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MINIMIZATION OF THE SPECTRAL NORM OF THE SOR OPERATOR IN A
MIXED CASE

A. HADJIDIMOSY AND P. STRATIS
Dedicated to Gene Golub on the occasion of his 75th birthday

Abstract. In this work we solve the problem of the minimization of theesppal norm of the SOR operator
associated with a block two-cyclic consistently orderedrina 2 C™" , assuming that We corresponding Jacobi
matrix has eigenvalues2 [ ; 1[ [ {;{ ],with 2 [0;1), 2 [0;+1 ) and{= 1. Previous results
obtained by other researchers are extended.
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1. Introduction. It is known that thek™ root of a natural norm of th&" power of
the iteration operator of a rst order iterative scheme foe solution of a linear system of
algebraic equations, with iterative matfixsuch that (T) < 1, gives a better average conver-
gence measure fdriterations than that of the corresponding spectral rad{d9 (see, e.g.,
[9] or [11]). Having this as a guide and using the Singular Value Deasitipn Theorem,
Golub and de Pillis4] recover the well known formulas that connect the eigeresiof the
Jacobi operator with those of the SOR and the Modi ed SOR oeviean the Jacobi iteration
matrix is weakly cyclic of index 2 (see, e.g9]{[11]). Subsequently, they show computation-
ally that the optimization of the relaxation parametensplved based on the minimization
of the spectral norms of the associated SOR and MSOR opsiterk iterations give better
convergence results than those based on the minimizatitreadpectral radius. Next, Had-
jidimos and Neumanrb] solve completely the minimization problem of the spect@im of
the aforementioned two operators, for 1, under the assumption that the eigenvalue spec-
trum of the Jacobi iteration matri2, (B);isrealsuchthat(B) [ ; [, 2 [0;1):

So, they extend and complete the work started by Young ancblisagues (se€l]l] and the
related references cited therein). In a recent work, &dillYin and Yuan§] solve the cor-
responding problems when the spectruw of the Jacobi matpxiiely imaginary satisfying
B) [ {:{ ] 2[0+1),with{= 1. In this work we extend the previous results
and solve the problem of minimization of the spectral norrthefSOR operator in the mixed
case; that is in the case where the Jacobi matrix has botlamegburely imaginary eigen-
values satisfying(B) [ ; 1[ [ {;{ 1, 21[0;1); 2 [0;+1). As will be seen,
the analysis is not so trivial because a tremendous numlases have to be examined. The
conclusion we end up with is that the value of the optimal S@Rymeteb is given by three
different expressions that depend on the ordering of eceviaiues of functions of and .

Speci cally, the optimal results obtained are given by tbédwing theorem and the
associated Tablé. 1

THEOREM 1.1. LetA 2 C™" be block two-cyclic consistently ordered with associated
Jacobi iteration matrixB whose spectrum is given by(B) [ 111441 2
[0;1); 2 [0;+1 ), with { denoting the imaginary unit. Then, the value of the optimal
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TABLE 1.1
Minimum value o8(d?;! ) := KL, k. Notation: The functiors(d?;! ) is given by means o2(14), (2.15
and 2.16); b1, bo and! » are given by Theorer®.1, by 3.4) of TheorenB.2, and by 8.12), respectively; o and
1 are given in ¢.2) and @.7).

Relative position
of and Restrictions on and b | minS(d?;!)
= =0 1 0
0< = <1 b, [ S( %by)
0= < b, S( % b2)
r p
0< < (142 2)24 m b2 S( 2;b2)
0 1
0< ;
< minf ; 1g o 2)2+pm << mnf;ag | 1o | S(3!2)
0 1 AP
' P
ar 22+ m < < minf;1g | by S( 2;by)
> 1
0 << 1 b1 | S( %b1)

(minimum) spectral norm of the SOR iteration matkik, ks, is given in Tablel.1 by means
of the values of the functid®(d?; b), whered is either or , andb is the optimal relaxation
parameter.

In section 2, some preliminary notation, terminology aredesnents are presented. Also,
following the main ideas in4] and [5] we are led to the statement of the minimization prob-
lem ofkL, k,. Itis found that its solution depends on the relative positf and and also
on that of two functions of , T( 2;! ) andT( 2;!) given there. In section 3, the relative
position of T( 2;! ) andT( 2;!) is determined. In section 4, the ordering of the possible
optimal values fot , that is ofby, b, and! ,, is established. In section 5, the determination
of the optimal! , b, is accomplished. Finally, in section 6, we nd the positioihb of this
work with respect to other optimal's that have been found under the same assumptions on

(B), where an average asymptotic convergence factor was nziathinstead okL | k.

