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THE DIFFERENCE EQUATION RELATED TO THE PROBLEM OF THE
HYDROGEN ATOM IN A STRONG MAGNETIC FIELD

�

MARKO ROBNIK
�

AND VALERY G. ROMANOVSKI
�

Abstract. We study the Schr̈odingerequationfor the hydrogenatom in an arbitrarily strongmagnetic�eld
in two dimensions,which is an integrableandseparablesystem.Theenergy spectrumis very interestingasit has
in�nitely many accumulationpointslocatedatthevaluesof theLandauenergy levelsof afreeelectronin theuniform
magnetic�eld. In thepolarcoordinatesthecanonical(notkinetic!) angularmomentumhasapreciseeigenvalueand
we have the onedimensionalradial Schr̈odingerequationwhich is an ordinarysecondorderdifferentialequation
whoseanalytic exact solution is unknown. The problemis reducedto a linear three-termrecurrencedifference
equationwhosesolutionis unknown. We describethe qualitative propertiesof theenergy spectrumandproposea
semi-analyticmethodto numericallycalculatetheeigenenergies.
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1. Intr oduction. Theproblemof thehydrogenatom(or hydrogen-likeatoms,or highly
excited atoms- Rydberg atoms;alsocalledplanetaryatoms;in the sequelwe shall simply
speakof thehydrogenatom)in a strongmagnetic�eld is animportantandfascinatingprob-
lem[2, 4, 8, 16, 17, 21]. A �rst motivationcomesfrom experimentalphysics,namelyatomic
spectroscopy, whereonewould like to understandthespectrumof a highly excitedhydrogen
atomin the strong(est)magnetic�elds available in the laboratory(up to about10 Tesla=

�������

). The earliestmeasurementshave beenperformedby the groupof ProfessorWelge
[9] andthegroupof ProfessorKleppner[10], althoughtheoldestoutlineandsuggestionfor
suchexperimentsgoesbackto Mueller andHughes[14]. Anotherphenomenonknown for
a long time arethe quasi-Landauresonances[7]. A secondmotivation,perhapsevenolder
than the laboratoryexperiments,comesfrom astrophysics,wherethe spectrumof the hy-
drogenatomin a strongmagnetic�eld hasbeenknown sinceat leastabout1970,e.g. in
thestronglymagneticwhite dwarf stars(thepolarmagnetic�eld strengthcanbeaslargeas
up to about 	�


�����
�

) whosehydrogencoveredsurfaceis still radiatingwhile slowly cooling
down,sometimeswith additionalaccretedhydrogenfrom theinterstellarspace.Theso-called
Minkowski absorptionbands,known sincethe 1970s,have been�nally explainedin terms
of theso-calledstationarylinesspectroscopy [24]. Theoreticallyit hasbeenshown (see[21]
andthereferencestherein)thattheenergy spectrumandthusthewavelengthsof thespectral
linesareextremelysensitive to thestrength� of themagnetic�eld, sothey varywildly with

� . Since � in the emissionregion is highly nonuniform( � of a star typically is a dipole
�eld, so it decreasesinverselycubicallywith thedistance),the line spectrumis expectedto
bequiteblurred,easilyconfusedwith a continuousspectrum.However, thestationaryspec-
tral lines, i.e., thoselinesat certain ������� wherethesecondderivative with respectto �

at �
� vanishes(having a maximum,aminimumor anin�ection there)areeasilyrecognized.

In this way it hasbeenpossibleto explain the Minkowski bandsin termsof the stationary
lines dominatedby the emissionin that � wherethe stationarityconditionis satis�ed, and
thustheestimateof themagnetic�eld strengthin thatemissionregion couldbededuced.In
a certainparticularcase[24] this resultagreedwith thedeterminationof � throughthemea-
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surementof thecircularpolarizationof theopticalcontinuumby Kempet al. [11], andwas
quite a successof the theoryof atomicspectrain strongmagnetic�elds. The neutronstars
canhave polarmagnetic�eld strengthsup to

���������

, thereis no hydrogen,but we canhave,
e.g.,thealmostcompletelyionized(andpossiblyhighly excited) iron FeXXVI, in a variety
of accretionscenarios,in binarysystemsratherthanin isolatedneutronstars(pulsars).

