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ON DIFFERENCE SCHEMES FOR QUASILINEAR EVOLUTION PROBLEMS
�

RITA MEYER-SPASCHE
�

Abstract. Wereview severalmethodsleadingto variable-coef�cient schemesand/orto exactdifferenceschemes
for ordinarydifferential equations(error elimination; functional �tting; Principleof Coherence).Necessaryand
suf�ent conditionsaregivenfor � -independenceof �tted RK coef�cients. Conditionsfor � -independenceareinves-
tigated,� thetime-step.Thetheoryis illustratedby examples.In particular, examplesaregiven for non-uniqueness
of exactschemesandfor ef�cient differenceschemesbasedon exactschemesandwell suitedfor highly oscillatory
ordinarydifferentialsystemsor for parabolicequationswith blow-up solutions.

Key words. differenceschemes,time stepping,nonstandardschemes,exactschemes,exponential�tting, func-
tional �tting, Runge-Kutta,collocationmethods,review
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1. Intr oduction. Time discretizationfor the numericalsolutionof initial valueprob-
lems meansthat we approximatea continuousdynamicalsystemby a family of discrete
dynamicalsystems. We introducethe additionalparameter
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and require ��
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-
convergencefor


����

, ����� . If thedynamicsof thediscreteandcontinuoussystemsare
very differentfor larger




, thenthestep-size



mustbesmall for satisfactoryresults. If the
dynamicsof thesystemsarevery similar,




maybe larger, computationsaremoreef�cient.
In theidealcase,thestep-sizeof thecomputationsis determinedby thesolutionto becom-
puted: by its structureandby the accuracy required. In many applications,for instancein
equilibriumcomputationsandturbulencecomputationsin plasmaphysics,theboundsfor the
step-sizehave to bedeterminedby propertiesof thenumericalmethodinstead.

Let uslook at a verysimple example:
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with solution
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This solutionceasesto exist whenthe denominatorvanishes,i.e. at its blow-up time ,
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$ andcomputediscretesolutions1
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.
If we discretizeeq. (1.1) with theexplicit forwardEulerscheme,we obtain
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andtheiteratesexist for all times,independentof thevalueof
/

$ . Moreover, thestep-size



mustbesmallenoughto prohibit instabilityof thescheme.
If we discretizeeq. (1.1) with theimplicit backwardEulerscheme,weobtain
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A choicein favor of thevalue
/KJ

2<:98

hasto be madein eachtime step: this ensuresthatwe
get convergenceto a continuousfunction in the limit


L�M�

, andit enforcesuniquenessof
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thesolution. It doesnot prohibit thoughthat the iterateson thetwo branchesmeetandturn
complex at a time O,C



5�QP

,R


�?$

�

. Real iteratesthusceaseto exist, but the non-existence
happensin a way which is differentfrom blow-up. Moreover, implicit differenceschemes
have a tendency to turn superstableand thus to producequalitatively wrong solutionsfor
step-sizes




whicharenot smallenough.
If wediscretizeeq. (1.1) with the`nonstandardscheme'
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we �nd that this schemeis exact, i.e. for any step-size



it reproducesthe solution (1.2)
withoutdiscretizationerror, aslongas UWV


QP
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�X$

�Y�
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�?$ .
Givenany individual differentialequation,how to �nd an optimalschemefor it? How

shouldnonlineartermsin differentialequationsbediscretized?Attemptsaremadefor devel-
opingatheoryof nonstandardschemes̀optimalfor individualdifferentialequations'[16]. In
thecaseof eq.(1.1) and Z[
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andthis is a linearly implicit standard scheme,aso-calledRosenbrock-Wannerscheme.Lin-
early implicit schemeswereintroducedby Rosenbrockin 1963. Todaythey arestandardin
thenumericaltreatmentof stiff differentialequationsandof differential-algebraicequations
[7]. Also other`nonstandard'schemesfoundin theliteratureturnedout to bestandard[15].

In the following we shall have a `nonstandard'view on standardschemes.We shall
discusson which functionsgiven,well-known schemesareexact (on which Z[


�

�

, on which
�




�'�

?) andwe shall discussseveralmethodsfor �nding schemeswhich areexact on given
� -dimensionalfunctionspaces.Dependingon thechosenfunctionspace,theschemeshave
constantcoef�cients, or coef�cients dependingon time

�

and/ortime-step



. Necessaryand
suf�cient conditionsfor

�

-independencearegiven,



-independenceis discussed.
Theseinvestigationsmostlyleadto resultsfor simplequasilinearequations.Exactschemes

for simpleequationshave beenusedsuccessfullyfor designingef�cient schemesrelevantto
applications.As examples,Denk-BulirschschemesandLeRouxschemesarediscussedin
this text. Kojouharov-Chenschemesfor advection-diffusion-convection equations[8] and
structure-preservingschemesfor canonicalandnon-canonicalHamiltoniansystems[4] must
at leastbementioned.This is anupdated,enlargedversionof [13].

