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AN ALGEBRA OF INTEGRAL OPERATORS
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Abstract. We introducean algebraof integral operatorsrelatedto a modelof the � -harmonicoscillatorand
investigatesomeof its properties.
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1. Intr oduction. In thisreportauni�cation of thebasicanalogof Fouriertransformand
inversesof theAskey–Wilsondivideddifferenceoperatorswill begivenin a form of certain
algebraicstructurerelatedto a modelof the � -harmonicoscillator. We presenthereonly the
summaryof results;a paperwith detailedproofswill appearelsewhere[53].
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The�rst orderAskey–Wilsondivideddifferenceoperator is givenby
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of theAskey–Wilsondivideddifferenceoperator, suchthat
3

�@?

4

3
4

�+A and A is theidentityoperator, wereconstructedin [20, 31, 33],
It was Dick Askey who realizedthat Wiener's treatmentof the Fourier integrals [59]

containsthe key to � -extensions[8, 11, 41]. GeneralizingWiener's methodto the level of
the Askey–Wilson polynomialsonecanintroducea setof one-parameterintegral operators
whichresembleraisingandloweringoperators.Theseoperatorsobey aninterestingalgebraic
structurewhichallows to obtainone-sidedinversesof thedivideddifferenceoperatorsof the
�rst order[20, 31, 33], andto �nd theresolventsof thesecondorderAskey–Wilsonoperators
in differentspacesof functions.Theaimof thepresentnoteandits extendedversion[53] is to
considerthesimplestcaserelatedto thecontinuous� -Hermitepolynomials;a moregeneral
caseincludingtheAskey–Wilsonpolynomialswill bediscussedlater;seealso[49] and[50]
for an extensionof the Askey–Wilson polynomialsorthogonalityto a certainclassof BDC<E

functions.

Thepaperis organizedasfollows. In F 1 to F 4 weremindthereaderbasicfactsaboutthe
continuous� -Hermitepolynomialsandconsidera modelof � -harmonicoscillator in terms
of thesepolynomials.In F 5 to F 7 we introducea family of oneparameterintegral operators,
which extendrasingandloweringoperators,andinvestigatesomepropertiesof theseoper-
ators,their adjointsandinversesin a framework of a singlealgebraicstructure.An analog
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of the � -Fourier transformis brie�y discussedin F 8. An explicit realizationof the number
operatorin this model of the � -oscillator termsof Hadamard's principal valuesintegral is
outlinedin F 9. Inversesof the�rst orderAskey–Wilson operatorsareconstructedin F 10. In
conclusion,theresolventandGreen'sfunctionof thecorresponding� -Hamiltonianarefound
in F 11. Moredetailscanbefoundin theforthcomingpaper[53].

2. Continuous � -Hermite Polynomials. Although the continuous� -Hermitepolyno-
mialswereoriginally introducedby Rogers[42], [43], [44], their orthogonalityrelationand
asymptoticpropertieshadbeenestablishedonly recentlyby Allaway [2], Al-SalamandChi-
hara[4], andAskey andIsmail [9], [10]. Thesepolynomialsaregivenby
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Thecontinuous� -Hermitepolynomials(2.1) obey averyimportantproperty, namely, the
actionof theAskey–Wilsondivideddifferenceoperator(1.1) on H
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polynomialof thelowerdegree,
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which is a � -analogof the familiar formula H�~
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that thecontinuous� -Hermitepolynomialsarethesimplestspecialcaseof the fundamental
Askey-Wilsonpolynomials‚

I
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ˆ7� . They satisfya second-orderdifferenceequationandhave the
Rodrigues-typeformulaamongotherproperties;see,for example,[5], [14], [16], [18], [30],
[32], [40], and[47] for moredetails.
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3. Bilinear Generating Functions. Thereareseveral importantgeneratingfunctions
for the continuous� -Hermitepolynomials;see,for example,[6], [30], [48], and[51]. The
Poissonkernelof Rogers,or the � -Mehlerformula,is oneof them
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aretheAl-SalamandChiharapolynomials;see,for example,[14] and[34]. Carlitz [22] de-
rived(3.3) usingseriesmanipulations;Al-SalamandIsmail [5] gaveanotherproofusingthe
fact that thecontinuous� -Hermitepolynomialsarethemomentsof thedistribution function
of theAl-SalamandCarlitzpolynomials[3].
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With thehelpof thesekernels(3.1), (3.2), (3.4)–(3.6) weshallintroducein thispaperafamily
of integraloperatorsrelatedto theso-called� -Heisenberg algebra.

