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Abstract. We discussa numberof recentresultsfor secondorderlinearandnonlineardynamicequationson
time scales.
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1. Intr oduction and Preliminary Results. In this paperwe will studycertainlinear
andnonlineardynamicequations.In sections2 and3 we studythe secondordernonlinear
dynamicequation
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In sections2 and3 we alsoassume
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&213& is continuouslydifferentiable
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Although in section2 we shall assume
�

is a positive functionwe do not make any explicit
signassumptionson

�

in contrastto mostknow resultson nonlinearoscillations.In sections
4 and5 we consider(1.1) underslightly differenthypotheses.In section6 we consideran
examplewith dampingandin section7 we studycomparisontheoremsfor linear dynamic
equations.Finally, in section8 we areconcernedwith the oscillationof an Euler–Cauchy
dynamicequation.

For completeness,we recall thefollowing conceptsrelatedto thenotionof time scales;
see[4], [5] for moredetails.A timescale$ is anarbitrarynonemptyclosedsubsetof thereal
numbers& and,sinceboundednessandoscillationof solutionsis our primary concern,we
maketheblanketassumptionthat (=)�*

$

�>,/.

Weassumethroughoutthat $ hasthetopology
thatit inheritsfrom thestandardtopologyon therealnumbers&
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jumpoperatorsarede�ned by:
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A function `

0

$\1a& is saidto be
right–densecontinuous(rd–continuous)provided ` is continuousat right–densepointsandat
left–densepointsin $

#

left handlimits exist andare�nite. Thesetof all suchrd–continuous
functionsis denotedby b7cLd
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The graininessfunction e for a time scale $ is de�ned by
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Theassumption(1.2) allows
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to beof superlineargrowth, say
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In sections4 and5 we assumethenonlinearityhastheproperty

(1.4)
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Thisessentiallysaysthattheequationis, in somesense,not too far from beinglinear.
Weshallseethatonemayrelateoscillationandboundednessof solutionsof thenonlinear

equation(1.1) to thelinearequation
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(1.5)

where
z

:

!

, for which many oscillationcriteria areknown (seee.g. [1],[3], [4], [6], [8],
[11], [18], and [20]). In particular, we will obtain the time scaleanaloguesof the results
dueto Erbe[10] for thecontinuouscase$

�

& . We shall restrictattentionto solutionsof
(1.1) which exist on someinterval of the form { |~}

#],���.

where |5}

H

$ may dependon the
particularsolution.

On an arbitrarytime scale$

#

theusualchainrule from calculusis no longervalid (see
BohnerandPeterson[4], pp 31). Oneform of theextendedchainrule,dueto S.Keller [26]
andgeneralizedto measurechainsby C. Pötzsche[31], is asfollows. (SeealsoBohnerand
Peterson[4], pp32.)

LEMMA 1.1. Assumè
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$Y1•& is delta differentiableon $ . Assumefurther that
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We shall alsoneedthe following integrationby partsformula (cf. [4]), which is a simple
consequenceof theproductruleandwhichwe formulateasfollows:
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2. A Nonlinear Dynamic Equation. Beforestatingour next results,we recall that a
solutionof equation(1.1) is saidto be oscillatoryon { •

#L,S�

in caseit is neithereventually
positivenoreventuallynegative.Otherwise,thesolutionis saidto benonoscillatory. Equation
(1.1) is saidto be oscillatoryin caseall of its solutionsareoscillatory. Since
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We alsointroducethefollowing condition:
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for all large | . It canbeshown that(2.3) implieseither £

—

’

���ƒFG�	“„F¤�>�R,

or that

ˆS—

¡

���ƒFG�	“„FI�

œ

@T•

Ÿ� 

—

ˆ

Ÿ

¡

���ƒFG�	“„F

existsandsatis�es £

—

¡

����F¥�=“„FJ6'!

for all large | .
We have thefollowing lemmawhich describesthebehavior of a nonoscillatorysolution

of (1.1) for thecasewhen(2.1) and(2.3) hold. Thefollowing resultsin thissectionappearin
[17].

LEMMA 2.1. Let



be a nonoscillatorysolutionof (1.1) and assumeconditions(2.1)
and(2.3) hold. Thenthereexists |
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| such that
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The�rst resultis a boundednessresultfor (1.1).
THEOREM 2.2. Let

z

:
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andassumethat Equation(1.5) is oscillatory. Assumethat
(1.2) holdsandlet
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COROLLARY 2.3. Let
z

:
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and assumethat Equation(1.5) is oscillatory and (2.1)
and(2.3) hold. Supposethat




is a nonoscillatorysolutionof thegeneralizedEmden–Fowler
equation
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THEOREM 2.4. AssumethatEquation(1.5) is oscillatoryfor all
z

:

!

andsupposethat
(1.2), (2.1), and(2.3) hold. Thenall solutionsof (1.1) oscillate.

Thenext theoremdealswith thecasewhen(2.2) holds.
THEOREM 2.5. AssumethatEquation(1.5) is oscillatoryfor all

z

:
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andsupposethat
(1.2), (2.2), and(2.3) hold. In addition,assumethat
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Theneverysolutionof (1.1) is eitheroscillatoryor convergesto zero on { •

#],���.

3. Examples. Clearly, equation(1.5) is oscillatoryif f equation
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is oscillatory. It wasshown in Erbe[11, Corollary7] (seealsoBohnerandPeterson[4]) that
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is oscillatoryif thereexistsa sequence
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We canthereforeconcludethatall solutionsof (1.1) oscillatein
case(1.4), (2.1), and(2.3) hold alongwith
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for all
z

:
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We notethat thereis no assumptionon theboundednessof
�

and e . If (1.2),
(2.2), and(2.3) hold alongwith (3.4), thenevery solutionon (1.1) oscillatesor converges
to zero. Onemayalsoapplyaveragingtechniquesor thetelescopingprinciple to give some
moresophistcatedresults(seeErbe,Kong,andKong[13] andErbe[10]).

As asecondexample,supposethat $ is suchthatthereexistsasequenceof points
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it follows from resultsof Erbe,Kong, and
Kong[13, Corollary4.1] thatall solutionsof (1.5) areoscillatoryfor

z

:

!

. Consequently,
all solutionsof (1.1) areoscillatory.

