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ON DIFFERENCE SCHEMES FOR QUASILINEAR EVOLUTION PROBLEMS

RITA MEYER-SRASCHE

Abstract. Wereview severalmethoddeadingto variable-coetient schemesnd/orto exactdifferenceschemes
for ordinary differential equations(error elimination; functional tting; Principle of Coherence).Necessaryand
sufent conditionsaregivenfor -independencef tted RK coefcients. Conditionsfor -independencareinves-
tigated, thetime-step.Thetheoryis illustratedby examples.In particular examplesaregivenfor non-unigueness
of exactschemesndfor ef cient differencescheme$®asedon exactschemesandwell suitedfor highly oscillatory
ordinarydifferentialsystemsor for parabolicequationswith blow-up solutions.
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1. Intr oduction. Time discretizationfor the numericalsolution of initial value prob-
lems meansthat we approximatea continuousdynamicalsystemby a family of discrete
dynamicalsystems. We introducethe additional parameter and require -
corvergencefor , . If the dynamicsof the discreteand continuoussystemsare
very differentfor larger , thenthe step-size mustbe smallfor satistctoryresults. If the
dynamicsof the systemsaarevery similar, may be larger, computationsaremoreef cient.
In theideal case the step-sizeof the computationss determinedy the solutionto be com-
puted: by its structureand by the accurag required. In mary applications for instancein
equilibriumcomputationgndturbulencecomputationsn plasmaphysics thebound<sor the
step-sizéhave to be determinedy propertieof the numericalmethodinstead.

Let uslook atavery simple example:

1.1)
with solution

(1.2)

This solution ceasego exist whenthe denominatowvanishesj.e. at its blow-up time
. We take andcomputediscretesolutions
If we discretizeeq. (1.1) with the explicit forward Eulerschemeyve obtain

or

andtheiteratesexist for all times,independentf thevalueof . Moreover, the step-size
mustbe smallenoughto prohibitinstability of thescheme.
If we discretizeeq. (1.1) with theimplicit backward Eulerschemeyve obtain

or —
A choicein favor of the value hasto be madein eachtime step: this ensureghatwe
getconvergenceto a continuousfunctionin the limit , andit enforcesuniquenessf
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the solution. It doesnot prohibit thoughthatthe iterateson the two branchesneetandturn
complec at atime . Realiteratesthus ceaseto exist, but the non-eistence
happensn a way which is differentfrom blow-up. Moreover, implicit differenceschemes
have a tendeng to turn superstableand thusto producequalitatvely wrong solutionsfor
step-sizes whicharenotsmallenough.

If we discretizeeq. (1.1) with the "'nonstandardcheme'

(1.3) _ or

we nd thatthis schemeis exact, i.e. for ary step-size it reproduceshe solution (1.2
without discretizatiorerror, aslong as .

Givenary individual differentialequationhow to nd anoptimal scheméor it? How
shouldnonlineartermsin differentialequationde discretizedAttemptsaremadefor devel-
opingatheoryof nonstandardchemesoptimalfor individual differentialequations{ 16]. In
thecaseof eq.(1.1) and , however, we noticethat

andthisis alinearly implicit standad schemea so-calledrosenbrock-\@hnerschemeLin-
earlyimplicit schemesvereintroducedby Rosenbrockn 1963. Todaythey arestandardn
the numericaltreatmenbf stiff differentialequationsandof differential-algebraiequations
[7]. Also other’nonstandardschemegoundin theliteratureturnedoutto be standard 15].

In the following we shall have a "nonstandardview on standardschemes.We shall
discusson which functionsgiven, well-known schemesreexact (on which , onwhich

?) andwe shall discussseveral methodsfor nding schemeavhich are exacton given

-dimensionafunction spaces.Dependingon the chosenfunction spacethe scheme$ave

constantoefcients, or coefcients dependingntime and/ortime-step . Necessanand
sufcient conditionsfor -independencaregiven, -independences discussed.

Thesednvestigationsnostlyleadto resultsfor simplequasilineaequationsExactschemes
for simpleequationshave beenusedsuccessfullyfor designingef cient schemeselevantto
applications. As examples,Denk-Bulirschschemesand LeRoux schemesre discussedn
this text. Kojouharaw-Chenschemedor adwection-difusion-cowection equationg 8] and
structure-preservingchemegor canonicalindnon-canonicaHamiltoniansystemg 4] must
atleastbe mentionedThisis anupdatedenlagedversionof [13].

