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A RANK-ONE UPDATING APPROACH FOR SOLVING SYSTEMS OF LINEAR
EQUATIONS IN THE LEAST SQUARES SENSE

A. MOHSEN AND J. STOER

Abstract. Thesolutionof thelinearsystem with an -matrix of maximalrank
is consideredThemethodgeneratea sequencef -matrices  andvectors sothatthe arepositive
semide nite,the  approximatehepseudoimerseof and approximateheleastsquaresolutionof
Themethodis of thetype of Broydens rank-oneupdatesandyieldsthe pseudoimersein  steps.
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1. Intr oduction. We considerthe problemof solving a rectangularsystemof linear
equations in theleastsquaresense Notethat solvesthe associateshormalequa-
tions

Herewe supposéhatthe matrix hasmaximalrank . Inthecase

this amountgto solvinga nonsingulaisystem with a perhapsionsymmetric
matrix by meansf solving . When is symmetricpositive de nite (s.p.d.),
theclassicakonjugategradientmethod( ) of HestenesindStiefel[13] belongsto themost
powerful iteratve methods. For solving generalrectangularsystemsa numberof — -type
methodshave beendeveloped seefor instancg 23]. In generakolvingsuchsystemss more
dif cult thanin thecaseof s.p.d. . In this paper we userank-oneupdate€o nd approx-
imationsof the pseudoinerseof , which, for instancemay be usedaspreconditionergor
solvingsuchsystemsawith multiple right handsides.

The useof a rank-oneupdateto solve squaresystemawith wasstudiedby
Eirola and Nevanlinna[8]. They invoked a conjugatetransposedecantcondition without
line search.They provedthattheir algorithmterminatesafteratmost iterationstepsandif

stepsareneededthen is obtained.

The problemwas recently considerecby Ichim [14] and by Mohsenand Stoer[17].
In [17], startingfrom anapproximation for thepseudoinerse ,orfrom  whensuch
an approximatioris not available,their methodusesrank-2 updatesto generatea sequence

of -matrices  approximating . Two rank-2updatesvereproposedOneis related
tothe updateandtheotherto the update.Numericalresultsshavedthatboth
methodf [17], whenusedfor thecase , giveabetteraccurayg thantheotherrank-one
updatemethods.

On the otherhand,rank-oneupdatinghasattractive featuresin termsof computational
requirementglower numberof operationslessstorage). In this paper rank-oneupdates
(of Broyden's type) for matrices  are computedso that, in rathergeneralsituations,the
sequence terminateswith the pseudoinersein no morethan steps.The propertiesof
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thealgorithmareestablishedFor squaresystems, , alsothe new methodis compared
with the methods , and , which try to solve directly.

An alternatie algorithmutilizing the s.p.d.matrices is proposedIt hasthe
adwantagethatit canmonitorthe accurayg as . However, we thenhave to update
two matrices(but notethatthe = aresymmetric).

2. Rank-oneupdating. We consideithesolutionof thelinearsystem

(2.1)
in theleastsquaresense: “solves”(2.1) if , thatis if

. We assumehat hasmaximalrank, . Here
andin whatfollows, is the Euclideamormand thestandard
scalarproductin . Thevectorspacespannedy thevectors , v 2, ..., IS
denotecby

We note alreadyat this point thatall resultsof this papercanbe extendedto complec
linear systemswith a complex matrix . Oneonly hasto de ne theinnerproduct
in by

Also theoperator thenhasto bereplacedby andtheword“symmetric” by “Hermitian”.
We callan -matrix -relatedif is symmetricpositive semide nite(s.p.s.d.)
and implies that and . Clearly, is -related,
the pseudoinerse  (in the Moore Penrosesense)s -related(this can be shavn using
the singularvaluedecompositiorof and );if iss.p.d.then is -related.It
is easilyveri ed thatarny matrix  of the form , Where is s.p.d.,is
-related.
This conceptwill be centralsinceour algorithmsaim to generate -relatedmatrices
which approximate . It alsoderivesits interestfrom the specialcasewhen is a
nonsingular perhapsnonsymmetricsquarematrix. It is easilyveri ed thata matrix s
-relatedif andonly if is symmetricpositive de nite. Thismeanghat canbeusedas
aright preconditionetto solve by meansof solving the equivalentpositive de nite
system , , usingthe -algorithm. Thenthe preconditioner will bethe
betterthe smallerthe conditionnumberof is. Sothealgorithmsof this paperto nd -
relatedmatrices  with goodupperandlower boundson the nonzeroeigervaluesof
canbeviewedasalgorithmsfor computinggoodpreconditioners  in thecaseof afull-rank