4. The � -Heisenberg Algebra. Recentadvancesin quantumgroupshasled to a study
of theso-called� -harmonicoscillators,originally introducedby Arik andCoon[7] andthen
rediscoveredby Biedenharn[19] and Macfarline [38]; see,for example, [12], [13], [17],
[27], [28], [29], [25], [26], [57], [61], andreferencestherein. The � -oscillator is a simple
quantummechanicalsystemdescribedby an annihilationoperatoranda creationoperator
parameterizedby a parameter� . Thebasicproblemis to �nd realizationsof theseoperators
asdifferential,differenceor integral operatorsactingon appropriatefunctionalspaces.The
�rst modelof � -oscillatorin a Hilbert spaceof analyticfunctionswasdiscussedin [7]. Later
introducedmodelsof � -oscillatorsarecloselyrelatedto the � -orthogonalpolynomials.The

� -analogsof bosonoperatorshave beenstudiedby variousauthorsand the corresponding
wavefunctionswereconstructedin termsof thecontinuous� -Hermitepolynomialsof Rogers
[42]–[44] by Atakishiyev andSuslov [15] andby FloreaniniandVinet [29]; in termsof the
Stieltjes–Wigert polynomials[46], [60] by Atakishiyev and Suslov [17]; and in termsof

� -Charlierpolynomialsof Al-SalamandCarlitz [3] by Askey andSuslov [12], [13] andby
Zhedanov [61]. Themodelrelatedto theRogers–Szeg�opolynomials[54] wasinvestigatedby
Macfarline[38] andby FloreaniniandVinet [27]. In thisnoteweshallrestrictourselvesonly
to themodelrelatedto thecontinuous� -Hermitepolynomialswheretheweightfunction ps�	�Y�

givenby (2.4) is continuousandpositive on �8.x*

[

*Ž� andthe correspondingwave functions
form a completesystem.

Justasthe Hermitepolynomials H
I

�&��� areassociatedwith the wave functionsfor the
harmonicoscillator[36], thecontinuous� -HermitepolynomialsH

I
�&�/L � � areassociatedwith

thenormalized� -wave functionfor the � -harmonicoscillator,

Ÿ

I
�	�<L � �:�¡ 

h
�

I

•–?,T$�
jŽk

� o ¢

?-vVXM£

pY�	�Y��H
I

�	�<L � �

[

sothattheorthogonalityrelation(2.2)–(2.5) now reads

c

?

�@?

Ÿ

I
�&�/L � �

Ÿ

I
�&�<L � �•l7�\�

�

e�I
2

The � -annihilationoperatorƒ

4

�	�Y� andthe � -creationoperatorƒ
•

4

�&��� thatsatisfythecommu-
tationrule

ƒ

4

�	�Y�-ƒ

•

4

�&�Y�
.=�

�@?

ƒ

•

4

�&���8ƒ

4

�	�Y�%�¤*

wereintroducedexplicitly in [15]. In thispaperweshallconsideranotherform of the � -boson
operatorswhich is equivalentto thosegiven in [15], but moreconvenientfor our purposes;
see[28].
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The � -annihilationoperatorƒf�;ƒ
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where¯ denotesthecomplex conjugate;weneedalsoimposecertainanalyticityconditionon
thefunctions¬ and ­ [53]; seealso[52], [45] for themaximumdomainof analyticityof the
seriesin thecontinuous� -Hermitepolynomials.

In this paperwe considerthe following explicit realizationof the � -annihilation ƒ and
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indeed,satisfythe � -commutationrule (4.1). Moreover, it is easyto seethattheseoperators
areadjointto eachother,

�

„

¬

[-­

�
®

�¥�!¬

[

ƒ

­

�
®

[

with respectto theinnerproduct(4.4) in thespaceof analyticfunctionsunderconsideration.

