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Abstract. With denotingthe -th partial sumof , let its zerosbe denotedby
for ary positve integer . If and areary angleswith , let be the
associatedectoyin thez-planede ned by

If representshe numberof zerosof in the sector , thenSzeyo shavedin
1924that

where and arede nedin thetext. Theassociatediscrepancyfunctionis de ned by

Oneof ournew resultsshawvs, for ary  with , that

where is a positive constantdependingonly on . Also new in this paperis a studyof the cyclical nature of
,asafunctionof ,when and . An upperboundfor theapproximatecycle

length,in thiscasejs determinedn termsof . All thiscanbeviewedin our Interactive Supplementvhich shavs

thedynamicalmotionof the (normalizedzerosof thepartialsumsof =~ andtheirassociatediscrepancies.
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1. Intr oduction. Let denotethe -th partialsumof  for each
positive integer , anddenotethe zerosof by . Let be the sectorin
thecomple plane , de ned by

(1.1)

forangles and suchthat . Let representhe
numberof zerosof thatlie in the sector . A beautifulresultof Szeyo [7] states
that

(1.2)

whereif is theclosedcurve (calledthe Szego curve) in theunit disk whichis givenby
(1.3)
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thenthereareuniquepositive values and ,in , suchthat and
arepointsof of (1.3). Theangles in (1.2) arethende ned by

(1.4)
Thediscrepancyfunction , for the zerosin ,isde nedas
(1.5) _—
It follows from (1.2) that the function would behave, at worst, like , as
. Our rst aimin this paperis to shav in Theorem2.5the sharperresultthat
(1.6)

where is apositive constandependingpn  and . It is of interestto notethatSzeyo [ 7]
shavedthatthe associatediscrepang function,but now in the -planeunderthe mapping

is boundedasafunctionof
Oursecondaimis to closelystudythecyclical natureof thesequence .
Speci cally, for and , theapproximatecyclic length,of whatwe
call the short-termpattern is determinedasa functionof . (Long-termpatternsarealso
describedn Section3.)
Ourthird aimin this paperis to illustratethe dynamicalmotionof thezerosof ,as
varies,with our Interactive Supplemenaccompaning this paper This allows thereadeito
input ,intherange , Where , andto input , thedegreeof
, in therange . Thereaders computerthengraphshe zerosof
in the -plane. Onincreasing , oneseesthe actual“fanningout” of the zerosof ,
into the upperandlower half-planesof the -plane. In addition, the discrepang function,
, is thendisplayedto four decimaldigits, at each -th step. This calculationis
basedn the storedzerosof all polynomials , whosezeroswereall determined
to decimaldigits.

2. Background and statementof results. To studythebehaior of thezerosof the par
tial sums of it iscorvenientto studyinsteadthenormalizedpartialsums

, whosezeros,henceforthdenotedby , have the samearguments

asthe zerosof . This leaves in (1.5 unchanged.An applicationof the
Enestbm-Kakeya Theorem(see[4, p. 137, Exercise2], or [6, p.88, Problem?22]) shawvs
that all zeros of lie in the unit disk for ary
. Fromcompactnessonsiderationgherearenecessarilyaccumulatiorpointsin -~ for

, andSzeayo [ 7] establishedhateachsuchaccumulatiorpointmustlie onthe

curve of (1.3, and,corversely thateachpoint of is anaccumulatiorpoint of these
zerosof . Buckholtz[1] laterprovedthatall zerosof all lie outsideof for
ary , andthat

(2.1) —

where
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andwhere It wasshawn in [2] thatthe exponentof
for in (2.1) is the bestpossible,andthat the constant canbe reducedin (2.1) to
1

In [2], thefollowing curve wasde ned for eachpositive integer :

