandits extendedversion[53 is to
considerthe simplestcaserelatedto the continuous -Hermitepolynomials;a moregeneral
caseincludingthe Askey—Wilson polynomialswill be discussedater; seealso[49] and[50]
for an extensionof the Askey—Wilson polynomialsorthogonalityto a certainclassof
functions.

Thepaperis organizedasfollows.In 1to 4 weremindthereaderbasicfactsaboutthe
continuous -Hermite polynomialsand considera modelof -harmonicoscillatorin terms
of thesepolynomials.In 5to 7 we introducea family of oneparameteitegral operators,
which extendrasingandlowering operatorsandinvestigatesomepropertiesof theseoper
ators,their adjointsandinversesn a framawork of a singlealgebraicstructure. An analog
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of the -Fouriertransformis briey discussedn 8. An explicit realizationof the number
operatorin this model of the -oscillatortermsof Hadamards principal valuesintegral is
outlinedin 9. Inversesof the rst orderAskey—Wilson operatorsareconstructedn 10. In
conclusiontheresohentandGreens functionof thecorresponding -Hamiltonianarefound
in 11. More detailscanbefoundin theforthcomingpapen 53].

2. Continuous -Hermite Polynomials. Although the continuous -Hermite polyno-
mials wereoriginally introducedoy Rogers[47], [43], [44], their orthogonalityrelationand
asymptotigoropertieshadbeenestablisheanly recentlyby Allaway [ 2], Al-SalamandChi-
hara[4], andAskey andlsmail[9], [10]. Thesepolynomialsaregivenby

2.1)

andthe continuousorthogonalityrelationis [2], [9], [10]

2.2)

or

(2.3)

wherethe weightfunctionis

(2.4)

andthe -normis givenby

(2.5) —

Thecontinuous -Hermitepolynomials(2.1) obey averyimportantproperty namely the
actionof the Askey—Wilson divideddifferenceoperator(1.1) on resultsin thesame
polynomialof thelower degree,

whichis a -analogof the familiar formula . It is worth alsonoting
thatthe continuous -Hermite polynomialsarethe simplestspecialcaseof the fundamental
Askey-Wilsonpolynomials [14] correspondingo thezero-\aluedparameters,

. They satisfy a second-ordedifferenceequationand have the
Rodrigues-typdormulaamongotherpropertiessee,for example,[5], [14], [16], [18], [30],
[32], [40Q], and[47] for moredetails.
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3. Bilinear Generating Functions. Thereare several importantgeneratingfunctions
for the continuous -Hermite polynomials;see,for example,[6], [3]], [48], and[51]. The
Poissorkernelof Rogersporthe -Mehlerformula,is oneof them

(3.1) —

with and de nedby (2.5). A relatedkernelis

(3.2) —

Bothkernelq3.1) and(3.2) arespecialkcases and respectiely, of amoregeneral

Carlitz'sformula,

(3.3) S

where

arethe Al-SalamandChiharapolynomials;see for example,[14] and[34]. Carlitz[22] de-
rived(3.3) usingseriesmanipulationsAl-Salamandismail [ 5] gave anothemproofusingthe
factthatthe continuous -Hermite polynomialsarethe momentsof the distribution function
of the Al-SalamandCarlitz polynomials[ 3].

Let usalsoconsideranotherelatedkernel

(3.4) -

andintroducethe generalizationsf the and kernelsasfollows:

(3.5) —
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and

(3.6) —

With thehelpof thesekernels(3.1), (3.2), (3.4)—(3.6) we shallintroducein this paperafamily
of integral operatorgelatedto the so-called -Heisenbeg algebra.