5. Intr oducing Integral Operators. Using the
‰

,
“

and
•

kernelsgiven by (3.1)–
(3.2), (3.4) for L

Œ

LU‘’*

[ let usconsiderthefollowing integral operators

¸

�

Œ

�U¬•�&���:�

c

?

�S?

‰�Š

�&�

[-‹

�U¬•�

‹

�Up��

‹

�bl

‹Y[(5.1) ¹

�

Œ

�b¬s�&���%�

c

?

�S?

“%Š

�&�

[$‹

�U¬s�

‹

�bpY�

‹

�•l

‹�[(5.2)



ETNA
Kent State University 
etna@mcs.kent.edu

AN ALGEBRA OF INTEGRAL OPERATORS 145

º

�

Œ

�U¬•�&���%�

c

?

�S?

• Š

�

‹Y[

�Y�U¬•�

‹

�Up��

‹

�bl

‹

2(5.3)

andthecorrespondingadjointoperators

»

�

Œ

�U¬•�&���:�

c

?

�S?

“%Š

�

‹�[

�Y�b¬s�

‹

�Up��

‹

�bl

‹�[(5.4) ¼

�

Œ

�U¬•�&���:�

c

?

�S?

• Š

�	�

[-‹

�U¬•�

‹

�Up��

‹

�bl

‹

2(5.5)

with respectto theinnerproduct(4.4). Indeed,

�

¹

¬

[$­

�8®K�¥�!¬

[

»

­

�8®

[

�

º

¬

[$­

�8®•�¤�	¬

[

¼

­

�$®

by the Fubini theoremwhen L

Œ

Lx‘½*�T see,for example, [1], [23], [35], [37], [56] for an
extensive theoryof theintegraloperators.

In amoregeneralsetting,let usintroducealso¹

W

OQZ

�

Œ

�U¬s�	�Y�%�

c

?

�S?

“

W

OQZ

Š

�	�

[$‹

�b¬s�

‹

�Up��

‹

�bl

‹�[

»

W

OQZ

�

Œ

�U¬s�	�Y�%�

c

?

�@?

“

W

O�Z

Š

�

‹�[

���U¬s�

‹

�bpY�

‹

�•l

‹�[

º

W

OQZ

�

Œ

�U¬•�&�Y�:�

c

?

�@?

•

W

OQZ

Š

�

‹�[

�Y�b¬s�

‹

�Up��

‹

�bl

‹�[

¼

W

OQZ

�

Œ

�U¬s�	�Y�%�

c

?

�@?

•

W

OQZ

Š

�	�

[-‹

�U¬•�

‹

�Up��

‹

�bl

‹

andwith thehelpof (3.6) verify that

º

W

OQZ

�

Œ

�M�

k

N

I

P@R

�

I

h

�

O

T$�

j

I

�	�UTV� �8I

»

W

OQZ

�

Œ

�

I

�

[

¼

W

OQZ

�

Œ

�:�

k

N

I

PSR

�

I

h!�

O

TV� j

I

�	�UTV� �
I

¹

W

OQZ

�

Œ

�

I

�S2

Onceagain,

°

¹

W

OQZ

¬

[-­
²

®

�

°

¬

[

»

W

OQZ

­
²

®

[

°

º

W

OQZ

¬

[-­
²

®

�

°

¬

[

¼

W

OQZ

­
²

®

[

in thespaceof analyticfunctions,if L

Œ

LU‘’*�2

It is easyto show that¹

W

O�Z

�

Œ

�-HfeJ�	�<L � �%�

Œ

e

�

O

�!�UT$� �
e

�!�UT$� �
e

�

O

HJe

�

O

�&�/L � �

[(5.6)

»

W

OQZ

�

Œ

�-H
e

�	�<L � �:�

Œ

e

H
e

•

O

�&�/L � �

[(5.7)

º

W

OQZ

�

Œ

�8HJe'�	�<L � �:�

Œ

e

�	�UTV� �8e

�	�UTV� �
e

•

O

HJe

•

O

�	�<L � �

[(5.8)



ETNA
Kent State University 
etna@mcs.kent.edu

146 SERGEIK. SUSLOV
¼

W

OQZ

�

Œ

�8HJeJ�&�<L � �%�

Œ

e

�

O

HJe

�

O

�&�/L � �

[¿¾ÁÀ

—�2(5.9)

For —\�Â* theserelations(5.6)–(5.9) de�ne a setof integral operatorsthatcorrespondto the
so-calledraisingandloweringoperators for thecontinuous� -Hermitepolynomials:
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º

�

Œ

�8H e �&�/L � �%�

Œ

e

*u.}�

e

•<?