2. Exact schemes.We startby consideringnon-autonomoussystems
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with smoothfunctions Z
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andconsiderone-stepschemes
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for the numericalsolutionof system(2.1) on the interval g
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,)h . Here
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is the time
step,

/@2

is an approximationto theexactsolution �
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and
k


tZ

�

denotestheevolution mapgivenby thenumericalscheme.Note that for implicit
methods,theevolutionmap

k


tZ

�

requiresa non-linearsolve. In this text we assumethatthe
explicit form (2.2) canalwaysbe obtaineduniquelyin exact arithmeticandwe neglect the
presenceof roundingerrors.We alsoallow numericalmethodsfor which theevolution map

k


tZ

�

involvesderivativesof Z with respectto � .
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We de�ne thetruncationerror ,�
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of scheme(2.2) by
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Scheme(2.2) is
* of order v oneq.(2.1), if v is thelargestintegersuchthat
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2.1. Err or expansionsfor constant-coef�cientschemes.Wenow con�ne toautonomous
scalarinitial valueproblems
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For theanalysiswe expand,R
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Scheme(2.2) is of order v on eq. (2.3), if
Œ
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for all •
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v , arbitrary �
$ andall

smoothfunctions Z . Scheme(2.2) is exacton eq.(2.3) for a givenfunction Z , if
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LEMMA 2.1. Thetrapezoidalrule
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is exactonequation(2.3) for thosefunctionsZ
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The proof was alreadygiven in [14] and [4]. We thus only sketch it here. For the

truncationerrorwe obtaintheexpansion(2.4) with
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For generalsmoothZ wethusobtain
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The methodis secondorder in general. For those Z which satisfy eq. (2.6), we obtain
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for all • . Thusthetrapezoidalrule is exactfor those
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Z satisfyingeq.(2.6). We thengetby integration Z[
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Moregeneralweobtainfrom thedifferentialequationthat
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In asimilar way thefollowing lemmawasprovedaswell:
LEMMA 2.2. Theimplicit midpointrule
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Notethatthis time thesolutionsform a nonlinearmanifold,nota linearspacelike in the
previouscase.In particular, �
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In general,the solutionsof eq. (2.3) shouldnot be expectedto form a linear spacefor
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. That'sall wecansayfor generalZ .
Also, uniquenessof exactschemesshouldnot beexpected:alreadyin [4] it wasshown

thatboththesecond-orderTaylormethod
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andthetrapezoidalrule (2.5) areexacton thesamesetof differentialequations(2.3), i.e. on
thosewith a r.h.s.-functionZ satisfying(2.6). They areclearlydifferentdifferenceschemes,
oneexplicit, oneimplicit, andalsotheir error expansionsaredifferent: expansion(2.4) for
scheme(2.10) hasthecoef�cients
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, aredifferentfrom thosein (2.7), but vanishfor thesameZ s.
Thisnon-uniquenessshouldnotsurprise:differenceschemesareequationsto besatis�ed

by theapproximatesolutionsof thedifferentialequationsunderconsideration.Sothereis not
theexactdifferencescheme,theremight bemany of them,differing by termswhich vanish
for thosedifferentialequationson which they areexact. Whatwe have to require,of course,
is theuniquesolvability of thedifferenceschemefor giveninitial valueandsuf�ciently small
step-size




.
Thetrapezoidalrule andthe implicit midpoint rule bothareRunge-Kuttamethods.We

thuslook at exactschemeswithin theframework of RK methodsnow.
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2.2. Constantcoef�cient RK methodsasexactschemes.In thissubsectionwecollect
somefactsonRK methodsto beusedlateron.Weconsiderherenon-autonomousdifferential
equations(2.1) again,andwe will alwaysassume

/
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� $ for thediscreteiteration.

