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RECENT RESULTS CONCERNING DYNAMIC EQUATIONS ON TIME SCALES

LYNN ERBE AND ALLAN PETERSON

Abstract. We discussa numberof recentresultsfor secondorderlinear and nonlineardynamicequationson
time scales.
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1. Intr oduction and Preliminary Results. In this paperwe will study certainlinear
andnonlineardynamicequations.In sections2 and 3 we studythe secondordernonlinear
dynamicequation

(1.1)

where and arereal—alued right—-denseontinuoudunctionsonatime scale with
In sections?2 and 3 we alsoassume is continuouslydifferentiable

andsatis es

(1.2) — for

Althoughin section2 we shallassume is a positive function we do not make ary explicit
signassumption®n in contrasto mostknow resultson nonlinearoscillations.In sections
4 and5 we consider(1.1) underslightly differenthypotheseslin section6 we consideran
examplewith dampingandin section7 we study comparisortheoremdor linear dynamic
equations.Finally, in section8 we are concernedvith the oscillation of an Eule-Cauchy
dynamicequation.

For completenessye recallthe following conceptgelatedto the notion of time scales;
seg[4], [5] for moredetails.A timescale isanarbitrarynonemptyclosedsubsebf thereal
numbers and,sinceboundednesand oscillationof solutionsis our primary concernwe
make theblanketassumptiorthat We assumehroughouthat hasthetopology
thatit inheritsfrom the standardopologyontherealnumbers Theforward andbadkward
jumpoperators arede ned by:

where and where denoteghe emptyset. A point
is saidto beleft—densef right—densdf and left—
scatteed if andright—scatteed if A function is saidto be

right—-denseontinuougrd—continuousprovided is continuousatright—-denseointsandat
left—densepointsin  left handlimits exist andare nite. Thesetof all suchrd—continuous
functionsis denotedby The graininessfunction for atime scale is de ned by
, andfor ary function thenotation denotes
Theassumptior{1.2) allows to beof superlineagrowth, say

(1.3)
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In sectionst and5 we assumeéhenonlinearityhasthe property
(1.4) and for for some

This essentiallysaysthatthe equationis, in somesensenottoo farfrom beinglinear.
We shallseethatonemayrelateoscillationandboundednessf solutionsof thenonlinear
equation(1.1) to thelinearequation

(1.5)

where , for which mary oscillationcriteriaare known (seee.qg. [1],[3], [4], [6], [8],
[17], [18], and[20])). In particular we will obtainthe time scaleanaloguef the results
dueto Erbe[10] for the continuouscase . We shallrestrictattentionto solutionsof
(1.2) which exist on someinterval of the form where may dependon the
particularsolution.

Onanarbitrarytime scale  the usualchainrule from calculusis no longervalid (see
BohnerandPetersorj4], pp 31). Oneform of the extendedchainrule, dueto S. Keller[26]
andgeneralizedo measurechainsby C. Potzscheg 31], is asfollows. (SeealsoBohnerand
Petersonj4], pp32.)

LEMMA 1.1. Assume is delta differentiableon . Assumeurther that
is continuoushydifferentiable Then is delta differentiableand
satis es
(1.6)

We shall also needthe following integrationby partsformula (cf. [4]), which is a simple
consequencef the productrule andwhich we formulateasfollows:
LEMMA 1.2. Let andassume . Then

(1.7)

2. A Nonlinear Dynamic Equation. Before statingour next results,we recall thata
solutionof equation(1.1) is saidto be oscillatoryon in caseit is neithereventually
positive noreventuallynegative. Otherwisethesolutionis saidto benonoscillatory Equation
(1.1) is saidto be oscillatoryin caseall of its solutionsareoscillatory Since we
shallconsiderbothcases
(2.1) —
and
(2.2) —

We alsointroducethefollowing condition:

(2.3) and
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for all large . It canbeshawn that(2.3) implieseither or that
existsandsatis es for all large

We have thefollowing lemmawhich describeghe behaior of a nonoscillatorysolution
of (1.1) for thecasewhen(2.1) and(2.3) hold. Thefollowing resultsin this sectionappeain
[27).