H e

•<?

�&�/L � �

[(5.12)
¼

�

Œ

�8HJeJ�&�<L � �%�

Œ

e

�S?

HJe

�S?

�&�/L � �

[¿¾¡Ã

��ˆ•2(5.13)

Thecontinuous� -Hermitepolynomialsareeigenfunctionsof the
¸

-operator:

(5.14)
¸

�

Œ

�-HJeJ�&�<L � �%�

Œ

e

HJe'�	�<L � �Q2

Combining(5.10) and(5.11) we �nd

(5.15)
»

�

Œ

?

�

¹

�

Œ

X

�bHJe'�	�<L � �:�¤�

Œ

?

Œ

X

�

e

�@?

�8*u.}�

e

��HJe'�	�<L � �Q2

This integral equationwith two freeparameters
Œ

?

and
Œ

X

extendsthecorrespondingsecond
orderdifferenceequationfor thecontinuous� -Hermitepolynomials;see[14], [18] and[40]
for moredetailson this equation.Anotherintegralequationfollows from (5.12)–(5.13).

6. “ Algebra” of Integral Operators. Theintegral operators
¸

[

¹

[

»

[

º

[ and

¼

obey
thefollowing multiplicationrules:

¸

�

Œ

X

�

¹

�

Œ

X

�

»

�

Œ

X

�

º

�

Œ

X

�

¼

�

Œ

X

�

¸

�

Œ

?

� Eq.(6.1) Eq.(6.3) Eq.(6.5) Eq.(6.7) Eq.(6.9)

¹

�

Œ

?

� Eq.(6.2) Eq.(6.16) Eq.(6.12) Eq.(6.10) Eq.(6.18)
»

�

Œ

?

� Eq.(6.4) Eq.(6.13) Eq.(6.17) Eq.(6.20) Eq.(6.11)
º

�

Œ

?

� Eq.(6.6) Eq.(6.11) Eq.(6.21) Eq.(6.22) Eq.(6.14)

¼

�

Œ

?

� Eq.(6.8) Eq.(6.19) Eq.(6.10) Eq.(6.15) Eq.(6.23)
All the productsin this tablecanbe evaluateddirectly from the de�nitions of the integral
operatorsandcorrespondingkernelsin thefollowing manner:

¸

�

Œ

?

�

¸

�

Œ

X

�M�

¸

�

Œ

?

Œ

X

�

[(6.1)

¹

�

Œ

?

�

¸

�

Œ

X

�M�

Œ

X

¹

�

Œ

?

Œ

X

�

[(6.2)
¸

�

Œ

?

�

¹

�

Œ

X

�M�

¹

�

Œ

?

Œ

X

�

[(6.3)
»

�

Œ

?

�

¸

�

Œ

X

�%�

»

�

Œ

?

Œ

X

�

[(6.4)
¸

�

Œ

?

�

»

�

Œ

X

�%�

Œ

?

»

�

Œ

?

Œ

X

�

[(6.5)
º

�

Œ

?

�

¸

�

Œ

X

�%�

º

�

Œ

?

Œ

X

�

[(6.6)
¸

�

Œ

?

�

º

�

Œ

X

�%�

Œ

?

º

�

Œ

?

Œ

X

�

[(6.7)

¼

�

Œ

?

�

¸

�

Œ

X

�M�

Œ

X

¼

�

Œ

?

Œ

X

�

[(6.8)
¸

�

Œ

?

�

¼

�

Œ

X

�M�

¼

�

Œ

?

Œ

X

�

[(6.9)

¹

�

Œ

?

�

º

�

Œ

X

�%�

¼

�

Œ

?

�

»

�

Œ

X

�M�

¸

�

Œ

?

Œ

X

�

[(6.10)
º

�

Œ

?

�

¹

�

Œ

X

�%�

»

�

Œ

?

�

¼

�

Œ

X

�M�¤�

Œ

?