As a third example,we considera particularexamplefor the casewhen $
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Sincein this case(2.3)
holdstrivially, it follows from Theorem2.2 thatall nonoscillatorysolutionsof (1.1) satisfy
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REMARK 3.1. From Theorem4.64 in [4] (Leighton–Wintner Theorem)it follows that
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Sincethe secondcondition in (3.5) implies that (2.3) holds, Theorem 2.4 implies that all
solutionsof theEmden–Fowlerequation(2.5) are oscillatory. Thatis, theLeighton–Wintner
Theoremis valid for (2.5) and more generally for (1.1) if (1.2) holds. We noteagain that
thereare noexplicit signconditionson

�����	�
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Consequently, byCorollary 2.3, all nonoscillatorysolutionsof (3.6) satisfy
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4. Nonlinear Dynamic Equation with Positive
�����	�

. In this sectionwe shallconsider
thenonlineardynamicequation(1.1) undersomedifferenthypotheses.We assumethatboth

�Š#¥�

arepositive,real–valuedright–densecontinuousfunctions,and
�¨0

&'1Ë& is continuous
andsatis�es(1.4), andwe shallagainconsiderthetwo cases(2.1) and(2.2).

In Do�slý andHilger [8], theauthorsconsiderthesecondorderlineardynamicequation
(1.5)

zv�Ìq

andgive necessaryandsuf�cient conditionsfor oscillationof all solutionson
unboundedtimescales.Often,however, theoscillationcriteriarequireadditionalassumptions
on theunknown solutions,whichmaynotbeeasyto check.

In ErbeandPeterson[18], theauthorsconsiderthesameequationandsupposethatthere
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cannotbe appliedwhen
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is unbounded,e
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The
papers[18] and[9] alsogiveadditionallinearoscillationcriteria,andalsotreatmoregeneral
situations.

RecentlyBohnerandSaker[6] considered(1.1) andusedRiccatitechniquesto givesome
suf�cient conditionsfor oscillationwhen (2.1) or (2.2) hold. They obtain somesuf�cient
conditionswhichguaranteethateverysolutionoscillatesor convergesto zero.

WeuseageneralizedRiccatitransformationtechniqueto obtainseveraloscillationcrite-
ria for (1.1) when(2.1) or (2.2) holds.Our resultsin this sectionimprovetheresultsgivenin
Do�slý andHilger [8] andErbeandPeterson[18] andcomplementtheresultsin Bohnerand
Saker[6]. Applicationsto equationsto whichpreviouslyknown criteriafor oscillationarenot
applicablearegiven. In section6, we will applyour resultsto linear or nonlineardynamic
equationsof theform

(4.1)
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For propertiesof this exponentialfunction,seeBohnerandPeterson[4]. Onesuchproperty
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Also if
�hHXØ

, then ÔÁÕ
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is real-valuedandnonzeroon $ . If
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LEMMA 4.1. Assumethat (2.1) holds,and
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Our �rst oscillationresultin this sectionis
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Thenequation(1.1) is oscillatoryon { •

#],���.

From Theorem4.2, we can obtain differentsuf�cient conditionsfor oscillationof all
solutionsof (1.1) by differentchoicesof Û
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Then(1.1) is oscillatoryon { •

#L,S�].

If
�����	� �²q

and
�8��
9�…�'


, thenequation(1.1) reducesto thelineardynamicequation

(4.7)



�g�
���	�Š�������	��


�
�v!+#

for
�„H

{ •

#],���.

From Theorem4.2 we have the following oscillationcriterion for equation
(4.7) whichimprovessomeof theresultsin BohnerandSaker[6] andErbeandPeterson[14].

COROLLARY 4.5. Assumethat (1.4) and(2.1) holdandfor any
�

‰

6

• there is a
�

o

:

�

‰

such that

(4.8)
œ

@T•

(=)�*

Ÿ� 

—

ˆ

Ÿ

Ÿ

©

Ý

?

�ƒFG�
Ý

���ƒFG�8f

¯

q

Þ

F

?

��FG�

°S�

q

ß

F

k

b

o

��FG�
à

f

á

k

o

�ƒFG�

b

o

�ƒFG�

ßMé

o

��F¥�
à

“„FI�",/#

where

á

o

��FG�…�

fRq

F

b

o

��FG�

¯

q��

q

F

e

�ƒFG�8f

b

o

��F¥�
°

é

o

�ƒFG�…�

F7�

e

�ƒFG�

F

k

#

b

o

�ƒFG� �²q��

e

�ƒFG�

�ƒF�fX�

‰

�

.

Thenequation(4.7) is oscillatoryon { •

#],���.

EXAMPLE 4.6. ConsidertheEuler–Cauchydynamicequation

(4.9)


�g�<�

¦

�

?

���	�



�„�"!�#

for
�›H

{ •

#L,S�].

Here
�����	� � ë

Ÿ

�•¼

Ÿ�½

.

Then(4.8) in Corollary 4.5reads

(4.10)
œ

@T•

(	)�*

Ÿ� 

—

ˆ

Ÿ

Ÿ

©

ÝìÝ

¦

F

f

q

Þ

F

�

?

�ƒFG�

ß

F

k

b

o

�ƒFG�
à

f

á

k

o

��F¥�

b

o

��F¥�

ßMé

o

��FG�
à

“„F¤�>,/.

If $

�

&

#

then the dynamicequation(4.9) is the secondorder Euler–Cauchy differential
equation

(4.11)

�í í��

¦

�

k


•�"!�#g�›6"q

and in this casee

�ƒFG�J�î!�#

?

�ƒFG�š�îFr#

b

o

��F¥�J�åq

and
á

o

��FG�J�‡!�.

Therefore (4.10) can be
rewrittenas
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œ

@B•

(	)+*

Ÿ� 

—

ˆ

Ÿ

Ÿ

©

Ý

¦

F

f

q

Þ

F

�

F

ß

F

k

à

“„F[�

œ

@T•

(=)�*

Ÿ� 

—

ˆ

Ÿ

Ÿ

©

Ý

¦Zf

o

¿

F à

“„F[�˜,v.

providedthat
¦

:

o

¿

.

Henceeverysolutionof (4.11) oscillatesif
¦

:

o

¿

#

which agreeswith
thewell–knownoscillatorybehaviorof (4.11), (seeLi [29]).

If $

�"¹

, then(4.11) is thesecondorderdiscreteEuler–Cauchydifferenceequation

(4.12)
“¶kÁ


Ÿ

�

¦

�����~�/q¥�




Ÿ

m�o

�v!�#g� �‚qM#

Þ

#Á.T.B.

andwehavee

�ƒFG� �²qM#

?

��FG�…�"F›�vqM#

b

o

��FG�…�

­

Ð

Ÿ Í

m™o

­

Ð

Ÿ�Í

#

á

k

o

��F¥�

é

o

��FG�

�

�

k

‰

F

k

��F��/q¥�Á�ƒFªfX�

‰

�/q¥�

k

.