4. The -Heisenbeg Algebra. Recentadvancesn quantumgroupshasled to a study
of the so-called -harmonicoscillators,originally introducedby Arik andCoon[7] andthen
rediscoveredby Biedenharn19] and Macfarline [38]; see,for example,[12], [13], [17],
[27], [29], [29], [25], [26], [57], [6]], andreferencegherein. The -oscillatoris a simple
guantummechanicakystemdescribedby an annihilationoperatorand a creationoperator
parameterizethy a parameter . The basicproblemisto nd realizationsof theseoperators
asdifferential,differenceor integral operatorsactingon appropriatefunctionalspaces.The
rst modelof -oscillatorin aHilbert spaceof analyticfunctionswasdiscussedn [7]. Later
introducedmodelsof -oscillatorsare closelyrelatedto the -orthogonalpolynomials.The
-analogsof bosonoperatorshave beenstudiedby variousauthorsandthe corresponding
wave functionswereconstructedn termsof thecontinuous -Hermitepolynomialsof Rogers
[42]-[44] by Atakishiyer andSuslws [15] andby FloreaniniandVinet [29]; in termsof the
Stielties—Wgert polynomials[46], [60] by Atakishiyesr and Suslor [17]; andin terms of
-Charlierpolynomialsof Al-SalamandCarlitz [3] by Askey andSuslo [12], [13] andby
Zhedanw [61]. Themodelrelatedto the Rogers—Szgo polynomialg 54] wasinvestigatedy
Macfarline[38] andby FloreaniniandVinet[27]. In this notewe shallrestrictoursehesonly
tothemodelrelatedto thecontinuous -Hermitepolynomialswheretheweightfunction
givenby (2.4) is continuousand positive on andthe correspondingvave functions
form acompletesystem.

Justasthe Hermite polynomials areassociatedvith the wave functionsfor the
harmonicoscillator[36], thecontinuous -Hermitepolynomials areassociateavith
thenormalized -wave functionfor the -harmonicoscillator

sothatthe orthogonalityrelation(2.2)—(2.5 now reads

The -annihilationoperator andthe -creationoperator thatsatisfythecommu-
tationrule

wereintroducedexplicitly in [15]. In this papemwe shallconsidemanotherform of the -boson
operatorswvhich is equivalentto thosegivenin [15], but more corvenientfor our purposes;
seg[29].
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The -annihilationoperator andthe -creationoperator satisfythe
commutatiorrule

(4.1)

andactonthecorresponding -wave functionsasfollows

(4.2) S

(4.3)

Let beaspaceof analyticfunctionsspannedy andlet theweightedinner
productin  be

(4.4)

where denoteghecomplex conjugatewe needalsoimposecertainanalyticity conditionon
thefunctions and [53]; seealso[57], [49 for themaximumdomainof analyticity of the
seriesin the continuous -Hermitepolynomials.
In this paperwe considerthe following explicit realizationof the -annihilation and
-creation operatorsOnecaneasilyverify thatthe divideddifferenceoperators

(4.5)

(4.6)

actingon analyticfunctionsof theform

where is the shift operatoy

indeed,satisfythe -commutatiorrule (4.1). Moreover, it is easyto seethattheseoperators
areadjointto eachothet

with respecto theinnerproduct(4.4) in thespaceof analyticfunctionsunderconsideration.

5. Intr oducing Integral Operators. Usingthe , and kernelsgiven by (3.1)—
(3.2, (3.4 for let usconsiderthefollowing integral operators

(5.1)

(5.2)
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(5.3)

andthecorrespondin@djoint opertors

(5.4)

(5.5)

with respecto theinnerproduct(4.4). Indeed,

by the Fubini theoremwhen see,for example,[1], [23], [35], [37], [5€] for an
extensie theoryof theintegral operators.
In amoregeneraketting,let usintroducealso

andwith the helpof (3.6) verify that

Onceagain,

in the spaceof analyticfunctions,if
It is easyto show that

(5.6)
(5.7)

(5.8)
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(5.9)
For theserelations(5.6)—(5.9) de ne a setof integral operatorghatcorrespondo the

so-calledraisingand lowering opertors for the continuous -Hermitepolynomials:

(5.10)
(5.11)

(5.12)
(5.13)
Thecontinuous -Hermitepolynomialsareeigenfunction®f the -operator:
(5.14)
Combining(5.10 and(5.11) we nd
(5.15)

This integral equationwith two free parameters and extendsthe correspondingecond
orderdifferenceequationfor the continuous -Hermite polynomials;see[14], [18] and[40]
for moredetailson this equation. Anotherintegral equationfollows from (5.12—(5.13.