Œ

X

�

�S?

�

¸

�

Œ

?

Œ

X

�
.

¸

�!ˆ7�$�

[(6.11)

¹

�

Œ

?

�

»

�

Œ

X

�M�

¸

�

Œ

?

Œ

X

�/.}�

¸

�	�

Œ

?

Œ

X

�

[(6.12)
»

�

Œ

?

�

¹

�

Œ

X

�M�Ä�

Œ

?

Œ

X

�

�@?

�

¸

�

Œ

?

Œ

X

�/.

¸

�!�

Œ

?

Œ

X

�-�

[(6.13)



ETNA
Kent State University 
etna@mcs.kent.edu

AN ALGEBRA OF INTEGRAL OPERATORS 147

º

�

Œ

?

�

¼

�

Œ

X

�M�Ä�

Œ

?

Œ

X

�

�S?•Å

k

N

O�PSR

¸

h

Œ

?

Œ

X

�

O

j .

¸

�!ˆ7�ÇÆ

[(6.14)
¼

�

Œ

?

�

º

�

Œ

X

�M�

k

N

OQPSR

¸

h

Œ

?

Œ

X

�

O

jq�

O

[(6.15) ¹

�

Œ

?

�

¹

�

Œ

X

�%�

Œ

X

¹

WÈX

Z

�

Œ

?

Œ

X

�

[(6.16)
»

�

Œ

?

�

»

�

Œ

X

�M�

Œ

?

»

WÈX

Z

�

Œ

?

Œ

X

�

[(6.17) ¹

�

Œ

?

�

¼

�

Œ

X

�%�

Œ

X

k

N

OQPSR

�

X

O

¹

WÈX

Z

h

Œ

?

Œ

X

�

O

j

[(6.18)
¼

�

Œ

?

�

¹

�

Œ

X

�%�

Œ

X

k

N

OQPSR

�

O

¹

h

Œ

?

Œ

X

�

O

j

[(6.19)

»

�

Œ

?

�

º

�

Œ

X

�M�

Œ

?

k

N

OQPSR

�

O

»

WÈX

Z

h

Œ

?

Œ

X

�

O

j

[(6.20)

º

�

Œ

?

�

»

�

Œ

X

�M�

Œ

?

k

N

OQPSR

�

X

O

»

WÈX

Z

h

Œ

?

Œ

X

�

O

j

[(6.21)

º

�

Œ

?

�

º

�

Œ

X

�M�

Œ

?

k

N

OQP@R

�

O

*u.}�

O

•–?

*u.=�

»

W�X

Z

h

Œ

?

Œ

X

�

O

j

[(6.22)
¼

�

Œ

?

�

¼

�

Œ

X

�%�

Œ

?

k

N

OQPSR

�

O

*u.}�

O

•–?

*u.}�

¹

WÈX

Z

h

Œ

?

Œ

X

�

O

j(6.23)

andsoon. Here É†Ê ´•�$L

Œ

?

L

[

L

Œ

X

L �)‘n*

[ whenall integral operatorsarebounded.
Although this “algebra” of integral operatorsis not closed,it uni�es many important

propertiesof theseoperatorsin a singlealgebraicstructureanddeservesdetailedstudy. For
instance,it containsthe inversesof theAskey–Wilson divideddifferenceoperators[20] and
the � -Fouriertransform[8] asspecialcasesaftercertainanalyticcontinuationwith respectto
thefreeparameter. We shallconsiderseveralimportantexamples.

7. SomeDegenerateCasesof Integral Operators. Sofar we have consideredthe in-
tegral operators(5.1)–(5.5) with L

Œ

L)‘Ë* , whenthey arebounded.In this sectionwe shall
consideranalyticcontinuationof theseintegraloperatorsoutsidetheinterval ˆJÌ

Œ

‘’*�2 This
leadsto severalimportant(unbounded)operators,when

Œ

�¥*

[

�
�S?$vVX

[

�
�S?

[ etc.

7.1. Operator
¸

�8*�� . It canbeshown that

ÍÈÎ

É

Š	Ï

?QÐ

c

?

�S?

