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THE DIFFERENCE EQUATION RELATED TO THE PROBLEM OF THE
HYDROGEN ATOM IN A STRONG MAGNETIC FIELD

MARKO ROBNIK AND VALERY G. ROMANOVSKI

Abstract. We studythe Schibdingerequationfor the hydrogenatomin an arbitrarily strongmagnetic eld
in two dimensionswhich is anintegrableand separablesystem.The enegy spectrumis very interestingasit has
in nitely mary accumulatiorpointslocatedatthevaluesof theLandauenegy levelsof afreeelectronin theuniform
magneticeld. In thepolarcoordinateshe canonicalnotkinetic!) angulaiTmomentunhasa preciseeigewalueand
we have the one dimensionakadial Schibdingerequationwhich is an ordinary secondorder differential equation
whoseanalytic exact solutionis unknavn. The problemis reducedto a linear three-termrecurrencedifference
equationwhosesolutionis unknavn. We describethe qualitatve propertiesof the enegy spectrumandproposea
semi-analytianethodto numericallycalculatethe eigenenegies.
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1. Intr oduction. Theproblemof thehydrogeratom(or hydrogen-lilkeatomsor highly
excited atoms- Rydbeg atoms;also called planetaryatoms;in the sequelwe shall simply
speakof the hydrogenatom)in a strongmagneticeld is animportantandfascinatingorob-
lem[2, 4,8, 16,17, 21]. A rst motivationcomesfrom experimentaphysicshamelyatomic
spectroscop whereonewould lik e to understandhe spectrunof a highly excitedhydrogen
atomin the strong(estimagnetic elds availablein the laboratory(up to about10 Tesla=

). The earliestmeasurementbave beenperformedby the group of Professoielge
[9] andthe groupof ProfessoKleppner[10], althoughthe oldestoutline andsuggestiorfor
suchexperimentsgoesbackto Mueller andHughes[14]. Anotherphenomenorknown for
along time arethe quasi-Landauesonancef7]. A secondmotivation, perhapseven older
thanthe laboratoryexperiments,comesfrom astrophysicswherethe spectrumof the hy-
drogenatomin a strongmagnetic eld hasbeenknown sinceat leastabout1970, e.g. in
the stronglymagnetiowhite dwarf stars(the polarmagneticeld strengthcanbe aslarge as
up to about ) whosehydrogencoveredsurfaceis still radiatingwhile slowly cooling
down, sometimesvith additionalaccretedydrogerfrom theinterstellarspace Theso-called
Minkowski absorptionbands,known sincethe 1970s,have been nally explainedin terms
of the so-calledstationarylines spectroscop[24]. Theoreticallyit hasbeenshavn (see[21]
andthereferencesherein)thatthe enegy spectrumandthusthe wavelengthsof the spectral
linesareextremelysensitve to thestrength  of themagneticeld, sothey varywildly with
. Since in the emissionregion is highly nonuniform(  of a startypically is a dipole
eld, soit decreaseBwverselycubically with the distance)the line spectrumis expectedto
be quite blurred,easilyconfusedwith a continuousspectrum.However, the stationaryspec-
tral lines, i.e., thoselines at certain wherethe secondderivative with respecto
at vanisheghaving amaximum,aminimumor anin ection there)areeasilyrecognized.
In this way it hasbeenpossibleto explain the Minkowski bandsin termsof the stationary
lines dominatedby the emissionin that  wherethe stationarityconditionis satis ed, and
thusthe estimateof the magneticeld strengthin thatemissionregion couldbe deducedin
acertainparticularcase 24] thisresultagreedwith thedeterminatiorof  throughthe mea-
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suremenbf the circular polarizationof the optical continuumby Kempetal. [11], andwas
quite a succes®f the theoryof atomicspectrain strongmagnetic elds. The neutronstars
canhave polarmagneticeld strengthaupto , thereis no hydrogenbut we canhave,
e.g.,the almostcompletelyionized (and possiblyhighly excited) iron FeXXVI, in a variety
of accretionscenariosin binary systemgatherthanin isolatedneutronstars(pulsars).
Onthetheoreticakidethe problemof thehydrogeratomin strong(actuallyarbitrary)

is fascinatingpecauset is a paradigmof a classicalandquantalHamiltoniannonintegrable
andchaoticsystem[3, 4, 8, 16, 17, 22] in the 3D case.lt is the exampleof quantumchaos
par excellence Indeed the simpleclassicakystemdescribedy the Lagrangefunction