6. “Algebra” of Integral Operators. Theintegral operators and obe
thefollowing multiplicationrules

Eq.(6.) | Eq.(6.3 | Eq.(6.5 | Eq.(6.7) | EqQ.(6.9

Eq.(6.2) | Eq.(6.16 | Eq.(6.12 | Eq.(6.10 | Eq.(6.18

Eq.(6.4 | Eq.(6.13 | Eq.(6.17 | Eq.(6.20 | Eqg.(6.1])

Eq.(6.6) | Eq.(6.1]) | Eq.(6.2) | Eq.(6.22 | Eq.(6.14

Eq.(6.8) | Eq.(6.19 | Eq.(6.10 | Eq.(6.19 | Eq.(6.23

All the productsin this table can be evaluateddirectly from the de nitions of the integral
operatoraandcorrespondingernelsin thefollowing manner:

(6.1)
(6.2)
(6.3)
(6.4)
(6.5)
(6.6)
(6.7)
(6.8)
(6.9)
(6.10)
(6.11)
(6.12)

(6.13)
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(6.14)

(6.15)

(6.16)
(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

andsoon. Here whenall integral operatorsarebounded.

Although this “algebra” of integral operatorss not closed,it uni es mary important
propertieof theseoperatorsn a singlealgebraicstructureanddeseresdetailedstudy For
instancejt containstheinversesof the Askey—Wilson divided differenceoperatord 20] and
the -Fouriertransform[8] asspecialcasesaftercertainanalyticcontinuatiorwith respecto
thefree parameterWe shall considerseveralimportantexamples.

7. SomeDegenerateCasesof Integral Operators. Sofarwe have consideredhein-

tegral operatorq5.1)—(5.5) with , whenthey are bounded. In this sectionwe shall
consideranalyticcontinuationof theseintegral operatoroutsidetheinterval This
leadsto severalimportant(unboundedpperatorsyhen etc.

7.1. Operator . It canbeshown that
or is theidentity operator

in the spaceof analyticfunctionsunderconsiderationsee[ 53] for moredetails.

7.2. Operator . In asimilarfashion

(7.1)
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This canbe showvs asaresultof “collision” of the polesin the complex plane[53].
Now operators canbefoundasproductsof from (7.1)

For example,

where is theidentity operator
Theoperator is closelyrelatedo theHamiltonianof themodelof the -harmonic
oscillatorunderconsiderationpnamely

Here and arethe -annihilationand -creationoperatorsgivenby (4.5) and(4.6), respec-
tively.

7.3. Operators and . “Colliding” the polesin the complex plane
[53], onecanshaw that

whichis upto afactorjustthe rst orderAskey—Wilson divideddifferenceoperatorcf. (1.1)
and(4.5).
In asimilarmanney

From the multiplication table of the integral operatorswe obtain the following ( )-
commutatos:

Thespecialcases arewell-known in thetheoryof -oscillators[19], [39]:



ETNA

Kent State University
etna@mcs.kent.edu

AN ALGEBRA OF INTEGRAL OPERATORS 149

Also, from the multiplicationtableof theintegral operators,

andwhen onegets

In the case we canusetheserelationsin orderto determinethe spectrunof the
-Hamiltonian in apurealgebraicform.

Thenormalized -wavefunctionsin themodelof -oscillatorunderconsideratiorare

with the orthogonalityrelation

andtheexplicit actionof the -annihilationand -creationoperatorsonthesewave functions
is

accordingto thegenerakule (4.2)—(4.3).