‰�Š

�	�

[$‹

�•¬Ñ�

‹

�Up•�

‹

�xl

‹

�;¬Ò�&���

[

or
¸

�8*Ž� is theidentity operator
¸

�$*Ž�M�;A

in thespaceof analyticfunctionsunderconsideration;see[53] for moredetails.

7.2. Operator
¸

h

�
�@?-vVX

j . In asimilar fashion

(7.1)
¸

°

�

�@?-vVX
²

�

� 
����@?-vVX/±x.}����
|� ?$v$X
±

�




.}�

��


2
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Thiscanbeshowsasaresultof “collision” of thepolesin thecomplex plane[53].
Now operators

¸

h ���

O

vVX j canbefoundasproductsof
¸

h ���@?-vVX j from (7.1) 5

°

¸

°

�

�@?-vVX ²�²

O

�

¸

°

�

�

O

vVX ²

2

For example,

¸

h �

�S?

j �

¸

°

�

�S?$v$XD²

¸

°

�

�@?-vVXD²

�

���YX|
V�S?$vVX:�,±

�!�




.}�

��


�
h(�


Ç•–?$vVX

.=�

�S
V�S?$vVX

j

�

�,X|
V�S?$vVX:�7��±

�	�




.}�

��


�
h(�


V�@?-vVX

.}�

��
Ç•<?-vVX

j

.

�,X|
V�@?-vVX�A

h
�


|�S?$v$X

.=�

�S
Ç•–?$v$X

j0h
�


Ç•–?$vVX

.}�

��
V�@?-vVX

j

[

whereA is theidentityoperator.
Theoperator

¸

h9���@?�j is closelyrelatedto theHamiltonianof themodelof the � -harmonic
oscillatorunderconsideration,namely,

HÓ�

„

ƒf�

*u.

¸

h
���S?

j

*u.}�

�S?

�

h
*u.

¸

h
���S?$vVX

jŽj0h
*:�

¸

h
���S?$vVX

jŽj

h$*u.=�

�@?-vVX

j0h$*:�Ô�

�@?-vVX

j

2

Here ƒ and „ arethe � -annihilationand � -creationoperators,givenby (4.5) and(4.6), respec-
tively.

7.3. Operators

¹

h(���S?$v$XŽj and
»

h(���S?$vVXDj . “Colliding” thepolesin thecomplex plane
[53], onecanshow that ¹

°

�

�@?-vVX_²

�¥�$*�.=� �

?$v$X

ƒ

[

which is up to a factorjust the�rst orderAskey–Wilsondivideddifferenceoperator;cf. (1.1)
and(4.5).

In a similarmanner,

»

°

�

�S?$v$X
²

�¤�8*u.}� �

?$vVX

„

2

From the multiplication table of the integral operatorswe obtain the following ( � )-
commutators:

¹

�

Œ

?

�

»

�

Œ

X

�/.

Œ

?

Œ

X

»

�

Œ

X

�

¹

�

Œ

?

�%�¥�-*u.=� �

¸

�	�

Œ

?

Œ

X

�

[

¹

�

Œ

?

�

»

�

Œ

X

�/.=�

Œ

?

Œ

X

»

�

Œ

X

�

¹

�

Œ

?

�%�¥�$*�.=� �

¸

�

Œ

?

Œ

X

��2

Thespecialcases
Œ

?

�

Œ

X

�����S?$v$X arewell-known in thetheoryof � -oscillators[19], [38]:

ƒ

„

.}�

�S?
„

ƒf�;A

[

ƒ

„

.

„

ƒf�

¸

h
�

�@?

j
2



ETNA
Kent State University 
etna@mcs.kent.edu

AN ALGEBRA OF INTEGRAL OPERATORS 149

Also, from themultiplicationtableof theintegraloperators,
¹

�

Œ

?

�

¸

�

Œ

X

�M�

Œ

X

¸

�

Œ

X

�

¹

�

Œ

?

�

[

»

�

Œ

?

�

¸

�

Œ

X

�M�

Œ

�S?

X

¸

�

Œ

X

�

»

�

Œ

?

�

[

andwhen
Œ

?

�����S?$v$X

[

Œ

X

�

Œ

onegets

ƒ

¸

�

Œ

�%�

Œ

¸

�

Œ

�bƒ

[

„

¸

�

Œ

�M�

Œ

�S?