(2.2) and

where , de nedby

is the exact error in Stirling's formula. For calculationsof ~ when is very large, the
following asymptoticserieg(cf. Henrici[3]) for  canbeuseful:

and
Forary xed with , each  curve givesa muchbetterapproximatiorto
wherethe zerosof lie, in thatfrom [2, Theorend],
(2.3) —
where . Theexponentof for in (2.3 wasshovnin [2] to be

bestpossible.
As de nedin (2.2), thecurve is nota closedcurve, sowe make the following mod-
i cations of (2.2). First, aswill be explainedin the proof of Proposition2.1 in Section5,

the curve of (2.2) can be extended,for each , to the boundaryof in two
unique points, and , Where for each . Then, the circular
arc is annxedto the extended  curve, therebyproducingthe

following closedcurve  in
(2.4)

Thecurves | for ,and ,aregivenbelow in Figure2.1
We remarkthatit canbeshaovnthat  canbeexpressedsthe cornvergentseries

(2.5)

With the above de nitions, we statethe following proposition,whoseproofis sketched
in Sectionb.
ProPOSITION 2.1. For eac positiveinteger , thefollowing are valid:

1Exceptfor discrepang numbers , which aregivento four decimaldigits in the Interactive Sup-
plementwe truncatejn thetext, thedisplayedfractionalpartof nonintger numberso six decimaldigits.
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Fic. 2.1. Thecurve | for ,and

i) Thecurve isasimpleclosedcurvein whichis starshapedwith respecto ;

i) Foreadh with , thereis a uniquenumber , with ,
suc that isapointof ,andsatis es
(2.6) R -——
whee is de ned,ontheinterval , by
(2.7)

iii) for each ;

iv) For eath xed , is a strictly increasingfunctionof on ,and
for eacthinteger with , thereis a uniquepoint onthe
curve , with , sud that
(2.8)

v) If denoteghe (exact)zeos of , then,for any notin

,whee is xed with ,
(2.9) —

wheetheconstantjmplicitin -~ — , depend®nlyon .
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Next, it would appearthatto preciselydetermine , onewould
needto know mary very precisezeros of . This, for large,would bea
dauntingtask! However, we give a very accurateestimateof , which
avoids nding ary zerosof . This estimateis statedbelow in Proposition2.2, after
somepreliminaryde nitions areintroduced.

Fixing ary  with , considerary positive integer  suchthat ,
wherewe seefrom (2.5 that this inequality holdsfor all  sufciently large. Then,from
partii) of Proposition2.1, thereis a uniquenumber , with , suchthat

is a point of which satis es(2.6). With de nedin (2.7), and,

with the following notatiort:

it follows, from thestrictly increasingnatureof ~ from partiv) of Proposition2.1, that

(2.10)
This bringsusto the statemenbf
PROPOSITION 2.2. Givenany  with , thenumberof zeios of in the
sector is approximately
(2.11)

sothat, by symmetry

(2.12)

The proof of Proposition2.2is givenin Sectionb.

To illustrate now theresultof (2.12 of Proposition2.2, supposdhat , andwe
choose , and . Then,from partii) of Proposition2.1, and
arenumericallydeterminedo be

and and
(2.13) and
From(2.12), thisgives
and

(2.14)
Becausave have all the zerosof to anaccurag of decimaldigits, it turns
out thatthe nal numbersof (2.14), i.e., and , areexactlythe numberof the zerosof

and , respectiely, in thesector , Without having directly
determinedary zerosof . In addition,in the symmetricsectorcaseof — and

—, it follows from (1.4) that — —and — -, sothat

2Notethatthisis notthe oor function , whichis de ned asthegreatesinteger
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which givesusfrom (1.5 and(2.14) that
(2.15) - — _
The two numericaldiscrepanciesf (2.15 agreewith the roundednumbers;n thesecases,

of thelnteractiveSupplementf this paper
We remarkthatusingtheexpressiorin (2.11) to estimatehe numberof zerosof ,

in thesector , isgenerallyeryaccuratebutit is evidentthatthis estimate
canbe faulty when is exceedinglycloseto an integer, andthis canchangethe
estimatdan (2.12 by . Thiswill beconsideredn moredetailin Sectionb.

Our next resultgivesanequialentrepresentatiofor , Whereits proof
is givenin Sectionb.

