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SEPARABLE LEAST SQUARES, VARIABLE PROJECTION, AND THE
GAUSS-NEWTON ALGORITHM

M. R. OSBORNE
Dedicated to Gene Golub on the occasion of his 75th birthday

Abstract. A regression problem is separable if the model can be repied@s a linear combination of func-
tions which have a nonlinear parametric dependence. Thes=ldewton algorithm is a method for minimizing the
residual sum of squares in such problems. It is known to ke both when residuals are small, and when mea-
surement errors are additive and the data set is large. Tdeedata set result that the iteration asymptotes to a second
order rate as the data set size becomes unbounded is skétteedvariable projection is a technique introduced
by Golub and Pereyra for reducing the separable estimatialsigm to one of minimizing a sum of squares in the
nonlinear parameters only. The application of Gauss-Newdaninimize this sum of squares (the RGN algorithm)
is known to be effective in small residual problems. The masult presented is that the RGN algorithm shares
the good convergence rate behaviour of the Gauss-Newtanithlg on large data sets even though the errors are
no longer additive. A modi cation of the RGN algorithm dueKaufman, which aims to reduce its computational
cost, is shown to produce iterates which are almost iddritdaose of the Gauss-Newton algorithm on the original
problem. Aspects of the question of which algorithm is pratiée are discussed brie y, and an example is used to
illustrate the importance of the large data set behaviour.

Key words. nonlinear least squares, scoring, Newton's method, eggddessian, Kaufman's modi cation, rate
of convergence, random errors, law of large numbers, camsig, large data sets, maximum likelihood
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1. Introduction. The Gauss-Newton algorithm is a modi cation of Newton's hed
for minimization developed for the particular case whendhbgactive function can be writ-
ten as a sum of squares. It has a cost advantage in that itsa@ctalculation of second
derivative terms in estimating the Hessian. Other advast@gpssessed by the modi ed al-
gorithm are that its Hessian estimate is generically pasiie nite, and that it actually has
better transformation invariance properties than thossessed by the original algorithm. It
has the disadvantage that it has a generic rst order rat@mfargence. This can make the
method unsuitable except in two important cases:

1. The case of small residualsThis occurs when the individual terms in the sum of
squares can be made small simultaneously so that the assbe@nlinear system is
consistent or nearly so.

2. The case of large data set&n important application of the Gauss-Newton algo-
rithm is to parameter estimation problems in data analyémlinear least squares
problems occur in maximizing likelihoods based on the némstribution. Here
Gauss-Newton is a special case of the Fisher scoring aigofii]. In appropriate
circumstances this asymptotes to a second order convergatecas the number of
independent observations in the data set becomes unbaunded

The large data set problem is emphasised here. This seeks$inmate the true parameter
vector 2 RP by solving the optimization problem

(1.2) minFn ( ;"");
where
1 2
F ;un - 7kfn ;unk ,
n ()= oK)
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f" 2 R" is a vector of smooth enough functioR® ( ;""); i =1;2:::;n,r f" hasfull
column rankp in the region of parameter space of interest,’4h@ R" N 0; 21, plays
the role of observational error. The norm is assumed to b&tiidean vector norm unless
otherwise speci ed. It is assumed that the measuremenepsothat generated the data set
can be conceptualised for arbitrarily largeand that the estimation problem is consistent in

the sense that there exists a sequen@g  of local minimisers of {.1) such tha®,, ¥

n!1 . Herethe mode of convergence is almost sure convergenc®od igference on
asymptotic methods in statistics 7.

REMARK 1.1. A key point is that the errors are assumed to enter theshazaitlitively.
Thatis, thef"; i =1;2;:::;n, have the functional form

frC:=y 1)
where, corresponding to the case of observations made gmal & the presence of noise,

1.2) yi” = N 7 4.

Thus differentiation of " removes the random component. ABg is directly proportional
to the problem log likelihood and the property of consistebecomes a consequence of the
other assumptions.