8. Generalized -Fourier Transform and its Inverse. The semi-goup propertyfrom
themultiplicationtableis

when “Analytic continuation”of theintegral operators onthe
unit circle resultsin the -Fourier transform[8], [11], [41], [53] (usually in the
classicalcase, [59], [59], but we discussthe generalcasewith ). Then,
formally,

where istheidentity operator Theexplicit transformatiorformulasin thespace®f analytic
functionscanbegivenin termsof Caudy'sprincipal valueintegral. The -Fouriertransform
andits inverseare certainsingularintegral equations someavhat similar to the caseof the
classicalHilbert transform;see[24], [39] for an accountof the theory of singularintegral
equations.
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9. The “Number” Operator. The conceptof numberoperatoris well-known in quan-
tum mechanicg$36]. Similar operatoravereformally introducedn thetheoryof -harmonic
operators[19], [38], but explicit realizationsof these“number” operatorswere not con-

structed. In the modelof the -oscillatorunderconsideratiorit is naturalto introducethis
operatorasthe genemtor of the semi-groupof theintegral operators [53]. Denote

or in theform of acontourintegral,

where isacontourcorrespondingo analyticcontinuatiorof theoperator tothevalues

seg[53] for the details. Thenthe semi-grouppropertiescanbe written asusual

andformally

whereby thede nition the“in nitesimal” operatotis

Explicit realizationof thenumberoperator canbegivenin termsof Hadamad's principal
valueintegral in thespaceof analyticfunctions;see[53] for thedetails.

10. Inversionsof Operators and . Theoperators and arebounded
integral operatorgor they admitananalyticcontinuationin thelargerdomain
andbecomaunboundediivideddifferenceoperatorsvhen Theproblemof nding

inversef theseoperatorss similar to thefamiliar classicakesults

— constant

In themodelof the -harmonicoscillatorunderconsiderationve canextendtheserelationsto

-derivatives,or evento -“fractional” derivatives,namely our integral operators and

, with the help of the integral operators and Indeed,for onecan
write from thetableof multiplicationof the operatorghat

where istheidentity operator Thustheboundedntegral operator ( ) with
givestheright (left) inverseof theunboundeaperator ( ) providedthatthis
operatoris properlyanalytically continuedto the domain When one
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gets,asa specialcase the right inverseof the Askey—Wilson rst orderdivided difference
operator originally foundby Brown andIsmail [2Q] in this modelof -oscillator

In asimilar manney

when and

i.e.,theseé‘commutatorsactonavector astheprojectionoperatorto the“vacuumvector
Indeed,

where is the“vacuum”vector

11. Resohentsand Green's Functions. Thecontinuous -Hermitepolynomialsor the
wave functionsin the model of the -harmonicoscillator underconsiderationsatisfy two
differenceequationsWe derive correspondingesohentsandGreens function.

11.1. First differenceoperator. Let usstartfrom thefollowing differenceequatiorfor
thecontinuous -Hermitepolynomials

whichis thespecialcase of (5.14) dueto (7.1), andconsider
(11.2)

with theresolvent

Multiplying (11.1) by thecorrespondindpoundedntegral operator onegets

where is theidentity operator Thus,
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by (6.1, and

So,theresohentis anintegral operator

with thekernel

Introducingtheeigervalues andtheorthonormakigenfunctions
onecan nally write

Theresohentidentity holds
(11.2)

see[1], [293], [35], [37] for morepropertief theresolhent.

11.2. Seconddiffer enceoperator. Let usfactor rst of all, the correspondingiskey—
Wilson differenceequationof thesecondorder(or the -Hamiltonian)in thefollowing man-
ner. At thelevel of theintegral operatorsn Eq. (5.15 we have

and,hencefor

Thereforejnsteadof solving

onecansolve a simplerequation
(11.3)

with the help of theresolvent
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Multiplying (11.3 by

where is theidentity operatorandonceagain

or

This consideratiorgivesan explicit representatiorfor the resolventn termsof the integral
operator

with thekernel

Theresolhentidentity (11.2 holds.
11.3. Green'sfunction. Let

where is the Dirac deltafunction. Then

or

with

See[53] for moredetails.



