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A RANK-ONE UPDATING APPROACH FOR SOLVING SYSTEMS OF LINEAR
EQUATIONS IN THE LEAST SQUARES SENSE

�

A. MOHSEN
�

AND J. STOER�

Abstract. Thesolutionof thelinearsystem�����	� with an 
���
 -matrix � of maximalrank ��� ����������
���
��

is considered.Themethodgeneratesasequenceof 
���
 -matrices �! andvectors�"! sothatthe �� #! arepositive
semide�nite,the  ! approximatethepseudoinverseof � and � ! approximatetheleastsquaressolutionof �$�%�&� .
Themethodis of thetypeof Broyden's rank-oneupdatesandyieldsthepseudoinversein � steps.

Keywords. linearleastsquaresproblems,iterative methods,variablemetricupdates,pseudo-inverse

AMS subject classi�cations. 65F10,65F20

1. Intr oduction. We considerthe problemof solving a rectangularsystemof linear
equations'%(*),+ in theleastsquaressense.Notethat ( solvestheassociatednormalequa-
tions

'.-$'%(&)/'.-�+10

Herewe supposethatthematrix ',24365�798 hasmaximalrank :<;=)/>@?BA�CEDGFIH�J . In thecase
DK),H this amountsto solvinga nonsingularsystem'%(L)M+ with a perhapsnonsymmetric
matrix ' by meansof solving '

-

'�(	)/'

-

+ . When ' is symmetricpositivede�nite (s.p.d.),
theclassicalconjugategradientmethod( NPO ) of HestenesandStiefel[13] belongsto themost
powerful iterative methods.For solving generalrectangularsystems,a numberof NPO -type
methodshavebeendeveloped,seefor instance[23]. In generalsolvingsuchsystemsis more
dif�cult thanin thecaseof s.p.d. ' . In this paper, we userank-oneupdatesto �nd approx-
imationsof thepseudoinverseof ' , which, for instance,maybeusedaspreconditionersfor
solvingsuchsystemswith multiple right handsides.

The useof a rank-oneupdateto solve squaresystemswith 'Q2R3
8S7�8

wasstudiedby
Eirola andNevanlinna[8]. They invoked a conjugatetransposedsecantconditionwithout
line search.They provedthattheir algorithmterminatesafteratmost H iterationsteps,andif

H stepsareneeded,then '�T�U is obtained.
The problemwas recentlyconsideredby Ichim [14] and by Mohsenand Stoer [17].

In [17], startingfrom anapproximationVXW for thepseudoinverse'.Y , or from '

-

whensuch
anapproximationis not available,their methodusesrank-2updatesto generatea sequence
of HXZ6D -matricesVX[ approximating'.Y . Two rank-2updateswereproposed.Oneis related
to the \^]6_ updateandtheotherto the `�]6a�b update.Numericalresultsshowedthatboth
methodsof [17], whenusedfor thecaseDc)dH , giveabetteraccuracy thantheotherrank-one
updatemethods.

On theotherhand,rank-oneupdatinghasattractive featuresin termsof computational
requirements(lower numberof operations,lessstorage). In this paper, rank-oneupdates
(of Broyden's type) for matricesV^[ arecomputedso that, in rathergeneralsituations,the
sequenceVX[ terminateswith thepseudoinversein no morethan : steps.Thepropertiesof
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thealgorithmareestablished.For squaresystems,Df)dH , alsothenew methodis compared
with themethodsgha6i , gha�b and a�jk3hl�b , which try to solve '%(&)d+ directly.

An alternativealgorithmutilizing thes.p.d.matrices\m[n;=)/'.V@[ is proposed.It hasthe
advantagethat it canmonitor theaccuracy as \ [^oqp

5

. However, we thenhave to update
two matrices(but notethatthe \ [ aresymmetric).

2. Rank-oneupdating. We considerthesolutionof thelinearsystem

'�(&)r+(2.1)

in theleastsquaressense:s( “solves” (2.1) if tu+wvG'^s (�t�)d>@?�Ayx4tz+wvG'�({t , thatis if '

-

C|+�v

'Xs (}Jh)•~ . We assumethat '€2•365�7�8 hasmaximalrank, ‚„ƒ�'…)†:‡;�)†>@?BA�CEDGFIH�J . Here
andin whatfollows, tˆ({th;�)‰CE($FI(ŠJ„UŒ‹Œ• is theEuclideannormand CŽ(�FŒ•�J�;�)d(

-

• thestandard
scalarproductin 3 5

. Thevectorspacespannedby thevectors•}‘w2*3 5
, ’w)”“ , 2, . . . , • , is

denotedby

–B–

•

U

FŒ•

•

Fu0u0z0—FI•}[™˜B˜�0

We notealreadyat this point that all resultsof this papercanbe extendedto complex
linearsystemswith a complex matrix 'š2<g

5�7�8
. Oneonly hasto de�ne the innerproduct

in gh5 by

CŽ(�FI•9J#;=)/(S›œ•S0

Also theoperator
-

thenhasto bereplacedby
›

andtheword “symmetric”by “Hermitian”.
Wecall an H^Z�D -matrix V†' -relatedif '%V is symmetricpositivesemide�nite(s.p.s.d.)

and (

-

'%V4(k)•~ implies that (

-

'K)•~ and V4(ž)•~ . Clearly, VŸ;=) '

-

is ' -related,
the pseudoinverse'.Y (in the Moore Penrosesense)is ' -related(this canbe shown using
thesingularvaluedecompositionof ' and 'hY ); if ' is s.p.d. then V¡)

p is ' -related. It
is easilyveri�ed that any matrix V of the form V¢)c£h'

-

, where £•2¤3
8¥7�8 is s.p.d.,is

' -related.
This conceptwill be centralsinceour algorithmsaim to generate' -relatedmatrices

V
[ which approximate'œY . It alsoderives its interestfrom the specialcasewhen ' is a

nonsingular, perhapsnonsymmetric,squarematrix. It is easilyveri�ed that a matrix V is
' -relatedif andonly if '%V is symmetricpositivede�nite. Thismeansthat V canbeusedas
a right preconditionerto solve '�(¦)š+ by meansof solving theequivalentpositive de�nite
system'%V4•4)”+ , (<)‰V4• , usingthe NPO -algorithm. ThenthepreconditionerV will be the
betterthesmallertheconditionnumberof '%V is. Sothealgorithmsof this paperto �nd ' -
relatedmatricesV^[ with goodupperandlower boundson thenonzeroeigenvaluesof '.V�[

canbeviewedasalgorithmsfor computinggoodpreconditionersV�[ in thecaseof afull-rank
' .

Thefollowing propositiongivesanotherusefulcharacterizationof ' -relatedmatrices:
PROPOSITION 2.1. Let _ beanyunitary D Z&D -matrixsatisfying

_6'‡)

§š¨

'

~”©

F

where
¨

' is a :<Z�H -matrix of rank :ª)‡>@?BA�CEDGFIH�J�)‡‚„ƒ�' . De�ne for an HLZ	D - matrix V

the HGZ	: -matrix
¨

V and
¨

£ by

–

¨

V

¨

£.˜�;=)dVª_
-

0
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ThenV is ' -relatedif andonly if thefollowing holds
¨

£ž)d~ and
¨

'

¨

V is s.p.d.,

andthen

_6'.Vª_ - )

§ ¨

'

¨

V ~

~ ~ ©

0

Proof. 1. Supposethat V is ' -related.Thenthematrix

_6'.Vª_ - )

§ ¨

'

¨

V

¨

'

¨

£

~ ~ ©

is s.p.s.d.. Hence
¨

'

¨

£ž)d~ and
¨

'

¨

V is s.p.s.d.
Suppose

¨

£¬« )c~ . Thenthereis a vector •

•

with
¨

£œ•

•

«)c~ . De�ne (‡;=)c_

-

• , where
•

-

)

–

•

-

U

•

-

•

˜ , •

U

;�)d~ . Then

(
-

'%V4(�)d•
-

_6'.Vª_
-

•X)