In a number of special cases there is additional structuir 8o it becomes a legitimate
question to ask if this can be used to advantage. A nonliregression model is called
separablef the problem residualb™ can be represented in the form

X
B M=y i () s i=l2nm
j=1

Here the model has the form of a linear combination exprebged 2 R™ of nonlinear
functions j ( ); 2 RP. The modi ed notation

IEA GRS N L G I
X
P! i () s

j=1
is used here to make this structure explicit. It is assumatl tthe problem functions are

i ()= 5@ )i =212, m, where thet?; i = 1;2;:::;n, are sample points
where observations on the underlying signal are made. Tikere restriction in assuming
t! 2 [0; 1]. One source of examples is provided by general solutionseohtth order linear
ordinary differential equation with fundamental solutogiven by the ; (t; ). In [1] a
systematic procedure (variable projection) is introduicededucing the estimation problem
to a nonlinear least squares problem in the nonlinear paeame only. A recent survey of
developments and applications of variable projectior®]s [fo introduce the technique let

n i R™ 1 R"; n>m, be the matrix with components; . The rank assumption in the
problem formulation now requires , r to have full column rankn + p. Also
letP, ( ): R"™! R" be the orthogonal projection matrix de ned by

(1.3) Pn() n()=0:

HereP, ( ) has the explicit representation

1
Pon( )= 1In n :1— n :1—:
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Then
1 n (0]
Fo= o kP,y" K2+ k(In,  Pp)b"K?

The rst term on the right of this equation is independent oénd the second can be reduced
to zero by setting

(1.4) = ()= 1. tIym

Thus an equivalent formulation of (1) in the separable problem is
1 2

1. — kP, "k

(L5) min 5= kPn () y"K

which is a sum of squares in the nonlinear parameteosily so that, at least formally, the
Gauss-Newton algorithm can be applied. However, now théaarerrors do not enter addi-
tively but are coupled with the nonlinear parameters inrsgtip the objective function.

The plan of the paper is as follows. The large data set rateofergence analysis
appropriate to the Gauss-Newton method in the case of eeditrors is summarized in the
next section. The third section shows why this analysis caimmediately be extended to
the RGN algorithm. Here the rather harder work needed toegi similar conclusions is
summarised. Most implementations of the variable prapecthethod use a modi cation
due to Kaufman4] which serves to reduce the amount of computation needdukifRGN
algorithm. This modi ed algorithm also shows the favouealdrge data set rates despite
being developed using an explicit small residual arguméiwever, it is actually closer
to the additive Gauss-Newton method than is the full RGN r@tigm. A brief discussion
of which form of algorithm is appropriate in particular airostances is given in the nal
section. This is complemented by an example of a classic &g problem which is used
to illustrate the importance of the large sample convergeate.

2. Large data set convergence rate analysisThe basic iterative step in Newton's
method for minimizing=, de ned in (1.1) is

(2.1) w1 = 0 It Fa (D
JIn ( i):ran( i)

In the case of additive errors the scoring/Gauss-Newtohotketeplaces the Hessian with an
approximation which is constructed as follows. The trueditasis

X0
fr f"g' fr f"g+  f"r 2D
i=1

1
(22) In()= 1
The stochastic component enters only throubR)(so taking expectations gives
1)@ - 2¢n
EfJng()=1a() = i() reft o)

where
L o
(2.3) In( )= fr frg' fr f"g
The Gauss-Newton method repladgs( ) with 1, ( ) in (2.1). The key point to notice is
(2.4) ln  =E Jn

Several points can be made here:
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1. Itfollows from the special form ofX.3) that the Gauss-Newton correctior,;
solves the linear least squares problem