LEMMA 2.1. Let be a nonoscillatorysolutionof (1.1) and assumeconditions(2.1)
and (2.3) hold. Thenthere exists sud that

for

The rst resultis aboundednessesultfor (1.1).

THEOREM 2.2. Let and assumehat Equation(1.5) is oscillatory Assumehat
(1.2 holdsandlet bea nonoscillatorysolutionof (1.1) with for all
Then
(2.4) _

COROLLARY 2.3. Let and assumehat Equation(1.5) is oscillatory and (2.1)

and (2.3 hold. Suppos¢hat is a nonoscillatorysolutionof the genemlizedEmden—Bwler
equation

(2.5)

Then

THEOREM 2.4. Assumeéhat Equation(1.5) is oscillatoryfor all andsupposehat
(1.2), (2.1), and (2.3 hold. Thenall solutionsof (1.1) oscillate

Thenext theoremdealswith thecasewhen(2.2) holds.

THEOREM 2.5. Assumeéhat Equation(1.5) is oscillatoryfor all andsupposehat
(1.2), (2.2), and (2.3 hold. In addition,assumehat

(2.6) —

Theneverysolutionof (1.1) is eitheroscillatoryor corvergesto zeo on

3. Examples. Clearly, equation(1.5) is oscillatoryiff equation

(3.1) -

is oscillatory It wasshowvn in Erbe[11, Corollary 7] (seealsoBohnerandPetersorj4]) that

(3.2)
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is oscillatoryif thereexistsa sequence with and such
that

(3.3) —_—

where We canthereforeconcludethatall solutionsof (1.1) oscillatein

case(1.4), (2.1), and(2.3) hold alongwith
(3.4) -

for all We notethatthereis no assumptioron the boundednessef and . If (1.2),
(2.2), and(2.3) hold alongwith (3.4), thenevery solutionon (1.1) oscillatesor corverges
to zero. Onemay alsoapply averagingtechniqueor the telescopingorinciple to give some
moresophistcatedesults(seeErbe,Kong,andKong[13] andErbe[10]).

As asecondxample supposéehat is suchthatthereexistsasequencef points

with and positve numbers suchthat and . Thenif
(1.2 and(2.3) hold and it follows from resultsof Erbe, Kong, and
Kong[13, Corollary4.1] thatall solutionsof (1.5) areoscillatoryfor . Consequently
all solutionsof (1.1) areoscillatory

As athird example,we considera particularexamplefor the casewhen f
hasthe form of (1.3) (i.e., ), ,and —— thenit is known that
equation(3.2) is oscillatoryif - andis nonoscillatoryif - Sincein this case(2.3)

holdstrivially, it follows from Theorem2.2 thatall nonoscillatorysolutionsof (1.1) satisfy

REMARK 3.1. From Theoem4.64in [4] (Leighton-Vihtner Theoem)it follows that
equation(1.5) is oscillatoryfor all if

(3.5) —
Sincethe secondconditionin (3.5 impliesthat (2.3) holds, Theoem 2.4 implies that all

solutionsof the Emden—Bwler equation(2.5) are oscillatory. Thatis, the Leighton—-\Vihtner
Theoemis valid for (2.5 and more geneally for (1.1) if (1.2) holds. We note again that

there are no explicit signconditionson . For the specialcasewhen and(1.])is
(3.6)

whee , it followsthat (3.6) is oscillatoryif

(3.7)

Thatis (3.7) impliesthatthelinear equation

(3.8)
is oscillatory for all and so oscillation of (3.6) is a consequencef Theoem?2.4. If
we considerequation(3.8) with thenTheoem4.510f [4] (seealso[18]) impliesthat

(3.6) is oscillatoryif for any there exists sud that
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Consequenthby Corollary 2.3, all nonoscillatorysolutionsof (3.6) satisfy

4. Nonlinear Dynamic Equation with Positive . In this sectionwe shall consider
thenonlineardynamicequation(1.1) undersomedifferenthypothesesWe assumehatboth

arepositive, real—aluedright—denseontinuougdunctions,and is continuous
andsatis es(1.4), andwe shallagainconsiderthetwo caseg2.1) and(2.2).