(1.1) - - -

where

is the vectorpotentialof ahomogeneoumagneticeld , and thevelocity vectorof the
pointchage , moving in themagneticeld  andin the Coulombelectrostaticeld of the
centralpoint chage , is generallya noninteggrable Hamiltoniandynamicalsystemof the
mixedtype, thatis exhibiting a chaoticmotion for certaininitial conditionsin the classical
phasespaceand a regular motion on invarianttori for otherinitial conditions,depending
on the enegy, strengthof the magnetic eld, andon the particularinitial conditions[16].
Generally it is predominantlyregular at low enegies and chaoticat high enegies. The
chaos-rgularity borderis qualitatively de ned by comparingand equatingthe strengthsof
the Coulombforce with the magneticforce actingon the moving point chage with mass

. Here isthevelocity of light and . To bemoreprecisejn the caseof anelectron
attractedby a -fold positively chagednucleuswe have ,and , where
is theelementarchageand is thenumberof protons.

Let usnow specializeto the 2D case by rewriting the Lagrangefunction (1.1) in

polarcoordinates ,

(1.2) — — —

After introducingthe standarchotationfor canonicaimoments,

andperformingthe standardprocedurdo constructhe Hamiltonianfunction  for the sys-
tem(1.2),

we get

(1.3) -
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Here isacyclic variable,soagainwe seeimmediatelythat  is a constanbf the motion,
because

and,therefore,

Consequently

(1.4) .

canbe immediatelyintegratedonce asafunctionof time is known. Thelatteris of
courseobtainedasa solutionof the ordinarysecondorderdifferentialequationfor , which
follows from the Hamiltonequationgeneratedy in (1.3), namely

If we choosethe coordinatesystemrotatingat Larmor rotationfrequeny (one
half cyclotronfrequeng!), we caneliminatein (1.2) andthusin (1.3) the paramagnetiterm
(linearin ), whichis alsoclearin (1.4), gettingthe mostsimple(2-dim) form of the Hamil-
tonianaswasproposedandstudiedin [16], namely

The canonical angular momentum is different from the kinetic angular momentum,
namelywe have thede nition

(1.5)

and,thus,

(1.6) —

The -componentparallelto ) is equalto

1.7) -

Whengoingoverto thequantummechanic®f our problemwe applythe canonicaluantiza-
tionrulein theordinarycoordinatespacethusreplacethemomentum by theoperator
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(1.8) —

As canbeveri ed qguantummechanicallyfor the angulaimomentawe have preciselyequa-
tion (1.6),

(1.9) —

In particularthe -components givenby

andhasthe expectedvalue
(1.10) —

Here canbeexpressedn termsof polarcoordinatewith thepolarangle in theform

(1.11) —

Thisis aconseredquantitywith eigervalue  andcommuteswith the Hamiltonoperator

(1.12) -

Using(1.8) andthe polarcoordinates , we getthe Schiddingerequation

which canbewritten as

The 3D hydrogenatomin a magnetic eld is a noninteggrableand chaoticsystem[16],
while the 2D hydrogenatomis separabléin polar coordinatesandthereforeintegrable.We
now setup the correspondingSchiddingerequationfor the 2D problem,for the separated
wave function in polarcoordinates , wherewe usethefactthat

— . We obtainfor theradialwave function

Let usnow introducethe naturalunitsin away thatyieldsthe Schibdingerequationin a nice
dimensionles$orm. We specifythe point chagesas and . Thelengthis
measuredh unitsof theBohrradius