2.2.1. Constant coef�cient RK methods. Let µ�¶
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¶

�

Z[


�q2 =

º

¶




 

/@2 = 


�

Š

‹

798

•·¶

‹

»

‹

�

 

¸

�

�

 

*�*�*

 

�

/ 2!:98 �0/ 2C= 


�

Š

¶

798

µ
¶

»

¶
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Theconnectionbetweenbothis givenby
»

¶

�

Z[


�
2C=

º

¶




 

¼

¶

�

 

¼

¶

�;/
2>=




�

Š

‹

7S8

•
¶

‹

»

‹

 

¸

�

�

 

*�*s*

 

�

*

Thereis a certainredundancy: formally differentschemescande�ne the samenumerical
integrationmethod,evenwhenthey havedifferentstagenumbers�

8

and �
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. In thefollowing
we considerRunge-Kuttamethods, assumingthattheresultingnumericalintegrationmethod
is at leastof �rst order, andthat theschemerepresentingit hasminimal stagenumber� and
satis�es
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2.2.2. Collocation methods. Rememberthefollowing facts[3, p.58],[6, p.211f]:
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andis usedfor integrating
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* If anRK methodsatis�esthesimplifying conditions
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then the stageequations(2.12) de�ne integrationmethodsof order ¾ for eq. (2.15) on the
intervals 
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* If an s-stageRK methodsatis�es
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Burrage1978).

* Apply acollocationmethod(2.12), (2.13) to thedifferentialequation(2.1). Thecollocation
polynomial, i.e. thepolynomial É9
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2.2.3. RK methodsasexactschemes.Thetrapezoidalrule canbewrittenasa Runge-
Kuttamethod,
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It is asecond-order2-stagemethodandit satis�esthesimplifying conditions
Œ




»

�

and
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D

, but not for

»

�;Ò

. It thusis a collocationmethodandintegrateseq.(2.15) exactly
for Z

… span1^�
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. As we have seenearlier, it is alsoexact on autonomouseqs.(2.3) if Z

satis�eseq. (2.6), which impliesthat �
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.
Theimplicit midpointrulecanalsobewrittenasa Runge-Kuttamethod,
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It is asecond-order1-stagemethodsatisfying
Œ
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and
È
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�

. It thusis acollocationmethod
andintegrateseq.(2.15) exactly for Z

… span1^�

 

�©4

. As we have seenearlier, it is alsoexact
onautonomouseqs.(2.3) if Z satis�eseq. (2.8).

The questionthus arisesif every RK methodis exact on somenontrivial differential
equation. As the following exampleshows, the answeris no. Considerthe Ó -dependent
family of second-order2-stageschemesfor autonomousZ ,
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For Ó
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D

this is the trapezoidalrule. For thecounterexamplewe chooseÓ
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Ó
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Hencetheschemeis secondorderin general.
Œ
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vanishesif either Z
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. This
meansZ[
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. Thusfor thedifferentialequation
�

�

�

•

8

�

=

•

�

(2.19)

theschemeis at leastthird order. With Z
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we�nd
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Hence
Œ

¬

doesnotvanishwhen
Œ

�

does.Thusthe2ndorderscheme(2.18) with Ó

�

D

-

Ò

is
only third orderfor eq.(2.19) andnotanexactscheme.

ThussomeRK schemesareexactfor largerclassesof autonomousdifferentialequations,
othersonly for thetrivial casewhereZ is constant.Thevanishingof the�rst non-zerotermin
theerrorexpansionby particularchoiceof ther.h.s.function Z doesnot guaranteeexactness
asonemight have hopedfor from theanalysisof the classicalschemesat thebeginningof
this section.

We now turn to differentapproacheswhich do allow to �nd exactschemesfor equation
(2.19) andfor linearsystemsof type(2.19). It turnsout,however, thatthecoef�cients of the
schemesmustbeallowedto dependon thestep-size.Examplesaregivenin eqs.(2.26) and
(3.2).
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2.3. Functional �tting: variable-coef�cient RK schemes.In recentyearsmuch re-
searchhasbeenperformedfor �nding ef�cient numericalmethodsfor system(2.1) with os-
cillatory solutions.If agoodestimateof thefrequency is known in advance,exactintegration
of the linear part of system(2.1) leadsto very useful integrationmethodswhich arecalled
`exponentially-�tted' integrationmethods.For a list of referenceswe refer to [17] and[18]
andthereferencestherein.Herewetakeacloserlook at two differentmethodsin this family:
theapplicationof thePrincipleof Coherenceby Denk [1, 2] andthe `functional-�tting RK
methods'asintroducedby Ozawa[17].