Thefollowing propositiongivesanothemusefulcharacterizationf -relatedmatrices:
PROPOSITION 2.1. Let beanyunitary -matrix satisfying

whee isa -matrix of rank . De ne for an - matrix
the -matrix and by
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Then is -relatedif andonlyif thefollowingholds
and iss.p.d.,

andthen

Proof. 1. Supposédhat is -related.Thenthe matrix

iss.p.s.d. Hence and iss.p.s.d.
Suppose . Thenthereis avector  with . De ne , Where
, . Then
but
contradictingthe -relatednessf . Hence . Now supposehat is only positive
semide nitebut notpositive de nite. Thenthereis avector suchthat . But
then , because hasfull row rank,and

Hencethecorresponding

satis es

but

againcontradictinghe -relatednessf
2. Corversely supposehat , and satisfythe conditionsof the propositionand
assume . Thenwith ,
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sothat . Butthen

andlikewise

Hence is -related. a

In the case , we canchoose andthe propositionreduceso the
following corollary, which hasa simpledirectproof.

COROLLARY 2.2. If thematrix hasfull row rank,then is -relatediff is a
symmetrigoositivede nite matrix.

Proof. If is s.p.d.,then gives . Corverselyif is -related,
then implies and,therefore, since  hasfull columnrank.
Hencethes.p.s.dmatrix iss.p.d.. O

We notedabove thatany matrix  of theform , Where iss.p.d.is

-related.The corverseis alsotrue:

PROPOSITION 2.3. A matrix is -relatediff it hasthe form ,

whele iss.p.d..

Proof. We provetheresultonly for the mostimportantcaseof afull columnrankmatrix

Let be -related. Since implies and , is
equialentto , thatis  and have the form , for some
matrices . As hasfull columnrank , sohas . Thisimpliesthat

is nonsingulamand . Since is s.p.s.d.and

, andthereforeby the nonsingularityof

shaving that  is symmetric,nonsingularand positive semide nite, andthereforea s.p.d.
matrix. |

The methodsfor solving (2.1) will be iterative. The new iterate is relatedto the
previousiterateby

wherethe searchdirection  is determinedy the residual viaan -related
matrix ~ ofrank by

We will assume , becaus®therwise

sothat, by the -relatednessf , thatis, s a (least-squaresjolution of
(2.9).
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We alsonotethat implies , becausetherwiseagainby -relatedness,
Hencethescalamproducts , will bepositive.
Now, thestepsize is choserto minimizethe Euclideamnorm . Thus,

where

Hence iswell de nedand

Weupdate usingarank-onecorrection

Uponinvokingthesecantondition

we getthe updateformulaof Broydentype[3],

(2.2)

providedthat . Theupdateg2.2) areinvariantwith respecto a scalingof . It

canbeshawn (see[10]) thatfor thematrix is nonsingulafff is nonsingular
and f and is s.p.d.thenit is usuallyrecommendetb startthe
methodwith andto use , which resultsin the symmetric

rank-onemethod(SRK1) of Broyden[21] andleadsto symmetricmatrices . However,
it is known that SRK1 may not presere the positive de nitnessof the updates . This
stimulatedthe work to overcomethis dif culty [22], [16], [24], [15].
When is nonsymmetricthe goodBroyden(GB) updategesultfrom the choice
, While the badBroyden(BB) updatesake . For andsolvinglinear
systemsBroyden[4] provedthelocal -superlineacorvergenceof GB (thatis, the errors
are boundedby a superlinearlycorvergentsequence ). In
Moré and Trangensteir{18], global -superlinearcorvergence(i.e.
) for linear systemsis achiezed usinga modi ed form of Broyden's method. For
, Gay[10] provedthatthesolutionusingupdate(2.2) is foundin atmost  steps.The
generatiorof asasetof orthogonalvectorswasconsideredy GayandSchnabe[11].
They provedterminationof the methodafteratmost iterations.