2. Preliminaries and background material. Suppose that the coef cient matrix 2
C™" of alinear system of algebraic equations is block two-cyotinsistently ordered. Then,
without loss of generality, we may assume tAatas the form

_ Ip M
2.1) A = N1,

wherep+ g= nandp g. According to the Singular Value Decomposition (SVD) Threar
(see, e.g.,3] or [7]), for M 2 CPA there exist unitary matricdd 2 CPP,V 2 C%% and a
real nonnegative “diagonal” matrix 2 CP4, with “diagonal” elements ; 2

q 0, suchthat

(2.2) M =U Vv
Suppose thal in (2.1) is connected wittM via the relation

(2.3) N = VEVPIMH": whenceN = V(E T)U";
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with E being a diagonal matrix given by
(2.4) E = diages; e; :::; €);

where each of the's has either the valugor 1. The above choice faX is justi ed from
the following: a) If allg's are equal tdl thenA is Hermitian and the Jacobi iteration matrix
associated with it, that is

— Opp M .
(2.5) B N O
has all its eigenvalues real with 2 0. b) If all 's are equal to 1 thenB is skew-
Hermitian and has all its eigenvaluegpurely imaginary with 2 0. c) If some of theg s
have the valud and the rest the valuel, then some of the's are real, the rest are purely
imaginary, and then? 2 R:

MN O pq

From (.5 we haveB? = . Therefore, for 2 (B)itis 22 (B?),
Ogp NM

andso 22 (MN)[ (NM):From .2 and @.3) we haveMN = U E TU" and
NM = VE T VH. Consequently, (MN)= ( E T)and (NM)= (E T),
where

2
e 1 0 0 o 0
0 &3 ::: 0 =20
T : : : : op.
E 0 0 i e 4 =t O 2 R
0 0 0 0
2e 2.0 0
11
2
E T = § O e2_2 0 EZRq:q:
0 0 i & g

In view of the form ofA in (2.1), the associated SOR iteration matrix will be

L x i, 'M )
: (1 ') I12NM +(1 Dlg

where! 2 (0; 2) is the relaxation parameter. Using the expression2.@) and @.3) for M

andN we have

. Uu o @ D, ! Ut o
: OV 1@ NHET I12ET+@a 1)l O VH
SettingQ := g v and using an appropriate permutation maRixsee #], we can

expresd.; inthe form

(2.6) L = (QPT) (PQ");
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with
2 3
(1) 0 o o)
o) (1) o o
(2.7 (1) = : : . : :
o o) ) o)
o) o O (@ "y q
and
(2.8) () = L o 2 R22: | = 1(1) q:
: CI= @ e 12 2+1 1 =G

From @.6), (2.7) and becausgQP ") ' = PQ", we readily obtain
kL ks= LPL, = HOay( ) =k( 1)k

Then, from @.6—(2.8), one takes

(2.9) kL, k> = max max k i(1)k5; (1 !)?
i=1(1) q
where
(2.10) {'(1) (1) =
(1 1)2a+12? L@ DIL+@ e+ 27
@ D)[I+@ e+12 2] 12 24(1 1 +12g 2)2

Note that if any ; = 0, thenk ;(!)k3 = (1 !)2. Hence, in view of 2.10, (2.9 is
simpli ed to

q

1
2 — (1 2 - — i+ 2 )

(2.11) KLikg = max k(DG = max 5 T+ T? o

where

(12)Ti=T(he; =@ 1)2A+12 )+12 241 1 +12g 32

c=cl)=1 N* o

Note that in our analysis we assumed that p. If the last inequality is reversed then
the maximum in 2.17) will be taken for alli = 1(1) p. So, formula 2.9) would cover both
cases if it was given in the following form,

q

1
(2.13) kL, kg = max ST+ T?2 4c
i=1(1)min fp;qg

Now, we can observe thaf-—kL, kKe=1 1+ pﬁ > 0: Also,

@t
Q ?)

@T;

— 4 .
ge-2'>o
I

=12[1 ! +e)>+2!2 2]>0 and
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Hence,T; is an increasing and convex function of. Considering 2.12), we can see that
eachT; is given by one of two different expressions depending orvéthee ofe . Hence, we
end up with the conclusion thit, k§ in (2.13 will be given by
(2.14) 8 h D i
2 L T(ZN)+ T TECHL) 4@ DA fT( Y)Y T
KL, k3 = , .h p i
T3+ TH) 4@ DA fTCEY) T(CEY)

where
T(Z)y =@ !1)2A+122)+12 241 | +12 22

(2.15) T(21)=(1 1)2(1+122)+12 241 1 1222

Let us introduce the function
(2.16) S(d?;1) := KL, ky;

whered is either or , whichever applies from2(14). The functionS(d?;! ) will be very
useful in the end of our analysis in order to give the optineabits in a compact form.

So, the main problem of this work is the following:

Problem: Find the optimal value of , b, that minimizesS(d?;! ) in (2.16) or, equiva-
lently, KL, k3 in (2.14).