PROPOSITION 2.3. Givenany  with , assumehat , the

symmetriccase Then for anypositiveinteger

(2.16) S

Weremarkthateachof thethreequantitiesn bracesin (2.16), canbeseerto bepositive.
For example,the rst termin bracesn (2.16 canbeseenusing(2.10), to satisfy

(2.17) S S

Next, we have theresultof Proposition2.4, whoseproofis againgivenin Section5.
PROPOSITION 2.4. Givenany xed  with ,

(2.18)

Then,becaus®f the propertiesof thetermsin bracesn (2.16), we have

THEOREM 2.5. Givenany  with , assume . Then,
(2.19)
whee is dependenbnly on
To numericallyillustrate herethe resultof (2.19 we have, in the case —, that,as

shawvn in Section5,
(2.20) _ — — — — -

as . Thismeanghatthelasttermin bracedn (2.16) tendsslowly to as ,
while theothertwo termsin bracedn (2.16 canbeseeno beboundedMore concretelywe

have thatfor -,

(2.21) - - -



ETNA

Kent State University
http://etna.math.kent.edu

134 R.S.VARGA, A. J.CARPENTERAND B. W. LEWIS

3. The interesting oscillations of in the symmetric case. One of the
mostintriging results,from this researchis that actualcalculationsof
in the symmetriccase,producepatternsof two distinct types,which likely could not ha/e
beenconjecturedchurely from theoreticalresults. For the symmetriccase thesepatternscan
beclassi edas

short-termpatternsof increasesof the and

(3.1) long-termpatternsof increasesor decrease®f the

Both of thesepatternscanbeimmediatelyseenfrom our Interactive Supplementvhich was

writtenin Jaszaby ourthird author Onsetting , oneseesatthebottomof thescreen,
a short-termpatternof a sequencef four or ve successie increasesn
wheretheincreasest eachstepareapproximately , followedby along- termpattern

in which the short-termpatternsare successiely slightly increasingor slightly decreasing
from stepto step. This canalsobe seento be the casein otherchoicesof , aswell. We
remarkthattheseshort-termandlong-termpatternsarevalid only for symmetricsectors.
Our next theoreticaresultherehasto do with the short-termpatterns.
THEOREM 3.1. Givenany with , assumehat , thesymmetric
sectorcaseandlet  bedeterminedrom(1.4). Thenthelength of ead short-termpattern
is at most

(3.2) —
forall sufciently large, wherethe oor function  isde nedasthegreatesinteger

As anexampleof theresultof (3.2), considethe caseof —and —. It follows
from (1.4) that , and . In thiscase,— ,

sothatfrom (3.2),

In this case the shortterm patternconsistsof atmost  steps.This canbe seen from our
Interactive Supplementwith —, to be correct. Similarly, for - and —,
- ,and , Sothat — , sSothat

In this casetheshorttermpatternconsistof atmost6 steps.Again, thiscanbeveri ed from
our InteractiveSupplement

4. Extensions. With  satisfying , andwith , we have
considerednly symmetricsectos in the previous sectionsandwe now extendtheseresults
to generalsectors , of (1.2), where . Note however that sincethe
zeros,of the real polynomial , Occurin conjugatecomple pairs, we may assume,
without loss of generality that . Then, eithersatis es , or

With and , we considetthefollowing threecases.

Casel. , ,and , whichis shavn in Figure4.1.

It is thengeometricallyevident,from Figure4.1, that
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FiG. 4.1. Casel: , ,and

and,onusingthede nition of (1.5), it canbeveri ed that

(4.1)

Case2. , ,and , whichis shavn in Figure4.2.
Similarly, we obtain

(4.2)

The nal caseto beconsidereds

Cases. , Whichis shavn in Figure4.3 andit similarly follows that
(4.3)
Thus,we have shovn how thegenerafunction canbeexpressedn termsof

symmetricsectorsThiswill beusedbelow to extendtheresultof Theorem?2.5, onsymmetric
sectorsto generakectorslts proofis givenin Sectionb.
THEOREM 4.1. Givenanyangles and with , then,