2.3.1. Invariant spaces.Functional�tting methodsapproachexactnessfrom thesolu-
tion side. They do not look at the r.h.s.function Z to �nd conditionsunderwhich a given
schemebecomesexact, but they constructschemeswhich allow given functions �




�'�

to be
representedexactly. To formulatethe following existencetheoremwithout inconvenientre-
strictions,we considernon-autonomoussystems(2.1) againandallow variablecoef�cients
in theRK schemes,i.e. we considerschemeswhosecoef�cients •5¶

‹

 

µ‚¶ dependon theinde-
pendentvariable

�

andonthestep-size



. Ozawa[17] provedthefollowing results,whichwe
repeatherein theformulationof [4]:
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andsupposethat they solvein g
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,)h a homogeneouslinear differentialequation
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with continuouscoef�cients É
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is uniquelysolvablefor •
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. Nevertheless,the constantfunction will be containedin any linear
spacespannedby functionssatisfyingsystem(2.22): it satis�essystem(2.22) for any setof
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Theideaof theproof givenby Ozawa is thefollowing: For �x ed
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and



, system(2.22)
is a collectionof �
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� linearsystemsof order � with matrix
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inhomogeneities
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, conditions(2.20) and(2.21) areused.Condition(2.21) ensuresthattheWronskianmatrix
of thelinearly independentfunctions 1sÖ
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*�*s*
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4

is nonsingular[6, p. 64ff]. ®

Now we considertheperformanceof a schemeobtainedvia Lemma2.3. Assumethata
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satis�es thenon-autonomoussystem(2.1). Thenwe
expectthat theRK schemewith coef�cients attainedaccordingto Lemma2.3 will beexact
on �




�'�

. We getmore: from this exactnesson the linearspace
/

it follows that thescheme
hasorder � :
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be obtainedaccording to Lemma2.3. Thenthe order of the schemeis at least � . If the
abscissae
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thentheorderof accuracyis �

=

ä . Themaximumattainableorder is
D

� .
The proof of thesestatementsusesresultson RK collocationmethodswith constant

coef�cients andcanbe found in Ozawa [17]. It is shown therethat the �rst terms •
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The s-stageRK schemeobtainedwith the linearly independentfunctions 1sÖ
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is
exact on the solution �




�'�

whenever �




�'�

…

/¥�

span1^�

 

Ö

8

 

*y*{*y*

Ö

�

4

. If all solutionsof
(2.1) happento belongto
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in the full time interval g
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,�h , theschemeis exacton (2.1), no
matterhow nonlinearZ is, becausewe can�rst constructthelinearcombinationof thebasis
functionsandafterwardswereplace

�

� by Z[


�

 p�
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. It is thusof interestto usefunctional�tting
RK-schemeswheneverthereis someknowledgeaboutthesolutionin advance.If thescheme
is not exact, the remainingpart of the solutionis capturedby the orderof the RK-scheme;
and the constantsin the error expansionwill be small as long as the schemeis in a small
neighborhoodof anexactscheme.

Givenans-stageRK schemewhich is exacton
/‘�

span1^�

 

Ö

8

 

*�*s*

 

Ö
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4

, it is a member
of a family of noncon�uentschemeswhich dependon � parameters
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*s*�*

º

� . All these
schemesareexact on thesamefunctionspace

/

. Thoughall theseschemesareequivalent
whentheschemeis usedasanexactscheme,they differ in theirnumericalperformancewhen
theschemeis usedonaproblemwhereit is notexact.Thisfollowsfrom thesecondstatement
in Lemma2.4.

2.3.2. Examplesfor schemesobtainedwith Lemma 2.3. WhenweapplyLemma2.3,
the resultingschememight have constantor variablecoef�cients, dependingon the gener-
ating functions. This is illustratedby the following examples. RK schemeswith variable
coef�cients are nonstandard.Time-dependentcoef�cients are very unusualand would be
inconvenientin computations.In å 2.3.3we will show how to avoid them. Coef�cients de-
pendingon thestep-size




arenot quite thatunusual:suchcoef�cients arealwaysobtained
in thecontext of exponential�tting [18] andof evaluatingthePrincipleof Coherence[2] and
seemto beunavoidablein certainsituations.
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For constant-coef�cient schemesfor non-autonomousdifferentialequations,it is a con-
ventionto satisfyeq.(2.11) whendesigningnew schemes.Becausecondition(2.11) implies
that

�q2 =
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for �
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[3, p. 56]. In thecaseof Lemma2.3, condition(2.11)
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trapezoidalrulealsofor
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Thesecoef�cients have an apparentsingularity in the limit
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This exampleshows that quite simplefunctions 1sÖ