(2.5) minky® () "( )tk

2. It is an important result, conditional on an appropriatpezgimental setup, that
I () is generically a bounded, positive de nite matrix for allarge enoughd].
A similar result is sketched in Lemn&a2
3. The use of the form of the expectation which holds at the prarameter values
is a characteristic simpli cation of the scoring algoritrand is available for more
general likelihoodsT]. Here it leads to the same result as ignoring small residual

termsin @.2).
The full-step Gauss-Newton method has the form of a xed pibémation:
is1 = Qn( §);
Qu( )= 1 () 'r F()':

The condition forbn to be an attractive xed point is

$ Qg bn <1
where$ denotes the spectral radius of the variational ma@¥ This quantity determines
the rst order convergence multiplier of the Gauss-Newttgodathm. The key to the good
large sample behaviour is the result

(2.6) $ Qb o0 ni1

which shows that the algorithm tends to a second order cgaméprocessas! 1 . The
derivation of this result will now be outlined. As F, bn =0, it follows that

Now deneW, ( ):RP! RPby

(2.7) Won()=1n() P 1n() 1 2Fa()
Then
(2.8) W, b=} b =w, " +0 b T

by consistency. By4.4),

(2.9) W, =1,  r?2F E r?2F,

It has been noted that,  is bounded, positive de nite. Also, a factgr is implicit in
the second term of the right hand side 8f9), and the components of2F, ~ are sums
of independent random variables. Thus it follows by an aapilon of the law of large num-

bers [L2], thatW, ~ 1% 0component-wise as ! 1 . An immediate consequence is
that

$ w, 1o n1
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The desired convergence rate resglg[ now follows from @.8). Note that the property of
consistency that derives from the maximum likelihood catioa is an essential component
of the argument. Also, that this is not a completely strdmftard application of the law
of large numbers because a sequence of sets of observatigafid; i = 1;2;:::;ngis
involved. For this case se&J].

3. Rate estimation for separable problems.Variable projection leads to the nonlinear
least squares probleri.f) where
FrCsm) = Pa ()Y
1
Fo( "M = 5 (M Pa( )y

Implementation of the Gauss-Newton algorithm (RGN aldpont has been discussed in detail
in [11]. It uses an approximate Hessian computed fr@d)(and requires derivatives of
P, ( ). The derivative of in the direction de ned byt 2 RP is

(3.1) r Plt]= Pr [t] * e Tp

(3.2) = A+ ATt
whereA 2 R" I R", the matrix directional derivativ%t— is writtenr [ t] to emphasise
both the linear dependence band that is held xed in this operation, explicit dependence
on bothn and is understood, and * denotes the generalised inverse af Note that
P=t * * =0 so the two components of P [t]in (3.2) are orthogonal.
De ne matricesK;L : RP! R" by
A( )y =K ()t
AT (t)y=L( )t

Then the RGN correction solves

(3.3) minkPy + (K + L) tk?;
where
(3.4) LTK =0

as a consequence of the orthogonality noted above.
ReEMARK 3.1. Kaufman 4] has examined these terms in more detail. We have
tTKTKt=y"ATAy = O k k? ;
tTLTLt = yTAATy = O kPyk? :
If the orthogonality noted above is used then the second ierime design matrix in3.3

corresponds to a small residual term whehy k? is relatively small and can be ignored .
The resulting correction solves

(3.5) min kPy + K tk®:

This modi cation was suggested by Kaufman. It can be impleteé with less computa-
tional cost, and it is favoured for this reason. Numericglezience is reported to be very
satisfactory P].
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The terms in the sum of squares in the reduced probleB) &re

X1 -
fi = Piyj, i=1;2:n:
i=1
Now, because the noiseis coupled with the nonlinear parameters and so does nqijubsa
under differentiation| ,, is quadratic in the noise contributions. An immediate cogusace
is that

IneiEr fTr f
n

Thus itis not possible to repeat exactly the rate of convergealculation of the previous
section. Instead it is convenient to rewrite equatid)