–

~¦•
-

•

˜

§
¨

'

¨

V ~

~ ~
©

§

~

•

•

©

F

but

V4(�)/V*_
-

•@)f­

¨

V

¨

£¯®

§

~

•

•

©

«)‡~9F

contradictingthe ' -relatednessof V . Hence
¨

£‰)ž~ . Now supposethat
¨

'

¨

V is only positive
semide�nitebut notpositivede�nite. Thenthereis avector •

U

«)‡~ suchthat
¨

'

¨

Vª•

U

)/~ . But
then •

-

U

¨

'†« )d~ , because
¨

' hasfull row rank,and

–

•
-

U

~1˜

§
¨

'

¨

V ~

~ ~
©4°

•

U

~²±

)d~y0

Hencethecorresponding

(*;�)d_
-

°

•

U

~n±

satis�es

(¥-$'%V4(	)

–

•�-

U

~³˜

§”¨

'

¨

V ~

~ ~¦©	°

•

U

~
±

)‡~9F

but

(

-

'‡)

–

•

-

U

~1˜

§

¨

'

¨

V ~

~ ~´©

«)d~yF

againcontradictingthe ' -relatednessof V .
2. Conversely, supposethat _ , ' and V satisfythe conditionsof the propositionand

assume(

-

'%V4(�)‡~ . Thenwith •

-

)

–

•

-

U

F9•

-

•

˜�;=)/(

-

_

-

,

(

-

'%V4(�)

–

•

-

U

•

-

•

˜

§

¨

'

¨

V ~

~ ~
©

§

•

U

•

•

©

)/~9F
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sothat •

U

)d~ . But then

( - '‡)/• - _6'‡)

–

~¦• -

•

˜�µ

¨

'

~·¶

)d~

andlikewise

Vª(�)dVª_6-�•@)

–

¨

V¸~1˜

§

~

•

•

©

)d~90

HenceV is ' -related.

In the case:”)KD¸¹fH , we canchoose_º;�) p and the propositionreducesto the
following corollary, whichhasa simpledirectproof.

COROLLARY 2.2. If the matrix ' hasfull row rank, then V is ' -relatediff '.V is a
symmetricpositivede�nite matrix.

Proof. If '%V is s.p.d.,then (

-

'.V4(¦)š~ gives (´)•~ . Conversely, if V is ' -related,
then (

-

'%V4(´)†~ implies '

-

(¦)†~ and,therefore,(»)š~ since '

-

hasfull columnrank.
Hencethes.p.s.d.matrix '.V is s.p.d..

We notedabovethatany matrix V of theform V )ž£h'

-

, where £‰2&3
8¥7�8

is s.p.d.,is
' -related.Theconverseis alsotrue:

PROPOSITION 2.3. A matrix V¼2d3
8¥795

is ' -relatediff it hasthe form V½)Q£h'

-

,
where £,243

8S7�8
is s.p.d..

Proof. We provetheresultonly for themostimportantcaseof a full columnrankmatrix
' , D ¾¦Hª)d: .
Let V be ' -related. Since (

-

'%V4(M)¿~ implies '

-

(M)¿~ and Vª(M)¯~ , '

-

(M)À~ is
equivalentto V4(¤)Á~ , that is V and '

-

have the form VÂ)Q£h'

-

, '

-

)ÁÃ�V for some
matrices£�FyÃ€2*3

8¥798
. As '

-

hasfull columnrank HG)k: , sohas V . This impliesthat £

is nonsingularand ÃÁ)”£@T}U . Since '%VÄ)M'h£h'

-

is s.p.s.d.and 'œ£h'

-

)€CŽ'œ£6'

-

J

-

)

'œ£

-

'

-

, andthereforeby thenonsingularityof '%'

-

'

-

'h£h'

-

'‡)‡'

-

'œ£

-

'

-

'ž)}ÅÆ£ž)r£

-

F

showing that £ is symmetric,nonsingularandpositive semide�nite,and thereforea s.p.d.
matrix.

The methodsfor solving (2.1) will be iterative. The new iterate (}[

Y$U

is relatedto the
previousiterateby

(S[

Y$U

)/(S[�Ç¦È�[PÉŠ[6)¤(S[�Ç´•Ê[ËF

wherethesearchdirection É}[ is determinedby theresidualÌ1[m)†+�v´'%(S[ via an ' -related
HGZ�D matrix VX[ of rank : by

ÉS[6)‡VX[™Ì™[�0

We will assumeÉŠ[m« )‡~ , becauseotherwise

'wÉS[6)d'.VX[ÍÌ™[6)‡~6Å¢CŽ'%VX[³Ì™[ËFŒÌ™[³Jw)d~9F

so that, by the ' -relatednessof V^[ , '

-

Ì™[L)c~ , that is, (Š[ is a (least-squares)solutionof
(2.1).
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We alsonotethat É [ «)‡~ implies 'wÉ [ «)d~ , becauseotherwise,againby ' -relatedness,

~�)MC|'ÎÉ [ FIÌ [ JÎ)MC|'%V [ Ì [ FIÌ [ JÎÅ¿V [ Ì [ )<É [ )‡~90

HencethescalarproductsCŽ'wÉŠ[ËFŒÌ™[³J , C|'ÎÉS[�FŒ'ÎÉŠ[³J will bepositive.
Now, thestepsizeÈÏ[ is chosento minimizetheEuclideannorm tˆÌ1[

Y$U

t . Thus,

Ì™[

Y�U

)/ÌÍ[œvGÈ{[1'wÉS[6)¤ÌÍ[œvGÐ1[ËF

where

È�[6),C|'ÎÉŠ[�FIÌÍ[³JŒÑ9CŽ'wÉS[ËF„'ÎÉS[1J�Ò•~90

HenceÈ{[ is well de�ned and

CŽÌ [

Y$U

FŒÐ [ JÎ)‡~�)MCŽÌ [

Y�U

F„'%V [ Ì [ JˆF

CEÌ™[

Y$U

FŒÌ™[

Y�U

JÎ)‰CEÌÍ[ËFIÌÍ[³J{v/ÓÔCŽÌ™[9FŒ'ÎÉŠ[³JuÓ

•

Ñ9CŽ'wÉS[ËF„'ÎÉS["J

Õ

CEÌÍ[ËFIÌÍ[³Jˆ0

We updateV
[ usingarank-onecorrection

V
[

Y$U

)‡V
[

Ç´•
[ÍÖ

-

[

F •
[

2&3

8

F
Ö"[

2	3

5

0

Uponinvoking thesecantcondition

VX[

Y�U

Ð1[h)/•Ê[�F

wegettheupdateformulaof Broydentype[3],

VX[

Y$U

)‡VX[·Ç‡CE•×[œvGVX[1Ð1[1J
ÖË-

[

Ñ�C
Ö

[�FŒÐ1[1J

(2.2)
)‡VX[·Ç´•}[

Ö
-

[

Ñ�C
Ö

[ËFŒÐ1[³J—F •}[�;=)d•Ê[.vGVX[1Ð1[×F

providedthat C
Ö

[�FŒÐ1[1J6« )ž~ . Theupdates(2.2) areinvariantwith respectto a scalingof Ö
[ . It

canbeshown (see[10]) thatfor Dc)/H thematrix V^[

Y$U

is nonsingularif f VX[ is nonsingular
and C

Ö
[�FŒV

T}U

[

•×[1J�« ),~ . If DK)žH and ' is s.p.d.,thenit is usuallyrecommendedto startthe
methodwith V²W4;=)

p
andto use

Ö
[L;=)š•}[	)••Ê[�v•VX[1Ð1[ , which resultsin thesymmetric

rank-onemethod(SRK1) of Broyden[21] andleadsto symmetricmatricesV^[ . However,
it is known that SRK1 may not preserve the positive de�nitnessof the updatesV�[ . This
stimulatedthework to overcomethis dif�culty [22], [16], [24], [15].