2. Exact schemes.We startby consideringnon-autonomousystems
(2.1)

with smoothfunctions We assume
andconsidemne-steschemes

2.2)

for the numericalsolution of system(2.1) on the interval . Here is thetime

step, is anapproximationto the exactsolution attime

and denoteghe evolution mapgivenby the numericalscheme.Note thatfor implicit

methodstheevolution map requiresa non-linearsolwe. In this text we assumehatthe

explicit form (2.2) canalwaysbe obtaineduniquelyin exactarithmeticandwe neglectthe

presencef roundingerrors. We alsoallow numericalmethodsfor which the evolution map
involvesderivativesof  with respecto
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We de ne thetruncationerror of schemg?2.2) by

Schemg2.2) is
* oforder oneq.(2.1),if isthelargestintegersuchthat

for all smooth andarbitrary ;

* exacton the solution of eq.(2.1) for given , if vanishedor arbitrary
step-size , smallenough;
* exactoneq.(2.1) for given , if vanishedor arbitraryinitial value

andarbitrarystep-size

2.1. Err or expansiondor constant-coef cientschemes.We now con ne to autonomous
scalarinitial valueproblems

(2.3)

For theanalysiswe expand in aTaylorseriesn ,

(2.4)

Schemg(2.2) is of order oneq.(2.3), if for all , arbitrary  andall

smoothfunctions . Schemg?2.2) is exacton eq.(2.3) for a givenfunction , if
for arbitrary andfor all
LEMMA 2.1. Thetrapezoidakule

(2.5)

is exacton equation(2.3) for thosefunctions satisfying

(2.6)

i.e. for T, constant, . It followsthat it is exactfor
solutions satisfying span

The proof was alreadygivenin [14] and[4]. We thus only sketchit here. For the
truncationerrorwe obtainthe expansion(2.4) with

2.7)

For generakmooth wethusobtain and

The methodis secondorderin general. For those which satisfy eq. (2.6), we obtain
, andmoreaover for all . Thusthetrapezoidalule is exactfor those
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satisfyingeq.(2.6). We thengetby integration , constants.
Specialsolutionsof eq.(2.3) with this are and

More generalwe obtainfrom the differentialequatiorthat

Thusthe solutionspaces span
In asimilar way thefollowing lemmawasprovedaswell:
LEMMA 2.2. Theimplicit midpointrule

is exacton equation(2.3) for thosefunctions satisfying
(2.8)
i.e. for , constants, for all . Solutions

of eq. (2.3) thensatisfy
for

or

(2.9) for

Notethatthis time the solutionsform a nonlinearmanifold,not a linearspacdik e in the
previouscase.ln particulay " doesnot belongto the solutionmanifold for
In generalthe solutionsof eq. (2.3 shouldnot be expectedto form a linear spacefor
nonlinear . If solves , then , , Solves
. That'sall we cansayfor general .
Also, uniquenessf exactschemeshouldnot be expected:alreadyin [4] it wasshavn
thatboththe second-ordetaylor method

(2.10) -

andthetrapezoidatule (2.5) areexacton the samesetof differentialequationg2.3), i.e.on
thosewith ar.h.s.-function satisfying(2.6). They areclearly differentdifferenceschemes,
oneexplicit, oneimplicit, andalsotheir error expansionsare different: expansion(2.4) for
schemg?2.10 hasthecoefcients

Soall , aredifferentfrom thosein (2.7), but vanishfor thesame s.

Thisnon-uniquenesshouldnotsurprisedifferenceschemegreequationgo besatis ed
by theapproximatesolutionsof thedifferentialequationsinderconsiderationSothereis not
the exactdifferenceschemetheremight be mary of them, differing by termswhich vanish
for thosedifferentialequationson which they areexact. Whatwe have to require,of course,
is theuniquesolvability of thedifferenceschemdor giveninitial valueandsufciently small
step-size .