The applicationof Broydenupdatedo rectangulasystemswvas rst consideredy Ger
berandLuk [12]. The useof the Broydenupdateg2.2) for solving non-Hermitiansquare
systemavasconsideredy Deu hard etal. [7]. For bothGB andBB, they introducedaner
ror matrixandshavedthereductionof its Euclideamorm. For GB they provideda condition
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onthechoiceof  ensuringhatall remainnonsingularThey alsodiscussedhechoice
, But in this case,no naturalmeasurdor the quality of wasavailable,
which makesthe methodnot competitve with GB andBB. For GB andBB, they shavedthe
importanceof usinganappropriatdine searcho speedup the corvergence.
In this paper we startwith an -relatedmatrix  andwish to make surethatall
remain -related. Hencethe recursion(2.2) shouldat leastpresere the symmetryof the
. Thisis ensuredff

or equialently

(2.3)

where isthevector

However, the schemg2.2), (2.3) may breakdown when and,in addition,
it may not ensurethat is again -related. We will seethatboth dif culties canbe
overcome.

3. Ensuring positive de nitenessand -relatedness.For simplicity, we droptheiter-

ationindex andreplace by astar . Weassumehat is -relatedand ,
sothat and . Following Kleinmichel[16] andSpedicatd24], we
scalethematrix by ascalingfactor beforeupdating.This leadsto

where , and . Therefore,
(3.2)

(3.2)

Then,introducingthe abbreviations

we nd

andaneasycalculationusing , , shaws

andthefollowing formulafor thedenominatoin (3.2),

(3.3)
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Since is -relatedProposition2.1canbeapplied.Hence thereexist aunitary -
matrix and -matrices , suchthat

is symmetricpositive de nite.

Then(3.1), (3.2) preseretheblock structureof and . Replacing by
we nd

Hence by Proposition2.1, is -relatedif andonly if

(3.4)

is positive de nite.

Since iss.p.d.and , is well de ned and satis es
(3.5)
The matrix  hasthe eigervaluesl (with multiplicity ) and, with multiplicity 1, the
eigervalue
But asis easilyseen, , sothatby (3.3),
(3.6) -
Hence, will be -related,ff satis es and
thatis iff

(3.7) — — or
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In view of theremarkbeforeCorollary 4.5 (seebelow), the choice seemdo be
favorable.By (3.7), thischoicesecureshat  is -relatedunless ,  satisfy
(3.8) —

Next we derive boundsfor the conditionnumberof andfollow the reasoningof
OrenandSpedicatd 20]. Let and . Thenby (3.4),

wherewe assumehat is s.p.d. and satis es(3.7), sothatalso is s.p.d. Thenthe
conditionnumber with respecto the Euclideamormis givenby

Thenby (3.5) for ary ,

and,similarly,

Now, theeigervaluesof areland is givenby (3.6). Hence,

sothat, nally,

where

Notethat  dependsn . Unfortunately the upperboundfor just
provedis presumablytoo crude;in particularit doesnot allow usto concludethat
for certainvaluesof . Neverthelesspnecantry to minimize the upperboundby

minimizing with respecto ontheset of all satisfying(3.6). The calculationis
tediousthoughelementaryWith thehelpof MATHEMATICA one nds for thecase ,
thatis ,that hasexactlytwo local minimaon , namely

(3.9)

Both minimaarealsoglobalminima,andthey satisfy
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4. The algorithm and its main properties. Now, let  beary -relatedstartingma-
trix, and  astartingvector Thenthe algorithmfor solving in the leastsquares
sensendcomputingasequencef -relatedmatrices  is givenby:

Algorithm: Let bea -matrix of maximalrank, , be -related,and
a givenvector
For vy
1. Computethevectos ,
If thenstop.
2. Otherwisgcompute

3. De ne
4. Set if (3.8) doesnothold.
Otherwisecomputeany satisfying(3.7), sayby using(3.9),

if
if

wheie epsis therelativemadineprecision.

Compute , and
Set andgoto .
We have alreadyseenthat step?2 is well-de ned if , becausghen
and , if is -related.Moreover, implies e,

is a least-squaresolutionof (2.1), andthe choiceof in step2 secureslsothat
is -related. Hence,the algorithmis well-de ned and generateonly -relatedmatrices
. This alreadyprovespartof the maintheoreticalpropertiesf the algorithmstatedn the
following theorem:

THEOREM 4.1. Let bereal -matrix of maximalrank , an
-relatedreal -matrixand . Thenthealgorithmis well-de nedandstopsafter
atmost steps:Theris a smallestndex with , andthenthefollowing holds:
andin particular if . Moreover
1. is -relatedfor .
2. for , Whee
for
for
3. for
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5. for .