Therefore (4.10) canberewrittenas

œ

@B•

(	)+*

Ÿ� 

—

ˆ

Ÿ

Ÿ

©

Ý•Ý

¦

F

f

q

Þ

F

�

F

k

fSq

ß

F¥ï
à

f

�

k

‰

ß

F

k

�ƒF7�/q¥����Fyfh�

‰

�Á�ƒFªfX�

‰

�/q¥�
à

“„F

�

œ

@T•

(=)�*

Ÿ� 

—

ˆ

Ÿ

Ÿ

©

Ý

¦

F

f

q

Þ

F

�

q

ß

F
à

“„F[�˜,v.

providedthat
¦

:

o

¿

.

Henceeverysolutionof (4.12) oscillatesif
¦

:

o

¿

#

which agreeswith
the well–knownoscillatory behaviorof (4.12). It is knownin Zhangand Cheng[32] that
when e

§\qGð

ß

, (4.12) hasa nonoscillatorysolution.Hence, Theorem4.2 andCorollary 4.5
are sharp.Notethat theresultsin Do�slý andHilger [8] andErbeandPeterson[18] cannot
beappliedto (4.12).

THEOREM 4.7. Assumethat (1.4) and(2.1) hold. Furthermore, assumethat thereexists
a function Û

H�Ø

m

such that
�ñÖ

Û is differentiableandgivenany
�

‰

6

• there is a
�

o

:

�

‰

such that

(4.13)
œ

@T•

(	)�*

Ÿ� 

—

q

�

Â

ˆ

Ÿ

Ÿ

©

���8f<FG�	Â
Ý

Ü

��F¥�gf

³

k

�ƒFG�

b

��FG�

ß

³

o

�ƒFG�
à

“„F[�˜,v#

where Ã is a positiveinteger. Assumefurther that

¯

q

�

Â

°
ˆ

Ÿ

Ÿ

©

Ô

�

c

�ƒFM#	�

‰

�ã���5��FG�

Û

�~�ƒFG�

Â

Ð

o

Æ

ò

Ç

‰

�

?

��FG�8fX�	�

ò

�ƒF�fX�	�	Â

Ð

ò

Ð

oÁ“„F

(4.14)

is boundedabove. Theneverysolutionof equation(1.1) is oscillatoryon { •

#L,S�

.
Notethatif Û

H•Ø

m

and Û

���	�y§ž!�#

then(4.14) holds.When Û

���	�…�"!�#

then(4.13) reduces
to

(4.15)
œ

@T•

(	)�*

Ÿ� 

—

q

�

Â

ˆ

Ÿ

Ÿ

©

���8f<FG�
Â

����F¥�=“„F¤�>,v#

whichcanbeconsideredasanextensionof Kamenev typeoscillationcriteriafor secondorder
differentialequations,(seeKamenev [24]).

When $

�

& , then(4.15) becomes

(4.16)
œ

@T•

(=)�*

Ÿ� 

—

q

�

Â

ˆ

Ÿ

Ÿ

©

���™f�FG�
Â

���ƒFG��ŒìFI�",/#
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andwhen $

�/¹

, then(4.15) becomes

(4.17)
œ

@T•

(=)�*

Ÿ� 

—

q

�

Â

Ÿ

Ð

o

Æ

­

Ç

Ÿ

©

���™f�F¥�	ÂI���ƒFG� �>,/#

We next give somesuf�cient conditionsfor thecasewhen(2.2) holds,which guarantee
thatevery solutionof thedynamicequation(1.1) oscillatesor convergesto zeroon { •

#],���.

Thenext resultremovesa monotonicityassumptionon
�

in BohnerandSaker [6].
THEOREM 4.8. Assumethat (1.4) and (2.2) hold andassumethere exists Û

H¨Ø

m

such
that

��Ö

Û is differentiableandsuch that (4.4) holds.Furthermore, assume

(4.18)
ˆ —

’

q

�����	�

ˆ

Ÿ

’

���ƒFG�	“„FG“”�…�>,/.

and let (A) hold. Theneverysolutionof equation(1.1) is eitheroscillatoryor convergesto
zero on { •

#L,S�

.
In asimilar manner, onemayestablishthefollowing theorem.
THEOREM 4.9. Let all of the conditionsof Theorem 4.8 hold with condition (4.13)

replacing(4.4). Theneverysolutionof equation(1.1) is oscillatoryor convergesto zero on
{ •

#],���.

5. Application to equationswith damping. Our aim is to apply theresultsin section
4, to give somesuf�cient conditionsfor oscillationof all solutionsof thedynamicequation
(4.1) with dampingterms. We notethatall of the resultsin section4, aretrue in the linear
case.Beforestatingourmainresultsin thissectionwewill needthefollowing Lemmas,(see
BohnerandPeterson[4]).

LEMMA 5.1. If Ò

#

¾

H

b
cPd and

(5.1)
qyf

e

���	�

Ò

���	���

e

k
���	�

¾

���	�I; �/!�#a�›H

$

#

thenthesecondorderdynamicequation(4.1) with
�8��
9�…�v


canbewrittenin theself-adjoint
form(1.5), where

�™���	�…�

Ô

ë

���]#=�

‰

��#ó�����	�…�

{

q��

e

���	��¦8���	�–• �����	�

¾

���	�

(5.2)

¦g���	� �

Ò

���	� f

e

���	�

¾

���	�

qyf

e

���	�

Ò

���	�™�

e

k

���	�

¾

���	�

.

(5.3)

LEMMA 5.2. If Ò is a regressivefunction,thenthesecondorderdynamicequation(4.1)
with

�8��

� �/

�

canbewritten in theself-adjointform

(5.4)
�������	��


�
���	�=�

�
�V�����	�	����


�
�"!�#

where

(5.5)
�����	� �

Ô

Ñ

���]#=�

‰

�

and
�����	� �

¾

���	�������	�

Now, by using the resultsin section3 andLemma5.1 we have the following results
immediately. Thefollowing resultsappearin [19].

THEOREM 5.3. Let
��#=�

bede�nedasin (5.5) andssumethat (2.1) holds.Furthermore,
assumethat thereexistsa Û

H•Ø

with Û differentiablesuch that (4.4) holdswith

(5.6)
Ü

���	�…�

Ô
c

�

?

���	�]#	�

‰

�¤Ý������	���

q

Þ

�������	�

Û

���	�=�
�

�

Û

k

���	�������	�

ß

b

���	�
à

.
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Thenequation(4.1) with
�8��

� �/


is oscillatoryon { •

#],���.

COROLLARY 5.4. Assumethat (2.1) and (3.5) hold, where
�

and
�

are as de�ned in
(5.5). Thenequation(4.1) with

�8��

�…�/


is oscillatoryon { •

#],���.

