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PERIODIC POINTS OF SOME ALGEBRAIC MAPS
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We show that thecenterandcyclicity problemshave simplesolutionswhen , is odd. For thecaseof even , some
partialresultsareobtained.
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1. Intr oduction. Considera mapof theform
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Denoteby 0NMO2QPRI�S�6 the P -th iterationof themap(1.1).
DEFINITION 1.1. A singularpoint 4!.UT of themap(1.1) is calleda center, if VXW<Y

T

such that Z

4 [N\ 4
\7]

W theequality 0�^&25476_./4 holds,anda focusotherwise.
Clearly, if theright handsideof (1.1) is a polynomial,then 4 .1T is a centerif andonly

if 032`4�6_8a9;4bK

DEFINITION 1.2. A point 4Hc

Y

T is called a limit cycleof the map(1.1) if 4�c is an
isolatedrootof theequation

0

^
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In theotherwords,a limit cycle is anisolated2-periodicpointof (1.1) [5].
Considertheequation
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where
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4�I�J . Obviously, (1.2) hasananalyticsolutionof theform (1.1),

-/.rq 0325476_.U9;4si/K�KtKuK(1.3)

DEFINITION 1.3. Wesaythat thepolynomial(1.2) de�nes(or has)a centerat theorigin
if the equation
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G

-g6v.wT hasa solution (1.3) such that the map q
0 hasa centerat the

origin, andwesaythat (1.2) de�nesa focusat theorigin, if q
0 hasa focus.

Thus,theproblemarisesto �nd in thespaceof coef�cients x

o
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mBy themanifoldonwhich
the correspondingmaps q

0 have a centerat the origin andto investigatethe limit cyclesbi-
furcationsof suchmaps.For the�rst time this problemhasbeenstatedin [8]. As shouldbe
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remarkedthecenter-focusproblemandtheproblemof estimatingthenumberof limit cycles
near4X.eT (cyclicity) for themap q0 aresimilar to thecorrespondingproblemsfor thesecond
ordersystemof differentialequations{
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where• and • arepolynomials.
Onepossiblewayto investigatethebehavior of trajectoriesof themap(1) neartheorigin

is a transformationto thenormalform [1, 6]
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]jT thefocusis stable.
Anotherpossibleway, suggestedby �Zo�a̧dek [8], is basedon makinguseof Lyapunov

functions.Namely, for themap(1.1) it is possibleto �nd aLyapunov functionof theform
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It is shown in [7] that if –
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To investigatebifurcationsof limit cyclesof themap(1.1) onecanalso�nd the return

(Poincaŕe)map £
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Wecall thecoef�cient P

›

of thereturnmap(1.4) the ¦ th focusquantity. All focusquantities
arepolynomialsin coef�cients of (1.1).

Thecaseof thecubicpolynomial
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In this paperwe considermapsde�ned by (1.2) in theform of thesumof thehomoge-

neouslinearpolynomial -jik4 anda homogeneouspolynomialof thedegree³ , thatis,
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Hereandbelow thesuperscript2 ³

6 denotesthedegreeof thepolynomialin (1.5) andindicates
thefocusquantitiesrelevantto (1.5), so
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Correspondingly, P
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2. The cyclicity of maps de�ned by (1.5). Denotethe real spaceof coef�cients of
polynomial(1.5) by ¸ , the ¹ -ball centeredat º

�

.»2

o

�

@•¶

c

G

o

�

@

Ÿ

C¼¶ C

G

KtK�K

G

o

�

c

¶ @

6ªI

¸ by ½_¾

2

º

�

6 ,
andlet q

0™¿ be themap(1.3) correspondingto a givenpoint º

.À2

o

@7¶

c

G

o

@

Ÿ

C�¶ C

G

K�KtK

G

o

c

¶ @

6 of
theparameterspace,thatis,

0
¿

.a9;4N2‡†_i
=

?

•

ADC

E

•
2

o

@7¶

c

G

o

@

Ÿ

C�¶ C

G

K�K�K

G

o

c

¶ @

6”4

•

6�K(2.1)

DEFINITION 2.1. Let ³

¿

¶ Á be the numberof limit cyclesof the map 0&¿ in the interval
T!]j4v]

W

K Wesaythata singularpoint 4X.pT of themap 0&¿&Â hasthecyclicity ¦ with respect
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Equalingthecoef�cient of thesametermsin thebothsideswe getthesystem
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C

^

Î aretheideals ù

´

‹

µ

C

G

ù

´

‹

µ

^

givenabove. This yieldsthat

Ó
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‹
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To seethattheoppositeinclusionholds,

Ó
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onecancheckthat for the points from Ï

2úù

´

‹

µ

C

6 the curve
f

´

‹

µ
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G

-g6¡. T hasthe branch
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f

´

‹

µ

2`4

G

-g6�.ÀT correspondingto the points from Ï

2úù

´

‹

µ

^

6 are
symmetricwith respectto theline -1./4 .