When ' is nonsymmetric,thegoodBroyden(GB) updatesresultfrom thechoice
Ö

[²;=)

V

-

[

•
[ , while thebadBroyden(BB) updatestake Ö×[

;�)‰Ð
[ . For È

[
;=)•“ andsolving linear

systems,Broyden[4] provedthe local 3 -superlinearconvergenceof GB (that is, theerrors
Ø

[
;=)Ät—(

[
v¤(

�

tG¹cÙ
[ areboundedby a superlinearlyconvergentsequenceÙ

[LÚ
~ ). In

Moré and Trangenstein[18], global Û -superlinearconvergence(i.e. ÜB?B>
[—Ý�Þ

Ø

[

Y$U

Ñ

Ø

[
)

~ ) for linear systemsis achieved using a modi�ed form of Broyden's method. For 'Â2

3
8¥7�8

, Gay[10] provedthatthesolutionusingupdate(2.2) is foundin atmost ß³H steps.The
generationof à

Ö
[Êá asa setof orthogonalvectorswasconsideredby GayandSchnabel[11].

They provedterminationof themethodafterat most H iterations.
Theapplicationof Broydenupdatesto rectangularsystemswas�rst consideredby Ger-

ber andLuk [12]. The useof the Broydenupdates(2.2) for solving non-Hermitiansquare
systemswasconsideredby Deu�hard et al. [7]. For bothGB andBB, they introducedaner-
ror matrixandshowedthereductionof its Euclideannorm.For GB they providedacondition
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on thechoiceof V W ensuringthatall V [ remainnonsingular. They alsodiscussedthechoice
Ö"[ ;=)cV

-

[

V [ Ð [ , But in this case,no naturalmeasurefor the quality of V [ wasavailable,
whichmakesthemethodnot competitivewith GB andBB. For GB andBB, they showedthe
importanceof usinganappropriateline searchto speedup theconvergence.

In this paper, we startwith an ' -relatedmatrix VXW andwish to make surethat all V^[

remain ' -related. Hencethe recursion(2.2) shouldat leastpreserve the symmetryof the
'%VX[ . This is ensurediff

Ö [6)d'%•Š[×F

or equivalently

•}[h)/•Ê[.v<VX[1Ð1[œ)‰C p vGVX[1'œJâ•Ê[6)/VX[�C|È�[1Ì™[œv<ÐÍ["JÎ)dVX[™ãI[ËF

(2.3)
Ö"[ )d'nCE• [ v<V [ Ð [ JÎ)MC p vG'.V [ JäÐ [ )d'.V [ ã [ F

whereãŒ[ is thevector ãŒ[n;�)‡È{[ÍÌ™[œv<Ð1[ .
However, thescheme(2.2), (2.3) maybreakdown when C

Ö×[
FŒÐ

[
Jh)š~ and,in addition,

it may not ensurethat '.V
[

Y$U

is again ' -related. We will seethat both dif�culties canbe
overcome.

3. Ensuring positivede�nitenessand ' -relatedness.For simplicity, wedroptheiter-
ationindex • andreplace•hÇR“ by astar

�

. We assumethat V is ' -relatedandÉ�)‡V4Ìm« )d~ ,
sothat C|'%V4Ì1FŒÌ1J�ÒR~ and CŽ'wÉ�FŒ'wÉSJ#Ò¤~ . Following Kleinmichel[16] andSpedicato[24], we
scalethematrix V by ascalingfactor åªÒ¤~ beforeupdating.This leadsto

V

�

)/å}V•Ç´•
Ö

-

Ñ�C
Ö

FŒÐËJˆF

where•�)d•�vLå}VªÐ�)/V´C|È�ÌhvLåŠÐËJÏ)dVªã ,
Ö

)‡'�•&)d'%V4ã and ãÎ)‡È�Ìœv*å}Ð . Therefore,

V

�

)/åŠV…Ç¦V4ã—CŽ'.V4ãIJ
-

Ñ�CŽ'.V4ãˆFŒÐËJˆF(3.1)

'.V

�

)/åŠ'.V•Ç¦'%Vªã—CŽ'%VªãIJ
-

Ñ�CŽ'.V4ãˆFŒÐËJˆ0(3.2)

Then,introducingtheabbreviations

æ

U

;=)‰CŽ'%VªÌ1FIÌ³JˆF

æ

•

;�)‰CŽ'.VªÐ¥FŒÐËJˆF

æ

�

;=)MC|'%V4Ì

�

FIÌ

�

JˆF

we �nd

æ

U

Ò•~yF

æ

�

¾¤~9F

æ

•

¾

æ

U

Ò¤~9F

ÈG)

CŽ'ÎÉ$FIÌ³J

C|'ÎÉ�F„'ÎÉŠJ

)

CŽ'.V4Ì1FIÌ³J

C|'%V4Ì1F„'%V4Ì³J

Ò¤~9F

andaneasycalculation,using CŽÌ

�

FŒÐËJÏ)d~ , Ð�)dÌ.vGÌ

�

, shows

æ

•

)

æ

U

Ç

æ

�

andthefollowing formulafor thedenominatorin (3.2),

C
Ö

FŒÐËJÎ),CŽ'.V4ãˆFŒÐËJÎ)‰CŽÈ�'%V4ÌhvLåŠ'.VªÐyF„Ð×J{)‡È

æ

U

v*å

æ

•

)MCŽÈLv*å�J

æ

U

v*å

æ

�

0(3.3)
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SinceV is ' -related,Proposition2.1canbeapplied.Hence,thereexist aunitary DžZ%D -
matrix _ and :GZ�H -matrices

¨

' ,
¨

V

-

, suchthat

_6'‡)Äµ

¨

'

~�¶

FçVª_

-

)

–

¨

Vè~1˜éFç_6'%Vª_

-

)

§

¨

'

¨

V ~

~ ~¦©

.
¨

'

¨

V is symmetricpositivede�nite.

Then(3.1), (3.2) preservetheblockstructureof V*_

-

and _6'%Vª_

-

. Replacingã by

¨

ãÏ)

§

¨

ã

U

¨

ã

•

©

;�)‡_hãˆF

¨

ã

U

2&3hêSF

we�nd

–

¨

V

�

~³˜�;�)dV

�

_
-

)¤å

–

¨

Vè~1˜ËÇ

¨

V

¨

ã

U

¨

ã

-

U

–

¨

'

¨

Vè~³˜

C|'%V4ãˆF„Ð×J

F

§

¨

'

¨

V

�

~

~ ~´©

;�)d_6'%V

�

_
-

)/å

§

¨

'

¨

V ~

~ ~¦©

Ç

°�ë

ì

ë

›

W

±

¨

ã

U

¨

ã

-

U

–

¨

'

¨

Ví~³˜

CŽ'.V4ãˆFŒÐËJ

0

Hence,by Proposition2.1, '%V

�

is ' -relatedif andonly if

¨

'

¨

V

�

)/å

¨

'

¨

VÁÇ

¨

'

¨

V

¨

ã

U

C

¨

'

¨

V

¨

ã

U

J

-

C|'%V4ãˆF„Ð×J

(3.4)

is positivede�nite.
Since

¨

'

¨

V is s.p.d.and å*Ò•~ , Cîå

¨

'

¨

V*J„UI‹„• is well de�ned and
¨

'

¨

V

�

satis�es

CEå

¨

'

¨

V*J

T�UI‹„•

C

¨

'

¨

V

�

JuCîå

¨

'

¨

V*J

T}UŒ‹„•

)
p

Ç

C

¨

'

¨

V*J
UI‹„•

¨

ã

U

¨

ã

-

U

C

¨

'

¨

V*J
UI‹„•

å{C|'%V4ãˆF„Ð×J

)n;Ê£�0(3.5)

The matrix £ hasthe eigenvalues1 (with multiplicity :<vž“ ) and,with multiplicity 1, the
eigenvalue ï

Cîå�J#;=),“�Ç

“

å

C

¨

'

¨

V

¨

ã

U

F

¨

ã

U

J

C|'%V4ãˆF„Ð×J

0

But asis easilyseen,C

¨

'