¸

�

Œ

�

„

2

In thecase
Œ

�€�U�S?$vVX we canusetheserelationsin orderto determinethespectrumof the
� -HamiltonianH in a purealgebraicform.

Thenormalized� -wavefunctionsin themodelof � -oscillatorunderconsiderationare

¬
I

�!�Y�M�ÓÕ
h

�

I

•–?

TV�
jDk

� � o�Ö

?-vVX

H
I

�	�/L � �

with theorthogonalityrelation
c

?

�@?

¬
I

�	���U¬
e

�&���•p•�&���bl��r�

�

e)I

andtheexplicit actionof the � -annihilationand � -creationoperatorson thesewave functions
is

ƒ�¬
I

�

›

*u.}���

I

*u.=�

�@?

œ

?$vVX

¬
I

�S?

[

„

¬
I

�

›

*u.}���

I

�@?

*u.}�

�S?

œ

?$vVX

¬
I

•–?

accordingto thegeneralrule (4.2)–(4.3).

8. Generalized � -Fourier Transform and its Inverse. Thesemi-grouppropertyfrom
themultiplicationtableis

¸

�

Œ

?

�

¸

�

Œ

X

�M�

¸

�

Œ

?

Œ

X

�

[

when É†Ê,´x�$L

Œ

?

L

[

L

Œ

X

L �"‘€*�2 “Analytic continuation”of the integral operators
¸

�

Œ

?|× X

� on the
unit circle L

Œ

?|× X

Lq�Ó* resultsin the � -Fourier transform[8], [11], [41], [53] (usually, in the
classicalcase,ØÒ�¤o–� � [55], [59], but we discussthegeneralcasewith ˆ§‘’Ø}‘�o ). Then,
formally,

¸

h(�

��Ù

j

¸

h!�

���ÈÙ

j>�;A

[

whereA is theidentityoperator. Theexplicit transformationformulasin thespacesof analytic
functionscanbegivenin termsof Cauchy'sprincipal valueintegral. The � -Fouriertransform
and its inversearecertainsingularintegral equations,somewhat similar to the caseof the
classicalHilbert transform;see[24], [39] for an accountof the theoryof singularintegral
equations.
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9. The “Number” Operator. Theconceptof numberoperatoris well-known in quan-
tummechanics[36]. Similaroperatorswereformally introducedin thetheoryof � -harmonic
operators[19], [38], but explicit realizationsof these“number” operatorswere not con-
structed. In the modelof the � -oscillatorunderconsiderationit is naturalto introducethis
operatorasthegenerator of thesemi-groupof theintegraloperators

¸

�

Œ

� [53]. Denote

¸"Ú

�

¸

�

Œ

�_L

Š

PqÛ8Ü

[

or in theform of acontourintegral,

¸"Ú

¬Ò�	�Y�%�

c�Ý

‰

Û

Ü

�&�

[-‹

�x¬Ò�

‹

�xps�

‹

�bl

‹�[

whereÞ is acontourcorrespondingto analyticcontinuationof theoperator
¸

�

Œ

� to thevalues
L

Œ

LUßn*7T see[53] for thedetails.Thenthesemi-grouppropertiescanbewrittenasusual

¸

R

�+A

[

¸ Ú ¸Kà

�

¸ Ú

•

à

andformally

¸
Ú

�á³_´Uµ•�!¶gâ:�%�

k

N

I

PSR

�!¶gâ%�

I

•
ã

[

whereby thede�nition the“in�nitesimal” operatoris

âá56�

›

l

¸'Ú

l7¶

œåä

ä

ä

ä

Ú

P@R

2

Explicit realizationof thenumberoperator â canbegivenin termsof Hadamard'sprincipal
valueintegral in thespaceof analyticfunctions;see[53] for thedetails.