154

ETNA

Kent State University
etna@mcs.kent.edu

SERGEIK. SUSLO/

Acknowledgement. This work was completedvhenthe authorvisited Departmenbf

MathematicsandStatisticsat CarletonUniversity, Ottava, CanadaTheauthorthanksMizan
Rahmanfor his hospitalityandhelp. The authoris gratefulto the organizersof Bexbachs
meetingfor theirinvitation andhospitality

(1]
(2]
)
(5]
(6]
(7]
(8]
El
[20]
[11]
[12]
[13]
[14]
[15]

[16]

[17]
(18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

(28]

REFERENCES

N. |I. AKHIEZER AND |. M. GLAZMAN, Theoryof Linear Opeiators in Hilbert Space Dover, New York,
1993.

W. R. ALLAWAY, Somepropertiesof the -Hermitepolynomials CanadJ. Math.,32 (1980),pp.686-694.

W. A.AL-SALAM AND L. CARLITZ, Someorthogonal -polynomials Math. Nachr, 30 (1965),pp.47-61.

W. A. AL-SALAM AND T. S. CHIHARA, Convolutionsof orthogonal polynomials SIAM J. Math. Anal.,, 7
(1976),pp. 16-28.

W. A.AL-SALAM AND M. E. H. IsSMAIL, -Betaintegralsandthe -HermitepolynomialsPacic J.Math.,
135(1988),pp. 209-221.

G. E. ANDREWS, R. A. ASKEY, AND R. Roy, SpecialFunctions CambridgeUniversity PressCambridge,
1999.

M. ARIK AND D. D. CooN, Hilbert spacesf analytic functionsand genealized coheent states J. Math,
Phys. 17 (1976),pp.524-527.

R. A. Askey, N. M. ATAKISHIYEV, AND S. K. SusLov, An analg of the Fourier transformatiorfor the

-harmonicoscillator, in Symmetriesn ScienceVI, PlenumNew York, 1993,pp.57-63.

R. A. ASKEY AND M. E. H. ISMAIL, A genealization of ultrasphericalpolynomials in Studiesin Pure
MathematicsP. Erdds, ed.,Birkhausey Boston,Mass.,1983,pp.55-78.

R. A.ASKEY AND M. E. H. IsmAIL, Recurencerelations continuedractionsandorthogonal polynomials
Mem. Amer. Math. Soc.,49 (1984),pp. iv+108.

R. A. ASKEY, M. RAHMAN, AND S. K. SusLov,Onagenerl -Fouriertransformatiorwith nonsymmetric
kernels J. Comp.Appl. Math.,68 (1996),pp. 25-55.

R. A. ASKEY AND S. K. SusLov, The -harmonicoscillator andan analaueof the Charlier polynomials
J.Phys.A., 26 (1993),pp.L693-L698.

R. A. ASKEY AND S. K. SusLov, The -harmonicoscillator and the Al-Salamand Carlitz polynomials
Lett. Math. Phys.,29 (1993),pp. 123-132.

R. A. ASKEY AND J. A. WILSON, Somebasichypegeometricorthogonalpolynomialshatgenealize Jacobi
polynomials Mem. Amer. Math. Soc.,54 (1985),pp. iv+55.

N. M. ATATISHIYEV AND S. K. SusLov, Differenceanalags of theharmonicoscillator, TheoretandMath.
Phys. 85 (1990),pp. 1055-1062.

N. M. ATAKISHIYEV AND S. K. SusLov, Differencehypegeometricfunctions in Progressn Approxi-
mationTheory SpringerSeriesin ComputationaMathematics;19, SpringerVerlag,New York, 1992,
pp.1-35.

N. M. ATATISHIYEV AND S. K. SusLov, A realizationof the -harmonicoscillator, Theoret.and Math.
Phys.,87 (1990),pp. 442-444.