¨

V

¨

ã

U

F

¨

ã

U

JÎ)‰CŽ'.V4ãˆFIãIJ , sothatby (3.3),ï

CEå}J�)

“

å

È#CŽÈ*v*å�J

æ

U

È

æ

U

vLå

æ

•

0(3.6)

Hence,V

�

will be ' -related,if f åªÒ¤~ satis�es È

æ

U

vLå

æ

•

«)/~ and

È#CŽÈLv*å�J

æ

U

È

æ

U

v*å

æ

•

ÒR~yF

thatis if f

~

Õ

å

Õ

È

æ

U

æ

•

)‡È

æ

U

æ

U

Ç

æ�ð or å*ÒRÈw0(3.7)
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In view of the remarkbeforeCorollary 4.5 (seebelow), thechoice åR) “ seemsto be
favorable.By (3.7), this choicesecuresthat V

�

is ' -relatedunlessÈwF

æ

U

,
æ

�

satisfy

“h¹¤È»¹ž“�Ç

æ

�

æ

U

0(3.8)

Next we derive boundsfor the conditionnumberof
¨

'

¨

V

�

andfollow the reasoningof
OrenandSpedicato[20]. Let

¨

\c;=)

¨

'

¨

V and
¨

\

�

;�)

¨

\

¨

V

�

. Thenby (3.4),
¨

\

�

)/å

¨

\MÇ

¨

\

¨

ã

U

C

¨

\

¨

ã

U

J - Ñ9CŽ'%VªãˆFŒÐËJˆF

wherewe assumethat
¨

\ is s.p.d. and å satis�es (3.7), so that also
¨

\

�

is s.p.d. Thenthe
conditionnumberñ�C

¨

\mJ with respectto theEuclideannormis givenby

ñ�C

¨

\mJÎ)ÁòyóÏôŒõ

C

¨

\mJ

ò óÏö ÷

C

¨

\mJ

)

>@ø³ù xËú

û

W (

-

¨

\^(ŠÑÍ(

-

(

>@?BA¥x�ú

û

W}(

-

¨

\X(ŠÑ1(

-

(

0

Thenby (3.5) for any (<« )‡~ ,

(

-

¨

\

�

(

(

-

(

)

(

-

CEå

¨

\�JŒUŒ‹Œ•Í£@Cîå

¨

\mJ„UI‹„•z(

(

-

å

¨

\X(

(

-

å

¨

\@(

(

-

(

¹

ò
óÏôŒõ

Cé£6J×å

ò
óÏôŒõ

C

¨

\mJ—F

and,similarly,

(

-

¨

\

�

(

(

-

(

¾

ò
óÏö ÷

Cé£6J×å

ò
óÏö ÷

C

¨

\�Jˆ0

Now, theeigenvaluesof £ are1 and

ï

CEå}J is givenby (3.6). Hence,

ò
óÏôŒõ

C

¨

\

�

J#¹R>Xø1ù}Cä“"F

ï

Cîå�JIJ×å

ò
óÏôŒõ

C

¨

\�J—F

ò
óÏö ÷

C

¨

\

�

J#¾R>@?�A�CI“"F

ï

CEå}JŒJ×å

ò
óÏö ÷

C

¨

\�JˆF

sothat,�nally ,

ñ$C

¨

\

�

J·¹/üœCîå�JIñ$C

¨

\&JˆF

where

üœCEå}J#;=)

>Xø³ùŠCI“"F

ï

CEå}JŒJ

>@?�A$Cä“"F

ï

Cîå�JIJ

0

Note that
¨

\

�

dependson å ,
¨

\

�

)

¨

\

�

Cîå�J . Unfortunately, the upperboundfor ñ$C

¨

\

�

J just
provedis presumablytoo crude;in particularit doesnot allow usto concludethat ñ�C

¨

\

�

J

Õ

ñ$C

¨

\mJ for certainvaluesof å . Nevertheless,one can try to minimize the upperboundby
minimizing üœCîå�J with respectto å on theset ý of all å satisfying(3.6). Thecalculationis
tediousthoughelementary. With thehelpof MATHEMATICA one�nds for thecase

æ

�

Ò¤~ ,
thatis

æ

•

Ò

æ

U

, that ü hasexactly two localminimaon ý , namely

å

Y

;=)dÈœþI“�Ç‡ÿ

æ

�

Ñ

æ

•��

Ò•È�F

(3.9)
å

T

;=)dÈ
þ

“�v¤ÿ

æ

�

Ñ

æ

•

�

Õ

È

æ

U

æ

•

0

Bothminimaarealsoglobalminima,andthey satisfy

üœCîå

Y

Jw)‡üœCEå

T

Jw)

æ

U

ÿ

æ

�

Ñ

æ

•

Ç

æ

�

þŒ“�Ç

ÿ

æ

�

Ñ

æ

•
�

æ

U

ÿ

æ

�

Ñ

æ

•

v

æ

�

þŒ“�v

ÿ

æ

�

Ñ

æ

•
�

Òr“Ê0
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4. The algorithm and its main properties. Now, let V W beany ' -relatedstartingma-
trix, and ( W a startingvector. Thenthe algorithmfor solving '%(d) + in the leastsquares
senseandcomputinga sequenceof ' -relatedmatricesVm[ is givenby:

Algorithm: Let ' be a D¡Z»H -matrix of maximalrank, +<2‰3 5
, V²W be ' -related,and

(yW�2	3 8
a givenvector.

For •X)‡~ , “ , . . .
1. Computethevectors Ì1[�)d+�vG'%(S[ , ÉS[n;=)dVX[ÍÌÍ[ .

If É [ )‡~ thenstop.
2. Otherwise, compute

È [ ;�)‰CŽ'wÉ [ FŒÌ [ J„Ñ�C|'ÎÉ [ F„'ÎÉ [ JˆF

( [

Y$U

;�)d( [ Ç¦È [ É [ F • [ ;=)/( [

Y$U

vG( [ F

Ì [

Y$U

;�)dÌ [ v<'�• [ FçÐ [ ;=)/Ì [ vLÌ [

Y$U

0

3. De�ne

æ

U

;=),CŽ'.V
[

Ì
[

FIÌ
[

Jw),C|'ÎÉ
[

FIÌ
[

JˆF

æ

�

;�)‰CŽ'.V
[

Ì
[

Y$U

FŒÌ
[

Y$U

Jˆ0

4. Setå
[

;�)M“ if (3.8) doesnothold.
Otherwisecomputeany å9[�Ò¤~ satisfying(3.7), sayby using(3.9),

å
[

;�)��

å

Y

F if
æ

�

Ò¤~9F

È
[

CI“#Ç����	�„JˆF if
æ

�

)‡~9F

whereepsis therelativemachineprecision.
Compute•

[
;=)/•

[
vLå

[
V

[
Ð

[ , Ö"[
;�)‡'�•

[ and

V
[

Y$U

;=)Rå
[

V
[

Ç´•
[™Ö

-

[

Ñ9C
Ö"[

F„Ð
[

Jˆ0

Set •�;�)r•6Ç/“ andgoto “ .
We have alreadyseenthatstep2 is well-de�ned if É}[ª« ),~ , becausethen CŽ'%ÌÍ[�FŒÌ™[³JœÒ‡~

and 'ÎÉŠ[^« )d~ , if VX[ is ' -related.Moreover, É}[h)‡~ implies '

-

Ì™[6)‡'

-

C|+{vª'%(S[³Jw)d~ , i.e.,
(S[ is a least-squaressolutionof (2.1), andthechoiceof åy[ in step2 securesalsothat V^[

Y$U

is ' -related. Hence,the algorithm is well-de�ned and generatesonly ' -relatedmatrices
VX[ . This alreadyprovespartof themaintheoreticalpropertiesof thealgorithmstatedin the
following theorem:

THEOREM 4.1. Let ' bereal D¯Z4H -matrix of maximalrank :R;�)M>@?�A�CŽDLFŒH�J , VXW an
' -relatedreal H@ZhD -matrixand (SW�2	3

8 . Thenthealgorithmis well-de�nedandstopsafter
at most: steps:There is a smallestindex 
�¹R: with É���)d~ , andthenthefollowing holds:

tu'�(	�Šv»+³t�)/>@?BA

x

t—'%(^v<+"t1F

andin particular '�(
��)r+ if D ¹RH . Moreover
1. V�� is ' -relatedfor ~@¹��X¹�
 .
2. V

[
Ð

‘
)¤å

‘�� [
•

‘ for ~@¹•’

Õ

•�¹�
 , where

å�‘�� [n;=)
�

åË‘

Y$U

åË‘

Y�•������

å�[

T�U

for ’

Õ

•nv•“ÊF

“ for ’�)r•nv•“Ê0

3. CEÌÍ[ËFŒÐÍ‘éJÎ)d~ for ~²¹•’

Õ

•�¹�
 .
4. CŽÐ1[ËF„Ð™‘�JÎ)d~ for ’�« )r•�¹�
 .
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5. Ð [ «)/~ for ~@¹R•

Õ


 .