The solution to our problem is achieved in three steps: i)s@i®r only the values of
I 2 (0; 2) for which the SOR converges. ii) Work with the considetés] determine which
of the two expression§( ;! ) andT( 2;!) is the largest. iii) Minimize the largest of the
two expressions as a function lof

3. Ordering T( 2;!)and T( 2;!) as functions of! . Before we go on with our anal-
ysis the reader is reminded of the following: For a weaklylicyof index 2 Jacobi ma-
trix, the optimal values of , i that minimizekL, k3 in (2.14, for (L,) < 1, when a)

22100; ?; 2[0;1)andb) 22 [ 2,0, 2[0;+1),were obtained ing] and [8],
respectively. They are given by the following statements.

a) (B?) [0 * 2[0;1):

THEOREM 3.1. The value ofb = b; 2 (0;2) that minimizekL, k; is the unique
positive real root in(0; 1) of the quartic equation

(3.1) f():=( %+ S4+@ 4*M3+( 5+4 ?2+4 %2
+@8 82 +( 4+4 9
=0:

More speci cally,b; 2 (0;! ), where! isthe unique positive real root i{®; 1) of the cubic
equation

(3.2) gl)=( 2+ M3 322+@1+2 21 1=0:
Moreover,kL, ky; as a function of; strictly decreases ifi0; b;] and strictly increases in
[b1; 1]:

by (B [ %05, 2[0+1):

THEOREM 3.2. The value ob = b, 2 (0; $Z) that minimizekL, k; is the unique
positive real root in(0; 1) of the quadratic

(3.3) h(t):= 2(?2+1)12+!1 1=0;
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given by
1
(3.4) b=b, = i+ 2

Moreover,kL, k»; as a function of; strictly decreases ifi0; b,] and strictly increases in
[by; 1]

Note that we are interested in a case where 0, sincefor =0 or =0 we are
in one of the cases of Theorersl or 3.2 and not in a “mixed case” as we would like. To
nd the real interval of! for which the SOR method converges when the eigenvaluesof th

Jacobi iteration matriB are suchthat 2 (B) [ ; 1[ [ {;{ 1 or, equivalently,
22 2 we begin with Young's famous equation
(3.5) (+! 12= 212;

with 2 (L,). To ndthe! 'sfor whichj j < 1we use Lemma 6.2.1 of.[l], which gives
the conditions of the Schur-Cohn algorithm for a polynortwathave all its zeros strictly less
thanlin modulus B]. In our case we have

(3.6) p():= 2 [212 20 1] +(! 1%=0;
and the Schur-Cohn conditions are
(3.7) 0 D% <1landj?? 20 21j<1+(! 1>

The rst condition gives that 2 (0; 2), the well known Kahan's necessary condition for the
SOR to converge. The second condition, using the factth& 2 2 and distinguish-
ing the three cases< 1, =1and > 1,gives 2[0;1)and0<!< 2.

As was mentioned in sectidh we must determine the largestDf 2;! ) andT( 2;!)

in (2.14). Thus, we form the differencg( 2;!) T( 2%;!)and nd
T(ZN) T(HN)=12(2 A+ 2+ 22 42 +4 2
(3.8) = 12P(1):
Incase = we have thaP(!); - =4 2(1 !), meaning thaff( 2;!)

T( %1);8 2 (0;1] whileT( 21) T( %1);8! 2[L 2

In the sequel we examine the main cas@ : To consider and study simpli ed expres-
sions we introduce the notation

(3.9 A B;

meaning that the two expressions or quantifiesndB are of the same sign.
First, we distinguish two cases according to the sign of therininant of the quadratic
P(!)in (3.8, since

(3.10) T( %) T(%Y) P
We have h i .
- i i
(311 D := 1620 ax 2 2 D ay a2 4 Ta
Case I)D q 0: This is equivalent tdp 4+ 2 (< 1). Note, for such a case to

exist,0< < —%5— must hold. Sinc® 0, itis

P(1) (2 A+ 2+ 3 ;
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because the quadrﬁtic shares the same sign with the cagtfaidts leading term in this case.
However, itis < 4 4+ 2 ,and saP (! ) > 0, implying that

T(%1)>T( %1); 8 2 O;—lf

Case II)pD > 0O: This is equivalent to < P + 2 or, to be more specic, to
< minf1; 4+ 2g. P(!)in (3.8 has two real zeros given by

p

2(+ 4+ 2 Y,

(3.12) 1= (2 i+ 2+ 2)°
| _2( 44 2 4)_ . 2 .
T (7 2w ) T 4T Ay 2 4

Because of the differencé 2 in the denominator of the fraction givirlg , two subcases
are to be considered, depending on the ordering afid .

Subcase lla) < < minf1;4 4+ 2g. ltisreadily seenthdd<! , <! ;. Also,

R A R R o PR
On the other hand we ha®(2-) = ﬁ(b‘w 2 2q 4 2), The quantity in the

—
last pair of parentheses is nonnegative if and only if ~—*3** % However, the

Iast expression is always greater thamsince < 1for < < 1, and strictly less than
4 44+ 2 asis easily proved. So the signlb(l%) depends on the relative position of

N ¢ S —
and —2* 35+ ° Therefore, two further subcases must be distinguished.

