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PERIODIC POINTS OF SOME ALGEBRAIC MAPS

VALERY G. ROMANOVSKI

Abstract. We studythelocal dynamicsof maps where is anirreducible
branchof thealgebraiccurve

We shaw thatthe centerandcyclicity problemshave simplesolutionswhen is odd. For the caseof even some
partialresultsareobtained.
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1. Intr oduction. Consideramapof theform

(1.1)
Denoteby the -thiterationof themap(1.1).
DEFINITION 1.1. A singularpoint of themap(1.1) is called a center if
sud that theequality holds,anda focusotherwise
Clearly, if theright handsideof (1.1) is a polynomial,then is acenterif andonly
if
DEFINITION 1.2. A point is called a limit cycleof themap (1.2) if is an

isolatedroot of theequation

In theotherwords,alimit cycleis anisolated2-periodicpointof (1.1) [5].
Considerthe equation

1.2)
where . Obviously, (1.2) hasananalyticsolutionof theform (1.1),
1.3)

DEFINITION 1.3. We saythatthe polynomial(1.2) de nes(or has)a centerat theorigin
if the equation hasa solution (1.3 sut thatthemap hasa centerat the
origin, andwesaythat (1.2) de nesa focusat theorigin, if hasafocus.

Thus,the problemarisego nd in thespaceof coefcients themanifoldonwhich

the correspondingnaps have a centerat the origin andto investigatethe limit cycles bi-
furcationsof suchmaps.For the rst time this problemhasbeenstatedin [8]. As shouldbe
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remarledthe centerfocusproblemandthe problemof estimatingthe numberof limit cycles
near (cyclicity) for themap aresimilarto the correspondingroblemsfor thesecond
ordersystemof differentialequations

where and arepolynomials.
Onepossiblewayto investigatehebehavior of trajectorief themap(1) neartheorigin
is atransformatiorto the normalform [1, 6]

If the rst coefcient whichdiffersfrom zero,is  andif then

whichimpliesanunstabldocusat , otherwisejf thefocusis stable.
Anotherpossibleway, suggestedy Zo adek[8], is basedon makinguseof Lyapunw
functions.Namely, for themap(1.]) it is possibleto nd aLyapun functionof theform

with the property

It is shawvn in [7] thatif for all thenthe map (1.1) hasa centerin the
origin (with ), andif then is a stablefocus,
when , andanunstabldocus,when

To investigatebifurcationsof limit cyclesof the map(1.1) onecanalso nd thereturn
(Poincag) map

(1.4)

Wecallthecoefcient  of thereturnmap(1.4) the thfocusquantity. All focusquantities
arepolynomialsin coefcients of (1.1).
The caseof the cubic polynomial

where , wasconsideredn [8, 7].
In this paperwe considemmapsde ned by (1.2) in the form of the sumof the homoge-
neoudinearpolynomial anda homogeneoupolynomialof thedegree , thatis,

(1.5)

Hereandbelow thesuperscript  denoteshedegreeof thepolynomialin (1.5) andindicates
thefocusquantitiesrelevantto (1.5), so

(1.6)
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(1.7)

Correspondingly , arethe focusquantitiesof (1.6), , arethefocus
quantitiesof (1.7), etc. To computgocusquantitiesof (1.5) we rst look for thebranchof the
algebraiccurve passinghroughtheorigin (thatis, for afunction of the
form (1.1) suchthat ). Then,thecoefcients of the Taylor expansiorof the
secondterationof arethefocusquantities For example,(1.6) implicitly

de nesthefunction

Thesecondterationof is

sothefocusquantitiesof are
andsoon.

2. The cyclicity of maps de ned by (1.5. Denotethe real spaceof coefcients of
polynomial(1.5) by ,the -ball centeredat by ,
andlet bethemap(1.3) correspondindo a given point of

theparametespacethatis,

(2.1)

DEFINITION 2.1. Let be the numberof limit cyclesof themap in theinterval

We saythata singularpoint ofthemap  hasthecyclicity withrespect
tothespace if thereexist and , such thatfor every and
In orderto simplify notationsve denoteby  the -tuple and
by thering of polynomialsin overthe eld . Also we denoteby
themap(1.1) de ned by the polynomial(1.5) (moreprecisely is afamily
of mapsdependingiponthe parameter ).
Givenpolynomials ( isa eld) wedenoteby theideal of
generatedby andby the (af ne) varietyof theideal

DEFINITION 2.2. Theideal of genemtedbyall focusquantities,

, is called the Bautinideal of the map . Theset is
calledthe centervariety of

Speakingaboutthe centervarietieswe will assumehatthecoefcients of (1.5 arecom-
plex andspeakingon the cyclicity we restrictourselfto maps(1.5) with realcoefcients.