Thetrapezoidakule andtheimplicit midpointrule both are Runge-Kuttamethods.We
thuslook at exactschemesvithin the framevork of RK methodsnow.
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2.2. Constantcoef cient RK methodsasexactschemes.In this subsectionve collect
somefactson RK methodgo beusedateron.We considetherenon-autonomoudifferential

equationg2.1) again,andwe will alwaysassume for thediscreteiteration.

2.2.1. Constant coef cient RK methods. Let berealnumbers
andlet
(2.11)

Themethodde ned by

is calledan -stage Runge-Kuttascheme(RK scheme) An alternative de nition is

(2.12)

(2.13)

The connectiorbetweerbothis givenby

Thereis a certainredundang: formally differentschemesande ne the samenumerical
integrationmethod evenwhenthey have differentstagenumbers and . In thefollowing
we consideRunge-Kutta methodsassuminghattheresultingnumericalintegrationmethod
is atleastof rst order andthatthe schemeepresentingt hasminimal stagenumber and
satis es for

2.2.2. Collocation methods. Remembethefollowing facts[ 3, p.58],[6, p.211f]:
* |If anRK methodsatis esthesimplifying conditions

(2.14)

andis usedfor integrating

(2.15)
ontheinterval ,theneq.(2.13 is anintegrationmethodof order . Equation(2.13
is thenexacton span . Trivial consequenceall consistenRK schemes

areexacton
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* |If anRK methodsatis esthe simplifying conditions

(2.16) -

thenthe stageequationg(2.12 de ne integrationmethodsof order for eq.(2.15 onthe

intervals . Thusthey areexacttherefor span . Notethatthe

validity of is ensureddy eq.(2.11).

* |f ans-stageRK methodsatis es and , it is calleda collocationmethod(after

Burragel978).

* Apply acollocationmethod(2.12), (2.13 to thedifferentialequation(2.1). Thecollocation

polynomial i.e. the polynomial interpolatingthe numericalsolutionof (2.12), (2.13 in

thepoints and thenhasdegree . Its derivative hasdegree
andis integratedexactly by thestageequationg2.12 ontheintervals . Wethus

obtain

Put , where and is the solutionof eq.(2.1) to beapproximated.

Thenthecollocationpolynomialsatis eseq.(2.1) attheinternalabscissas

* Givenapositiveinteger andnumbers ,
for . Thecollocationmethodsatisfying

is equivalentto the s-stageRK method(2.12), (2.13 with coefcients
(2.17)

wherethe aretheLagrangepolynomials

Notethat for is essentiahere.
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2.2.3. RK methodsasexactschemes.Thetrapezoidafule canbewritten asa Runge-
Kuttamethod,

It is asecond-orde2-stagamethodandit satis esthe simplifying conditions and
for , but notfor . It thusis a collocationmethodandintegrateseq.(2.15 exactly
for span . As we have seenearlier it is alsoexacton autonomougqgs.(2.3) if
satis eseq. (2.6), whichimpliesthat span

Theimplicit midpointrule canalsobewritten asa Runge-Kuttamethod,

It is asecond-ordet -stagamethodsatisfying and . It thusis a collocationmethod
andintegrateseq.(2.15 exactly for span . As we have seerearlier it is alsoexact
onautonomougqs.(2.3) if satis eseq.(2.9).

The questionthus arisesif every RK methodis exact on somenontrivial differential
equation. As the following example shows, the answeris no. Considerthe -dependent
family of second-orde2-stageschemegor autonomous,

(2.18)
For this is the trapezoidakule. For the countergamplewe choose . For
we obtain and

Hencetheschemaes secondrderin general. vanishesf either or . This
means for arbitraryconstants and . Thusfor thedifferentialequation
(2.19)

theschemas atleastthird order With we nd

Hence doesnotvanishwhen does.Thusthe2ndorderschemg?2.18) with is

only third orderfor eq.(2.19 andnotanexactscheme.

ThussomeRK schemesreexactfor largerclasse®f autonomouslifferentialequations,
othersonly for thetrivial casewhere is constantThevanishingof the rst non-zeraermin
the errorexpansionby particularchoiceof ther.h.s.function doesnotguarante@xactness
asonemight have hopedfor from the analysisof the classicalschemest the beginning of
this section.