2
q 2 5 434 2 pi
Subcase llal) < —*3-*° < min L, 4+ 2 . From the previous

analysis we have that in this case itR{;2-) 0, implying that! , 2. Hence

T(2)>T( 3082 042 .

q

R ¢ S ——
Subcase lla2) < < — 2+ 5% % (< 1). In this caseP (;2-) < O, there-

fore!, < 2, implying thatT( 2;1)  T( 2!);8 2 (0;!2], while T( %!)
T( %1)8! 2 [, 2
Subcase lIb) < minf ; 1g. Itis readily seen thdt; < Owhile! , is always positive.

Also, ! , is strictly less than2— becaus® (:2-) ( * %+ 2?( 2 1)< 0, since

is strictly less than both and1. ConsequentlyJ ( ;1) T( 2;!); 8! 2 (0;! 5], while
T(Z) T(CHN); 8 2[5 12).

Note, xing (< 1), wecanseethdt !, P 44 2 4 < 0,s0!,> 1

Therefore, for ! * (Subcase llad we have! , ! 1" and!; ! +1 , while for
! (Subcase llB, !, ! 1 and!;! 1 . From these observations itis concluded

that the case = can be incorporated in either of the aforementioned sulscaseferably

in Subcase lla2

q
Having this in mind, and recalling frolubcase llathat 1 AL By
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we can summarize all the results so far as follows:
4p

iy 2 < 1;
thenT(2|)>T(2l)8|2(0
b— P27
if ' s5Ta o omip 14 Ay 2
thenT( %1)>T ( %1); 8 2 (0; 15);
q—pﬁ
(3.13) if <( —
T( %) T( %) for! 2(0;!,];
then 2
T( 21) T( %1); for! 2 [V 20
if 0< < minf; 1g;
T( %) T( %) for! 2(0;!,];

T( %) T( %) fort 2[5 £

if

P T2);

then

4. Ordering the Values of bl, b, and ! ,. Having ordered, in3.13, T( ?;!) and
T( 2;!)forallvalues oft 2 (O; 1+ ) for Whlch the SOR converges, we come now to order
b1; by and! ,. This new ordering together with that ®f 2;!) andT( 2;!) will enable
us to decide which of the possible optinid$ givesb.

First, from the various cases examined in secB@nd especially from the summary in
(3.13, itis seen that the only immed&ate result regardincan be found in the union @ase |

R S —
andSubcase llat namely, for 2~ —2+ 5% 2-1 and < 1. Then,T( %;!) >

2
T( %1);8 2(0;-2-),and(0;1) (0; —2-): Hence, by virtue of Theore®.1, b = b;:

g

11+

+ 75 444 2

> and < 1;it was found in

Next, in Subcase lla2where 2 ;

the Note in the end of sectidhthat! ,  1implying thatT( 2;!) T( 2;!). Therefore,
we have again by Theoreflthatb = b;.

Finally, in Subcase llbitis ! , < 1 and so the relative position bf, with respect to the
other two possible optimb,, b, has to be determined.

First, we determine the relative position lof andb,. For this we formf (b,), where
f is the function de ningb; in (3.1). Using Maple 9 we solve the equatidrib,) = 0;
considering as the unknown, and nd the eight roots given below:

]

Vv
u
u
t

P
1 P 21 22+4 4 1+8 4
(4.2) 1.2:0:8 = > 2 .

1 2

Four of the eight roots are complex numbers. Speci callg, ¢times with the minuses in front
of the rst inner square root. Also, two more roots are comptée ones with the plus sign
in front of the rst inner square root and the minus sign inffref the second inner square
root. This is because

p
(1 22+4 % " 1+484 (1 22%+4 %% (1+8 %
=4 (2 1A+4 H<O
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Of the two real opposite in sign roots the positive one is
%

u

u P —

g H21 22+4 4+ 1+8 4
2+ 1 2 :

<]

(4.2) 0

NI =

Since the leading coef cient and the constant terrfiaf 2)4f (l+l ) are positive multiples
of 4+4 2<0and 4+ 8> 0;respectively, we have that

(4.3) A: by b, for ( <) o and B: by b, for o(; ):

It can be found that the function of? under the second inner square root 42 has a
positive derivative if0; 1). Hence, ¢ is a strictly increasing function of 2 [0; 1) taking
all the values if0;+1 ). Moreover, itis ¢ for 2 [0;0:81942756935) o > for
2 (0:819427569351):
To nd the relative position of , with respect td;, we nd the sign off (! ,): Thus we
have, after a number of operations using Maple 9, that

(4.4) ftz)  fa( )fs( )

where

(4.5)

fi()=(@ ) P+@ 27 °+@ 22 2 (24252 (°+ 19
fz(): 84+2 6+(1+6 2 24) 4+( 2 24) 24 4 66+ 8;

fa( )= fo( ) 4 (2+1 2)( 2+ 2 2+ 4 &

The polynomialf 1( ) in (4.5) has eight zeros, which are found by Maple 9, namely