COROLLARY 5.5. Assumethat (2.1) and (4.6) hold exceptthat the term
u¨�����	�

is re-
placedby

�����	�]#

where
�

and
�

are asde�ned in (5.5). Thenequation(4.1) with
�8��

���²


is
oscillatoryon { •

#L,S�].

THEOREM 5.6. Assumethat (2.1) holds. Furthermore, assumethat there exists Û

H<Ø

with Û differentiablesuch that (4.10) holds,where
�Š#Á�

and
Ü

areasde�nedby(5.5) and(5.6)
respectively, and Ã is oddinteger. Then(4.1) with

�8��

���v


is oscillatoryon { •

#L,S�].

THEOREM 5.7. Assumethat all the assumptionof Theorem 5.3 hold exceptthat the
condition(2.1) is replacedby(2.2). If (4.18) holds,theneverysolutionof equation(4.1) with

�8��
9�…�'


is oscillatoryor convergesto zero on { •

#L,S�].

THEOREM 5.8. Assumethat all the assumptionof Theorem 5.6 hold exceptthat the
condition(1.3) is replacedby(2.2). If (4.18) holds,theneverysolutionof equation(4.1) with

�8��
9�…�'


is oscillatoryor convergesto zero on { •

#L,S�].

Oscillationcriteriafor equation(4.1) arenow elementaryconsequencesof theoscillation
resultsin Theorems5.3-5.8. Thedetailsareleft to thereader.

6. Linear SecondOrder Dynamic Equations. In thissectionweshallbeinterestedin
obtainingcomparisontheoremsfor thesecondorderlinearequations

{

�™���	��

�R���	��•ô���V�����	��

�~���	� �"!�#

(6.1)

{

�™���	�

Ú

�I���	��•ô�<�

•

�5���	�������	�

Ú

�~���	� �"!�#

(6.2)

{

�����	�	õ
�

���	�–•
�

�

•

���	�������	��õ
�

���	� �"!�#

(6.3)

where
�™���	�

:

!

and
��#¥�

, • areright-densecontinuouson $

.

DEFINITION 6.1. We saythat a solution



of (6.1) hasa generalizedzero at
�

in case

����	�…�"!�.

Wesay



hasa generalizedzero in
���]#

?

���	�	�

in case

����	��
��

?

���	�	�ªQS!

and e

���	�

:

!

.
We saythat (6.1) is disconjugateon the interval { ö

#=Œr•

, if there is no nontrivial solutionof
(6.1) with two(or more)generalizedzerosin { ö

#PŒn•–.

DEFINITION 6.2. Equation(6.1) is said to be nonoscillatoryon { ÷

#L,S�

if there exists
ö

H

{ ÷

#L,S�

such that this equationis disconjugateon { ö

#=Œr•

for every
Œ

:

ö . In theopposite
case(6.1) is saidto beoscillatoryon { ÷

#L,S�

. Oscillationof (6.1) mayequivalentlybede�ned
as follows. A nontrivial solution Ú of (6.1) is called oscillatory if it has in�nitely many
(isolated)generalizedzerosin { ÷

#L,S�

. By theSturmtypeseparation theorem,onesolutionof
(6.1) is (non)oscillatoryiff every solutionof (6.1) is (non)oscillatory. Hencewe can speak
aboutoscillationor nonoscillationof equation(6.1).

Basic oscillatory propertiesof (6.1) are describedby the so-calledReid Roundabout
Theoremwhich is provede.g.in [4, Theorem4.53,Theorem4.57].

THEOREM 6.3 (ReidRoundaboutTheorem). Thefollowing statementsareequivalent:
(i) Equation(6.1) is disconjugateon { ö

#=Œr•

.
(ii) Equation(6.1) hasa solutionwithoutgeneralizedzeroson { ö

#PŒn•

.
(iii) TheRiccatidynamicequation

(6.4) ø

�[���	�Š�V�����	�Š�

ø

k

���	�

�����	���

e

���	�

ø

���	�

�/!

hasa solution ø with
�����	���

e

���	�

ø

���	�

:

!

for
�ªH

{ ö

#PŒn•�ù

(exceptfor thecasewhen
Œ

is left-denseandright-scatteredat which
�”�

e5ø maybenonpositive).
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(iv) Thequadratic functionalú

��û�ü

ö

#=Œì� � ˆ

d

ý‡þ

�����	�

w

ûn�I���	� x

k

fh�����	����ûn�~���	�=��k�ÿ[“”�

is positivede�nite for
û¶H��„�

ö

#PŒ•�

, where
�„�

ö

#PŒ•� �²DEû”H

b

o

Õ

{ ö

#=Œr•J0gû��

ö

���vû��ƒŒ•�…�/!�K•.

This resultmakesit thereforeclearthatthereareat leasttwo methodsof investigationof
(non)oscillationof (6.1). The�rst one– thevariationalmethod– is basedon theequivalence
of (i) and(iv) andits basicstatementcanbereformulatedasfollows:

LEMMA 6.4 (Variationalmethod). If for any |

H

{ ÷

#],��

there exists
!S;

¢

ûXH��„�

|

�

,
where

���

|

�g�²DEû¶H

b

o

Õ

{ |

#L,S�^0gû����	�…�/!

for
�›H

{ ÷

#

|

•

and �

�

|

#

�

|

:

?

�

|

�]#

such that
û����	�…�"!

for
�›H

{

?

�

�

|

��#L,S�LK•#

such that

ú

��û�ü

|

#],��g�

ú

��û�#

|

#

?

�

�

|

�	�7§'!

, then(6.1) is oscillatory.
Anothermethodof investigationfor theoscillationtheoryof (6.1) is basedon theequiv-

alenceof (i) and(iii) in Proposition6.3. This is usuallyreferredto astheRiccati technique
andby virtue of theSturmComparisonTheoremimpliesthatfor nonoscillationof (6.1), it is
suf�cient to �nd asolutionof theRiccati-typeinequalityasgivenin thenext lemma.A proof
maybefoundin [12] or [4].

LEMMA 6.5 (Riccati technique). Equation(6.1) is nonoscillatoryif and only if there
exists |

H

{ ÷

#],��

anda function ø satisfyingtheRiccatidynamicinequality

ø

�
���	���V�����	�Š�

ø

k

���	�

�™���	�Š�

e

���	�

ø

���	�

§S!

with
�™���	�~�

e

���	�

ø

���	�

:

!

for
�›H

{ |

#],��

.
For completeness,werecallthefollowing (see[4])
LEMMA 6.6 (Sturm-PiconeComparisonTheorem). Considertheequation

(6.5) {��

�™���	��
��R���	�–•ã�<�

�

�����	��
��5���	�…�/!+#

where �

�

and �

�

satisfy the sameassumptionsas
�

and
�

. Supposethat �

�����	��§Ù�����	�

and
�����	��§

�

�����	�

on { |

#L,S�

for all large | . Then(6.5) is nonoscillatoryon { ÷

#L,S�

implies(6.1) is
nonoscillatoryon { ÷

#],���.