In Dosly andHilger [8], the authorsconsiderthe secondorderlineardynamicequation
(1.5 andgive necessarand sufcient conditionsfor oscillation of all solutionson
unboundedime scales Often,however, theoscillationcriteriarequireadditionalassumptions
ontheunknawn solutions which maynot be easyto check.

In ErbeandPetersori18], theauthorsconsiderthe sameequationrandsupposehatthere
exists suchthat is boundedabore on ,
andshavedvia Riccatitechniqueghat

impliesthat every solutionis oscillatoryon It is clearthatthe resultsgivenin [1§]
cannotbe appliedwhen is unbounded, and when The
paperq 18] and[9] alsogive additionallinearoscillationcriteria,andalsotreatmoregeneral
situations.

RecentlyBohnerandSaler[6] consideredl.1) andusedRiccatitechniqueso give some
sufcient conditionsfor oscillationwhen (2.1) or (2.2) hold. They obtain somesufcient
conditionswhich guarante¢hatevery solutionoscillatesor corvergesto zero.

We usea generalizeRiccatitransformatiortechniqueo obtainseveraloscillationcrite-
riafor (1.1) when(2.1) or (2.2) holds.Our resultsin this sectionimprove theresultsgivenin
Dosly andHilger [8] andErbeandPetersorj18] andcomplementheresultsin Bohnerand
Saler[6]. Applicationsto equationgo which previously known criteriafor oscillationarenot
applicablearegiven. In section6, we will apply our resultsto linear or nonlineardynamic
equationof theform

(4.1)

to give somesufcient conditionsfor oscillationof all their solutions.
We shall rst needto brie y discusghe exponentialfunction whichis de ned
to bethe uniquesolutionof the VP

whereit is assumedhat
is rd-continuousandregressie

We de ne

For propertiesof this exponentialfunction, seeBohnerandPetersorj4]. Onesuchproperty
thatwe will useis theformula
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Also if , then is real-valuedandnonzeroon . If then
is alwayspositive. Thefollowing resultsin this sectionappeain [19].

LEMMA 4.1. Assumehat (2.1) holds,and solves(1.1) with for all
De ne Thenwehave
4.2) and S —
and
(4.3)

Next suppose ,assumehat isadifferentiabldunction,andde ne theauxiliary
functions
for We alsointroducethefollowing condition

Thereexists suchthat for all large

Our rst oscillationresultin this sectionis
THEOREM 4.2. Assumehat (1.4), (2.1), and (A) hold. Furthermoe, assumehat there
exists suc that is differentiableand sud that for any there existsa
sothat

(4.4)

whee

for Thenequation(1.1) is oscillatoryon
From Theorem4.2, we can obtain differentsufcient conditionsfor oscillation of all
solutionsof (1.1) by differentchoicesof For instance Jet then
and andwe getthefollowing well-known result.
COROLLARY 4.3 (Leighton—WntnerTheoren). Assumehat (1.4) and(2.1) hold. If

(4.5)

thenequation(1.1) is oscillatoryon
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If -, then — andit follows that condition (A) holds, provided is
boundedabore,andso Theoremd.2 yieldsthefollowing result:
COROLLARY 4.4. Assume is boundedabove, that (1.4) and (2.1) hold, and for any
thereis a sud that

(4.6) S

whee

Then(1.1) is oscillatoryon

If and , thenequation(1.1) reducego thelineardynamicequation
4.7
for From Theorem4.2 we have the following oscillation criterion for equation
(4.7) whichimprovessomeof theresultsin BohnerandSaler[6] andErbeandPetersori14].
COROLLARY 4.5. Assumehat (1.4) and(2.1) holdandfor any therisa
sud that
(4.8)
whee

Thenequation(4.7) is oscillatoryon
EXAMPLE 4.6. Considerthe EuleCaudy dynamicequation

(4.9) —

for Here —— Then(4.8) in Corollary 4.5reads

(4.10) - —

If thenthe dynamicequation(4.9) is the secondorder EuleCaudy differential
equation

(4.11) —

andin this case and Theefore (4.10 canbe
rewritten as
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providedthat - Henceevery solutionof (4.11) oscillatesif - which agreeswith
thewell-knownoscillatory behaviorof (4.11), (seeLi [29)]).