Onthetheoreticalsidetheproblemof thehydrogenatomin strong(actuallyarbitrary) �

is fascinating,becauseit is a paradigmof a classicalandquantalHamiltoniannonintegrable
andchaoticsystem[3, 4, 8, 16, 17, 22] in the3D case.It is theexampleof quantumchaos
par excellence. Indeed,thesimpleclassicalsystemdescribedby theLagrangefunction
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where

'

�

�

�/.1032

is thevectorpotentialof a homogeneousmagnetic�eld
.

, and
�

thevelocity vectorof the
point charge % , moving in themagnetic�eld

.
andin theCoulombelectrostatic�eld of the

centralpoint charge
*

, is generallya nonintegrable Hamiltoniandynamicalsystemof the
mixed type, that is exhibiting a chaoticmotion for certaininitial conditionsin the classical
phasespaceand a regular motion on invariant tori for other initial conditions,depending
on the energy, strengthof the magnetic�eld, andon the particularinitial conditions[16].
Generally, it is predominantlyregular at low energies and chaoticat high energies. The
chaos-regularity borderis qualitatively de�ned by comparingandequatingthe strengthsof
theCoulombforce with themagneticforce actingon the moving point charge % with mass

�
� . Here & is thevelocityof light and +

�54
2

4 . To bemoreprecise,in thecaseof anelectron
attractedby a 6 -fold positively chargednucleuswe have %

�

)

%87 , and
*

�96

%:7 , where %:7

is theelementarychargeand 6 is thenumberof protons.
Let usnow specializeto the2D case;<�

�

by rewriting theLagrangefunction(1.1) in
polarcoordinates=?>
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After introducingthestandardnotationfor canonicalmoments,
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andperformingthestandardprocedureto constructtheHamiltonianfunction O for thesys-
tem(1.2),
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Here I is a cyclic variable,soagainwe seeimmediatelythat K N is a constantof themotion,
because
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canbe immediatelyintegratedonce >�=?S

B�,

asa functionof time S

,

is known. The latter is of
courseobtainedasa solutionof theordinarysecondorderdifferentialequationfor > , which
follows from theHamiltonequationsgeneratedby O in (1.3), namely
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If we choosethe coordinatesystemrotatingat Larmor rotationfrequency _a`-�b_dc

�

(one
half cyclotronfrequency!), we caneliminatein (1.2) andthusin (1.3) theparamagneticterm
(linearin � ), which is alsoclearin (1.4), gettingthemostsimple(2-dim) form of theHamil-
tonianaswasproposedandstudiedin [16], namely
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The canonical angular momentume is different from the kinetic angular momentumf ,
namelywe havethede�nition

f"�
2g0

�
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�

(1.5)

and,thus,
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The ; -component(parallelto . ) is equalto
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Whengoingoverto thequantummechanicsof ourproblemweapplythecanonicalquantiza-
tion rule in theordinarycoordinatespace,thusreplacethemomentumn by theoperator
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o

np�

)rqZs

M

M

2


(1.8)

As canbeveri�ed quantummechanically, for theangularmomenta,we havepreciselyequa-
tion (1.6),
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In particular, the ; -componentis givenby
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Here
o

m

k

canbeexpressedin termsof polarcoordinateswith thepolarangleI in theform
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This is a conservedquantitywith eigenvalue m

k

andcommuteswith theHamiltonoperator
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Using(1.8) andthepolarcoordinates=?>
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o

wCx

�zy

x

,

whichcanbewrittenas

)

s

!

�

�
�E{

�

>

M

M

>

=?>

M

x

M

>

B

#

�

>

!

M

!

x

M

I

!"|

#}qZs

%

�

�

�
�

&

M

x

M

I

#

%

!

�

!

R

�
�

&

!

>
!

x

#

*

%

>

x

�-y

x




The 3D hydrogenatomin a magnetic�eld is a nonintegrableandchaoticsystem[16],
while the2D hydrogenatomis separable(in polarcoordinates)andthereforeintegrable.We
now setup the correspondingSchr̈odingerequationfor the 2D problem,for the separated
wave function
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Let usnow introducethenaturalunitsin away thatyieldstheSchr̈odingerequationin a nice
dimensionlessform. We specifythepoint chargesas %

�

)

%87 and
*
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%�7 . The lengthis
measuredin unitsof theBohr radius†ˆ‡ ,
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Anotherquantitywith thedimensionof lengthis theLandauradius
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Theunit of energy is oneRydberg,equalto %
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Finally, theunit of magnetic�eld strengthis
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For %
7 and

���

beingtheelementarychargeandtheelectron'smass,respectively, weobtain
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Thisis indeedaverystrongmagnetic�eld, whichis notavailablein alaboratory, but in theas-
trophysicalcontext mentionedin theintroduction.Thus,

•

is a linearmeasureof thestrength
of themagnetic�eld, suchthat
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This is thefundamentalordinarysecondorderdifferentialequationfor theradialwave func-
tion

x

asa functionof thedimensionlesspolarradius‰ , whichwearegoingto study.