L N 1( " )
(3.6) Wh ()= Zrof'r f 2 fir 2f;
n i=1
where the right hand side is evaluated at The property of consistency is unchanged so
the asymptotic convergence rate is again determine®l bw, . We now examine this
expression in more detail.
LEMMA 3.2.
1
3.7) Sl Gontlog
where
z 1
Gy = i) ;mot)d; 1 i) m;
0
and the density is determined by the asymptotic properties of the methodjéoerating
the sample points; i = 1;2;:::;n, for largen. The Gram matrixG is bounded and
generically positive de nite. Let, = |  P,. Then
1
(3.8) (T)y == 161 +0 —
where
=) 2 () m(t)

This gives arD % component-wise estimate which applies also to derivativémth P,

and T, with respectto .
Proof. The result 8.7) is discussed in detail irf]. It follows from

1 1 X 1
L = i(tk) j(tk)=Gj +O 0

ij k=1

n

by interpreting the sum as a quadrature formula. Positivéitéaess is a consequence of the
problem rank assumption. To deriv& ) note that

— T 17
Tn— n n n n

1 1
Z .Gt T+0 = 0
n " n n
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The starting point for determining the asymptotics of thewesgence rate of the RGN
algorithmas !'1  is the computation of the expectations of the numerator andwmhinator
matrices in 8.6). The expectation of the denominator is bounded and geaibripositive
de nite. The expectation of the numerator @& % asn ! 1 . This suggests strongly
that the spectral radius @° ! 0; n! 1 , aresult of essentially similar strength to
that obtained for the additive error case. To complete tlefprequires showing that both
numerator and denominator terms converge to their expecsawvith probabilityl.

Consider rst the denominator term.

LEMMA 3.3.Fix =

1
ﬁEr fir f = °M;+ My;

whereM; = O % ;n!1 [ andM, tends to a limit which is a bounded, positive de nite

matrix when the problem rank assumption is satis ed. In detfaese matrices are

XX
Mlzﬁ (r Pij)Tr Pij;
gt 9
1<X XX =
M2:—_ r J-Tr i r jTI’ ijk. .
n. j=1 j=1 k=1 ’
Proof. Set
rffr f= rflrf
i=1
XX T X
= (rPy) y; 1Py
i=1 j:l k=1
To calculate the expectation note that it follows from etprafl.2) that
(3.9 Efyyiykg= ik + |  «
where
i()=¢ ()
It follows that
8 9
1 1 X < X XX =
—E r fTI' f == . 2 (I’ Pij)Tr Pij+ j k(r Pij)Tr Pik_
n n i=1 "’ j=1 j=1 k=1 !
= M1+ M,

To showM, ! 0is a counting exerciseVl; consists of the sum af? terms each of which
isanp p matrix of O (1) gradient terms 'givided by as a consequence of Lem®&. M »
can be simpli ed somewhat by noting thatj”:l Pj j =0 identically in by (1.3) so that

X0 X
ir Pij = r j Pij .
i=1 j=1
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This gives, using the symmetry Bf= | T,
XX x - XX X .
jok( Pi)r Py= rjr P Pi
i=1 j=1 k=1 i=1 j=1 k=1
XX
(310) = r J-TI' kij
j=1 k=1
X . XX T
= rjr rgr Kk Tik
j=1 j=1 k=1

Boundedness oM, asn ! 1  now follows using the estimates for the size of the
computed in Lemma&.2. To show thatM ; is positive de nite note that it follows from3(10
that

d’ d

t"™Mat= — fl Tg— O
27 dt 9t
As T%—t %—t , this expression can vanish only if there is a directio2 RP such
that ‘fj—t = for some 6 0. This requirement is contrary to the Gauss-Newton rank
assumption that r has full rankm + p. O

LEMMA 3.4.The numerator in the expressiod§) de ning W, ( ) is

5 XX X )
fir °f; = Yj Yk Pij 1 “Pi:
i=1 i=1 j=1 k=1
nP 0
LetMg= 1E = 1, fir 2f; then
8 9
1 X 2< 2 X 2 -
M3 = ﬁ I Pii Tij r Pij L
i=1 : j=1 !

andM3z! O;n'1l
Proof. This is similar to that of Lemma.3. The new point is that the contribution kb3
from the signal terms; ( ) in the expectationd.9) is

XXX 5
i kPjr “Pi =0;
i=1 j=1 k=1

by summing ovej keepingi andk xed. The previous counting argument can be used again
to give the estimatél; = O 2 ; n!1 . O

The nal step required is to show that the numerator and dénator terms in .6)
approach their expectationsmd 1 . Only the case of the denominator is considered here.