ETNA

Kent State University
etna@mcs.kent.edu

DIFFERENCEEQUATIONS RELATED TO THE HYDROGENATOM 167

Anotherquantitywith thedimensionof lengthis the Landauradius

Theunit of enegy is oneRydbeg, equalto , sothatthedimensionlesgnepy is

(1.13) S

Finally, theunit of magneticeld strengthis

(1.14) — S

For and beingtheelementarchageandtheelectrons massyrespectiely, we obtain

Thisisindeedaverystrongmagneticeld, whichis notavailablein alaboratorybutin theas-
trophysicalcontext mentionedn theintroduction.Thus, is alinearmeasuref thestrength
of themagneticeld, suchthat correspondso . With thesecorventions we
obtainthedimensionlessundamentaéquation

andafterintroducingthereducecenegy

we get

(1.15) _ .

Thisis thefundamentabrdinarysecondrderdifferentialequationfor the radialwave func-
tion asafunctionof thedimensionlespolarradius , which we aregoingto study

2. The unresohed differ enceequation. We discussthe centraldif culty in solving
equation(1.15. Factoringthefunction

where , we getfrom (1.15 the differentialequationfor ,

2.1) - —
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Substitutingthe power expansion

into (2.2) with , we obtainthethree-ternrecursiorrelation

We arelookingfor solutionsatdiscretevaluesof theeigenenegies thatsatisfytheSchibdinger
integrability condition

It is not known how to determinesuchsolutionsandwe raisethe following question: Will
be apolynomialor someotherfunction?

3. The representationof the Hamilton operator in the Landau basis. In spiteof our
incapabilityto solve the problemof the previous section,we can deducesomeimportant
analyticresults. From now on, the quantumnumber  (the canonicalangularmomentum
number)will be consideredx ed unlessstatedotherwisein a explicit way. We are going
to determinea solution of our problem(1.15 by nding the eigervaluesof the Hamilton
operator

(3.1) - - - _

where

Then

(3.2)

Here aretheeigervaluesof theoperator . Infactthey areexactlythe Landaulevels,now
in adimensionlesgorm, where . Speci cally,

(3.3)

wherethefull enegy is equalto

(3.4)

becausave choose ,as and . Here isthe -th (Landau)
eigenfunctionof , where is exactly the numberof its nodes. Thereforeto completeour
taskwe needto diagonalizehe operator , i.e.,its matrix . This consistsf threesteps:
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1. Shav thecompletenesef the Landaubasisof the eigenfunction®f the operator
in theHilbert spaceof all  radialfunctions.Thisis donebelow.
2. Calculatethe elementof . Thisis doneanalyticallybelow.
3. Diagonalizethematrix . This cannotbedoneanalytically only numerically
It is importantto stresghatthefunctionaldependencef on , andof courseon , will
be exactly known, namelythe integral in the seconderm of (3.2) is exactly proportionalto
~, asit will be shown in belov. This is very important,becausét meansthat the matrix
mustbe calculatedanalyticallyonly once,seethe equationg3.12 and(3.16), andcon-
sequentlytheenepgy spectruntanbeobtainedfor ary and by adiagonalizatiorof (3.2).
Thisis oneof the major contributionsof this paper
We proceedby constructinghe orthonormalLandaueigenbasis , .e.,thenormal-
izedsolutionsof

(3.5) S

Thesubstitution -  in equation(3.5) yields

This equationhasa solution

with

beingthe con uent hypegeometridunction,which becomes polynomialif

where is a non-ngyative integer equalto the numberof the nodes  of the radial
eigenfunction.