N s

- _oif ), 1+ 2440 2 FrgE
( . ) 1;2;:;,8 — 2 1 2 .
Four of the eight zeros in(6), namely the ones with mlrblS in front of the rst inner square
root, are complex numbers. Also, evedi# 2+4 6 4+8 8> Q,itis

s P pP——

1+ 2+4 6 2 4+8 8 1+ 2+4 6 2 4+8 8
2+2 1 2 1+ 1 2

1+2 4 I01+84 4 1<

implying that two more zeros, the ones with the minus signramf of the second inner
square root, are complex numbers. So, only two of them atenebopposite in sign. (The
fact thatf () in (4.5) has only one positive root as a quartic polynomial fican be directly
checked by Descartes' rule of signs.) Note that the rst twefaients off () are positive
and the last two negative. So, there is only one change inrgignatter what the sign of the
coef cient of the middle term is.) Comparing the positiveae

%

u

S

p——
H 1+ 2+4 642 448 8
2+2 1 >

4.7) 1=

NI =

against itis found that ; > forall 2 (0;1). Asin the case of o, the derivative of
the function of 2 under the second inner square root is positividjrl). Therefore, ; as
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a function of 2 [0; 1), is a strictly increasing one and can take all the valud®;ir 1 ).
Consequently, the sign of the polynomial ); in (4.5 in Subcase llbwe are examining,
is given below,

oif 2 (; 4

48) () 0if 2[ 1;+1):

Note that comparing o in (4.2) against ; in (4.7), it can be found out thatg < ;8 2
(0;1):
The polynomialf () in (4.5 as a function of has eight zeros which are found by

Maple 9 to be
r
1 H p—
(4.9) 1.2:0:8 = > 2 2 1 122 8 2 2+4 4
Checking the signs of the coef cients of the quartic polyriakin 2 in (4.5) it is seen that all

of them with the possible exception of the con%ant term asitipe. So, if the constant term

is positive, which happens ifand only if2 0; 3 2 2 ;then none of the four zeros

P—p—
2 of f5( ) is positive and thefi,( ) > 0. If 2 3 2 2;1 ,then the constant term

is negative, one of the zero¢ is positive, hencé,( ) has two real zeros with the positive
one being given by

r
1 - P
(4.10) 2= 3 2+2 1 122+8 22+4 4

However, since we are interested in a case where ., we compare , aboye against .
It is found that > (1+2 22 (1 122+8 22+4 % (2 2) 2> 0
Therefore, > 5, implying thatf,( ) > O:

Having established thdt,( ) > 0 always holds in our case, where> |, we try to de-
termine the sign of the factdrs( ) in (4.4) and @.5. Sincef,( ) > 0; we have that
fa( ) f2() [4(?+1 2( 2+ ?) 2+ 4 412 which, after a number of
calculations using Maple 9, givesthaf ) ( 2 2% 2+1+ 2)*> 0: Consequently,
taking into consideratiord(5), we have that (! ;)  f1( ): In other words,

Ofor 2(; al;

(“-11) ) Ofor 2[ 1;+1):

Therefore, the relative position 6% andb; is as follows:
(4.12) C:!yo by for( <) 1 and !, by for D: 1(> )

To order! ; andb,, we note rstthat for > 0, b, < 2, since it is equivalent to
7 < ;= ort2 ? +1 > 0; which is always true. Next, we form the difference
b, !, to successively obtain

P
— 2
b2 ta = l+l2 +p 1y 2 4 4+ 2 4 (1+2 2)

44 2 4 2(1+2 2)2 = [4+(1+2 2)2 2 2(1+ 2)]:

The right hand side above, as a quartic jinas four zeros two of which are complex numbers.

Of the two real zeros, which are opposite in sign, the pasitive is
s

(1+2 22+ @+2 2T +4 2a+ 3
. .



ETNA

Kent State University
etna@mcs.kent.edu

88 A. HADJIDIMOS AND P. STRATIS

This is proved that it strictly increases 8; ) with  increasing in(0;+1 ) and is also
strictly less than . Therefore we have that

n
E: b | for 0< (a+2 2)2+|"’(1+2 2)arq 2(1+ 2)
. D2 Iy ,
(4.13) q . :
: (1+2  2)2+ (142 2)4+4 2(1+ 2)
F:by [, for ’

< minf; 1g:

5. The optimal value b. In all the cases buBubcase IIlh examined in the previous
section, we concluded théit = b;. To determineb in Subcase Ilh we have to combine
the results in the last line of the summary %113 together with the orderings df;, by; ! »
exhibited in 4.3), (4.12 and @.13. For this we have to form triads taking one ordering from
each pair of the aforementioned relations. Thus, we can Tainte5.1 below, where for each
triad the following elements are illustrated: the order@mgongb,, by, ! », the restrictions on

and as well as on functions of them, and the optimal vabué'he reader should have in
mind two issues: i) Equalities all the way amadng b, and! ; do not hold except in a trivial
case which, although it has not been examined, is includeddimpleteness. ii) There are
triads which do not lead to an acceptable case except in tise ®xplained in (i) previously.