We mention�rst a few backgrounddetailswhich serve to motivate the resultsin this
sectionwhichmaybefoundin [20]. Supposethat $ is thereal interval {

!�#L�R,S�

sothat(6.1)
becomes

(6.6) {

�����	��

4–���	��•ô4��V�����	��
™���	�…�"!�#

where
�™���	�

is continuousandpositive and
�����	�

is continuouson {

!�#L�R,S�

. It wasshown in
[9] that if (6.6) is oscillatory, thenmultiplying thecoef�cient

�����	�

by a function •

���	�

where
•

���	�›6˜q

and
�����	�

•

4

���	�

is nonincreasingpreservesoscillation;i.e.,

(6.7) {

�™���	��

4

���	��•
4

�

•

���	�������	��
����	�›�/!�#

is alsooscillatory. Of course,if
�����	�

is nonnegative, theseresultsfollow immediatelyfrom
theusualSturm-PiconeComparisonTheorem,but when

�����	�

changessignoneachhalf line,
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oscillationof (6.7) is not obviousif (6.6) is oscillatory. Onemayalsonoticethat if (6.6) is
oscillatoryandif •

���	�…�

ö��

pŠFE���\z�6\q

thenoscillationof (6.7) follows immediatelyfrom
theSturm-PiconeTheoremby dividing theequationby

z

(for thecasewhen
�����	�

maychange
sign).This result,i.e., thestatementthatsaysthatif (6.6) is oscillatory, thensois

� �����	�

Ú

4T�	4•�Sz+�����	�

Ú

�/!

for any constant
z/6îq

, wasalsoobservedby Fink andSt.Mary [21]. Kwong in [26] then
showedthattheresultof [9] maybestrengthenedto a largerclassof functions•

���	�

by relax-
ing somewhat themonotonicityassumptionon

�����	�

•

4

���	�

asgiven in [9]. We presentbelow
threedifferentcomparisontheoremsalongwith their correspondingcorollaries,andshow by
examples,thatthey areall independent.In additionto extendingtheresultsof [26] and[9] in
thecaseof equations(6.6) and(6.7) in thecontinuouscase,theresultswe obtainarenew in
thediscretecaseandthemoregeneraltime scalescase.It shouldalsobenotedthatbecause
of the techniquesof proof used,both (6.2) and(6.3) may be viewed asthe time-scalesex-
tensionsof (6.1), obtainedwhenmultiplying

�����	�

by •

���	�

(which is thesameas •

�

���	�

when
$

�

& .)
Our �rst resultshows that if, “on average”,

�����	�

is morepositive thannegative, thenthe
assumptionson •

���	�

arequitemild. To beprecise,we have
THEOREM 6.7. Assume•

H

b

o

cLd

and
(i)

œ

@B•ž@BA�C

Ÿ� 

—

£

Ÿ

¡

����F¥�=“„FJ6ž!

but
;

¢

!

for all large | ,
(ii) £

—

´

o

Õ

¼

­

½

“„F¤�>,/#

(iii)
!„Q

•

���	�7§"qM#

•

�

���	�y§ž!+.

Then(6.1) is nonoscillatoryimplies(6.3) is nonoscillatory.
Thecorresponding“oscillation” resultis
COROLLARY 6.8. Assume•

H

b

o

cPd

and
(i)

œ

@B•ž@BA�C

Ÿ� 

—

£

Ÿ

¡

•

�ƒFG�	���ƒFG�	“„Fš6ž!

but
;

¢

!

for all large | ,
(ii) £

—

´

o

Õ

¼

­

½

“„F¤�>,/#

(iii) •

���	�›6˜qr#

•

�

���	�76ž!�.

Then(6.1) is oscillatory implies(6.3) is oscillatory. If we strengthenthe assumptionson
•

���	�

somewhat,thenwe mayrelaxtheassumptionson
�����	�

andin this case,we considerthe
relationbetween(6.1) and(6.2). For convenience,westate�rst the“oscillation” result.

THEOREM 6.9. Assume
�

•

�

H

b

o

cLd

and
(i) •

���	�›6˜qr#

(ii) e

���	�

•

�

���	�76S!+#

(iii)
w

�����	�

•

�

���	�
x

�

§'!�.

Then(6.1) is oscillatoryimplies(6.2) is oscillatory.
In this case,theanalogous“nonoscillation”resultbecomes
COROLLARY 6.10. If

���
o

’

�

�

H

b

o

cPd

#

(i)
!„Q

•

���	�7§"qM#

(ii) e

���	�

•

�

���	�7§S!+#

(iii)

¯

�™���	�
	

o

’

¼

Ÿ�½��

�

°

�

§'!�.

Then(6.1) is nonoscillatoryon implies(6.2) is nonoscillatory.
In the following theoremwe let � denotethecharacteristicfunctionof thesetof right-

scatteredpoints
�

$ de�ned by
�

$

0��²DE�…H

$

0

e

���	�

:

!�K•.
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Thatis,

�

���	�y0W�€†

qr#O�›H

�

$

!+#O�Rð H

�

$

.

THEOREM 6.11. Assume
�

•

�

H

b

o

cLd

#

andthat thefollowing conditionshold:
��
��

•

���	�

:

!

and
Þ

•

���	�~�

e

���	�

•

�

���	�7§

Þ

(ii)
�����	�

:��

o

e

���	�

for some�

o

:

!

andfor all
��H

$

#

(iii) there is an �

‰

:

!

such that thefunction

���

Í

���	�70��

Þ

w

•

�I���	�ã�™���	�=x

�

f

w

•

�

���	�������	� x

k

•

���	�5���™���	�8f

e

���	�

�

‰

�

6S!

for all large
�

, where
�����	�8f

e

���	�

�

‰

:

!�#

(iv)
œ

@T•

(=)�*

Ÿ� 

—

�

���	�

£

Ÿ

´

����FG�	“„F

:

f[,/#

(v) thereexistsa constantµ

:

!

such that �

���	�ã�™���	�7§

µ˜e

���	��#

for
��H

$

.