N. M. ATAKISHIYEV AND S. K. SusLov, On the Asley—Wison polynomials Constr Approx., 8 (1992),
pp.363-369.

L. C. BIEDENHARN, Thequantumgroup anda -anal@ueof the bosonopemtors, J. Phys.Math.
A., 123(1989),pp.L873-L878.

B. M. BROWN AND M. E. H. IsmAIL, Aright inverseof the Asley—Wislon opeiator, Proc.Amer. Math. Soc.,
123(1995),pp.2071-2079.

J. Bustoz AND S. K. SusLov, Basicanalg of Fourier seriesona -quadmtic grid, MethodsAppl. Anal.,
5(1998),pp.1-38.

L. CARLITZ, Geneating functionsfor certain -orthogonal polynomials Collect.Math., 23 (1972),pp. 91—
104.

R. COURANT AND D. HILBERT, Methodsof MathematicalPhysics JohnWiley, New York, 1937.

R. ESTRADA AND R. P. KANWAL, Singularintegral Equations Birkhauser Boston,2000.

R. FLOREANINI, J. LETOURNEUX, AND L. VINET, An algebraic interpretation of the continuousbig -
Hermitepolynomials J. Math. Phys.,36 (1995),pp. 5091-5097.

R. FLOREANINI, J. LETOURNEUX, AND L. VINET, More on the -oscillator algebra and -orthogonal
polynomials J. Phys.A., 28 (1995),pp.L287-L293.

R. FLOREANINI AND L. VINET, -Orthogonalpolynomialsandthe oscillators quantumgroup, Lett. Math.
Phys.,22(1991),pp.45-54.

R. FLOREANINI AND L. VINET, Automorphism®fthe -oscillatoralgebra andbasicorthogonal polynomi-
als, Phys.Lett. A, 180(1993),pp. 393-401.



(29]
(30]
(31]
(32]
(33]

(34]

[35]
(36]

[37]
(38]

[39]
[40]

[41]

[42]
(43]
[44]
[45]
[46]
[47]
(48]

[49]
(50]

[51]
[52]
(53]
(54]
[55]
[56]
[57]
(58]
(59]

[60]
(61]

ETNA

Kent State University
etna@mcs.kent.edu

AN ALGEBRA OF INTEGRAL OPERATORS 155

R. FLOREANINI AND L. VINET, A modelfor the continuous -ultrasphericalpolynomials J. Math. Phys.,
36(1995),pp.3800-3813.
G. GASPER AND M. RAHMAN, Basic HypelgeometricSeries CambridgeUniversity Press,Cambridge,
1990.
M. E. H. IsmMAIL, M. RAHMAN, AND R. ZHANG, Diagonalizationof certainintegral opemtors|l, J. Comp.
Appl. Math.,68(1996),pp. 163—-196.
M. E. H. IsMAIL, D. STANTON, AND G. VIENNOT, The combinatoricsof the Aslkey—Wison integral, J.
Comp.Appl. Math.,68 (1996),pp. 163—-196.
M. E. H. IsMAIL AND R. ZHANG, Diagonalizationof certainintegral opemtors, Adv. Math., 108 (1994),
pp.1-33.
R. KOEKOEK AND R. F. SWARTTOW, The Asley-shemeof hypegeometricorthagonal polynomialsand
its -anal@gues Report98-17,Delft University of Technology Faculty of InformationTechnologyand
SystemsDepartmenbf TechnicalMathematicsand Informatics,1998; electronicversionaccessiblet
http://fa.its.tudelft.nl/"koekoek/askey.h tml .
A. N. KOLMOGOROV AND S. V. FOMIN, IntroductoryRealAnalysis Dover, New York, 1970.
. D. LANDAU AND E. M. LIFsCHITZ, QuantumMecanics: Non-relativistic Theory Addison—\ésle,
1998.