Also, to explain things better we should recall that: i) 'At= !, we always have
T( %5 )ji=1,=T( 2% )j=1,. i) From Theorems.1and3.2, bothkL, k, andT( ;!
strictly decrease and strictly increasg@b1] and in[by; 1], respectively, whil&kL, k; and
T( 2;!) behave in an analogous way(id; b,] and[b,; 1].

(A; C E): First, from the last line of3.13 we have that , < b;. HencekL, k, behaves
in the same strictly decreasing manneXon! ,] like T( 2;!). Then, becaus&( 2;!)

T( Z0)in[ o 1+2 ) and! , < by, kL, ko goes on decreasing until= b,, and afterwards
strictly increases. Therefote= b,. However, for this conclusion to be acceptable, we must
recall the restrictions imposed onand . Speci cally, since ; > o, from (4.3) and @¢.12)

we have that < < 0< 1.For < gtohold, 2 (0:819427569351). Considering
these restrictions together with the onedni@, we conclude that

0 s p 1
1+2 2)2+  (1+2 2)*+4 2(1+ Z)A:
2

2 @0:81942756935

However, since the expression for the upper bound for tleevat of is always in(0; %), as
was proven in the end of the previous section, the conclusithat such a case can not exist.

(A; G F): In this case all possible candidates forare equal meaning, among others
from (4.12, (4.7) and @.3), (4.10, that ; = (. However, since ;1 > ;8 2 (0;1), the
only case equality can hold is when= 0. This leads to o = 0 and since o, then

= 0. This is a caseot considered in this work. However, if we include it for coneleess
we can see that there is no contradiction. This is because, fo 0", b; ! 1 | for
(<) ! 0",by! 1 andfor ! 60,!,! 1, aswas noted at the end of sectidn
Also, T( %1)j =0 = T( %!)j =0 =2(1 !)? and the minimum okL, k, takes place
for b =1, in which case&klL-; k, = 0.

(A;D; E): Again, we note that o and 1, a case which holds only if we accept
that o = jleadingto =0 andthento = 0. This is consistent with the rst of4.13
provided we include =0 init. So, we are led to the same situation as above.

(A;D;F): We are in the same situation as above.

(B; G E): This case is analogous to that in c48e C, E). The complete proof is there-
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fore omitted. We simply note that the new restrictions cend are

s
.- (+2 22+" @+2 H74d 2av 7
2
and o 1. These restrictions are independent from each other inghsesthat

there always exist pairs; ) satisfying both. Regarding the optimal valbenote the fol-
lowing. First,kL, k, decreases witfi ( 2;! ) decreasing iff0; ! »], next goes on decreasing
asT( 2;!) decreases ifi ,; by], since! , b,, and then strictly increases. Therefore,
b= bz.

(B; C; F): The restrictions are analogous to the ones in the previass except that the
interval for is different. Forb observe, from the last line irB(13), thatkL, k, decreases
with T( 2;!) decreasing irf0;! ,]; since! ,  bs. Then, it strictly increases with( 2;!)
increasing, becaud®s ! ,: Consequentlyb = ! ,.

(B;D;E): We are in a case where all possible optima are the same aimdagsevious
similar situation, we have = =0 andb =1

(B;D;F): SincekL, k, has the same monotonic behaviorTas 2;! ) in (0;! ,];, and
the latter function of strictly decreases i0; b;]; and then strictly increasesjh;! 5], itis
concluded thab = b;. There is no other possible optimal sirlze b, andkL, k; strictly
increases witfi ( 2;! ). The restrictions in this case are

S
Y
1+2 2)2+ (1+2 2)4+4 21+ 2
( ) ( 2 ) ( ) < minf; 1g and 1:
TABLE 5.1
Optimal valueb for 2 (0; minf ; 1g).
Ordering of
Triad possible optimal 's Restrictions on and b
(A;CE) 'y by by Such a case can not exist
(A,C; F) b2 Iy b]_ b2 = =0 1
(A;D;E) | b ', by = =0 !
(AD:IF) [ b b, 1, = =0 !
;
(BiCE) | !2 by by o< < ez 22l E2 BT w5
0 1 b,
' p
(B;C;F) b2 !2 bl (1+2  2)2+ (1+22 D44 21+ 2) < < minf; 1g
0 1 P
(B; D; E) bj_ ! 2 b2 bl = =0 1
r
(B;D;F) b, by !, (1+2 2)2+P(1+22 D 20+ %) o o mint; 1g
1 bl

The summary of the results of this and the previous sectiohsre the extreme cases
> =0and > =0 are also incorporated, is given in Theorém.
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6. Concluding remarks and discussion.In this concluding section we make a number
of points regarding other optiméls that are found in the literature under the main assump-
tions of the present work. Usually, what many researchersmige is either the spectral
radius of the SOR operatar, , or an equivalent quantity to it, over the real paraméter
Although (L) KL | k» itis worth to compard of this work against other optimal values
of I

First, it was Wrigley [L0] (see also11]) who found that the optimal value &f, denoted
by by , that minimizes the spectral radius of the SOR operatoover all reall 's, is