Let be a basisof suchthat for ary from
if , andfor ary  suchthat the polynomial belongsto
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. Using the resultsof [2, 7] it is easyto concludethat the following
statemenholds.
THEOREM 2.3. If  isthebasisof de nedabovethenthecyclicity of theorigin for
anymap(2.1) is at most
We have seenat the endof the previous sectionthat for the mapde ned by (1.5 with

and,asit wasshaown in [8], de nes a centerin the origin if andonly if one of
conditions(i) or (ii) holds. Accordingto [7] for (1.5
with

andthemapde nesacenterif andonly if Because arelinearpolynomials
they generatethe corresponding3autin ideals, . Thusthe
cyclicity of theorigin for everymap de nedby (1.5) with and is equalto zero.

THEOREM 2.4. 1) Thepolynomial(1.5) with oddde nesa centerin theorigin if and
onlyif

(2.2)
2) Thecyclicity of themapde nedby (1.5 with  oddis equalto zeo.

Proof. Assumethatthe rst differentfrom zerocoefcient of themap(1.1)is  (with
), thenthe rst differentfrom zerocoefcient in thePoincaé mapis

(2.3)

Notethatwhen the seriesexpansionof the Poincaé mapstartsfrom ,
howeverbelowv we will dealonly with the cases
Themap(1.1) de ned by thepolynomial(1.5) hasthe expansion

Thereforaf isodd, , thenthe rst differentfrom zerocoefcient of thePoincaé
mapis

We have to prove thatif then for all positive integer . To doso, it
is sufciently to shaw thatif thenthe polynomial(1.5) hasabranchsymmetricwith
respecto theline . We shaw thatunderthe condition theline is

anirreduciblebranchof (1.5). Indeedconsideithe equality
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Equalingthe coefcient of the sametermsin the bothsideswe getthesystem

which hasa solutionif andonly if thecoefcients of (1.5 satisfy(2.2).
2) As we have shown if then for all positive integer . Therefore
(with somepolynomial ) for all such . Hence,

and,dueto Theorem?.3, the cyclicity of themapde ned by (1.5) is equalto zero. O
Considemow the caseof (1.5 with even. Thenin themap(1.1) de ned by (1.5) the
two rst differentfrom zerocoefcients are

Thusaccordingto (2.3), . It is easilyseenthatin this casethe rst different
from zerocoefcient of the Poincaé mapis

PROPOSITION 2.5. Thethecentervarietiesof themaps and are, corre-
spondingly
whele , and
whele ,

Proof. In thecase the calculationof thereturnmapyields

With Singular[4] by makinguseof theroutine we foundthattheminimal
associat@rimesof aretheideals givenabove. Thisyieldsthat

To seethatthe oppositeinclusionholds,



ETNA
Kent State University
etna@mcs.kent.edu

PERIODICPOINTSOF SOMEALGEBRAIC MAPS 161
one can checkthat for the pointsfrom the curve hasthe branch
andthe curves correspondingo the pointsfrom are
symmetricwith respecto theline
Similar reasoningappliesalsoto the case , however in this casethe variety
is de ned by threefocus quantities, where

andfor the polynomialreductionwe used

thelexicographicorderwith d

PROPOSITION 2.6. Thecyclicitiesof the maps and with a focusin the
origin are equal,correspondinglyto 1 and2.

Proof. Considerthe case (the case is similar). The variety is
de ned by . Thereforethereturnmapof with afocusin theorigin hasthe
expansion
or
Obviously, in the rst casetheequation hasnorootsif is sufciently
small,andin the secondcasethis equationhasat mostoneroot for such . Therefore the
cyclicity of with afocusattheorigin is atmostone.

It is easyto seethatit is equalto one, becausdhereare mapssuchthat the equation
hasa small positive real root. Indeed,let

. Then andwhen ,

(and dueto our assumptiorthat

hasafocusattheorigin). Obviously, we canchoose suchthat and

thesignof is oppositefrom that of . Thatyieldsa smallpositive root of thefunction

. 0
Recallthatanideal is calledradicalif for ary integer impliesthat
Theradicalof anideal is denotecby
PROPOSITION 2.7. Theideals and are notradical idealsin

Proof. It is easyto checkthe statemenbf the lemmausingany computeralgebrasys-
tem with animplementedroutine for computingthe radical of a polynomialideal (Singu-

lar, Macaulay CALI etc.). Computingwith Singular[4] we found that and
have differentreducedGrobnerbases.Thatmeansthat is notaradi-
calideal. Similarly onecancheckthatthe seconddealis notradicalaswell. O

To conclude we have shavn thatthe centerandcyclicity problemsfor the mapde ned
by thepolynomial(1.5) with odd hasasimplesolution.Thecaseof even is moredif cult.
Basingon Proposition2.5we conjecturghatthecentewarietyof themaps consists
of two components:
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and

wherethe rst componentorrespondso (1.5) of theform
andthesecondneto thoseinvariantundertheinvolution .
We have checled that and Therefore,

probably

(2.4)

yieldingthatthecyclicity of maps and with acenterin theorigin are,respec-
tively, 1 and2 aswell. If theideals and wereradicalidealsthen

(2.4) would be true. However Proposition2.7 shavs that theseidealsare not radical ones.
Thusthereremainsanopenproblemto nd thecentervarietyof mapde ned by (1.5) with
evenandto investigatehe cyclicity of thismap.
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