If ,then(4.1]) is the secondorder discrete EuleCaudy differenceequation
(4.12) _—
andwehave S

Theefore (4.10 canberewrittenas

providedthat - Henceevery solutionof (4.12) oscillatesif - which agreeswith
the well-knownoscillatory behaviorof (4.12). It is knownin Zhangand Cheng[32] that
when , (4.12 hasa nonoscillatorysolution. Hence Theoem4.2 and Corollary 4.5
are sharp. Notethat the resultsin Dosly and Hilger [8] and Erbe and Peterson[18] cannot
beappliedto (4.12).

THEOREM 4.7. Assumeéhat (1.4) and (2.1) hold. Furthermoee, assumehat there exists
a function suc that is differentiableand givenany thereis a
sud that

(4.13) —

whee s a positiveinteger. Assumdurther that
(4.14) —

is boundedabove Theneverysolutionof equation(1.1) is oscillatoryon .
Notethatif and then(4.14) holds.When then(4.13 reduces
to

(4.15) —

whichcanbeconsideredsanextensionof Kamene typeoscillationcriteriafor secondrder
differentialequations(seeKamene [24)]).
When , then(4.15 becomes

(4.16) —
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andwhen ,then(4.15 becomes
(4.17) —

We next give somesufcient conditionsfor the casewhen(2.2) holds,which guarantee
thatevery solutionof the dynamicequation(1.1) oscillatesor corvergesto zeroon
Thenext resultremovesa monotonicityassumptioron  in BohnerandSaler|[6].

THEOREM 4.8. Assumehat (1.4) and (2.2) hold and assumehere exists sud
that is differentiableand sud that (4.4) holds.Furthermoe, assume

(4.18) —

andlet (A) hold. Thenevery solutionof equation(1.1) is either oscillatory or corvergesto
zepo on

In asimilar manneronemay establishthefollowing theorem.

THEOREM 4.9. Let all of the conditionsof Theoem 4.8 hold with condition (4.13
replacing(4.4). Theneverysolutionof equation(1.1) is oscillatory or corvergesto zeio on

5. Application to equationswith damping. Our aimis to applytheresultsin section
4, to give somesufcient conditionsfor oscillationof all solutionsof the dynamicequation
(4.2) with dampingterms. We notethatall of the resultsin section4, aretruein the linear
case Beforestatingour mainresultsin this sectionwe will needthefollowing Lemmas(see
BohnerandPetersorj4]).

LEMMA 5.1. If and

(5.1)

thenthesecondrderdynamicequation(4.1) with canbewrittenin theself-adjoint
form (1.5), whee

(5.2)

(5.3)

LEMMA 5.2. If is aregressivefunction,thenthe secondbrder dynamicequation(4.1)

with canbewrittenin the self-adjointform
(5.4)

where

(5.5) and

Now, by usingthe resultsin section3 and Lemmab.1 we have the following results
immediately Thefollowing resultsappeaiin [19].

THEOREM 5.3. Let bede nedasin (5.5 andssumehat (2.1) holds. Furthermoe,
assumehatthere existsa with differentiablesud that (4.4) holdswith

(5.6) -
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Thenequation(4.1) with is oscillatoryon

COROLLARY 5.4. Assumehat (2.1) and (3.5 hold, whee and are asde nedin
(5.5. Thenequation(4.1) with is oscillatoryon

COROLLARY 5.5. Assumehat (2.1) and (4.6) hold exceptthat the term is re-
placedby whee and areasde nedin (5.5. Thenequation(4.1) with is

oscillatoryon
THEOREM 5.6. Assumehat (2.1) holds. Furthermoe, assumehat there exists
with differentiablesudthat (4.10 holds,whee and areasde nedby (5.5 and(5.6)
respectivelyand is oddinteger. Then(4.1) with is oscillatoryon
THEOREM 5.7. Assumehat all the assumptiorof Theoem 5.3 hold exceptthat the
condition(2.1) isreplacedoy (2.2). If (4.18 holds,theneverysolutionof equation(4.1) with
is oscillatoryor convergesto zeio on
THEOREM 5.8. Assumehat all the assumptiorof Theoem 5.6 hold exceptthat the
condition(1.3) isreplacedoy (2.2). If (4.18 holds,theneverysolutionof equation(4.1) with
is oscillatoryor convergesto zeio on
Oscillationcriteriafor equation(4.1) arenow elementaryconsequenceas theoscillation
resultsin Theorems.3-5.8. Thedetailsareleft to thereader