We now turn to differentapproachesvhich do allow to nd exactschemedor equation
(2.19 andfor linearsystemf type (2.19. It turnsout, however, thatthe coefcients of the
schemesnustbe allowedto dependon the step-size Examplesaregivenin eqs.(2.26) and

(3.2).
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2.3. Functional tting: variable-coef cient RK schemes.In recentyearsmuchre-
searchhasbeenperformedfor nding ef cient humericalmethoddor system(2.1) with os-
cillatory solutions.If agoodestimateof thefrequeng is known in advance gxactintegration
of thelinear partof system(2.1) leadsto very usefulintegration methodswhich are called
“exponentially- tted' integrationmethods.For alist of referencesve referto [17] and[1§]
andthereferencesherein.Herewe take a closerlook attwo differentmethodsn this family:
the applicationof the Principleof Coherencéoy Denk[1, 2] andthe “functional- tting RK
methods'asintroducedby Ozawa[17].

2.3.1. Invariant spaces.Functional tting methodsapproactexactnesgrom the solu-
tion side. They do not look at ther.h.s.function to nd conditionsunderwhich a given
schemebecomesexact, but they constructschemesvhich allow givenfunctions to be
representedxactly. To formulatethe following existencetheoremwithout inconvenientre-
strictions,we considemon-autonomousystemg2.1) againandallow variablecoefcients
in the RK schemesi,.e. we considerschemesvhosecoefcients dependon theinde-
pendentariable andonthestep-size . Ozava[17] provedthefollowing resultswhichwe
repeaterein theformulationof [4]:

LEMMA 2.3. Let begiven, for . Let
belinearly independentunctions,sufciently smoothsud that ead of themsatis es

(2.20)
andsupposehat they solvein a homaeneoudinear differential equation
(2.21) with
with continuouscoefcients . Thenthelinear system
(2.22)
is uniquelysolvablefor and , with and for  small
enough.
Note that the assumption®n the functions excludethe constant
from the set . Neverthelessthe constanfunction will be containedin ary linear
spacespannedy functionssatisfyingsystem(2.22): it satis essystem(2.22) for ary setof
coefcients and andthusfor ary setof functions .
Theideaof the proof givenby Ozawa is thefollowing: For x ed and , system(2.22
is acollectionof linearsystemf order with matrix
(2.23)

inhomogeneities

and

and unknowns . Thesesystemsareuniquelysolhableif the matrix
is nonsingularTo provethat is nonsingulafor all andsmallenough



ETNA

Kent State University
etna@mcs.kent.edu

86 RITA MEYER-SRASCHE

, conditions(2.20 and(2.21) areused.Condition(2.21) ensureshatthe Wronskianmatrix
of thelinearly independentunctions is nonsingulaf6, p. 64ff].

Now we considerthe performancef a schemeobtainedvia Lemma2.3. Assumethata
function span satis esthe non-autonomousystem(2.1). Thenwe
expectthatthe RK schemewith coefcients attainedaccordingto Lemma2.3 will be exact
on . We getmore: from this exactnes®n the linearspace it follows thatthe scheme
hasorder :

LEMMA 2.4. Letthe coefcients of thevariable-coeftient s-staye RK scheme

be obtainedaccoding to LemmaZ2.3. Thenthe order of the schemeis at least . If the

abscissae , are takento satisfy
(2.24)
thentheorder of accuracyis . Themaximumattainableorderis

The proof of thesestatementsisesresultson RK collocationmethodswith constant
coefcients andcanbe foundin Ozava[17]. It is shovn therethatthe rst terms and

in the power expansionof and with respecto  satisfythe simplifying

conditions and anddependonly on , but not on the generatingunctions

. They thusagreewith the coefcients of the correspondingollocationschemelf
theabscissae satisfythe additionalcondition(2.24), boththe RK collocationschemeand
theschemeobtainedaccordingo (2.22 have order

The s-stageRK schemeobtainedwith the linearly mdependenfunctlons is
exact on the solution wheneer span . If all solutionsof
(2.1) happeno belongto  in thefull time interval , the schemads exacton (2.1), no
matterhow nonlinear is, becausave can rst constructhelinearcombinationof the basis
functionsandafterwardswereplace by . It isthusof interestto usefunctional tting
RK-schemesvheneerthereis someknowledgeaboutthe solutionin advance.lf thescheme
is not exact, the remainingpart of the solutionis capturedby the order of the RK-scheme;
andthe constantsn the error expansionwill be small aslong asthe schemeis in a small
neighborhooaf anexactscheme.