2. The unresolved differ enceequation. We discussthe centraldif�culty in solving
equation(1.15). Factoringthefunction
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Substitutingthepowerexpansion
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Wearelookingfor solutionsatdiscretevaluesof theeigenenergies
•

Ž thatsatisfytheSchr̈odinger
integrability condition
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It is not known how to determinesuchsolutionsandwe raisethe following question:Will
¬
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B

beapolynomialor someotherfunction?

3. The representationof the Hamilton operator in the Landau basis. In spiteof our
incapability to solve the problemof the previous section,we can deducesomeimportant
analytic results. From now on, the quantumnumber

�

(the canonicalangularmomentum
number)will be considered�x ed unlessstatedotherwisein a explicit way. We aregoing
to determinea solution of our problem(1.15) by �nding the eigenvaluesof the Hamilton
operator
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Here Ž

� aretheeigenvaluesof theoperator
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taskweneedto diagonalizetheoperator
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1. Show thecompletenessof theLandaubasisof theeigenfunctionsof theoperator
•

w

in theHilbert spaceof all
x

radialfunctions.This is donebelow.
2. Calculatetheelementsof

w
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� . This is doneanalyticallybelow.
3. Diagonalizethematrix
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This is oneof themajorcontributionsof thispaper.
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Thisequationhasa solution
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Using the relationbetweenthe con�uent hypergeometricfunction andthe generalizedLa-
guerrepolynomialsm
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Thenormalizingcondition

�’µ

T

®

7

‰

x

!
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=[‰

B�Y

‰��

�

andtheorthogonalityrelationfor Laguerrepolynomials
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(3.8)
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Therefore
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Now let usshow that theorthonormalsystem
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We needto show thatfor any Ž
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(3.9)

whereö÷�5=

�

ì
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B
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�
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B

. Therefore,accordingto Szeg�o [23, Chapter5.7], thereis apolynomial
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•

S�=?À

B

which satis�es(3.9). This completestheproof of thecompletenessof theLandaubasis
for any

•

.
Now we calculatethematrixelements(3.2). Onecanverify that
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Then,using(3.10) and(3.11) with �
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, we obtain
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To simplify theaboveexpression,werewrite thesumin theform
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and
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Hence,usingthealgorithmfrom [15, p. 36] (which, actually, follows from thede�nition of
hypergeometricfunctions),we concludethat
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As aconsequence,we obtain
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and �
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aregivenby (3.13), (3.14), respectively.
Note that we have to split the sum in (3.12) into the two parts, �
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otherwise,usingthealgorithmof [15, p. 36], we encounterthe indeterminacy
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This completesour calculationof the matrix
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Landaubasis,as given in (3.15) - (3.16). Note that the matrix is known analytically and
computable.Also thedependencieson
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and 6 areexplicitly known. Thereforeit suf�ces to
computethematrix only onceandthen
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�

±�±

�

•

�

ó

!

á

=

�

c

�

#

4

�

4

B

�

¿

�ªµ

4

�

4

×

��Ç

!

Ì

�

c

� �

c

�

)

³

� �

#

4

�

4

Í

�

Ï

,

(3.17)
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To seethis,noticethatin equation(3.17) wehave
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Indeed,
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Usingthesubstitution
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Thus,(3.19) follows.
Thediagonalelements

�

±�± givenin (3.17) areimportant,becausethey arethe�rst order
perturbationestimateof theperturbationproblem(3.1) - (3.2), wheretheCoulombpotential
energy
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6dc:‰ is treatedasa smallperturbationof theLandaueigenstates,andthis will bea
goodapproximationif
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Here y
� denotesthe ¼ -th reduceddimensionlesseigenvalue,so that the total dimensionless
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 . This is a veryniceandtransparentresult,asit shows thatuponswitchingon the
Coulombinteraction,from 6 �

�

to 6

u

�

, we observe insteadof in�nitely discretelyde-
generateLandaulevels,clustersof levels,eachof whichhasanaccumulationpointprecisely
at theLandaulevel. When

�

is negative,with 4

�

4 large,theselevelsapproachtheaccumu-
lation point aspredictedby (3.20). Clearly, for large 4

�

4 , when
�

t

�

, theLandauenergy
reaminsunchanged,andthephysicalmeaningis, becauseof (3.19), thatwe have a charge %

at a large distancefrom the Coulombcentralcharge
*

in a magnetic�eld � , suchthat the
(average)kinetic angularmomentum

j[k

is alsosmall, while the canonicalangularmomen-
tum m

k

is large. In this sensewe understandthestructureof clustersof Coulombperturbed
Landaulevelseitherat largedistancesor largemagnetic�elds.