D. LAX, FunctionalAnalysis JohnWiley, New York, 2002.

.J. MACFARLANE, On -analayuesof the guantumharmonicoscillator and the quantumgroup ,
J.Phys.A., 22(1989),pp.4581-4588.

N. I. MUSKHELISHVILI, Singularintegral Equations Groningen—Holland1953.

A. F. NIKIFOROV, S. K. SusLov, AND V. B. UvARov, ClassicalOrthagonal Polynomialsof a Discrete
Variable, Springer\Verlag,Berlin, 1991.

M. RAHMAN AND S. K. SusLov, Singularanalagyue of the Fourier transformationfor the Asley—\Wlson
polynomials in Symmetriesand Integrability of DifferenceEquations,CRM Proceedingsnd Lecture
Notes,9, Amer. Math. Soc.,Providence RI, 1996,pp. 289-302.

L. J. ROGERS, Secondnemoiron the expansionof certainin nite products in Proc.LondonMath. Soc.,25
(1894),pp. 318-343.

L. J. ROGERS, Third memoiron the expansionof certainin nite products in Proc.LondonMath. Soc.,26
(1895),pp. 15-32.

L. J. ROGERS, On two theoemsof combinatoryanalysisand someallied identities in Proc.LondonMath.
Soc.,16(1917),pp. 315-336.

M. SIMON AND S. K. SusLov, Expansiorof analyticfunctionsin -orthogonalpolynomialsJ. Funct.Anal.
Approx. Theory to appear

T. J. STIELTJES, RederchesSur LesFractionsContinues Annalesde la Faculé desSciencesle Toulouse,
No.9, 1895.

S. K. SusLov, Thetheoryof differenceanalayuesof specialfunctionsof hypegeometrictypg RussiarMath.
Suneys, 44 (1989),pp. 227-278.

S. K. SusLov, “Addition” theoemsfor some -exponentialand -trigonometricfunctions MethodsAppl.
Anal., 4 (1997),pp.11-32.

S. K. SusLov, Someorthagonalvery-well-poised  -functions J. Phys.A., 30(1997),pp.5877-5885.

S. K. SusLov, Someorthagonalvery-well-poised  -functionsthatgenerlize Asley—Wilson polynomials
Ramanujand.,5 (2001),pp. 183-218.

S. K. SusLov, An introductionto basicFourier series Developmentsn Mathematics\ol. 9, Kluwer Aca-
demic,Dordrecht,2003.

S. K. SusLov, Ananalg of the Caudhy—Hadamad formulafor expansionsn -polynomialsin Theoryand
Applicationsof SpecialFunctionsA M. E. H. Ismail and Erik Koelink, eds.,Developmentsin Mathe-
matics,Vol. 13, Springer New York, 2005,pp. 443-460 A

S. K. SusLov, Analgebra of integral opemtorsin a modelof -harmonicoscillator, underpreparation.

G. SzEGO, Beitrag zur Theorie der ThetafunktionenSitz. Preuss.Akad. Phys. Math. Kl., XIX (1926),
pp.242-252reprintedin CollectedPapersVol. I, R. Askey, ed.,BirkhauserBoston,1982.

-

>0

E. C. TITCHMARCH, Introductionto the Theoryof Fourierintegrals 2nded.,Oxford University Press;1948.

F. G. TRicoMmI, Integral EquationsDover, New York, 1985.

J. VAN DER JEUGHT, The -bosonopeiator algebra and -Hermite polynomials Lett. Math. Phys.,24
(1992),pp. 267-274.

E. T. WHITTAKER AND G. N. WATSON, A Courseof ModernAnalysis CambridgeUniversity PressCam-
bridge,1952.

N. WIENER, The FourierIntegral and Certainof Its Applications CambridgeUniversity PressCambridge,
1933.

S. WIGERT, A, Arkiv for Matematik,AstronomiochFysik, 17 (1923),pp. 1-15.

A. ZHEDANOV, Weyl shiftof -oscillatorand -polynomials TheoretandMath. Phys.,94 (1993),pp.219—
224.