Givenans-stageRK schemawhichis exacton span , it isamember
of a family of noncon uentschemeswvhich dependon parameters . All these
schemeare exact on the samefunctionspace . Thoughall theseschemesreequivalent
whentheschemas usedasanexactschemethey differ in theirnumericalperformancevhen
theschemaes usedon aproblemwhereit is notexact. Thisfollowsfrom thesecondtatement
in Lemmaz2.4.

2.3.2. Examplesfor scheme®btained with Lemma 2.3. Whenwe applyLemma?2.3,
the resultingschememight have constantor variablecoefcients, dependingon the gener
ating functions. This is illustrated by the following examples. RK schemeswith variable
coefcients are nonstandard.Time-dependentoefcients are very unusualand would be
incorvenientin computationsin 2.3.3we will shav how to avoid them. Coefcients de-
pendingon the step-size arenot quite thatunusual:suchcoefcients arealwaysobtained
in thecontext of exponential tting [18] andof evaluatingthe Principleof Coherencg?2] and
seemto be unavoidablein certainsituations.
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For constant-coetient schemegor non-autonomoudifferentialequationsit is a con-
ventionto satisfyeq.(2.11) whendesigningnew schemesBecauseondition(2.11) implies

that for [3, p. 56]. In thecaseof Lemma2.3, condition(2.11)
is satis edif is oneof thegeneratingunctions.
Example 1 (constantoefcients): We chose , , anduse

asparametersSolvingsystem(2.22) we nd thecoefcients

(2.25)

For varying with this is a 2—parametefamily of RK schemes.For

we obtainthe coefcients of the trapezoidalrule, as expected. We obtainthe
trapezoidatule alsofor . Thoughall theseschemegreequialentwhenexact,
they differ in their orderandnumericalperformancevhennot exact.

Theseschemesre equivalentto the collocationschemebtainedfor via eq.
(2.17. Thiswasto be expectedbecausef the remarkon . Moreover, if is
the collocationpolynomialintroducedearlier we nd span . We seethatthe
coefcients areunde nedin the degeneratease , i.e.whenthecollocationapproach
of 2.2.2isnotapplicable.

Example 2 ( -dependentoefcients): With , and ,

, , we obtainthe coefcients

(2.26)

Thesecoefcients have an apparensingularityin the limit . Thelimiting valuesof

and computedoy L'Hopital'srule all areequalto . Thiswas

to beexpectedhecaus¢heschemdecomesherelatedcollocationschemedor . Ozava
thusrecommend$o use -expandecdcoefcients in practicalcomputations.

Example 3 ( and dependentoefcients): With , parameters and

, , we obtainwith , ,

(2.27)

This exampleshaws that quite simple functions canleadto complicatedcoefcients
whichdependn and .

2.3.3. Conditions for obtaining constantcoef cients. We now askfor generalcondi-
tionssuchthatthe coefcients areconstantj.e.independentf time and/orstep-size .

THEOREM 2.5. Letthe assumption®f Lemma?2.3 be satis ed. Thenthe coefcients
computedaccodingto Lemma2.3 are independenof iff thelinear space

span
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is closedwith respecto differentiation.
Proof. 1. necessaryTime-independentoefcients satisfy

(2.28) — —

forall . Computingthetime derivative of every equatiorof system(2.22) andusingrelations
(2.28 we obtain

(2.29)

Formally, thisis the sameassystem(2.22), with replacedy . Time-independent
coefcients have to satisfyboththis systemandsystem(2.22). Sincesystem(2.22) already
determineghe coefcients uniquely, this is possibleonly if system(2.29 doesnotaddnewn
conditionsbut consistof linearcombination®f equationsontainedn system(2.22), possi-
bly addingthetrivial equationfor the constant.This meanghatspan is asubset
of span . Thusthelinearspace is closedwith respecto differentiation.