We make the following importantphysicalobservation: The energy spectrumof (3.1)
is purely discretefor any
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. This follows from the shapeof the potentialwell, which
increasesinde�nitely for
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, i.e., in the
pureCoulombcasewithoutamagnetic�eld, thespectrumis discretefor all negativeenergies
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, andthecontinuumlimit when Ž
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.
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We turn to theionizationlimit in anon-vanishingmagnetic�eld with
•

à�

�

. Intuitively,
onewould expectthis limit to bethe�rst, lowest,accumulationpoint. This is of coursenot
strictly true,becausefor

•

à�

�

, thespectrumis everywherediscrete.Nevertheless,anescape
to in�nity is possible. Namely, within any Landauclusterwith the main quantumnumber
�x ed,accordingto (3.4), at negative
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, but with large 4
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4 , thesystemstayswithin thesame
clusterenergetically, but with increasing4
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is increasinglinearly
asgivenby equation(3.19). This is in factnothingbut almostradiationlessescapeto in�nity ,
andthat is what we meanby ionization. The photonenergy neededfor suchan escapeis
smallerthe larger 4

�

4 is. It is in this sensethat we can call the lowest Landauenergy -
accordingto (3.4) it is equalto

•

- the ionizationlimit Ž��! 

Õ . Thesituationis similar in any
higherlying Landaucluster. There,ionizationis alsopossibleby emissionof radiation,while
ionizationfrom below Ž �! 

Õ is possiblebyabsorptionof radiation,but in eachcasethequantum
number

�

mustchange.Thus,theionizationlimit is equalto
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In realphysicalunitsthis means,using(1.13), thattheionizationlimit is equalto
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where,accordingto (1.14), �
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. As
the3D situationdoesnot changeanything in this regard,thestatementaboutthe ionization
limit (3.21) for a 3D hydrogenatomin a magnetic�eld still holdstrue.

4. Discussionand conclusions. The3D hydrogenatomin a strongmagnetic�eld is a
nonintegrableandchaoticsystem[16, 17] undergoingatransitionfrom completeintegrability
(pureCoulombcase)to ergodicity(atsuf�ciently highenergies),beingagenericsystem,hav-
ing themixedtypeclassicalphasespace[18], andit is anexampleof classical(Hamiltonian)
andquantumchaospar excellence.

The2D hydrogenatomin astrongmagnetic�eld is integrableandevenseparable,being
effectively a one-dimensionalsystem. However, its radial Schr̈odingerequationcannotbe
solvedexactly. Theessenceof theproblemis describedin Section2, andit boils down to a
solutionof a three-termrecurrencerelation.Neverthelessa lot of analyticwork canbedone.
We have calculatedanalyticallythematrix elementsof theHamiltonoperatorin theLandau
basis,which is a completebasisin the Hilbert space,andcarriedout its numericaldiago-
nalization,andalsodescribedanalyticallythe (asymptotic)structureof theLandauclusters
of levels,which arecreatedwhentheCoulombinteractionof anelectronin a magnetic�eld
is switchedon. (If thereis no Coulombinteraction,we have in�nitely discretelydegener-
ateLandaulevels.) The size(spread)of the clustersscalesas

¿

•

with the magnetic�eld
strength

•

�-�]c8�

7 , where �

7

�

�
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, andthelevelsin theclusterfor �x ed
•

approachtheaccumulationpoint (=Landaulevel) as
�

c

�

4

�

4 whenthemodulus 4

�

4 of the
canonicalangularmomentumquantumnumber(

�

�

�

,54

�

,54

�

,




�
 ) goesto in�nity (andthe
electronis recedingto in�nity). It is importantto noticethatthedependenceof therepresen-
tationmatrix (3.15) in termsof themagnetic�eld strength

•

andthecharge 6 is known, so
that it mustbecalculatedonly once.Thentheeigenenergiescanbeobtainedby a numerical
diagonalizationof the matrix for any desiredvaluesof

•

and 6 . Somefurther resultsand
moredetailsarepublishedin [20].
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