Proof. Denoteby C|_{[ÊJ thefollowing properties:
1) V � is ' -relatedfor ~@¹��X¹/• .
2) V � ÐÍ‘�)¤å�‘�� � •Ê‘ for ~n¹R’

Õ

�X¹/• .
3) CEÌ � FŒÐÍ‘�JÎ)d~ for ~²¹•’

Õ

�^¹¤• .
4) CŽÐ � F„Ð™‘�JÎ)d~ for ~²¹R’

Õ

�

Õ

• .
5) Ð � «)d~ for ~@¹��

Õ

• .
By theremarksprecedingthe theorem,thealgorithmis well-de�ned aslong as É�[L« )”~ and
thematricesV^[ are ' -related. C|_{[³J , 4) and5) imply thatthe • vectorsÐ1‘ , ’Ï)d~ , 1, . . . , •#v4“ ,
arelinearly independentand,since Ð ‘ )Á'�• ‘ 2��*C|'.J anddim �*CŽ'œJn)…: , property C|_ [ J

cannotbetruefor •LÒ‡: . Therefore,thetheoremis proved,if C|_ W J holdsandthefollowing
implicationis shown:

CŽ_{["J—F¥ÉŠ[X« )‡~»)�Å CŽ_{[

Y$U

Jˆ0

1) CŽ_{[

Y$U

J , 1) followsfrom thechoiceof åy[ that VX[

Y�U

is well-de�ned and ' -relatedif is
VX[ .

2) To prove C|_{[

Y$U

J , 2) we �rst notethat

V
[

Y$U

Ð
[

)d•
[

by thede�nition of V^[ . In additionfor ’

Õ

• , CŽ_Ï["J andthede�nition of å9‘�� [ imply

VX[

Y$U

ÐÍ‘$)Rå9[1VX[1ÐÍ‘�)¤å9[™å�‘�� [1•"‘�)¤å�‘�� [

Y$U

•"‘äF

since CŽÐ
[

FŒÐ
‘

Jw)d~ and

CŽ'%VX["ÐÍ[×F„ÐÍ‘|JÎ)‰CŽÐ1[ËFŒ'.VX[1ÐÍ‘|JÎ)‰CŽÐ1[ËFŒ'�åË‘�� [Í•"‘�Jw),C|Ð1[ËFäå�‘�� [³Ð™‘�Jw)/~y0

Thisproves CŽ_Ï[

Y$U

J , 2).
3) Since CEÌÍ[

Y$U

FŒÐ1[1JÎ)‡~ , andfor ’

Õ

• ,

CŽÌ™[

Y�U

F„ÐÍ‘|JÎ)‰CEÌz‘

Y$U

Ç

[

�

�

û

‘

Y$U

Ð
�

F„ÐÍ‘�JÎ)‡~9F

becauseof CŽ_Ï["J , 3), 4). Thisproves CŽ_Ï[

Y$U

J , 3).
4) By C|_{[

Y$U

J , 3) wehave for ’

Õ

•

C|Ð™‘ŒFŒÐ1[1JÎ)‰CŽÐÍ‘äFŒÌ™[œvGÌ™[

Y�U

Jw)d~90

HenceC|_
[

Y$U

J , 4) holds.
It wasalreadynotedthat É

[
«)d~ implies Ð

[
«)d~ . HenceC|_

[

Y$U

, 5) holds.
Thiscompletestheproofof thetheorem.

REMARK 4.2. In thecaseD¿¾dHG)ž: , thealgorithm�nds thesolution s(<;�)žø"‚��X>@?BA
x

t—'%(mv´+³t , which is unique. In thecaseD•)ž:

Õ

H , thealgorithm�nds only somesolution
s( of themany solutionsof '�(	)ž+ , usuallynot theinterestingparticularsolutionof smallest
Euclideannorm.Thisis seenfromsimpleexamples,whenfor instancethealgorithmis started
with asolution (¥W of '%(&)r+ thatis differentfrom theleastnormsolution:thealgorithmthen
stopsimmediatelywith s(4;=)/(SW , irrespectiveof thechoiceof V@W .

Theleastsquares,minimal normsolution (

�

of '�(&)r+ canbecomputedasfollows: let
s

+ beany solutionof '�(&)r+ (computedby thealgorithm)andcompute•

�

astheleastsquares
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solutionof '

-

•4)

s

+ againby thealgorithm(but with ' replacedby '

-

and + by s

+ ). Then
(

�

)/'

-

•

�

is theleastsquaressolutionof '�(�)r+ with minimalnorm.
Wealsonotethatthealgorithmof thispaperbelongsto thelargeABS-classof algorithms

(seeAbaffy, BroydenandSpedicato[5]). As is shown in [25], alsotheminimalnormsolution
of a '�(*),+ , '”2L3h5�7�8 , D•)ž:

Õ

H , canbecomputedby invokingsuitablealgorithmsof
the '%`²b -classtwice.

COROLLARY 4.3. Under the hypothesesof Theorem 4.1, the following holds. If the
algorithmdoesnot stopprematurely, that is if :G)r>@?BA�CEDGFIH�J is the�r st index with É � )k~ ,


�)/: , then

'.V

ê

)! %\" 

T}U

F if :4)dD ¹RH ,

V

ê

'‡)$#n\%#

T�U

F if :ª)dHL¹RD ,

with thematrices

 ž;=)

–

Ð™W<Ð

U

0u0z0	Ð

ê

T�U

˜éF

#š;=)

–

•
W

•

U

0u0u0&•

ê

T�U

˜éF

\€;=)'&�?Bø(�%Cîå
W��

ê

Fäå

U

�

ê

Fäå

ê

T}U

�

ê

Jˆ0

Thatis, if å9[6)k“ for all • , then \…)
p

sothat V

ê

is a right-inverseof ' if :ª)¤D ¹RH , and
a left-inverseif :ª)/HG¹¦D .

Proof. Part2. of Theorem4.1andthede�nitions of \ ,  , # imply

V

ê

 ‡)$#�\ªFç')#‰)* �0(4.1)

The : columnsÐ
‘

243

ê

of  arelinearly independentby parts4. and5. of Theorem4.1
(they areevenorthogonalto eachother),sothatby ')#‰)* alsothecolumns•

‘
2&3

8 of the
matrix # arelinearly independent.

Hence,for :ª)dD ¹¦H ,  
T}U existsandby (4.1)

'%V

ê

 d)! �\¢Å¸'%V

ê

)' %\" 

T�U

F

andfor :ª)/HG¹¦D , #XT}U exists,which impliesby (4.1)

V

ê

 d)dV

ê

'+#‰)$#�\•Å¸V

ê

'‡)'#�\%#

T}U

0

As abyproductof thecorollarywe note

'%V

ê

'œ)��

 �\" 6T}Uˆ' if D ¹¦H

')#�\,#@T}U if D ¾¦H

F

V

ê

'.V

ê

)
�

V

ê

 %\" 6T}U if D ¹RH

#�\%#XT�UˆV

ê

if D ¾RH

0

If \…)
p (i.e., å

[
),“ for all • ) theseformulaereduceto

'%V

ê

'r)/'�FíV

ê

'.V

ê

)‡V

ê

0

Sincethen,for :4)‡H<¹RD , in addition,both V

ê

'r)
p

5

and '%V

ê

aresymmetric,V

ê

must
betheMoore-Penrosepseudoinverse'œY of ' .