•

4

canleadto complicatedcoef�cients
whichdependon

�

and



. ®

2.3.3. Conditions for obtaining constantcoef�cients. We now askfor generalcondi-
tionssuchthatthecoef�cients areconstant,i.e. independentof time
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and/orstep-size



.
THEOREM 2.5. Let the assumptionsof Lemma2.3 be satis�ed. Thenthe coef�cients
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is closedwith respectto differentiation.
Proof. 1. necessary:Time-independentcoef�cients satisfy
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for all
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. Computingthetimederivativeof everyequationof system(2.22) andusingrelations
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Formally, this is thesameassystem(2.22), with Ö
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replacedby
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. Time-independent
coef�cients have to satisfyboth this systemandsystem(2.22). Sincesystem(2.22) already
determinesthecoef�cients uniquely, this is possibleonly if system(2.29) doesnot addnew
conditionsbut consistsof linearcombinationsof equationscontainedin system(2.22), possi-
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This is equivalentto the �
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is theWronskianmatrix of thegeneratingfunctionsintroducedin eq. (2.23).
Nonsingularityof this matrix wasessentialfor the proof of Lemma2.3. From this follows
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are also closedwith respectto differentiation. This agreeswith the time-
independenceof thecoef�cients givenin (2.25) and(2.26).

Thereis no �nite-dimensionallinear spacecontainingspan1"
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,

º

…

a b

, and
closedwith respectto differentiation. This is in agreementwith the time-dependenceof
coef�cients (2.27).

Thereis no �nite-dimensionallinearspacecontainingspan1"
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=
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4

andclosedwith
respectto differentiation.We thusget(quitecomplicated)coef�cients whichdependbothon
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. As we haveseenearlier, however, thereis a 1-stageconstant-coef�cient RK scheme
exacton �
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� , whenappliedto differentialequation(2.3) with (2.8): theimplicit
midpoint rule (put �
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in eq.(2.9)). This examplecon�rms that the
propertiesof thenonlinearitiesZ playanimportantrole for theresultsof å 2.1. ®
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If we procedeanalogouslyfor �nding generalconditionson generatingfunctionsthat
allow




-independentcoef�cients, we �nd that the generatingfunctionshave to satisfyboth
system(2.22) and

�

Ö

•




� =

º

¶


5�

º

¶

� Û

�

‹

798

• ¶

‹




�

 


5�

�

Ö

•




� =

º

‹


5� = 
`Û

�

‹

798

• ¶

‹




�

 


5�.ð

Ö

•




� =

º

‹


5�

º

‹

 

�

Ö

•




� = 
5�Ú� Û

�

¶

7S8

µ‚¶±


�

 


5�

�

Ö

•




� =

º

¶


5� = 
 Û

�

¶

798

µ‚¶'


�

 


5�.ð

Ö

•




� =

º

¶


5�

º

¶

*

(2.30)

From å 2.2.2weknow thatthecollocationschemesmustsatisfythesetwo systems.Whenwe
checkhowthey do so,we �nd that theequationsfor

�

•

in system(2.30), v

�
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*s*�*

 

� , are
equivalentto the v th level of the simplifying conditions
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t�

�

and
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introducedin eqs.
(2.14) and(2.16).

2.4. The Principle of Coherence. Exactschemesfor lineardifferentialequationswith
constantcoef�cients andfor systemsof suchequationswerederivedby many authors,some-
timesby using the known continuoussolution. A straight-forward procedurefor deriving
equationsto be satis�ed by the coef�cients of exact schemesis the Principleof Coherence
introducedby Herschin 1958.

Thebasicideaof thePrincipleof Coherencewasformulatedby Hersch[5] asSuccessive
approximationsshouldnot contradicteach other. We explain this by thefollowing example:
consider
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Usingcentral�nite differencesat
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with step-size



we obtain
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We write instead
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wherethecoef�cient ýR
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is to bedetermined.With step-size
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we obtainsimilarly
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By linear combinationof threedifferenceequationsof type (2.33) centeredat
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and
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weobtainon theotherhand
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(2.35)

For acoherentnumericalapproximationof eq.(2.31), eqs.(2.34) and(2.35) shouldcoincide.
Thismeansý�
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. This is satis�edfor ý�
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. Moreover, the
resultingdifferenceschemehasto beconsistentwith eq.(2.31), i.e. the�rst-order truncation
errorhasto vanishfor
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. Thuswe obtain
þ��0ê