LEMMA 3.5.

%r ffr £ ¥ My ni1
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Proof. The basic quantities are:

1 X

1
Zr fTr f = rofr f
n n._
10 50 X
= - r Py T Puyk
i=1 j=1 k=1
10 50

~n fe+r( "+ K"+ " Pi)Tr P
i=1 j=1 k=1

The rst of the three terms in this last expansioMs. Thus the result requires showing that
the remaining terms tend t Let

X T
= " Py) 5 [ 2R%
=1

As, by Lemma3.2, the components af P = O % , it follows by applications of the law
of large numbers that

ngS 0 ni1 o
componentwise. Speci cally, given> 0, there is amg such that
8i; k [k, < 8n >n o with probability 1:

Consider the third term. Let

1000 X
Sh= = (o Py) o Py
i=1 j=1 k=1
_ 1X1 n nyT .
= P

i=1
Then, in the maximum norm, with probability 1 far> n g,
kSnk;  pZ

showing that the third sum tends@ n ! 1 almost surely. A similar argument applies to
the second term which proves to 6 ). |

These results can now be put together to give the desirecogence result.

THEOREM 3.6.

w, %0 n'1

Proof. The idea is to write each component ternin (3.6) in the form
= Ef g+( Ef 9);

and then to appeal to the asymptotic convergence resuétbliséied in the preceding lem-
mas. 0
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REMARK 3.7. This result when combined with consistency suf ces stablish the
analogue of2.6) in this case. The asymptotic convergence rate of the RGbrittign can
be expected to be similar to that of the full Gauss-Newtonhoet While the numerator
expectation in the Gauss-Newton method,snd that in the RGN algorithm i® % by
Lemma3.4, these are both smaller than the discrepangiesE f g) between their full
expressions and their expectations. Thus it is these gigooy terms that are critical in
determining the convergence rates. Here these correspdad of large numbers rates for

which a scale 0© n 72 s appropriate.

4. The Kaufman modi cation. As the RGN algorithm possesses similar convergence

rate properties to Gauss-Newton in large sample problenas a& the Kaufman modi cation

is favoured in implementation, it is of interest to ask if dbtshares the same good large
sample convergence rate properties. Fortunately the aniswvethe af rmative. This result
can be proved in the same way as the main lemmas in the preséatisn. This calculation is
similar to the preceding and is relegated to the Appendixhigisection the close connection
between the modi ed algorithm and the full Gauss-Newtonhnodtis explored. That both
can be implemented with the same amount of work is showf1h First note that equation
(2.5) for the Gauss-Newton correction here becomes

min 'y r ()
Introducing the variable projection matrix permits this to be written:

minkPy Pr () K+mink( P)(y r ( ) ) ( + K

Comparison with3.1) shows that the rst minimization is just

minkPy K k:

Thus, given , the Kaufman search direction computed usiBd)(is exactly the Gauss-
Newton correction for the nonlinear parameters. lis set using1.4) then the second mini-
mization gives

= "r ()
(4.1) = fr [ 17y;

while the increment in arising from the Kaufman correction is
( + ) ()=1 Ty +0 k K

Note this increment is not computed as part of the algorithorexamine 4.1) in more detail
we have

d+: T 1 dT+ Td_ T 1 T+ T 1dT
dt dt dt dt
- T 1dT +d_ oy T 1dT
dt dt dt
— T 1dT +d +
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The second term in this last equation occursdiri), Thus, setting = k kt,
+ T 1d T 2 .
r y = k Kk TPy +0 k k% ;
k k., dT — _ +dP 2
= — —P —" o+ k k
n G dt ) ) dt ©