Then(6.1) is nonoscillatoryimplies(6.2) is nonoscillatory.
Again,wehavea corresponding“oscillation” result:
COROLLARY 6.12. Assume

�

w

o

’

x

�

H

b

o

cLd

andthat thefollowing conditionshold:

(i) •

���	�Š���

¼

Ÿ�½

’��

¼

Ÿ�½

k

’

Ó

¼

Ÿ�½

6>q

for all large
�

,
(ii) there is an �

o

:

!

such that
�™���	�

:

e

���	�

�

o for
��H

$ ,
(iii) thereexists �

‰

:

!

such that thefunction

ä

�

Í

���	�70��

Þ

�������	�	�

�

�

•

���	���

k

���	�

�����	�8f

e

���	�

�

‰

§ž!�#

for all large
�

, where
�����	�8f

e

���	�

�

‰

:

!�#

andwhere

�����	�›0��

�����	�

•

�

���	�

•

���	�

•

�

���	�

�‚fg�™���	�

¯

q

•

���	�

°

�

#

(iv)
œ

@T•

(=)�*

Ÿ� 

—

�

���	�

£

Ÿ

´

•

�

��F¥�	���ƒFG�	“„F

:

f[,

,
(v) there is an µ

:

!

such that �

���	�ã�™���	�7§

µ˜e

���	�

for all large
�

.
Then(6.1) is oscillatory, impliesthat (6.2) is oscillatory.

We noticein the last two resultshow the graininessfunction is involved in the criteria
for oscillation/nonoscillation.In particular, for thecasewhen $

�

{

!+#L�R,S�

, then e

���	�

¢

!

,
soconditions(ii), (iv), and(v) of Corollary6.12hold trivially, andit maybeshown that(iii)
reducesto theconditionof Kwongin [26]. ThenonoscillationresultTheorem6.11is new in
all cases.It turnsout thatLemma2.1 is usefulin proving theaboveresults.

7. Examplesand Remarks. We begin this sectionwith severalexamplesshowing the
independenceof theabovecriteria.

EXAMPLE 7.1. Let Û

:

q

. Considerthetimescale

$

�

Û��

Í

0����

Û

±

0

É

H×Ä

‰ �

.

In thiscase, ?

���	�…�

Û

�]#

e

���	�…�\�

Û

f�q¥���

for all
�›H

$

#

andanydynamicequationon thetime
scaleÛ

�

Í

is calledan r-differenceequation.Let

•

���	� �

q

�

k

#”�™���	�…�v�

and
�����	���

¦

œ

A

Û

�

Û

fžq¥���

œ

A7�

œ

A��

Û

�	�

�

zŠ�	fRq¥�"!

¼

Ÿ�½

�

œ

Ay�

#
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where
¦8#Pz

arerealconstantsand #

���	�›0��

œ

Ay�=ð

œ

A

Û

H×Ä

‰ . Observethat
�����	�

is noteventually
of onesignfor

zh; �"!

. Since
�

œ

Ay�	�

�

� $ %

c

¼

c

Ð

o

½ãŸ , it followsthatwehave

ˆ

Ÿ

o

q

�™�ƒFG�

“„FI�"ˆ

Ÿ

o

q

F

“„F[�

�

Û

fSqG�

œ

Ay�

œ

A

Û

1

,

as
�

1

,

andso(2.1) holds.Further,

&

�����	�

¯

q

•

���	�

°

�('

�

�È�

Û

�/q¥� k �

:

!

for
�¶H

$ , so condition(iii) of Corollary 6.10 fails to hold. Notethat this conditionis not
evensatis�edfor any •

���	� �v�]Ð*)

, +

:

!

. On theotherhand,wehave

Þ

•

���	�

w

•

�I���	� x

�

� �����	�gf

e

���	�

�

‰

�™f

w

•

�I���	�ã�����	� x

k

�

�

Û

�vqG�

k

Û

¿¥��¿

{

qyf

Þ

�

Û

fžq¥�

�

‰

•Š6ž!

for
!¶Q

�

‰

§"qâð

{

Þ

�

Û

fžq¥�–•

, andcondition(iii) of Theorem6.11is satis�ed,and

•

�
���	���‚f

Û

�vq

Û

k

��ï

Q'!�#

so(iii) of Theorem6.7holds.If
!�Q

�

o

Q˜qGð��

Û

fžqG�7§

µ , then �

o

e

���	�yQh�����	��§

µ˜e

���	�

for
all

�7H

$ , soconditions(ii) and(v) of Theorem6.11hold. Breakingup theintegral andusing
theidentity

£

�•¼

Ÿ�½

Ÿ

�8�ƒFG�	“„F[�

e

���	�=�8���	�

weget

ˆ
—

Ÿ

���ƒFG�	“„FI�

¦

œ

Ay�

�/�

Û

fžq¥�=zŠ�	fRq¥�

!

¼

Ÿ�½

Ý

q

œ

Ay�

f

q

œ

A™�

Û

�	�

�

q

œ

A��

Û

k

�	�

fS.E.Á.

à

.

Hence

¦Zfž�

Û

fžq¥�=z×Q

œ

Ay�+ˆS—

Ÿ

����FG�	“„FJQ�¦��"�

Û

fSqG�	zŠ.

In [30] it wasprovedthatequation(6.1) is nonoscillatoryprovided

(7.1)
œ

@T•

Ÿ� 

—

e

���	�
o

Õ

¼

Ÿ�½

£

Ÿ

´

o

Õ

¼

­

½

“„F

�"!

and

f-,

ß

Q

œ

@B•ž@TA�C

Ÿ� 

—/.

���	�7§

œ

@T•

(=)�*

Ÿ� 

—

.

���	�›Q

q

ß

#

where

.

���	�›0��

¯

ˆ

Ÿ

o

q

����FG�

“„FE°

¯

ˆ
—

Ÿ

����FG�	“„FE°�.

We have

e

���	�
o

Õ

¼

Ÿ�½

£

Ÿ

o

o

Õ

¼

­

½

“„F

�

œ

A

Û

œ

Ay�
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andsocondition(7.1) is satis�ed. Further,

Û

fSq

œ

A

Û

{

¦Zf'�

Û

fžq¥�	z�•�Q

.

���	�yQ

Û

fSq

œ

A

Û

{

¦��/�

Û

fžq¥�=z�•–.

Set

Ò

�

¦8�

Û

fžq¥�

œ

A

Û

and ¾

�

zŠ�

Û

fžq¥�

k

œ

A

Û

.

If Ò

6

¾

:

!

and Ò

�

¾

Q˜qGð

ß

, then(6.1) is nonoscillatoryandTheorem6.7or Theorem6.11
canbeappliedto showthat (6.3) and(6.2), respectively, are nonoscillatory. If

!�Q

¾

Q²f

Ò

and Ò

f

¾

:

f

,

ð

ß

, then(2.3) fails to hold,equation(6.1) is nonoscillatoryandin thiscase,
onlyTheorem6.11canbeapplied.