10. Inversionsof Operators

¹

�

Œ

� and
»

�

Œ

� . Theoperators

¹

�

Œ

� and
»

�

Œ

� arebounded
integraloperatorsfor L

Œ

Lb‘n*7T they admitananalyticcontinuationin thelargerdomain L

Œ

Lbß�*

andbecomeunboundeddivideddifferenceoperatorswhen
Œ

�+�•�@?-vVX�2 Theproblemof �nding
inversesof theseoperatorsis similar to thefamiliar classicalresults

l

l��

c

�

�&�Y�"l��r�

�

�&���

[

c

l

l��

�

�&�Y�"l��r�

�

�&���q� constant2

In themodelof the � -harmonicoscillatorunderconsiderationwecanextendtheserelationsto
� -derivatives,or evento � -“fractional” derivatives,namely, our integral operators

¹

�

Œ

� and
»

�

Œ

� , with the help of the integral operators
º

�

Œ

� and

¼

�

Œ

��2 Indeed,for L

Œ

LM‘æ* onecan
write from thetableof multiplicationof theoperatorsthat

¹

h

Œ

�S?

j

º

�

Œ

�M�

¸

�8*Ž�M��A

[

¼

�

Œ

�

»

h

Œ

�S?

j
�

¸

�8*Ž�M��A

[

whereA is theidentityoperator. Thustheboundedintegraloperator
º

�

Œ

� (

¼

�

Œ

� ) with L

Œ

LU‘�*

givestheright (left) inverseof theunboundedoperator

¹

h

Œ

�@?_j (
»

h

Œ

�S?Dj ) [ providedthatthis
operatoris properlyanalyticallycontinuedto thedomain

ä

ä

Œ

�@?

ä

ä

ß€*�2 When
Œxç

���S?$vVX one
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gets,asa specialcase,the right inverseof the Askey–Wilson �rst orderdivided difference
operator

�

�

�

� originally foundby Brown andIsmail [20] in this modelof � -oscillator.

In asimilar manner,
º

�

Œ

�

¹

h

Œ

�S?

j>�

¸

�$*Ž�<.

¸

�(ˆ7�

[

»

h

Œ

�S?

j

¼

�

Œ

�%�

¸

�$*Ž�<.

¸

�(ˆ7�

[

when L

Œ

LU‘n* and
¹

�

Œ

?

�

º

�

Œ

X

�/.

Œ

?

Œ

X

º

�

Œ

X

�

¹

�

Œ

?

�%�

¸

�!ˆ��

[

¼

�

Œ

X

�

»

�

Œ

?

�/.

Œ

?

Œ

X

»

�

Œ

?

�

¼

�

Œ

X

�%�

¸

�!ˆ��

[

i.e., these“commutators”actonavector ¬ astheprojectionoperatorto the“vacuum”vector
¬

R

2 Indeed,

¸

�(ˆ7��¬��	���M�

c

?

�@?

‰

R

�&�

[-‹

�U¬Ò�

‹

�xps�

‹

�bl

‹

�¤�	¬

R

[

¬��8®§¬

R

[

where¬

R

�;l

�@?

R

H

R

�	�<L � � is the“vacuum”vector.

11. Resolventsand Green'sFunctions. Thecontinuous� -Hermitepolynomials,or the
wave functionsin the model of the � -harmonicoscillatorunderconsideration,satisfy two
differenceequations.We derivecorrespondingresolventsandGreen's function.

11.1. First differ enceoperator. Let usstartfrom thefollowing differenceequationfor
thecontinuous� -Hermitepolynomials

¸

°

�

�@?-vVXŽ²

H
I

�&�/L � �:�;�

�

I

vVX

H
I

�&�<L � �

[

which is thespecialcase
Œ

�+�U�@?-vVX of (5.14) dueto (7.1), andconsider
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Multiplying (11.1) by thecorrespondingboundedintegraloperator
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by (6.1), and
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So,theresolventis anintegraloperator
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Introducingtheeigenvaluesè
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Theresolventidentityholds
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see[1], [23], [35], [37] for morepropertiesof theresolvent.

11.2. Seconddiffer enceoperator. Let usfactor, �rst of all, thecorrespondingAskey–
Wilson differenceequationof thesecondorder(or the � -Hamiltonian)in thefollowing man-
ner. At thelevel of theintegraloperatorsin Eq.(5.15) we have
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onecansolvea simplerequation
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Multiplying (11.3) by
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This considerationgivesan explicit representationfor the resolventin termsof the integral
operator
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Theresolventidentity (11.2) holds.

11.3. Green's function. Let
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See[53] for moredetails.
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