REMARK 4.4. Considerthespecialcase:»)žDK)žH of a nonsingularmatrix ' . Then,
'%V

8

is s.p.d. and,by the corollary, '%V

8

)- �\" 6T}U , so that theeigenvaluesof '%V

8

are
just thediagonalelementsof \ . Henceits conditionnumberis ñ�C|'%V

8

J�),ñ$CŽ\�J . Sincethe
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algorithmchoosesthescalingparameterå [ )…“ asoftenaspossible,'%V

8

will presumably
havearelatively smallconditionnumberevenif \K« ) p .

Theorem4.1, part3. impliesaminimumpropertyof theresiduals:
COROLLARY 4.5. For •

Õ


 , theresidualssatisfy

tˆÌ [

Y$U

t·)d>@?�A

.0/

tz+Îv<'�CŽ( W Ç

[

�

‘

û

W

ò

‘ É ‘ Jut³0

Proof. By thealgorithm

È$‘|'ÎÉS‘$)dÈ�‘Ž'.V@‘ŽÌ™‘�)/ÐÍ‘IF

sothat

Ì™[

Y$U

)dÌuW�v

[

�

‘

û

W

È$‘�'ÎÉS‘�)/ÌzW�v

[

�

‘

û

W

ÐÍ‘ä0

Hence

üœC

ò

W
F

ò

U

Fu0z0u0uF

ò

[
J#;�)”tu+�v<'�CE(

W
Ç

[

�

‘

û

W

ò

‘
É

‘
Jut

•

)‰tˆÌ
W

v

[

�

‘

û

W

ò

‘

È�‘

Ð
‘

t

•

is a convex quadraticfunctionwith minimum
ò

‘$)dÈ$‘ , ’{)d~ , 1, . . . , • , since

ü21

.
/

C|È�W×Fu0z0u0uF„È�["JÎ)

“

È�‘

CŽÌ™[

Y$U

F„Ð™‘�JÎ)d~yF ’Ï)d~yF}0u0u0zFy•ŠF

by Theorem4.1, part3.
We notethatthespace

–B–

ÐÍWÊFŒÐ

U

Fu0z0u0zFŒÐ1[z˜�˜ is closelyrelatedto theKrylov space

3

[

Y$U

C|'%V
W

FIÌ
W

J#;=)

–B–

Ì
W

F„'%V
W

Ì
W

Fz0u0z0—FzC|'%V
W

J

[

Ì
W

˜B˜54R3

5

generatedby thematrix '.V@W andtheinitial residualÌ™W :
THEOREM 4.6. Usingthenotationof Theorem4.1, thefollowing holdsfor ~²¹¤•

Õ




Ì™[n2

–B–

ÌuW×FŒ'%V²W™ÌuWÊFu0u0z0uF™CŽ'%V²W1J

[

ÌzW—˜B˜})

3

[

Y$U

CŽ'.VnWÊFIÌzWÍJ—F

ÐÍ[�2

–�–

'%V²WzÌuW×Fu0u0z0—FzC|'%V²W1J

[

Y$U

ÌuWz˜B˜Š)d'.V²W

3

[

Y�U

C|'%V²WÊFŒÌuWÍJˆF

–�–

Ð
W

FŒÐ

U

Fz0u0z0uFŒÐ
[

˜B˜Š)

–�–

'%V
W

Ì
W

Fz0u0z0uFzC|'%V
W

J

[

Y$U

Ì
W

˜B˜�F

that is Ð
W , Ð

U

, . . . , Ð
[ is anorthogonalbasisof '.V

W

3

[

Y$U

C|'%V
W

FIÌ
W

J and

&�?B>¤'%V²W

3

[

Y$U

C|'%V²W×FIÌuWÍJw)d•�Çd“"0

Proof. Theassertionsaretruefor •X)‡~ , since

Ð
W

)‡'�•
W

)dÈ
W

'%V
W

Ì
W

2

–�–

'%V
W

Ì
W

˜�˜é0

Now

'%VX[1Ð1[n2

–B–

'%V²WzÌzW"Fz0u0u0zFzC|'%V²WÍJ

[

Y�•

ÌuWz˜�˜éF ~n¹/•

Õ


IF
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Ì [

Y$U

)dÌ [ v<Ð [ FçÐ [ È [ '.V [ Ì [ 2

–�–

'%V [ Ì [ ˜B˜�FçÈ [ «)/~y0

For any vector •ª2	3 5

'.V@[

Y$U

•*2

–B–

'.VX[Í•y˜B˜�Ç

–B–

Ð1[z˜B˜�Ç

–�–

'%VX[1Ð1[z˜B˜

...

2

–B–

'.V²Wz•¥˜�˜�Ç

–B–

'.V²WzÌzW"Fu0z0u0zFzCŽ'.V²WÍJ

[

Y�•

ÌuWz˜�˜éF

–B–

Ð™WÊFŒÐ

U

Fu0z0u0zFŒÐ1[z˜�˜64

–B–

'.V²WzÌzWÊFz0u0u0uFzCŽ'.V²WÍJ

[

Y$U

ÌuWz˜�˜éF

&�?B>

–B–

'%V²WzÌzW"Fz0u0u0zFzC|'%V²WÍJ

[

Y$U

ÌuWu˜�˜�¹R•�Çd“"0

5. Comparison with other methodsand numerical results. The numericaltestsare
concentratedto the casesDº)…H4Ç,“ and Dº)…H for the following two reasons:The �rst
is that it is harderto solve leastsquaresproblemswith H¦¹rD with H closeto D thanthose
with H-7 D . The secondis that in the case D )ÆH , which is equivalent to solving a
linear equation'�(/)€+ with a nonsingularandperhapsnonsymmetricmatrix ' , thereare
many morecompetingiterative methods,suchas gha6i , gha�b , a�jk3hl�b thantherank-one
(“ 3

3

“ ”) methodof this paperandtherank-2methods(“ 3

3

ß ”) of [17] thatsolve '�(<)†+

only indirectly by solving '

-

'%(*)k'

-

+ . In all exampleswe take Ü98(�

U

W

tˆÌÍ[9t asmeasureof
theaccuracy.

EXAMPLE 5.1. Herewe usethatthealgorithmof this paperis de�ned alsofor complex
matrices' . As in [17] we considerrectangularcomplex tridiagonalmatrices'•)cC�:;�

[
J�2

g
5�7�8 thatdependon two realparameters< and = andarede�ned by

:
�

[²;=)?> @

@

A

@

@B

“ÎÇ¦’;<ËF if �²)‡• ,
v�’;=SF if •X)��.Çd“ ,

’C=SF if •X)��6vR“ ,
~9F otherwise0

“h¹D�X¹RDLF�“6¹R•�¹•HÏ0

In particular, we applied 3

3

“ (startingwith (SW•;=)K~ and V²W¦;=)K'

›

) to solve the least
squaresproblemwith D¬)FE9“ , H¤)FEÊ~ , <	)š~90B“ and =¦)c“ . The iterationwasstoppedas
soonas

‚G�™[n;=)MtˆÌÍ[9t"t—ÌuWËt%¹

Ø

F

Ø

;=),“™~

T�H

0

3

3

“ stoppedafter24 iterations.Figure5.1 (plotting Ü98(�

U

W

‚��Í[ versus• ) shows the typical
behavior observedwith NPO -typemethods(cf. Theorem4.1).

At termination, 3

3

“ producedonly an approximationV

�

of the pseudoinverseof ' ,
since 3

3

“ stoppedalreadyafter ßJI

Õ

E"~�)dH iterations.When VXW�;=)‡V

�

wasthenusedto
solve by 3

3

“ thesystem'%(L)M+

1

with a new right-handside +

1

«)M+ (but thesamestarting
vector (¥Wh)r~ andprecisionØ

)‰“z~9TKHuJ , 3

3

“ alreadystoppedafter9 iterations(seetheplot
of Figure5.2).