6. Linear SecondOrder Dynamic Equations. In this sectionwe shallbeinterestedn
obtainingcomparisortheoremdor the secondorderlinearequations

(6.1)
(6.2)
(6.3)
where and , areright-densecontinuouson
DEFINITION 6.1. We saythat a solution of (6.1) hasa generlizedzeo at in case
Wesay hasagenerlizedzeoin in case and .
We saythat (6.1) is disconjugateon the interval , If there is no nontrivial solution of
(6.1) with two (or more) generlizedzeosin
DEFINITION 6.2. Equation(6.1) is said to be nonoscillatoryon if there exists
sud that this equationis disconjugateon for every . In the opposite
case(6.1) is saidto beoscillatoryon . Oscillationof (6.1) mayequivalentlybede ned
as follows. A nontrivial solution of (6.1) is called oscillatory if it hasin nitely many
(isolated)generlizedzensin . By the Sturmtypesepaation theoem,onesolutionof

(6.1) is (non)oscillatoryiff every solutionof (6.1) is (non)oscillatory Hencewe can speak
aboutoscillationor nonoscillationof equation(6.1).

Basic oscillatory propertiesof (6.1) are describedby the so-calledReid Roundabout
Theoremwhichis provede.g.in [4, Theoren¥.53, Theoremd.57].

THEOREM 6.3 (ReidRoundaboufheoren). Thefollowing statementare equivalent:

(i) Equation(6.1) is disconjugateon
(i) Equation(6.1) hasa solutionwithoutgenealizedzeinson
(iii) TheRiccatidynamicequation

(6.4)

hasa solution with for (exceptfor the casewhen
is left-denseandright-scatteedat which maybenonpositive).
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(iv) Thequadrmatic functional

is positivede nite for , whee

Thisresultmakesit thereforeclearthatthereareat leasttwo method=f investigatiorof
(non)oscillatiorof (6.1). The rst one—thevariational method- is basednthe equivalence
of (i) and(iv) andits basicstatementanbereformulatedasfollows:

LEMMA 6.4 (Variationalmethod. If for any there exists ,
whee
for and
sud that for
sud that , then(6.1) is oscillatory,

Anothermethodof investigatiorfor the oscillationtheoryof (6.1) is basedn theequiv-
alenceof (i) and(iii) in Proposition6.3. This is usuallyreferredto asthe Riccatitechnique
andby virtue of the SturmComparisonT heoremimpliesthatfor nonoscillationof (6.1), it is
sufcient to nd asolutionof theRiccati-typeinequalityasgivenin thenext lemma.A proof
maybefoundin [12] or[4].

LEMMA 6.5 (Riccatitechniqué. Equation(6.1) is nonoscillatoryif and only if there
exists anda function satisfyingthe Riccatidynamicinequality

with for .
For completenesaye recallthefollowing (see[4])
LEMMA 6.6 (Sturm-Piconé€ComparisorTheoren). Considertheequation

(6.5)

whee and satisfythe sameassumptionas and . Supposehat and
on for all large . Then(6.5) is nonoscillatoryon implies(6.1) is

nonoscillatoryon
We mention rst a few backgrounddetailswhich sene to motivate the resultsin this

sectionwhich maybefoundin [20]. Supposéhat is therealinterval sothat(6.1)
becomes