Similar reasoningappliesalsoto thecase³

.�
 , however in this casethevariety Ó

´

—

µ
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´

—

µ

.
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^
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o
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o
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o
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Í
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´

—

µ

C
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Î andfor the polynomialreductionwe used
thelexicographicorderwith
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PROPOSITION 2.6. Thecyclicitiesof themaps®

´

‹

µ

2

o

6 and ®

´

—

µ

2

o

6 with a focusin the
origin areequal,correspondingly, to 1 and2.

Proof. Considerthe case³

. ý (the case³

.�
 is similar). The variety Ï

2

Ò

´

‹

µ

6 is
de�ned by P

´

‹

µ

—

G

P

´

‹

µ

C

^

. Thereforethereturnmapof ®

´

‹
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2

o

�
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Obviously, in the�rst casetheequation

£

2

o

�

476B9X4¯.eT hasnorootsif �

o

9

o

�

� is suf�ciently
small, andin the secondcasethis equationhasat mostoneroot for such

o

. Therefore,the
cyclicity of ®

´

‹

µ

2

o

6 with a focusat theorigin is at mostone.
It is easyto seethat it is equalto one,becausetherearemapssuchthat the equation

£

2

o

�

476~914/.ôT hasa small positive real root. Indeed,let
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o

¥
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o
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c�6
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o
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‹
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c�6 (andP

´
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.1T dueto our assumptionthat

®

´

‹

µ

2

o

�

6 hasa focusat theorigin). Obviously, we canchoose¹ suchthat \ P

´

‹

µ

—

\! >\ P

´

‹

µ

C

^

\ and
thesignof P

´

‹

µ

—

is oppositefrom thatof P

´

‹

µ

C

^

. Thatyieldsa smallpositive root of thefunction
£

2

o

�

476�9š4 .
Recallthatanideal Ð is calledradicalif 0

ä

I¤Ð for any integer
ø#"

† impliesthat 0 IRÐ .
Theradicalof anideal Ð is denotedby $

Ð .
PROPOSITION 2.7. Theideals Í
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—
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Î are not radical idealsin
²
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o

Ë

.
Proof. It is easyto checkthestatementof the lemmausingany computeralgebrasys-

tem with an implementedroutine for computingthe radicalof a polynomial ideal (Singu-

lar, Macaulay, CALI etc.). Computingwith Singular[4] we found that % Í

P

´

‹

µ

—

G

P

´

‹

µ

C

^

Î and

Í

P

´

‹

µ

—

G

P

´

‹

µ

C

^

Î have differentreducedGröbnerbases.Thatmeans,that Í

P

´

‹

µ

—

G

P

´

‹

µ

C

^

Î is not a radi-
cal ideal.Similarly onecancheckthatthesecondidealis not radicalaswell.

To conclude,we have shown that thecenterandcyclicity problemsfor themapde�ned
by thepolynomial(1.5) with odd ³ hasasimplesolution.Thecaseof even ³ is moredif�cult.
BasingonProposition2.5weconjecturethatthecentervarietyof themaps®
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^h›

µ

2

o

6 consists
of two components:
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2”9¯†H6

m

o

ä

m

.eT



ETNA
Kent State University 
etna@mcs.kent.edu

162 VALERY G. ROMANOVSKI

and

o
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Ÿ
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wherethe�rst componentcorrespondsto (1.5) of theform 2€-ši 476u2‡†�i'&
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Ÿ
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andthesecondoneto thoseinvariantundertheinvolution -1‚ „ 4
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4ƒ‚ „ - .
We have checked that P
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‹

µ
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G

P

´

‹
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Í

P

´

‹
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probably,
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µ

.

Í

P

´

—

µ

C

c

G

P

´

—
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(2.4)

yieldingthatthecyclicity of maps®

´

‹

µ

2

o

6 and ®

´

—

µ

2

o

6 with acenterin theorigin are,respec-
tively, 1 and2 aswell. If theideals Í

P

´

‹

µ

—

G

P

´

‹

µ

C

^

Î and Í

P

´

—

µ

C

c

G

P

´

—

µ

^

c

G

P

´

—

µ

¥

c

Î wereradicalidealsthen
(2.4) would be true. However Proposition2.7 shows that theseidealsarenot radicalones.
Thusthereremainsanopenproblemto �nd thecentervarietyof mapde�ned by (1.5) with ³

evenandto investigatethecyclicity of this map.
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