Thereforethe spectrumof the equation(3.5) is precisely(3.3), where ,
andthe correspondingvave functionsare

(3.6) - -

Using the relation betweenthe con uent hypeigeometricfunction andthe generalized_a-
guerrepolynomials ,

(3.7)

we canwrite (3.6) in theform
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Thenormalizingcondition

andthe orthogonalityrelationfor Laguerrepolynomials

(3.8)
yield
Therefore
where
Now let us shav thatthe orthonormalsystem , Is acompletebasis
of theHilbert space . To thisendit is sufcient to provethatthe set
is densein . Here is arealnumber . Indeed,an arbitraryfunction
from we canwrite in theform
We needto show thatfor any thereexistsa polynomial suchthat
After thesubstitution we get
(3.9) -
where and . Notethat yields

. Thereforeaccordingo Szego [23, Chapter5.7], thereis apolynomial
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which satis es(3.9). This completeghe proof of the completenessf the Landaubasis

for ary
Now we calculatethe matrix elementg3.2). Onecanverify that

(3.10) - - -

Notethat

(3.11) - - - - - -

Then,using(3.10 and(3.11) with , We obtain

(3.12)

To simplify the above expressionye rewrite the sumin theform

where
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and

whereto getthis expressionfor ~ onecanset andnote
thatit sufces to consideronly between and , because—— for

To computetheinnersumin , wewrite it as

where

Herewe mayreplacethe nite sumby thein nite sumbecause—— for
A straightforvardcomputatioryields

Hence,usingthealgorithmfrom [15, p. 36] (which, actually follows from the de nition of
hypegeometridunctions),we concludethat

and,therefore,

(3.13)

Similarly,

(3.14)
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As aconsequencaye obtain

(3.15)

where

(3.16) _

and aregivenby (3.13, (3.14), respectiely.

Note that we have to split the sumin (3.12) into the two parts, and , because
otherwise,usingthe algorithmof [15, p. 36], we encountethe indeterminag during
thecalculations.

This completesour calculationof the matrix representing from (3.1) in the -
Landaubasis,asgivenin (3.19 - (3.16. Note that the matrix is known analytically and
computableAlso thedependenciesn and areexplicitly known. Thereforeit sufces to
computethe matrix only onceandthen canbediagonalizedor ary and . Thisob-
senationis important,becauseéhe computatiorof the matrix is quite CPU-timedemanding.

For the diagonalelementsye getfrom (3.16),

(3.17) _

where . In theasymptotidimit for large  , usingthe Wallis's formula[1,
p. 258],we obtain

(3.18) N

To seethis, noticethatin equation(3.17) we have

where is aconstant, is apolynomialin of thedegree , and
denotesasusual,thePochhammesymbol. Therefore
theexpression

goesto 1 forall x ed when
It is easilyveri ed that

(3.19)
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Indeed,
Usingthe substitution— , theorthogonalityrelation(3.8), andtherecurrenceaelation

for theLaguerrepolynomials[1, p. 783],

we obtain

Thus,(3.19 follows.

Thediagonalelements  givenin (3.17) areimportant,because¢hey arethe rst order
perturbationestimateof the perturbatiorproblem(3.1) - (3.2), wherethe Coulombpotential
enegy is treatedasa smallperturbatiorof the Landaueigenstatesandthis will bea
goodapproximatiorif is sufciently small,and/or  sufciently large.We have

whichin theasymptotidimit becomes quite simpleexpressiondueto (3.19),

Here denoteghe -th reduceddimensionlesgigervalue,sothatthe total dimensionless
enegy, ,isgiven(approximatedpy

(3.20) —

wherewe have chosen , as , and , and of course

. Thisis avery niceandtransparentesult,asit shavs thatuponswitchingon the
Coulombinteraction,from to , we obsene insteadof in nitely discretelyde-
generatd_andaulevels,clustersof levels,eachof which hasanaccumulatiorpoint precisely
atthe Landaulevel. When is negative, with large, theselevelsapproachthe accumu-
lation point aspredictedby (3.20). Clearly, for large , when , the Landauenegy
reaminsunchangedandthe physicalmeanings, becausef (3.19, thatwe have a chage
at a large distancefrom the Coulombcentralchage in amagneticeld , suchthatthe
(average)kinetic angularmomentum is alsosmall, while the canonicalangularmomen-
tum s large. In this sensewe understandhe structureof clustersof Coulombperturbed
Landaulevelseitheratlarge distance®r large magnetic elds.