Otherchoicesof the parameters< and = leadto leastsquaressystems'�(/)€+ , where
3

3

“ (startedwith V²W•;�)¯'

-

) did not stop prematurely:it neededH iterationsand thus
terminatedwith a�nal V

�

verycloseto '.Y . Not surprisingly, 3

3

“ (startedwith V@W�;=)/V

�

)
thenneededonly oneiterationto solve thesystem'�(´)†+

1

with a differentright-handside
+

1

«)‡+ . .
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FIG. 5.1. Nopreconditioning
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FIG. 5.2. With preconditioning

The testresultsof [17] for 3

3

ß weresimilar. Since 3

3

“ needsonly half thestorage
andnumberof operationsas 3

3

ß , 3

3

“ is preferable.
EXAMPLE 5.2. This major examplerefersto solving squaresystems'�(M)À+

‘ , ’m)

“"Fyß9F}0u0z0uF with many right handsides +—‘ . It illustratesthe useof the �nal matrices V�L

‘9M

producedby 3

3

“ whensolving '�(&)r+u‘ asstartingmatrix V@W�;�)dV�L

‘9M of 3

3

“ for solving
'�(	)d+ˆ‘

Y$U

.
We considerthesameevolutionequationasin [17],

•�NŠÇO:

�

•
x

Ç•+

�

•�P6)¤•
xzx

Ç´•KPQP#Ç�={CE($FI•ŠFIãIJ—F ~@¹Rã�¹�R�Fç~²¹•($FI•�¹r“ÊF

where

={CE(�FŒ•ŠFIãIJ#;=)$S

T

.

N

–

Cäv

ò

Ç•ßJT

•

JC�Œ?�AUT}(V�Œ?�AUT}•6ÇDTÎCW:YX�8Z�	T}(V�I?BAUT}•hÇ•+K�I?BA[T}(\XQ8]�CT}•9Jé˜éF

with theinitial andboundaryconditions

•{CE(�FŒ•ŠFŒ~ÊJŒ)$�Œ?�A[T}(\�Œ?BAUT}•SF ~²¹•($FI•�¹r“ÊF

•{CE($FI•ŠFIãIJ„)d~yF for ã�ÒR~ , CŽ(�FŒ•�J�2_^

–

~9Fu“u˜�Z

–

~yFu“—˜ .
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Its exactsolutionis

•�CŽ(�FŒ•SFŒãIJÎ)$S

T

.

N

�Œ?�A[T}(\�Œ?�AUT}•Š0

The space-timedomainis discretizedby a grid with spacestep `n(‰)a`�•r)abk)¡“1Ñˆi

and time step `nã*)dc†Ò¿~ . Let us denotethe discretizedsolution at time level Hec by
£ , andat level CEH4Çž“™Jfc by Ã . Applicationof theCrank-Nicolsontechniqueusingcentral
differencestoapproximatethe�rst orderderivativesandthestandardsecondorderdifferences
to approximatethesecondderivativesyieldsthefollowing scheme(we usetheabbreviations

æ

;�)$c¥Ñ�C�ß(b¥•zJ , å*;=)�c¥Ñ�C�I]bSJ ) for thetransition £ o Ã :

CI“ÍÇ+I

æ

JIÃ¥‘ � Ç•Ãy‘

Y$U

� � C�:Êåmv

æ

J�Ç•Ã¥‘

T�U

� � CIvg:Êåmv

æ

J�Ç¦Ã¥‘�� �

Y$U

C�+„åmv

æ

J�Ç

ÇhÃ¥‘�� �

T}U

Cäv%+„åmv

æ

Jw)

)‰Cä“�v�I

æ

J„£Ï‘ � Ç•£Î‘

Y$U

� � Cävg:Êå@Ç

æ

J�ÇR£Ï‘

T}U

� � C�:Êå@Ç

æ

J�ÇR£Ï‘�� �

Y$U

Cäv%+„å²Ç

æ

J�Ç

Ç6£Î‘��
�

T�U

C�+„å@Ç

æ

J�Ç

“

ß

–

={CE’Cb�Fh�ib�FzCEH^Çd“™JjcyJ�ÇO={CŽ’;b�Fk�ib�FŒHlcyJé˜éF

where ß4¹,’PFh�*¹Mi•vd“ . This schemeis known to be stableandof order m@C�cS•×FGb¥•zJ . Ã is
obtainedform £ by solvinga linearsystemof equations'.Ãš),g@C�£6J with a nonsymmetric
penta-diagonalmatrix ' anda right handside g@C�£6J dependinglinearly on £ . This linear
systemmay be solved directly by usingan appropriatemodi�cation of Gausselimination.
However, to demonstratetheuseof our updates,we solve theseequationsfor given £ itera-
tively startingfor the�rst time stepwith V

W
;�)‡'

-

. For thenext time steps,wecomparethe
resultsfor therank-two methodin [17] with therank-onemethodof this paper.

For i¯)nEZo (correspondingto morethan1000unknownsat eachtime level) and `nã#)

c»)Á~90 ~9“ , :G)f“z~ , +²)€ß³~ ,
ò

)f“ the solutionof theproblemup to the time ã6)pomZ�`nã

requiresthe following numbersof iterationsin orderto achieve a relative residualnorm Õ

~90 ~"~Ê~9“ :
RK1: 158 123 98 91 62
RK2: 158 123 109 87 74

Theseresultsshow a comparablenumberof iterationsfor both methods. But again, the
storageandthenumberof operationsfor 3

3

“ is half thatrequiredfor 3

3

ß .
Thenext examplesalsoreferto thesolutionof systems'�(&)‡+ with asquarenonsingular

H´ZªH -matrix ' . Herewe follow the ideasof Nachtigalet al. in [19], who comparedthree
main iterative methodsfor the solutionof suchsystems.Theseare gha6i , a�jk3hl�b and

gha�b . Examplesof matricesweregiven for which eachmethodoutperformsthe othersby
a factorof size m@Chq H�J or even m@CŽH�J . Theseexamplesareusedto compareour algorithm
(“ 3

3

“ ”) with thesethreemethods.In all examplesHR)rI×~ , exceptExamples5.3 and5.6,
where Hr)sIÊ~Ê~ . We take Ü98(�

U

W

t—Ì™[9t asa measureof the accuracy. Note that 3

3

“ solves
'�(&)‡+ only indirectlyvia theequivalentsystem'

-

'%(&)/'

-

+ ..
EXAMPLE 5.3. In this exampleall methodsmake only negligible progressuntil step H .

Here

'k;=)$&9?Bø(�%Cä“ÊFtIyFGu9Fz0u0u0ˆFŒH

•

J—F

is diagonalbut representsanormalmatrixwith troublesomeeigenvaluesandsingularvalues.
Theresultsshow thatboth a�jk3œlnb and 3

3

“ areleading.
EXAMPLE 5.4. This is anexamplewhereboth gha6i and 3

3

“ areleading.Here ' is
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takenastheunitary HLZ&H -matrix

'k;=)

vw

w

w

w

wx

~ “

“

...
“

“ ~

y{z

z

z

z

z

|

0

EXAMPLE 5.5. Here

',;�)$&�? ø}�%CW~

U

F�~

•

Fz0u0z0—F�~

8

J

where à•~}�1á denotethesetof Chebyshev pointsscaledto theinterval
–

“ÊF„ñ9˜ , where

S � ;�)'XQ8]�

C€��vR“™JjT

H&vR“

F

~}�";�)M“�Ç‡C�S��wÇ‡“ÍJ—C|ñXv•“ÍJŒÑ³ß9F

ñ�;�)‚•

“�ÇDƒÊUI‹�L�•…„
8

M

“�v†ƒ

UI‹�L�•…„
8

M•‡

•

F?ƒ�)k“z~

T}U

W

0

' hasconditionnumberm@CEH�J andsmoothlydistributedentries.In this example gha�b wins
andboth gha6i and 3