. Thecoherentschemethereforeis
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(2.36)

Comparisonshows thatscheme(2.36) is exacton eq.(2.31), while thesecond-ordercentral
differenceformula (2.32) usesthe �rst two termsof the Taylor expansionof ýR



5�

. We re-
quiredcoherenceusingthreegrid points,andweobtainedexactness.For equationsof higher
orderor larger systems,the derivationof exact schemesby the Principleof Coherencecan
becomequiteenvolved. Denkemployedthecalculusof distributionsandobtainedschemes
thatareveryusefulin applications[1].
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3. Applications. Weconcludeby showing thatexactschemesareof practicalrelevance
in scienti�c computing.We give two exampleswhereexact schemesfor simplerequations
led to ef�cient schemesfor morecomplicatedequations.

3.1. Denk-Bulirsch schemes.DenkusedthePrincipleof Coherenceexplainedin å 2.4
for designinga numericalintegrationmethodwhich is capableof simulatinghighly oscilla-
tory circuitsef�ciently andreliably. He treated�rst ordersystems
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wherethe matrix ý representsthe linear elementsof the circuit and Z[
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nonlinearterms. Applying the Principleof Coherencewith the step-sizes
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, asexpected.For approximationof eq.(3.1), Denkcombined
this with a multistepapproach(explicit or implicit). Explicit:
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arematrix coef�cients of themultistepscheme.In thecasev
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Notethatthecoef�cients
�

¶±



5�

have anapparentsingularityfor

��«�

, similar to thecoef�-
cientsgivenin (2.26). Thisseemsto beunavoidable.

Theresultingschemeis consistentof order v , ýR


�"�

-stableandconvergent.It is ý -stable
withoutorderrestrictions.This is nocontradictionto Dahlquist'sorderbarriersbecausethose
barrierswereshown to hold for constant-coef�cient schemes.Testswith a systemof � ve
equationsin a time interval correspondingto about250 000 oscillationsshowed that the
schemeis moreef�cient andmorereliable thanthe standardcodeLSODE for this type of
problems[2]. The codeHERSCHdevelopedusingtheseideasfor equationsmoregeneral
thaneq. (3.1) wastestedin numericalexperimentson equationsmodelingelectriccircuits.
It proved to be more ef�cient than the codesLSODE, DOPRI5 and RADAU5 on highly
oscillatoryproblems[1].

3.2. LeRoux schemes.Considertheparabolicproblem
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satisfying �
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To constructanumericalschemewhosesolutionhassimilarpropertiesasthesolutionof

thecontinuousproblem,Le Roux[10] usedtheexactscheme(1.3) for
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to derive theapproximatesemi-discretescheme
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(i) If ñ
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andthisestimatehasalsobeenobtainedfor theexactsolution.
Thuswe seethat, for suf�ciently small

���>PÝ���

$ , scheme(3.5) producesqualitatively
correctnumericalsolutionswhichsatisfytheestimatesknown for theexactsolutions.

In further work this schemeand its mathematicalanalysiswereextendedto the more
generalcase
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where �
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a b




is a smoothboundeddomain, + is a parameterdescribingdiffusion, +

…


q(&�

 

�"�

for fastdiffusion and +

%

�

for slow diffusion, ñj�

�

real and ÉA� �

=

+ . This
mathematicalwork is reviewedin [9].

Theusefulnessof scheme(3.5) for ComputationalPlasmaPhysicsis reported.In inves-
tigationsof fusionplasmas,diffusionequationswith slow diffusion(e.g. +

�

D

) areusedfor
thedensityof particles,andequationswith fastdiffusion(e.g. +

�

(&�.-

D

) for their temper-
ature. In reference[11] a coupledsystemfor densityandtemperatureof ions is solved for
variousparametervalues,while in reference[12] thetwo equationsaresolvedseparatelyfor
variouscases(decayof thesolution,evolution to a constantpro�le, blow-upcase).
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Universiẗat München,TUM-M9413,1994,pp.1–8.

[3] K. DEKKER AND J. G. VERWER, Stabilityof Runge-KuttaMethodsfor Stiff NonlinearDifferentialEquations,
NorthHolland,Amsterdam,1984.

[4] M. J. GANDER AND R. MEYER-SPASCHE, An introductionto numerical integrators preservingphysical
properties, in Applicationsof NonstandardFinite DifferenceSchemes,R. E. Mickens,ed.,Chapter5,
World Scienti�c, Singapore,2000.
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