Proof. Denoteby thefollowing properties:

1) is -relatedfor .

2) for

3) for

4) for

5) for .
By theremarksprecedinghe theoremthe algorithmis well-de ned aslong as and
thematrices are -related. , 4) and5) imply thatthe vectors 1, ,
arelinearly independenand, since anddim , property
cannotbetruefor . Therefore the theoremis proved, if holdsandthefollowing

implicationis shown;

1) , 1) followsfrom thechoiceof  that iswell-de nedand -relatedif is
2) To prove , 2) we rst notethat
by thede nition of . In additionfor , andthede nition of imply
since and
This proves , 2).
3) Since , andfor ,
becaus®f , 3),4). Thisproves , 3).
4) By , 3) we have for
Hence , 4) holds.
It wasalreadynotedthat implies . Hence , 5) holds.
This completegheproofof thetheorem. O
REMARK 4.2. In thecase , thealgorithm nds the solution
, whichis unique In the case , the algorithm nds only somesolution
of themary solutionsof , usuallynottheinterestingparticularsolutionof smallest
Euclideamorm. Thisis seerfrom simpleexampleswhenfor instancehealgorithmis started
with asolution  of thatis differentfrom theleastnormsolution:thealgorithmthen
stopsimmediatelywith , irrespectve of the choiceof
Theleastsquaresminimal normsolution  of canbe computedasfollows: let

beary solutionof (computedby thealgorithm)andcompute astheleastsquares
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solutionof againby the algorithm (but with  replacedby and by ). Then
is theleastsquaresolutionof with minimal norm.

We alsonotethatthealgorithmof thispaperbelonggo thelarge ABS-classof algorithms
(seeAbaffy, BroydenandSpedicatd5]). Asis shovnin [25], alsotheminimalnormsolution

ofa , , , canbe computedby invoking suitablealgorithmsof
the -classtwice.

COROLLARY 4.3. Under the hypothese®f Theoem 4.1, the following holds. If the
algorithmdoesnot stopprematuely, thatis if is the r stindex with ,

, then

if ,

if ,
with the matrices
Thatis, if forall ,then sothat  isaright-inverseof if ,and
a left-inverseif .

Proof. Part2. of Theorem4.1andthede nitionsof , , imply
4.1)

The columns of arelinearlyindependenby parts4. and5. of Theorem4.1
(they areevenorthogonalo eachother),sothatby alsothecolumns of the
matrix arelinearlyindependent.

Hence for , existsandby (4.1)
andfor , exists,whichimpliesby (4.1)

0

As abyproductof thecorollarywe note

if

if

if

if

If (i.e., for all ) theseformulaereduceto
Sincethen,for , in addition,both and aresymmetric, must

betheMoore-Penrospseudoinerse  of

REMARK 4.4. Considerthe specialcase of anonsingulamatrix . Then,
is s.p.d. and,by the corollary , Sothatthe eigervaluesof are

justthediagonalelementof . Henceits conditionnumberis . Sincethe
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algorithmchooseghe scalingparameter asoftenaspossible, will presumably
have arelatively smallconditionnumberevenif

Theoremd.1, part3. impliesa minimum propertyof theresiduals:

COROLLARY 4.5. For , theresidualssatisfy

Proof. By thealgorithm

sothat

Hence

is acorvex quadratidunctionwith minimum , ,1,..., ,since

by Theoren¥.1, part3. d
We notethatthe space is closelyrelatedto the Krylov space

generatedby the matrix andtheinitial residual
THEOREM 4.6. Usingthenotationof Theoem4.1, thefollowing holdsfor

thatis , ,..., isanorthogonalbasisof and

Proof. Theassertiongretruefor , since

Now
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For ary vector

O

5. Comparison with other methodsand numerical results. The numericaltestsare
concentratedo the cases and for the following two reasons:The rst
is thatit is harderto solwe leastsquaregproblemswith with closeto thanthose
with . The secondis thatin the case , which is equivalentto solving a
linear equation with a nonsingularand perhapsnonsymmetrianatrix , thereare
mary morecompetingterative methodssuchas , , thantherank-one
* ") methodof this paperandthe rank-2methodg* ") of [17] thatsolve
only indirectly by solving . In all exampleswe take asmeasuref
theaccurag.