2. sufcient: If thelinearspace is closedwith respecto differentiation therearecoef-
cients suchthat . Insertingthisinto
thetime derivative of every equationof system(2.22 andusingthefactthatthefunctions
solve system(2.22), we obtain

Thisis equivalentto the linearsystems
where is the Wronskianmatrix of the generatingunctionsintroducedin eq. (2.23.
Nonsingularityof this matrix was essentiafor the proof of LemmaZ2.3. Fromthis follows
that . 0
Examples: Eachof the spacespan span andspan is closed
with respectto differentiation. The linear spacesspan , and
span are also closedwith respectto differentiation. This agreeswlth the tlme-
independencef thecoefcients givenin (2.25 and(2.26).

Thereis no nite-dimensionallinear spacecontainingspan , , and

closedwith respectto differentiation. This is in agreementwith the time-dependencef
coefcients (2.27).
Thereis no nite-dimensionallinearspacecontainingspan andclosedwith

respecto differentiation.We thusget(quite complicated)coefcients which dependiothon

and . As we have seerearlier however, thereis a 1-stageconstant-coe€ient RK scheme
exacton , whenappliedto differential equation(2.3) with (2.8): theimplicit
midpointrule (put in eq.(2.9). This examplecon rms thatthe
propertieof thenonlinearities play animportantrole for theresultsof 2.1
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If we procedeanalogouslyfor nding generalconditionson generatingunctionsthat
allow -independentoefcients, we nd thatthe generatingunctionshave to satisfyboth
system(2.22 and

(2.30)

From 2.2.2weknow thatthecollocationschemesnustsatisfythesewo systemsWhenwe
checkhowthey doso,we nd thattheequationdor  in system(2.30), , are
equialentto the th level of the simplifying conditions and introducedin egs.
(2.14 and(2.16.

2.4. The Principle of Coherence. Exactschemedor lineardifferentialequationswith
constantoefcients andfor system®f suchequationsverederivedby mary authorssome-
times by usingthe known continuoussolution. A straight-forward procedurefor deriving
equationgo be satis ed by the coefcients of exactschemess the Principle of Coherence
introducedby Herschin 1958.

Thebasicideaof the Principleof Coherencevasformulatedoy Hersch 5] asSuccessive
approximationsshouldnot contradict each other. We explain this by the following example:
consider

(2.31)
Usingcentral nite differencesat with step-size we obtain
(2.32)

We write instead

(2.33)

wherethe coefcient is to bedeterminedWith step-size we obtainsimilarly

(2.34)

By linear combinationof threedifferenceequationsof type (2.33 centeredat , and

we obtainon the otherhand

(2.35)

For acoherennumericalapproximatiorof eq.(2.31), egs.(2.34 and(2.35 shouldcoincide.
Thismeans . Thisis satis edfor , . Moreover, the
resultingdifferenceschemehasto be consistentvith eq.(2.31), i.e. the rst-order truncation
errorhasto vanishfor . Thuswe obtain . Thecoherenschemehereforeis
(2.36)

Comparisorshows thatschemg2.36) is exacton eq. (2.31), while the second-ordecentral
differenceformula (2.32 usesthe rst two termsof the Taylor expansionof . Were-
quiredcoherenceisingthreegrid points,andwe obtainedexactnessFor equation®f higher
orderor larger systemsthe derivation of exact schemedy the Principle of Coherencecan
becomequite ervolved. Denk employed the calculusof distributionsandobtainedschemes
thatarevery usefulin applicationd 1].
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3. Applications. We concludeby shawving thatexactschemesireof practicalrelevance
in scienti ¢ computing. We give two exampleswhereexact schemedor simplerequations
ledto ef cient schemegor morecomplicatecequations.

3.1. Denk-Bulirsch schemes.Denkusedthe Principleof Coherencexplainedin 2.4
for designinga numericalintegrationmethodwhich is capableof simulatinghighly oscilla-
tory circuitsef ciently andreliably. Hetreatedrst ordersystems

(3.1)

wherethe matrix  representshe linear elementsof the circuit and assembleshe

nonlinearterms. Applying the Principle of Coherencawith the step-sizes and to
leadsto

(3.2)

andthusto , asexpected For approximatiorof eq.(3.1), Denkcombined

this with a multistepapproachexplicit or implicit). Explicit:

where arematrix coefcients of the multistepschemeln thecase thisleadsto

Notethatthe coefcients have anapparensingularityfor , Similar to the coef-
cientsgivenin (2.26). Thisseemdo beunavoidable.