EXAMPLE 7.2.
(i) Let $

�v¹

, •

���	� �ÈqGð10 �

and
�����	� �20 �]�

0

�~�vq

. Thencondition(v) of Theorem6.11
fails to holdsince

�����	�

is unbounded.Theorem6.7(for
�����	�

satisfying(2.3)) or Corollary 6.12
canbeappliedsince

—

Æ

Ÿ

Ç

´

q

�����	�

�

—

Æ

Ÿ

Ç

´

q

0

�5�

0

�5�/q

�",/#

“

•

���	� �

0 �8f

0

�5�/q

3

�����Š�vqG�

QS!

and

“

¯

�����	�	“

¯

q

•

���	�

°�°
�"“54�	

0
�~�/q��

0

�

�

	
0

�5�/qyf

0

�

�*6

�/!+.

(ii) Let $

�˜¹

, •

���	�›�"�

Ð

k

and
�����	���_�

Þ

�Š�/qG�

Ð

o

. Thencondition(ii) of Theorem6.11
fails to hold since

�™���	�

1

!

as
�

1

,

. Theorem6.7 (for
�����	�

satisfying(2.3)) or Corol-
lary 6.12canbeappliedsince

—

Æ

Ÿ

Ç

´

q

�™���	�

�

—

Æ

Ÿ

Ç

´

�

Þ

�5�/q¥� �˜,v#

“

•

���	�…�

fRq7f

Þ

�

�

k

���5�/q¥�

k

Qž!

and

“

¯

�™���	�=“

¯

q

•

���	�

°�°"�>“

w

�

Þ

�5�/q¥�

Ð

on�

Þ

�~�/q¥�	x[�/!+.

(iii) Let $

�-¹

, •

���	�R�2¦™Ð

Ÿ

,
¦

:

q

and
�����	�I�-z

Ÿ

,
zžH>�ƒ!�#Eq¥�

. Thencondition(ii) of
Theorem6.11andcondition(ii) of Theorem6.7fail to hold since

�����	�

1

!

as
�

1

,

and

—

Æ

Ÿ

Ç

´

q

�����	�

�

—

Æ

Ÿ

Ç

´

z

Ð

Ÿ

�>,/#
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respectively. On the other hand, the assumptionsof Corollary 6.12 are satis�ed provided
¦~zÅHh�ƒ!�#Eq�•

sincewehave
“

•

���	� �È�	qyf¨¦~�–¦

Ð

Ÿ

Ð

o Qž!

and

“

¯

�™���	�=“

¯

q

•

���	�

°�°"�\�ã¦Zfžq¥�Á�ã¦~z„fžq¥����¦5z
�

Ÿ

Q'!�.

NoticethatonlyCorollary 6.12canbeappliedin thiscase.
Following theideaof theaboveexamples,it is notdif�cult to �nd examplesshowing the

independenceof Theorem6.9andCorollary6.12.
EXAMPLE 7.3. Let $

�"¹R#]�™���	�…�²q

,

•

���	�…�

q

Þ

�~�/�	fRq¥� Ÿ and
�����	�…�

¦

�����~�/q¥�

�

zŠ�	fRq¥�

Ÿ

�

.

It is easyto seethat
�����	�

changessignfor
zh; �/!

and

“

•

���	���

f

Þ

�

Þ

��fRqG�

Ÿ

�

Þ

�5�

Þ

f'��fRq¥�
Ÿ

���

Þ

�Š�/�	fRq¥�
Ÿ

�

§'!�.

It canalsobeshownthatconditions(iii) fromCorollary 6.12and(iii) fromTheorem6.11fail
to hold since

“

¯

�����	�=“

¯

q

•

���	�

°ª°/�

ß

�	fRq¥�

Ÿ

and
Þ

•

���	����qªf

�

‰

�	“

k

•

���	�8fv�ƒ“

•

���	�	�

k

is equalto a fractionwith a positivedenominatorand
a numerator such that thecoef�cient in thenumerator of thehighestpower

�

k

changessign.
Furtherwehave

¦•f<ziQ��

—

Æ

­

Ç

Ÿ

���ƒFG�7QV¦���zŠ.

Hence, if
¦26¸z

:

!

and
¦¨�‚zÈQjqâð

ß

, thenequation(6.1) is nonoscillatoryand (2.3)
holds, so only Theorem 6.7 can be applied. We may obtain the sameconclusionfor the
correspondingoscillatorycounterpartsprovided •

���	�[�

Þ

�8�˜��fRq¥�

Ÿ

and
¦×f�z

:

qâð

ß

with
z

:

!

.
REMARK 7.4. (Case $

�

& ) (i) In this case, with theassumptionthat the expression
�����	�

•

4

���	�

is differentiable, condition(iii) of Theorem6.11is equivalentto

Þ

•

���	��� �����	�

•

4
���	�	�

4
fñ�����	���

•

4
���	�=��kJ6ž!�#

while condition(iii) of Corollary 6.12takestheform

•

���	�Á���™���	�

•

4
���	�=�

4
f

Þ

�����	���

•

4
���	�=��kJ6ž!�.

Thisshowsthat Corollary 6.12is a consequenceof Theorem6.11in this case. This remark
holdsalsofor theoscillatorycounterpartsif $

�

& , see[26].
(ii) Theorem6.9 (and Corollary 6.12) do not require •

���	�

to be nondecreasing(resp.
nonincreasing)on $

�

& . Indeed,with •

���	�¶�åqIf˜qGðâ�

and
�����	�”� ���›f"qG�

k

we havean
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exampleof an increasing•

���	�

, where Corollary 6.12canbeapplied. This,however, hasno
“discrete” counterpartsinceconditions(ii) fromCorollary 6.12and(v) fromTheorem6.11
fail to hold when $

�2¹

. Notethat in Theorem6.7 (andCorollary 6.8) thefunction •

���	�

is
requiredto benonincreasing(resp.nondecreasing)onanytimescale.