P
2 +

6.1 by = pP——; (L = p—
( ) W 1+r~'1 2+ 2 (bw) 1+|u1 25 2

Then, Eiermann, Li and Varga]studied a number of methods and introduced, among others,
a hybrid one for the solution of the Jacobi xed-point eqoati

(6.2) X = Bx+c:

In the limit, the method they proposed is a stationary tvapshethod with coef cients func-
tions of and only. For the aforementioned method they obtained an agtio@verage
convergence factor given by

p p
(6.3) G )= P

24 2

Finally, Eiermann and Varg&], by applying semiiteration directly to the correspond8@QR
xed-point equation

1

(6.4) X = Lyx+! o Opg

N |, ©
found as an asymptotic average convergence factor theesqtitire one in§.3). Namely
p p
_(1+ 2 1 22 :
(65) ( 1 ) - 24+ 2 < (wa)’
" #
8! 2 B 2 ; P 2 =y,

1+ 1+ 21+ 1 2

where it is noted thabyw 2 1.

It is interesting to examine and nd out whether the optirhab, of the present work is
close toby of (6.1) or at least lies in the intervdl..  above. For this the cases of Talilé
are examined from the simplest to the most complicated one.

i) b =1: Inthis trivial case ( = = 0) we have

b = b2 =1, = bl =1-= bWI
i) b = b, : Inthese cases it is readily checked that
1 2 2

< [a) nizbw:

6.6 b —
(6.6) 2 1+ 2 1+ 1+ 2 1+ 1 24+ 2

In other words, for a xed in its restriction interval(s), the biggeris in its corresponding
interval, the farther away to the left from the left endpait,.. , and therefore fronbyy ,
b2 is.
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iii) b =1, :ltcan directly be checked that

2 2
1, = n n — .
(6.7) $2 +PW< 1+ 1 2+ 2 bw

since this is equivalent to<  which always holds in the case under examination. To nd
the relative position of , with respect to the left endpoint of the interval. —pZ__

"1+ 1+a?’
we form their difference and try to nd when it is nonnegative

2

1+ 1+a?

(6.8) Iy

or, equivalently,
s

(+ 2+ @+ 22+a i+ D)

(6.9) 5 = ()

Comparing ( ) with the lower bound for we nd successively that

D D
@+ 2y @+ 2)2+4 21+ 2) a (+2 2)2+ ' (142 2)4+4 201+ 2)
2 2

[(+2 22 @+ 2] [ @+2 o7+d 2@+ 5 ' @+ 2r+d i@+ 7

vz HFva 2@+ ONA+ 9244 2+ ] (1+ AA+2 2)P+4 7

(W42 244 21+ 2L+ 2744 21+ 2]  (1+ 22[1+2 22 +4 2T
=4 %1+ 2)@B+4 22> O

Since () in (6.9 is strictly greater than the left bound forwe have to see whether it
is strictly less than its upper boumdinf1; g. It carb directly be checked tha( ) <
always holds while ( ) < 1holds if and only if < * 2. Recall, from section 4, that both

o and ; are strictly increasing functions of 2 [0;1). From @.2) it is also found that

o=1if =0:87546301112766whilg from @.7)itis 1 =1 if =0:73479514513748

In addition, it can be found that, = * 2if = 0:91606894763539while ; = * 2 if

= 0:79867023837696 Having all this in mind, we end up with the following general
conclusions:

D
1+ 2)+ | (1+ 2)2+4 2(1+ 2)

(6.10) ? ‘0 mint; 19
2[00 M <2 5 2 0y
and
(6.11) o N
5 (1+2 2)2+"(1+§ e 2 B, g G 2)+'"(1+22>2+4 2@+ )

A 2[ 05 1] =) Lo 21y,

In the second case above, note that for an admissiktlee closer to the left endpoint of the
interval of de nition is the farther away to the left from the left endpointof ! is.

iv) b = b; : In this case we do not have an explicit expressiontfgras we had in
the previous three cases fbg and! ;. So, we base our analysis directly on the restriction
intervals of Tablel.1. Three subcases are to be distinguished that are examimedtiie
simplest to the most complicated one.
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iva) 0 < = < 1 :Inthiscaseb; < 1 = by: To compareb; against the left
endpoint of the interval of,.. , which can be written ai—p%, it suf ces to nd the

sign of (1 + P 1+ 2)% (:p%), wheref is the function in 8.1). Using Maple we can
nd that

p—
(6.12) 1+ 1+ 2)%f —92: 94+3 2 1,
1+ 1+ 2
from which it is obtained that
0 3
(6.13) = 2 @y T5 =) bi2l.
0 1
° 1+ 5
(6.14) = 2@ —5 1A =) by 2l

In the second case above, the clos¢r ) gets tol, the farther away,; gets from the left
endpoint ofl;. .
ivb) 0 < < 1 :To nd the relative position ofb; with respect tdby, for any

admissible paif ; ), we form the expression below and, using Maple, we obtain
!