(6.6)

where is continuousand positive and is continuouson . It wasshown in
[9] thatif (6.6) is oscillatory thenmultiplying the coefcient by afunction where

and is nonincreasingreseresoscillation;i.e.,

(6.7)

is alsooscillatory Of course,if is nonngyative, theseresultsfollow immediatelyfrom

theusualSturm-PiconeComparisonTheorem put when changesignon eachhalf line,
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oscillationof (6.7) is not obviousif (6.6) is oscillatory Onemay alsonoticethatif (6.6) is
oscillatoryandif thenoscillationof (6.7) follows immediatelyfrom
the Sturm-Picond& heorenby dividing theequatiorby (for thecasewhen maychange
sign). Thisresult,i.e., the statementhatsaysthatif (6.6) is oscillatory thensois

for ary constant , wasalsoobsenredby Fink andSt.Mary[21]. Kwongin [2€] then
shavedthattheresultof [9] maybe strengthenetb alargerclassof functions by relax-
ing someavhatthe monotonicityassumptioron asgivenin [9]. We presentbelow
threedifferentcomparisortheoremsalongwith their correspondingorollaries andshav by
examplesthatthey areall independentln additionto extendingtheresultsof [26] and[9] in
the caseof equationg6.6) and(6.7) in the continuouscase the resultswe obtainarenew in
thediscretecaseandthe moregeneratime scalescase.lt shouldalsobe notedthatbecause
of the techniqueof proof used,both (6.2) and (6.3 may be viewed asthe time-scalesx-

tensionsof (6.1), obtainedwhenmultiplying by (whichis the sameas when
Ou)r rst resultshavsthatif, “on average”, is morepositive thannegative, thenthe
assumptionsn arequitemild. To beprecisewe have
THEOREM 6.7. Assume and
0] but for all large ,
(ii) —
(iii)

Then(6.1) is nonoscillatoryimplies(6.3) is nonoscillatory
Thecorrespondingoscillation” resultis

COROLLARY 6.8. Assume and

0] but for all large ,
(i) —
(iii)

Then(6.1) is oscillatory implies (6.3) is oscillatory.  If we strengtherthe assumption®n
somavhat,thenwe mayrelaxtheassumptionsn andin this case we considerthe
relationbetween(6.1) and(6.2). For corveniencewe state rst the“oscillation” result.
THEOREM 6.9. Assume and
(i)
(ii)
(iii)
Then(6.1) is oscillatoryimplies(6.2) is oscillatory.
In this casetheanalogousnonoscillation”resultbecomes
COROLLARY 6.10. If -
(i)
(ii)
(iii) —
Then(6.1) is nonoscillatoryon implies(6.2) is nonoscillatory
In thefollowing theoremwe let  denotethe characteristidunction of the setof right-
scatteregpoints de ned by
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Thatis,
THEOREM 6.11. Assume andthatthefollowing conditionshold:
and

(i) for some andfor all
(i) thereisan suc thatthefunction

for all large , whee
(iv)
(v) there existsa constant suc that for

Then(6.1) is nonoscillatoryimplies(6.2) is nonoscillatory
Again,we have a correspondingoscillation” result:

COROLLARY 6.12. Assume - andthatthefollowing conditionshold:
M e for all large ,
(ii)y thereisan sud that for ,
(i) there exists suc thatthefunction
for all large , whee andwhese
(iv) ,
(v) thereisan suc that for all large .

Then(6.1) is oscillatory, impliesthat (6.2) is oscillatory,

We noticein the lasttwo resultshow the graininesgunctionis involvedin the criteria
for oscillation/nonoscillationln particulart for the casewhen , then
soconditions(ii), (iv), and(v) of Corollary 6.12hold trivially, andit may be shovn that iii)
reducego the conditionof Kwongin [26]. ThenonoscillatiorresultTheorem6.11is new in
all caseslt turnsoutthatLemma?2.1is usefulin proving theabove results.