The magnitude of this resulting expression can be shown stz almost surely compared
with kK kwhenn is large enough using the law of large numbers and consistebefore.
The proximity of the increments in the linear parameters e identity of the calculation of
the nonlinear parameter increments demonstrates the aligeenent between the Kaufman
and Gauss-Newton algorithms. The small residual resulsmudsed in11].

5. Discussion. It has been shown that both of the variants of the Gauss-Nealtp-
rithm considered possess similar convergence propentiasgje data set problems. However,
that does not help resolve the question of the method of ehiniany particular application.
There is agreement that the Kaufman modi cation of the RGjbathm has an advantage
in being cheaper to compute, but it is not less expensive tinarfull Gauss-Newton algo-
rithm [11]. Thus a choice between variable projection and Gauss-diewiust depend on
other factors. These include exibility, ease of use, armbgl behaviour. Flexibility tends to
favour the full Gauss-Newton method because it can be apgliectly to solve a range of
maximum likelihood problems7] so it has strong claims to be provided as a general purpose
procedure. Ease of use is just about a draw. While Gaussddewtjuires starting values for
both and , given the obvious approach is to computg ) by solving the linear least
squares problem. Selecting between the methods on somariggpeidiction of effectiveness
appears much harder. It is argued 2 that variable projection can take fewer iterations in
important cases. There are two signi cant points to be mae.h

1. Nonlinear approximation families need not be closed eEsly if the data is inad-
equate then the iterates generated by the full Gauss-Newagrtend to a function
in the closure of the family. In this case some parametereguill tend tol and
divergence is the correct answer. The nonlinear paramed@rde bounded so it is
possible for variable projection to yield a well determireatswer. However, it still
needs to be interpreted correctly. An example involving@aeiss-Newton method
is discussed inf].

2. There is some evidence that strategies which eliminatéribar parameters in sep-
arable models can be spectacularly effective in exporiletiitag problems with
small numbers of variable$], [9]. Similar behaviour has not been observed for
rational tting [8] which is also a separable regression problem. It seems ther
something else going on in the exponential tting case asdliditioning of the
computation of the linear parameters affects directly kbt conditioning of the
linear parameter correction in Gauss-Newton and the acgufahe calculation of
P, in variable projection in both these classes of problemshduld be noted that
maximum likelihood is not the way to estimate frequenciegctvlare just the non-
linear parameters in a closely related probleifi][ Some possible directions for
developing modi ed algorithms are considered 8. [

The importance of large sample behaviour, and the need fopppate instrumentation
for data collection are consequences of the result thatmani likelihood parameter esti-

mates have the property th%ﬁ bn ~ is asymptotically normally distributed p]. The

effect of sample size on the convergence rate of the GausgeNenmethod is illustrated in
Table5.1for an estimation problem involving tting three Gaussiaggs plus an exponen-
tial background term. Such problems are common in scierdtata analysis and are well
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TABLE 5.1
Iteration counts for peak tting with exponential backgral

n =1 =2 =4
64 7 16 nc
256 11 21 50

1024 7 17 18
4096 6 6 7
16384 6 6 7

FiG. 5.1.No convergence: t afteb0 iterations case =4; n =64

enough conditioned if the peaks are reasonably distincsuti cases it is relatively easy to
set adequate initial parameter estimates. Here the choséel s

t :25) 2 (t :5)2 (t :75)2

(x;t)=5e 1 +18e ‘i +15e ‘w5 +10e or

Initial conditions are chosen such that there are randoanseaf up to 50% in the background
parameters and peak heights, 12.5% in peak locations, évdir2peak width parameters.
Numbers of iterations are reported for an error proces&spanding to a particular sequence
of independent, normally distributed random numbers,daethdeviations =1; 2; 4, and
equispaced sample points= 64; 256, 1024 4096 16384 The most sensitive parame-
ters prove to be those determining the exponential backgkoand they trigger the lack of
convergence that occurred when= 4; n = 64. The apparent superior convergence be-
haviour in then = 64 case over tha = 256 case for the smaller values can be explained
by the sequence of random numbers generated producing enaneréble residual values in
the former case. The sequence used here corresponds tetlypiarter of the sequence for
n = 256.