p 2
6.15 1+ 1 24 2)4f n_~
(6.15) ( ) P e

(2 1) *+@2 *+2 2 1) 2+( ®+3 4+ 2
Equating the rightﬁnost expression @ 15 with zero and solving for 2, we nd the two

2 4
12 ;(2; 5 18 *. one of which is negative and the other positive for at (0;1).

roots

142 242 4+ V 1+8

From the positive root we can nd that we always have FICR—) * There-
fore, for all admissible values of it is implied thatb; < by .
The left endpoint ofl.. is 179% and so we have to compare it with. We nd

P— : s .
(L+ 1+ 2)%f Fp% , Since we are mainly interested whbep 2 I,.. . Using
Maple again we end up with

p—— 2

(6.16) (1+ 1+ 2)*f —p—- (2 1) %+@ % 1) 2+4 %@+ ?):

1+ 1+ 2

P
4
Working as above and solving fof we obtain the two rootsl+42(l—2§+84; interms of ,
one of which is negative and the other positive fa2 (0; 1). From the latter, two opposite in
sign real roots for are obtained. For the relative position of the positive eoed  we can

— —
ndthat %" ifandonlyif 2 0, 245
with the sign of the rightmost expression .16 when takes values within the two real
roots or outside their interval we have the following cosadns,

2 - 1 0
S P S _p_l
1+4 4+ 1+8 4

6.17) 24

1+'5
. N - = YA = I
219 . An 2@ s/ b2l

. Combining this result
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while
2 8 s . 91
< 1+4 4+ 1+8 4-
(6.18) 2 40; min_ 507 AN 201 5) by 2.

Observe that in the last case abo8el), for a xed |, the closer td, is the farther away
from the left erﬁlpoint of. . o by is.

2y24 T 2)4 2 2
ivc) 2 (42 5% (1+§ )7+ P );minf; g ~ > 1 :Working as

in the previous subcase (ivb) by considering the expressithe left hand side ofg. 15, we
end up with quite different conclusions regarding the redaposition ofb; with respect to
bw . This will be examined after the examination of the positidib; with respecttd,..
takes place.

S I . .
So, considering the expressitin-~ 1+ 2)*f —»2—  asinthe previous subcase,
r

4 4+ 148 4

we conclude that whenever“z(l—z) < itisimpliedthatb; 2 I,.. :Togoon,

we have to compare the two lower bounds fort can be obtained that, for all 2 (0; 1),

r p r o !
1+4 4+ 148 4 1+4 4+ 148 4 4 242 1+ 2+44 642 448 8
209 1 20 %) 4 T

( 2+44+'01+784)2 1+ 2+46+2'0f88)(1 2)

[ [ J—
52 64 2 1+8 4+10 6+5 2 1+8 4 256 54442 1= ()

It can be found that the derivative of ) is positive, for 6 0. Then, applying Descartes'
rule of signs, it is found that( ) has only one real zero, let it be. Specically, ; =
0:48683413504982 (0; 1): Therefore, we eventually obtain that

n
(2 _2)7+" (@2 2)tea 2Q+ 2).

2 > ;minf ; 19
(6.19) € —4;3—4)
N> max g % =) bi2l.. ;
while
2)2 p 2)4 2 2
2 (1+2 2)2+ (1+§ )4+4 2(1+ );minf : 19 A 2( 1;1)
(6:20) venia
"2 gy — 7)) bzl

Also, in the last case, the closelris to its upper bound, the farther awaytig from the left
endpoint ofl,.. . To nd the relative position ofb; with respect toby , when the pairs
(; ) satisfy £.19, we consider relationshiB (15 and nd out whethetb; can coincide
with or can lie to the right obyy . If such cases exist, then for all other admissible paijrs ),

1+2 242 4+p1+8 4
2(1 2) 1

by will be on the left ofby . From ¢.15 we have that for

b; by . For the admissible lower bounds forin (6.19 we have that
s s

142 2+2 4+ 1484 144 4+ 148 7
21 ?) 21 2 '
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forall 2 (0;1). Moreover, considering the difference below and doing seimple calcu-
lations using Maple we obtain

S
P——
1+2 2+2 4+ 1+8 4 P
5+4 4+3 1+8 4> 0
20 2) !
As a consequence from all the results of the comparisonseaibas implied that for all
admissible values of 2 (0; 1) for whichby 2 I,..  there hold
(621) 2y2 p 2\4 2 2
2 (1+2 )2+ (1+22 )4+4 (1+ );minf : lg
8 r ) r !
( L 14 4T F . 142 242 44" Tee 7 _ _
2 max 1, 2(1 2) ’ 2(1 2) _) bl < qu
"
P—
A _ 1+2 242 4+ 1+8 4 _ _ .
a= " A | =) by = bw;
142 242 4+P1+8—4
az2 P c+1 =) by > bw:

Note that, except for the trivial case (i) whdve= 1 = by, the last two subcases if.21)
are the only ones where the optimal value of the relaxatioarpaterb 2 1,..  can equal
to or, more interestingly, can lie strictly to the rightlof, .
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