Theresultingschemas consistenof order -stableandcorvergent.Itis -stable
withoutorderrestrictions.Thisis no contradictiorto Dahlquistsorderbarriersbecaus¢hose
barrierswere shavn to hold for constant-coetient schemes.Testswith a systemof ve
equationsin a time interval correspondingo about250 000 oscillationsshaved that the
schemds moreef cient and morereliablethanthe standardcodeLSODE for this type of
problems[2]. The codeHERSCHdevelopedusingtheseideasfor equationsmore general
thaneq. (3.1) wastestedin numericalexperimentson equationsmodelingelectriccircuits.
It provedto be more ef cient thanthe codesLSODE, DOPRI5 and RADAUS on highly
oscillatoryproblemd 1].

3.2. LeRoux schemes.Considetthe parabolicproblem

for
(3.3) for
for
where is asmoothboundeddomain, realand aninteger. Let bethe

principal eigenpairof
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satisfying in and Let beareal smoothfunction satisfying
in . Then , is a steady-statsolutionof (3.3) for A
steady-statsolutionfor all is . Thetime-dependerdolutionsof (3.3) for given

initial function wereinvestigatedy Sacksandothers,andtheresultsare[ 10
@ If and , problem(3.3) hasa solutionexisting for

all timesanddecayingo zerofor

(i) If and , problem(3.3) hasa solutionexisting for all
timesandtendingto for . Thefactor depend®n theinitial function
(i) If thereexists suchthat problem(3.3) hasfor given  aunique
weaksolution on with . Suchsolutionsare called

blow-upsolutions Theonly nonneative solutionof problem(3.3) which existsfor all times
is

To constructa numericalschemavhosesolutionhassimilar propertiesasthe solutionof
thecontinuougproblem,Le Roux[10] usedthe exactschemg1.3) for

to derive the approximatesemi-discretesscheme

(3.4) —_—

foreq.(3.3). Here isthetimestepand approximates at . Note
thatsolving eq. (3.4) for with given  meanssolving a quasilinearelliptic boundary
valueproblemwith , andthis hasto bedoneat eachtime step.With

and whereall elementssatisfythe given boundarycondition,

(3.4) becomes

(3.5) -

whichis astandardjuasilineaelliptic problemfor . Le Roux[10] provedexistenceand
uniguenessf the solutionof schemg(3.5) for

andformulatedconditionson  underwhichtheiterative scheme

- given
convergesfor (monotonic)to . Sheprovedstability andconvergenceof thetime
discretizatiorfor awide classof initial conditions,gavefor x ed theestimates
if
3.6 ;
(36) if

where is aconstant, , andshowved:
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@i If , thenthereexistsaconstant dependingnly on such
thatthenumericalsolution  existsfor all for everytime step . Fromthe
estimatg3.6) it thenfollowsthat if , asdesired We alsoseethatthenorm
of theinitial function  speci esthenumericalvalueof inthecase

@iy If thenthereexists  dependingonthetimestep andon  suchthat
the numericalsolution  existsfor andbecomesn nite at . Thefollowing

estimatds valid:

andthis estimatehasalsobeenobtainedfor the exactsolution.

Thuswe seethat, for sufciently small , schemg3.5) producegjualitatively
correctnumericalsolutionswhich satisfythe estimates«nown for the exactsolutions.

In further work this schemeandits mathematicahnalysiswere extendedto the more
generakase

for
for
for
where is a smoothboundeddomain, is a parametedescribingdiffusion,
for fastdiffusion and for slow diffusion, real and . This

mathematicalvork is reviewedin [9].

Theusefulnes®f schemg3.5) for ComputationaPlasmaPhysicss reported.In inves-
tigationsof fusion plasmasgiffusionequationswith slow diffusion (e.g. ) areusedfor
the densityof particles,andequationswith fastdiffusion (e.g. ) for their temper
ature. In referencd 11] a coupledsystemfor densityandtemperaturef ionsis solved for
variousparametewvalueswhile in referencd 12] thetwo equationsaresolved separatelyor
variouscasegdecayof thesolution,evolution to aconstanpro le, blow-up case).
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