ExAaMPLE 5.1. Herewe usethatthealgorithmof this paperis de ned alsofor complex
matrices . Asin [17] we considerectangulacomplex tridiagonalmatrices

thatdependntwo realparameters and andarede ned by

if .
if ,
if ,

otherwise
In particular we applied (startingwith and ) to solve the least
squaregproblemwith , , and . Theiterationwasstoppedas
soonas
stoppedafter 24 iterations. Figure 5.1 (plotting versus ) shawvs thetypical
behaior obsenedwith  -typemethodgcf. Theorem4.1).

At termination, producedonly an approximation  of the pseudoinerseof
since stoppedalreadyafter iterations.When wasthenusedto
solve by the system with a new right-handside (but the samestarting
vector andprecision , alreadystoppedafter9 iterations(seethe plot
of Figure5.2).

Otherchoicesof the parameters and leadto leastsquaresystems , where

(startedwith ) did not stop prematurely:it needed iterationsand thus
terminatedvith a nal verycloseto . Notsurprisingly (startedwith )

thenneedednly oneiterationto solve the system with a differentright-handside
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F1G. 5.1. Nopreconditioning

FiG. 5.2. With preconditioning

Thetestresultsof [17] for weresimilar. Since needsonly half the storage
andnumberof operationsas , is preferable.
EXAMPLE 5.2. This major examplerefersto solving squaresystems ,
with mary right handsides . It illustratesthe useof the nal matrices
producedyy whensolving asstartingmatrix of for solving

We considerthe sameevolution equationasin [17],
where

with theinitial andboundaryconditions

for ,
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Its exactsolutionis

The space-timedomainis discretizedby a grid with spacestep
andtime step . Let us denotethe discretizedsolution at time level by
, andat level by . Application of the Crank-Nicolsortechniqueusingcentral
differencedo approximatehe rst orderderivativesandthestandargecondrderdifferences
to approximatehe secondderivativesyieldsthe following schemgwe usethe abbreviations
, ) for thetransition

where . This schemés known to be stableand of order . s
obtainedform by solvingalinear systemof equations with a nonsymmetric
penta-diagonatnatrix andaright handside dependindinearly on . This linear

systemmay be solved directly by usingan appropriatemodi cation of Gausselimination.
However, to demonstrat¢he useof our updatesyve solve theseequationdor given itera-
tively startingfor the rst time stepwith . For thenext time stepswe comparethe
resultsfor therank-two methodin [17] with therank-onemethodof this paper
For (correspondingo morethan1000unknovnsat eachtime level) and
, the solutionof the problemup to the time
requwesthefollowmg numbersof iterationsin orderto achieve a relative residualnorm

RK1: 158 123 98 91 62
RK2: 158 123 109 87 74
Theseresultsshav a comparablenumberof iterationsfor both methods. But again, the
storageandthe numberof operationgor is half thatrequiredfor
Thenext examplesalsoreferto thesolutionof systems with asquarenonsingular
-matrix . Herewe follow the ideasof Nachtigaletal. in [19], who comparedhree
main iterative methodsfor the solution of suchsystems. Theseare , and
. Examplesof matriceswere given for which eachmethodoutperformsthe othersby
a factorof size ~ oreven . Theseexamplesare usedto compareour algorithm
* ") with thesethreemethods.In all examples , exceptExamples5.3 and5.6,
where . We take asa measureof the accurag. Note that solves
only |nd|rectly via theequialentsystem
ExAMPLE 5.3. In this exampleall methodsmale only negl|g|ble progresauntil step .
Here

is diagonalbut representa normalmatrix with troublesomeeigervaluesandsingularvalues.
Theresultsshowv thatboth and areleading.
EXAMPLE 5.4. Thisis anexamplewhereboth and areleading.Here is
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takenastheunitary -matrix

EXAMPLE 5.5. Here

where denotethe setof Chebyshe pointsscaledo theinterval , Where
hasconditionnumber andsmoothlydistributedentries.In this example wins
andboth and arebad.

EXAMPLE 5.6. Here s theblock diagonalmatrix

with
which ensuresa bad distribution of singularvalues. Here both and are
leading,but outperforms

EXAMPLE 5.7. is choserasin Example5.6, but with

This choiceof causedailure of in the very rst step. is leadingand
outperforms
EXAMPLE 5.8. istakenasin Example5.6, but with

where and and arede nedasin Example5.3 Thisleads
to x edsingularvaluesandvaryingeigervalues.
Here and leadandbotharemuchbetterthan and

EXAMPLE 5.9. istakenasin Example5.6, but with



ETNA
Kent State University
etna@mcs.kent.edu

SOLVING LINEAR EQUATIONSBY RANK-ONE METHODS 113
This matrix is normaland haseigervalues  andsingularvalue . Hereboth and
requireonly oneiteration, requirestwo while fails.