We malke the following importantphysicalobsenation: The enegy spectrumof (3.1)
is purely discretefor ary . This follows from the shapeof the potentialwell, which
increaseénde nitely for as , evenfor smallvaluesof . For ,i.e.,inthe
pureCoulombcasewithoutamagneticeld, thespectrumis discretefor all negative enepies

, hastheionizationlimit when , andthe continuumlimit when
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We turnto theionizationlimit in anon-vanishingmagneticeld with . Intuitively,
onewould expectthis limit to bethe rst, lowest,accumulatiorpoint. Thisis of coursenot
strictly true,becausdor , thespectrunis everywherediscrete Neverthelessanescape
to in nity is possible. Namely within any Landauclusterwith the main quantumnumber
x ed,accordingto (3.4), atnegative , butwith large , the systemstayswithin thesame
clusterenepetically, but with increasing  theaverageradius is increasindinearly
asgivenby equation(3.19. Thisis in factnothingbut almostradiationlesgscapdo in nity ,
andthatis what we meanby ionization The photonenegy neededor suchan escapéds
smallerthe larger is. It is in this sensethat we can call the lowest Landaueneny -
accordingto (3.4) it is equalto - theionizationlimit . Thesituationis similar in ary
higherlying Landaucluster There,ionizationis alsopossibleby emissiorof radiation while
ionizationfrom below is possibleby absorptiorof radiation but in eachcasehequantum
number mustchange Thus,theionizationlimit is equalto

In realphysicalunitsthis meanspsing(1.13), thattheionizationlimit is equalto

(3.21) N

where,accordingto (1.14), —_— . As
the 3D situationdoesnot changearnything in this regard,the statementaboutthe ionization
limit (3.27) for a3D hydrogenatomin amagneticeld still holdstrue.

4. Discussionand conclusions. The 3D hydrogenatomin a strongmagneticeld is a
noninteggrableandchaoticsysteny 16, 17] undegoingatransitionfrom completeintegrability
(pureCoulombcase}o ergodicity (atsufciently highenegies),beingagenericsystemhav-
ing the mixedtype classicaphasespacq 18], andit is anexampleof classicalHamiltonian)
andquantumchaospar excellence

The 2D hydrogeratomin astrongmagneticeld is integrableandevenseparableheing
effectively a one-dimensionasystem. However, its radial Schibdingerequationcannotbe
solvedexactly. The essencef the problemis describedn Section2, andit boils down to a
solutionof athree-ternrecurrenceelation. Nevertheless lot of analyticwork canbedone.
We have calculatedanalyticallythe matrix elementsf the Hamilton operatorin the Landau
basis,which is a completebasisin the Hilbert space,and carriedout its numericaldiago-
nalization,andalsodescribedanalyticallythe (asymptotic)structureof the Landauclusters
of levels,which arecreatedvhenthe Coulombinteractionof anelectronin a magnetic eld
is switchedon. (If thereis no Coulombinteraction,we have in nitely discretelydegener
ateLandaulevels.) The size (spread)of the clustersscalesas ~ with the magnetic eld

strength , where , andthelevelsin theclusterfor x ed
approachtheaccumulatiorpoint (=Landaulevel) as whenthemodulus  of the
canonicabngulamomentungquantumumber( ) goestoin nity (andthe

electronis recedingo in nity). It isimportantto noticethatthe dependencef therepresen-
tationmatrix (3.15 in termsof themagneticeld strength andthechage is known, so
thatit mustbe calculatedonly once. Thenthe eigeneneagiescanbe obtainedoy a numerical
diagonalizatiorof the matrix for ary desiredvaluesof and . Somefurtherresultsand
moredetailsarepublishedn [20].
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