7. Examplesand Remarks. We beggin this sectionwith several examplesshowing the
independencef theabove criteria.

ExXAMPLE 7.1. Let . Considerthetimescale

In thiscase for all andanydynamicequationonthetime
scale iscalledanr-differenceequation.Let

— and
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whele arerealconstantand . Observehat is noteventually
of onesignfor . Since —, it followsthatwehave

as andso(2.1) holds.Further,

for , so condition (iii) of Corollary 6.10fails to hold. Notethat this conditionis not
evensatis edfor any , . Ontheotherhand,wehave

for , andcondition(iii) of Theoem®6.11is satis ed,and

so(iii) of Theoem6.7 holds. If , then for
all , soconditions(ii) and(v) of Theoem®6.11hold. Breakingup theintegral andusing
theidentity weget

Hence

In [30] it wasprovedthatequation(6.1) is nonoscillatoryprovided

(7.1)

and

whee

We have
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andsocondition(7.1) is satis ed. Further,

Set

and

If and , then(6.1) isnonoscillatoryandTheoem6.7or Theoem6.11
canbeappliedto showthat (6.3) and (6.2), respectivelyare nonoscillatory If
and , then(2.3) fails to hold, equation(6.1) is nonoscillatoryandin this case
only Theoem6.11canbeapplied.

EXAMPLE 7.2.

(i) Let , “and ~ . Thencondition(v) of Theoem6.11
failstoholdsince  isunboundedTheoem6.7 (for satisfying(2.3)) or Corollary 6.12
canbeappliedsince

and

(i) Let , and . Thencondition(ii) of Theoem6.11
fails to hold since as . Theoem®6.7 (for satisfying(2.3)) or Corol-
lary 6.12canbeappliedsince

and

(i) Let , , and , . Thencondition(ii) of
Theoem6.11andcondition(ii) of Theoem6.7fail to hold since as and
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respectively On the other hand, the assumption®f Corollary 6.12 are satis ed provided
sincewe have

and

Noticethatonly Corollary 6.12canbeappliedin this case

Following theideaof theabove examplesijt is notdif cult to nd examplesshaving the
independencef Theorem6.9andCorollary6.12

EXAMPLE 7.3. Let ,

and

It is easyto seethat changessignfor and

It canalsobeshownthat conditions(iii) fromCorollary 6.12and(iii) fromTheoem6.11fail
to hold since

and is equalto a fractionwith a positivedenominatoand
a numeator sud that the coefcient in the numeantor of the highestpower changessign.
Furtherwehave

Hence if and , thenequation(6.1) is nonoscillatoryand (2.3
holds, so only Theoem 6.7 can be applied. We may obtain the sameconclusionfor the
correspondingpscillatory counterpartsprovided and with

REMARK 7.4. (Case ) (i) In this case with the assumptiorthat the expression
is differentiable condition(iii) of Theoem®6.11is equivalento

while condition(iii) of Corollary 6.12takestheform

This showsthat Corollary 6.12is a consequencef Theoem6.11in this case Thisremark
holdsalsofor the oscillatory counterpartsf , see[26].

(i) Theoem6.9 (and Corollary 6.12) do not require to be nondeceasing(resp.
nonincreasing)on . Indeed,with and we havean
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exampleof anincreasing , whete Corollary 6.12canbeapplied. This, however, hasno
“discrete” counterpartsinceconditions(ii) from Corollary 6.12and (v) from Theoem6.11
fail to hold when . Notethatin Theoem®6.7 (and Corollary 6.8) the function is
requiredto be nonincieasing(resp.nondeceasing)on anytimescale
REMARK 7.5. (Repeatedpplication)
(i) Arepeatedpplicationof Theoem6.9(resp.Corollary 6.12) givesthefollowingmore
geneal result: Let equation(6.1) be oscillatory (resp.nonoscillatory),andlet the functions
satisfythe assumptionsf Theoem6.9 (resp.of Corollary 6.12) and

let . Thenequation(6.2) is oscillatory (resp. nonscillatory). It is easyto
seethatthisresultis indeedmore geneal; e.g., let , and

. Thefunctions satisfyall the assumption®f Corollary 6.12, but condition
(iii) fails to hold for . Theefore, an iteration (repeatedapplication) givesa

betterresult. Notethat the (wealer) assumptioriii) of Theoem®6.11is satis eddirectlyfor
, howerer, but to apply this theoemdirectly oneneedsan additional restriction
on .
(i) Theoem6.11 can also be applied repeatedlyfor monotonicfunctions but we
mustshowthat

implies

By the time scaleversion of the secondmeanvalue theoemof integral calculus,see[ 30],
there exists sud that

The expressionon the right-handside is greaterthan since is boundedand both
integrals are of the sametypeasthatin theassumptions.