The numericalresultsfor Exampless.1-5.7 aresummarizedn the next tablelisting the
numberof iterationsneededor corvergence(testedby ). The numberof
iterationswaslimited to 50, andif a methodfailedto corvergewithin thislimit thenthe nal
accurag is givenby the numberfollowing , e.g., e-2indicatesthatthe nal accurag was

Example CGN CGS GMRES RK1

5.1 e-6 e-0 40 40

5.2 1 40 40 1

5.3 e-4 20 38 50

5.4 e-2 2 2 40

55 e-2 Fails 3 40

5.6 2 20 38 2

5.7 1 Fails 2 1
We notethatthe residuals behave erratically for . Its performanceamay be
improvedif oneuses ratherthan astakenin [19]. hascommon
featureswith : bothperformexcellentlyin Exampless.2, 5.6 and5.7, but avoids
the bad performanceof in Examples5.4, 5.5. never exceededhe maximum

numberof iterations.

No preconditioningwastried. It is obviousthatif Examples5.1 and5.3 arescaled(to
achieve aunit diagonal) onereacheshe solutionimmediatelywithin oneiteration.

Thecomparisorbetweerthesemethodsamayincludethe numberof matrix vectormulti-
plications,of arithmeticaloperationsstoragaequirementsindgeneraratesof corvergence.
However, we choseonly the numberof iterationsandthe reductionof the norm of the resid-
ual asin [19] asindicatorsof performance.After comparingdifferentiterative algorithms,
Nachtigalet al. [19] concludedthatit is alwayspossibleto nd particularexampleswhere
onemethodperformsbetterthanothers:Thereis notyet a universaliterative solver whichis
optimalfor all problems.

6. Implementational issuesand further discussion. Thereareseveralwaysto realize

the Algorithm. We assumehat andthat s sparseput ( ) is not. Then
a directrealizationof the Algorithm requiresstorageof a matrix , andin each
iteration,computatiorof 2 new matrix-vectorproductsof thetype (neglectingproducts
with the sparsematrices and ) and updatingof to by meansof the
dyadicproduct in Step4 of the Algorithm. This requiresessentially

arithmeticoperationg1 operatior= 1 multiplication+ 1 addition).
Thearithmeticexpensecanbereduceddy usingthefactthatany hastheform

(seePropositor?.3), where is updatedoy
andeachproduct is computedas . This schemerequiresstoragespacefor a
matrix andonly operations/iterationwhichis muchlessthan if
Finally, if the Algorithm needsonly few iterations,say at most , onemay store
only onesetof vectors , explicitly (nottwo aswith therival method of [17])
andusetheformula(supposinghat )

(6.1)
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whencomputingproductdike and in theAlgorithm. Using(6.1) to compute
requiresessentiallythe computatiorof 2 matrix-vectorproductsof theform

with the matrix

whichrequires  operationdo computea product . This againis half the numberof
operationsasfor therank-2methodsn [17].

Our new updateis connectedo the previous onein the sameway the SRK1 updateis
relatedto the DFP-updateas shavn by Fletcher[9] andBrodlie etal. [2]. We mayde ne
generaupdatingexpressiondy

Thisencompassdbhecasevhen iss.p.d.whichrequires and , aswell asthe
moregeneralkasein which : thiswould require or abetterstartingmatrix,
which secureghat iss.p.d..

An alternatve proceduras to updateboth ~ andthematrices using

This allows usto monitorthe accurag of the approximatenverse by checkingthe size
of . For reason®f economyonecouldmonitoronly thediagonalor somerow of
The algorithm may be appropriatefor solving initial value problemsfor partial differ-

ential equationsas shawvn for rank-two updatesn [17] and,for rank-oneupdatesjn Exam-
ple 5.2. In suchproblemswe startwith the giveninitial valueanditerateto nd thesolution
for the next time level. The solutionis consideredo be acceptabléf its accurag is com-
parableto the discretizationerror of the governingdifferentialequations.Thenal updated
estimateof theinverseobtainedfor the presentime level is thentakenastheinitial estimate
of theinversefor the next time step.
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