3

“ arebad.
EXAMPLE 5.6. Here ' is theblockdiagonalmatrix

'k;�)

vw

w

wx

j

U

j

•

...
j

8
‹Œ•

y{z

z

z

|

with

j
�

;�)

§

“ˆ��vR“

~ “

©

F �n)M“"Fyß�F}0z0u0zF9H$Ñ³ß9F

which ensuresa bad distribution of singularvalues. Here both gha�b and a�jk3œlnb are
leading,but 3

3

“ outperformsgha6i .
EXAMPLE 5.7. ' is chosenasin Example5.6, but with

j†�6;�)

§

“ˆ��vR“

~ v6“

©

F �n)M“"Fyß�F}0z0u0zF9H$Ñ³ß90

This choiceof j�� causesfailure of gha�b in the very �rst step. a�jk3hl�b is leadingand
3

3

“ outperformsgha6i .
EXAMPLE 5.8. ' is takenasin Example5.6, but with

j
�

;�)

§

S
�

å
�

~ ñŠÑJS
�

©

F

whereå
�

;�)MC|ñ¥•ŠÇG“�v,SÍ•

�

v�ñ¥•™Ñ}SÍ•

�

JŒUŒ‹„• and S
� and ñ arede�ned asin Example5.3. This leads

to �x edsingularvaluesandvaryingeigenvalues.
Here 3

3

“ and gha6i leadandbotharemuchbetterthan gha�b and a�jk3hl�b .
EXAMPLE 5.9. ' is takenasin Example5.6, but with

j†�œ;=)

§

~ “

v6“Ÿ~

©

0
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This matrix is normalandhaseigenvalues ‰.’ andsingularvalue “ . Hereboth 3

3

“ and
gha6i requireonly oneiteration, a�jk3hl�b requirestwo while gha�b fails.

Thenumericalresultsfor Examples5.1–5.7aresummarizedin thenext tablelisting the
numberof iterationsneededfor convergence(testedby Ü98(�

U

W

t—Ì [ t²¹†v6“z~ ). Thenumberof
iterationswaslimited to 50,andif amethodfailedto convergewithin this limit thenthe�nal
accuracy is givenby thenumberfollowing Š , e.g., Š e-2indicatesthat the�nal accuracy was

tˆÌ0‹ W tgŒk“z~ TS• .
Example CGN CGS GMRES RK1

5.1 Š e-6 Š e-0 40 40
5.2 1 40 40 1
5.3 Š e-4 20 38 50
5.4 Š e-2 2 2 40
5.5 Š e-2 Fails 3 40
5.6 2 20 38 2
5.7 1 Fails 2 1

We notethat the residualstˆÌ1[�t behave erratically for gha6i . Its performancemay be
improvedif oneuses sÌzWm;�)”'

-

ÌuW ratherthan sÌzWm;=)‰ÌuW astaken in [19]. 3

3

“ hascommon
featureswith gha6i : bothperformexcellentlyin Examples5.2, 5.6and5.7, but 3

3

“ avoids
the badperformanceof gha6i in Examples5.4, 5.5. 3

3

“ never exceededthe maximum
numberof iterations.

No preconditioningwastried. It is obvious that if Examples5.1 and5.3 arescaled(to
achieveaunit diagonal),onereachesthesolutionimmediatelywithin oneiteration.

Thecomparisonbetweenthesemethodsmayincludethenumberof matrixvectormulti-
plications,of arithmeticaloperations,storagerequirementsandgeneralratesof convergence.
However, we choseonly thenumberof iterationsandthereductionof thenormof theresid-
ual asin [19] asindicatorsof performance.After comparingdifferentiterative algorithms,
Nachtigalet al. [19] concludedthat it is alwayspossibleto �nd particularexampleswhere
onemethodperformsbetterthanothers:Thereis not yet a universaliterativesolverwhich is
optimalfor all problems.

6. Implementational issuesand further discussion.Thereareseveralwaysto realize
theAlgorithm. We assumethat V

W
),'

-

andthat ' is sparse,but V
[ ( •4Ò‡~ ) is not. Then

a direct realizationof the Algorithm requiresstorageof a matrix V¼2/3
8¥7�5 , andin each

iteration,computationof 2 new matrix-vectorproductsof thetype V�[•• (neglectingproducts
with the sparsematrices' and V@Wª) '

-

) andupdatingof V^[ to VX[

Y$U

by meansof the
dyadicproduct •}[

Ö

-

[

2‡3h8¥7�5 in Step4 of the Algorithm. This requiresessentiallyE³H}D

arithmeticoperations(1 operation= 1 multiplication+ 1 addition).
Thearithmeticexpensecanbereducedby usingthefactthatany V�[ hastheform VX[6)

£Î[Í'

-

(seePropositon2.3), where £w[n2&3
8¥798

is updatedby

£Î[

Y$U

)Rå9["£Î[�Ç´•Š[Í•Š-

[

Ñ9CŽ'%•Š[×F„ÐÍ[1J

andeachproduct V
[

• is computedas £
[

C|'

-

•.J . This schemerequiresstoragespacefor a
matrix £‰2	3

8¥7�8 andonly E³H�• operations/iteration,whichis muchlessthan E³H}D if HV7¯D .
Finally, if the Algorithm needsonly few iterations,sayat most •�7 H , onemaystore

only onesetof vectors•}‘ , ’%¹ž• , explicitly (not two aswith therival method3

3

ß of [17])
andusetheformula(supposingthat V@W.)‡'

-

)

VX[

Y$U

)/å×Wuå

UŽ�����

å�[
•

p
Ç

[

�

‘

û

W

•
‘

•

-

‘

C|'�•Š‘äFŒÐÍ‘�Jéå�‘

‡

'
-

0(6.1)
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whencomputingproductslike V [ Ð [ and V [

Y$U

Ì [

Y$U

in theAlgorithm. Using(6.1) to compute
V [ • requiresessentiallythecomputationof 2 matrix-vectorproductsof theform

s

£h-

[

É$F

s

£Î[•<

with thematrix

s

£ [ ;=)

–

• W Fz0u0u0uFI• [

T}U

˜$2	3

8S7

[

F

which requiresßÊ•ËH operationsto computea product Vm[•• . This againis half thenumberof
operationsasfor therank-2methodsin [17].

Our new updateis connectedto the previousonein the sameway the SRK1 updateis
relatedto the DFP-updateasshown by Fletcher[9] andBrodlie et al. [2]. We may de�ne
generalupdatingexpressionsby

VX[

Y$U

)¤å}VX[·Ç´•}[ËC|b{•}[³J - Ñ�C�b{•Š[×F„Ð1[1Jˆ0

Thisencompassesthecasewhen ' is s.p.d.,whichrequiresb<)
p and V

W
)

p , aswell asthe
moregeneralcasein which b¦)ž' : this would require VXW�)ž'

-

or a betterstartingmatrix,
whichsecuresthat '%V@W is s.p.d..

An alternativeprocedureis to updateboth Vm[ andthematrices\^[n;�)‡'%VX[ using

\

�

[

)d\
[

Ç
Ö"[ÍÖ

-

[

Ñ�C
Ö"[

FŒÐ
[

J

This allows us to monitor theaccuracy of theapproximateinverseVm[ by checkingthesize
of \X[Îv

p
. For reasonsof economy, onecouldmonitoronly thediagonalor somerow of \&[ .

The algorithmmay be appropriatefor solving initial valueproblemsfor partial differ-
entialequationsasshown for rank-two updatesin [17] and,for rank-oneupdates,in Exam-
ple 5.2. In suchproblems,we startwith thegiveninitial valueanditerateto �nd thesolution
for the next time level. The solutionis consideredto be acceptableif its accuracy is com-
parableto the discretizationerror of the governingdifferentialequations.The�nal updated
estimateof theinverseobtainedfor thepresenttime level is thentakenastheinitial estimate
of theinversefor thenext time step.
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