Plots for the ts obtained for = 4; n =64 and = 4; n = 256 are given in Fig-
ure 5.1 and Figure5.2, respectively. The dif culty with the background estin@tiin the
former shows up in the sharp kink in the tted (red) curve near 0. This gure gives
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FIG. 5.2. Fit obtained: case =4; n = 256

the result aftes0 iterations wherx(1) = 269 andx(2) = 327 so divergence of the back-
ground parameters is evident. However, the rest of the kigteing picked up pretty well.
The quality of the signal representation suggests possdiiecompactness, but the diverging
parameters mix linear and nonlinear making interpretatibthhe cancelation occurring dif-
cult. A similar phenomenon is discussed ii][ This involves linear parameters only, and
it is easier to see what is going on. The problem is attribtddck of adequate parameter
information in the given data. The green curves give the tiadted using the initial parame-
ter values and is the same in both cases. These curves martside the middle peak fairly
well, so the overall ts obtained are quite satisfactory.eTgroblem would be harder if the
number of peaks was not known a priori.

Appendix. The variational matrix whose spectral radius evaluaté?i@ietermines the
convergence rate of the Kaufman iteration is

1
Q%= 1| HKTK r 2F
|
1 X ’
= Ttk 1 firzfi+£LTL
n n. n

It is possible here to draw on work already done to establistkey convergence rate result
(2.6). Lemmas3.3and3.5describe the convergence behaviout pf= % KTK +LTL

asn ! 1 . Here it proves to be possible to separate out the propestidse individual
terms by making use of thg orthogonality &f andL, cf. (3.4), once it has been shown

thatiE L " 'L ;* ¥ 0ont1 . This calculation can proceed as follows. Let
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t 2 RP. Then
1 T T 1 nllT + + T T llo
EﬁtLLt :ﬁE Pr [t] r [t] P
1. N o
=~E "TPr [1] T Yt e
l n l T IIIIT O
= Ftrace r [t]G *r [t] PE P + smaller terms

2 n (0]
= trace 1 [1]G r [t T) + smallerterms

This last expression breaks into two terms, one involvirguthit matrix and the other involv-
ing the projectiorl . Both lead to terms of the same order. The unit matrix terregjiv

n o ()@ )
trace r [t]G r [t]' =tT G 1Tt
i=1
where
— @ij . . pm p.
(i)”‘_@—k' i :R™I RP:
It follows that
2 X0
— Gtl=0 =, ni1
n n

i=1
To complete the story note that the conclusion of Lenecan be written

1 1 1

ZKTK+LTL ¥ ZKTK+ ZL"L ; n!1
n n n

If %K TK is bounded, positive de nite then, using the orthogona(yd),

1 1 1 s 1 1
“KTK ZK'K E =K'k % ZKTKE =ZL'L : n'1
n n n n n

This shows thaﬁK TK tends almost surely to its expectation provided it is bodngesitive
de nite for n large enough and so can be cancelled on both sides in the akpuession.
Note rst that the linear parameters cannot upset boundeine

1
()= T Ty
Gl+o } Twn
n
="+ ; kk =o0();

= +

Sl

where™ is the true vector of linear parameters. Positive de nitm®llows from

d T _d
Tt — Td [0
tKKt_()dtht()
d 2 d z
a ) T O) O:
Equality can hold only if there is such that‘jj—t ()= (). This condition was met

also in Lemma3.3.
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