Additional commentsmay be madeto extendthe resultsto dynamicequationsof the
form

(7.2)
(7.3)
(7.4)
We leave this to theinterestedeader

8. Euler—Cauchy Dynamic Equation. In this sectionwe are concernedwith the so-
calledEuleCauchydynamicequation

(8.1)

onatime scale (see[23] for theseresults),wherewe assume . We will
assumehroughoutheregressiity condition

(8.2)
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for Theequation
(8.3)

is calledthecharacteristiequatiorof the EuleCauchydynamicequation(8.1) andtheroots
of (8.3 arecalledthe characteristicootsof (8.1).

We havethen
THEOREM 8.1. Assume are solutionsof the chacteristicequation(8.3). If
, then
is a geneal solutionof (8.1). If , then

is a geneal solutionof (8.1).

Next we would like to shaw thatif our characteristicootsarecomple, thenthereis a
niceform for all real-valuedsolutionsof the Euler-Cauchydynamicequationin termsof the
generalizedxponentialandtrigonometricfunctions. Evenin the differenceequationsase
thecomple rootsarenot consideredseeKelley andPetersor27)).

THEOREM 8.2. Assuméhatthecharacteristicrootsof (8.1) are comple, thatis

, whee and— —— Then

is a geneal solutionof the EuleCaudy dynamicequation(8.1).

In the remainderof this sectionwe will be concernedvith the oscillationof the Euler—
Cauchydynamicequation(8.1). We assumeéhroughouthis sectionthat is now unbounded
abovre. We now shaw if the characteristicoots of (8.1) are complex how a generalsolu-
tion canbewritten in termsof the classicalexponentialfunction andclassicatrigonometric
functions.

LEMMA 8.3. If thecharacteristicrootsare comple, thatis ,whee
then

whee

is a geneal solutionof the Eule—Caudy dynamicequation(8.1). If, in addition,everypoint
in isisolatedthenfor ,
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DEFINITION 8.4. If thecharacteristicrootsof (8.1) are comple, thenwesaythe Euler
Caudy dynamicequation(8.1) is oscillatoryiff is unbounded.

As awell-known examplenotethatif istherealinterval andthe EuleCauchy
equatiorhascomple roots,thenthe EuleCauchyequationis oscillatory This followsfrom
whatwe saidherebecausén this caseby (1.1)

which is unbounded. If , Where , then one canagainshav that is
unboundedand hencethe Euler~Cauchydynamicequationon is oscillatorywhen
thecharacteristucootsarecomple. If , then

which can be shavn to be unboundedand hencethe EuleCauchydynamicequationon

is oscillatorywhenthe characteristucoots are complex. Theselasttwo examples
wereshown in BohnerandSaler [6], Erbe,PetersonandSaler[19], andErbeandPeterson
[14], but herewe establishedheseresultsdirectly.

THEOREM 8.5 (Comparisormrheoren). Let and ,
where and are strictly increasingsequencesf positivenumbes with limit . If
the EuleCaudy equation(8.1) on is oscillatoryand —  ——, for ,

thenthe Eule—Caudy equation(8.1) on  is oscillatory.

THEOREM 8.6. Assumeevery point in the time scale is isolatedand —
existsasa nite numberthenthe Eule—Caudy equationin the complex characteristicroots
caseis oscillatoryon

Theorem3.6 doesnot cover the casewhen is atime scalewhere —

Thenext theoremconsiderstime scalewhere —

THEOREM 8.7. Let andlet — In the
comple characteristicrootscase the Eule—Caudy dynamicequation(8.1) is oscillatoryon

Onemight think that one could usethe argumentin the proof of Theorem8.7 to shov
thatif thereis anincreasingunboundedsequencef points in  with —, then

the EulerCauchyequation(8.1) is oscillatoryon in the complex characteristicootscase.
Thefollowing exampleshows thatthe sametype of argumentdoesnotwork.

ExAMPLE 8.8. Assumehat the Eule—Caudy dynamicequation(8.1) has comple
characteristicroots , and then(8.1) is oscillatory.
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