REMARK 7.5. (Repeatedapplication)
(i) A repeatedapplicationof Theorem6.9(resp.Corollary 6.12) givesthefollowingmore

general result: Let equation(6.1) beoscillatory(resp.nonoscillatory),andlet thefunctions
•

o

���	��#

•

k

���	�]#E.Á.E.Á#

•

l

���	�

satisfytheassumptionsof Theorem6.9 (resp.of Corollary 6.12) and
let •

���	�[�87

l9

Ç�o

•

9

���	�

. Thenequation(6.2) is oscillatory (resp.nonscillatory). It is easyto
seethat this resultis indeedmore general; e.g., let $

�˜¹

, •

o

���	�7�

•

k

���	�7�˜�LÐ

o

and
�™���	�7�

q

. The functions •

o

���	��#

•

k

���	�

satisfyall the assumptionsof Corollary 6.12, but condition
(iii) fails to hold for •

���	�h� �LÐ

k

. Therefore, an iteration (repeatedapplication) givesa
betterresult.Notethat the(weaker) assumption(iii) of Theorem6.11is satis�eddirectlyfor

•

���	�[�2�LÐ

k

, however, but to apply this theoremdirectly, oneneedsan additional restriction
on

�����	�

.
(ii) Theorem6.11can also be appliedrepeatedlyfor monotonicfunctions •

���	�

but we
mustshowthat

œ

@B•

(=)�*

Ÿ� 

—

�

���	�+ˆ

Ÿ

´

���ƒFG�=“¶F

:

f[,

implies
œ

@B•

(=)�*

Ÿ� 

—

�

���	�+ˆ

Ÿ

´

•

�
���	�	���ƒFG�	“„F

:

f[,/.

By the time scaleversion of the secondmeanvaluetheoremof integral calculus,see[ 30],
thereexists |

�

|

���	�›H

$ such that

œ

@B•

(=)�*

Ÿ� 

—

�

���	�+ˆ

Ÿ

´

•

�
���	�	���ƒFG�	“„F

6

œ

@T•

(	)�*

Ÿ� 

—

�

���	�

ç

•

�

÷

��ˆ

¡

¼

Ÿ�½

´

���ƒFG�=“¶F7�

•

���	�+ˆ

Ÿ

¡

¼

Ÿ�½

���ƒFG�	“„F

è

.

Theexpressionon the right-handsideis greater than
f[,

since •

���	�

is boundedand both
integralsare of thesametypeasthat in theassumptions.

Additional commentsmay be madeto extend the resultsto dynamicequationsof the
form :

•

���	�ã�™���	��õ•�I���	�<;

�

�

•

���	�������	��õ•�5���	�…�/!�#

(7.2)

:

•

���	�������	�

Ú

�
���	�

;

�

�

•

�
���	�������	�

Ú

�
���	�…�/!�#

(7.3)

:

�����	�

Ú

�
���	��;

�

�

•

�
���	�������	�

Ú

�
���	�…�/!�.

(7.4)

We leave this to theinterestedreader.

8. Euler–Cauchy Dynamic Equation. In this sectionwe areconcernedwith the so-
calledEuler–Cauchydynamicequation

?

���	����

�g�

�

•

��

�

��•L
Å�v!�#

(8.1)

on a time scale $ (see[23] for theseresults),wherewe assume
�

‰

�Y@TA�C

$

:

!

. We will
assumethroughouttheregressivity condition

?

���	���gf

•

�

e

���	�Š�S•

e

kM���	�[; �"!

(8.2)
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for
�›H

$

ù�.

Theequation

z k �

•

z”�S•y�v!

(8.3)

is calledthecharacteristicequationof theEuler–Cauchydynamicequation(8.1) andtheroots
of (8.3) arecalledthecharacteristicrootsof (8.1).

We have then
THEOREM 8.1. Assume
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k are solutionsof thechacteristicequation(8.3). If
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is a general solutionof (8.1).
Next we would like to show that if our characteristicrootsarecomplex, thenthereis a

niceform for all real-valuedsolutionsof theEuler–Cauchydynamicequationin termsof the
generalizedexponentialandtrigonometricfunctions. Even in the differenceequationscase
thecomplex rootsarenotconsidered(seeKelley andPeterson[27]).

THEOREM 8.2. Assumethat thecharacteristicrootsof (8.1) arecomplex, that is
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is a general solutionof theEuler–Cauchydynamicequation(8.1).
In the remainderof this sectionwe will beconcernedwith theoscillationof theEuler–

Cauchydynamicequation(8.1). Weassumethroughoutthissectionthat $ is now unbounded
above. We now show if the characteristicrootsof (8.1) arecomplex how a generalsolu-
tion canbewritten in termsof theclassicalexponentialfunctionandclassicaltrigonometric
functions.

LEMMA 8.3. If thecharacteristicrootsarecomplex, that is
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is a general solutionof theEuler–Cauchydynamicequation(8.1). If, in addition,everypoint
in $ is isolated,thenfor
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DEFINITION 8.4. If thecharacteristicrootsof (8.1) arecomplex, thenwesaytheEuler–
Cauchydynamicequation(8.1) is oscillatoryiff

é

���	�

is unbounded.
As a well-known examplenotethatif $ is therealinterval {

qr#L,S�

andtheEuler–Cauchy
equationhascomplex roots,thentheEuler–Cauchyequationis oscillatory. This followsfrom
whatwe saidherebecausein thiscaseby (1.1)
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which is unbounded. If $
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unboundedandhencetheEuler–Cauchydynamicequationon $
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is oscillatorywhen
thecharacteristucrootsarecomplex. If $
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which can be shown to be unboundedand hencethe Euler–Cauchydynamicequationon
$

�æÄ

is oscillatorywhenthe characteristucrootsarecomplex. Theselast two examples
wereshown in BohnerandSaker [6], Erbe,Peterson,andSaker [19], andErbeandPeterson
[14], but hereweestablishedtheseresultsdirectly.

THEOREM 8.5 (ComparisonTheorem). Let $
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are strictly increasingsequencesof positivenumbers with limit
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. If
theEuler–Cauchy equation(8.1) on $

o is oscillatoryand
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,
thentheEuler–Cauchyequation(8.1) on $

k is oscillatory.
THEOREM 8.6. Assumeevery point in the time scale $ is isolatedand
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existsasa �nite number, thentheEuler–Cauchyequationin thecomplex characteristicroots
caseis oscillatoryon $ .

Theorem8.6 doesnot cover thecasewhen $ is a time scalewhere
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THEOREM 8.7. Let
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andlet $8Õ
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In the
complex characteristicrootscase, theEuler–Cauchydynamicequation(8.1) is oscillatoryon

$
Õ .

Onemight think thatonecouldusetheargumentin the proof of Theorem8.7 to show
that if thereis an increasingunboundedsequenceof points

D¥�

Ê

K

in $ with e

���

Ê

���

o

Ÿ

_ ` , then

theEuler–Cauchyequation(8.1) is oscillatoryon $ in thecomplex characteristicrootscase.
Thefollowing exampleshowsthatthesametypeof argumentdoesnotwork.

EXAMPLE 8.8. Assumethat the Euler–Cauchy dynamicequation(8.1) has complex
characteristicroots ÒPA
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then(8.1) is oscillatory.
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