(4.4)

whee is dependenbnlyon and
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FIG. 4.3. Case3:
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5. Proofs. Proof of Proposition2.1. For eachpositive integer , let  bethelargest

positve numbersuchthat isapointof ,i.e.,from (2.4),

(5.1) - —

With , the squaringof the expressiorin (5.1) gives
(5.2)

Then, the largestof the two positive solutionsof (5.2), called , canbe expressedasthe
cornvergentexpression

(5.3) —
From(5.2) and , it canthenbeveri ed that
(5.4) — — —
which was statedin (2.5). Then,improving slightly on the discussionin [2, Section3], it
follows that, for ary  with , thereis a uniquepositive such
that isapointon . Thus,having annexedthecirculararc
toformthecurve ,then isasimpleclosedcurvein  whichis starshapedvith

respecto , giving parti) of Proposition2.1. Partii) of Proposition2.1 thenfollows
from equationg3.12)and(3.13)of [2].

It canbeveri ed from (5.4) and(2.7) that radiansandthat
is strictly decreasingn to ,as . Thus,
(5.5) for each
from which partiii) of Proposition2.1follows.

Next, for ary x ed , it wasstatedin [2, p. 118] that is astrictly increasing
functionof ontheinterval — —— , wheretheend-pointf this

interval comefromthede nition ofthecurve  in (2.2). Recallingthatthecurve  of (2.4)
is justanextensionof thecurve  totheboundaryof |, theprooffrom [2] similarly shavs

that is a strictly increasingfunctionof onthelongerinterval , Where
is thelargestnumbersuchthat isapointof , andthisgivesiv) of Proposition2.1.
Finally, the proof of v) of Proposition2.1 againcomesdirectly from [2, p. 118], com-
pletingthe proof.
Proof of Proposition2.2. With Proposition2.1, assumethat , andlet
betheassociatedniquepointof ,i.e.,

which meanssolvingthefollowing equationfor

(5.6)

Thenfrom (2.7), compute , aswell as . This latternumberthenesti-
matesthe numberof zerosof in the sector ,and,as , with positive
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coefcients, hasno zeroson the positive real axis, the even number esti-

matesthe total numberof zerosof in the symmetricsector . Thus,
estimateghe total numberof zerosof in the complementary

symmetricsector , Whichis statedn (2.12.

Thisleadsusto the
Proof of Proposition2.3. From(2.12 and(1.5), we havethat

(5.7) _ _—
Since , it followsfrom (1.3) and(1.4) that and
Thus,— —. Substitutingthisin (5.7) gives

(5.8) — _

Next, we canrewrite (2.7) as

whichfrom (1.4) gives

or equivalently,

(5.9)

Substitutinghe above expressiorfor in (5.8 thengives

(5.10) — -

which givesthe desiredresultof (2.16) of Proposition2.3.

As previouslyremarled,thetermsin thethreebracef (5.10 areall positive. Moreover,
the rst termin bracletssatis es,from thede nition in (2.10), theinequalitiesof (2.17), for
ary .
We next turnto the
Proof of Proposition2.4. Givenary x ed  with , thequantityin thebraces
of (2.18 satis es

(5.11) _
since for ary . Next, set

(5.12) S
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It follows from (5.6) that

(5.13)

Setting
(5.14)

sothat for all , thenthe rst equationof (5.13 canbeexpresseds

(5.15)
Ontakinglogarithmsanddividing by , we have
(5.16) _

Hencefor large,we seethat is smallandpositive, sothat

This givesfrom (5.16) that

which we canwrite as

(5.17)

Thus,from (5.12) and(5.14),

(5.18)
sothat is unboundedhs

Weremarkthatfor verylarge,theaccuracyof theapproximatiorof (5.18) is alsovery
large. We estimatethat the resultof (2.21), for , is accurateto over  decimal
digits!

Proof of Theoem 2.5. This is an easyconsequencef Propositions2.3and2.4. The
rst termin bracesof (5.10 alwaysliesin theinterval , from (2.17). Next, the nggative
secondermin (5.10), for , Clearlyalwaysliesin theintenal - |, since ,
by hypothesislies in , and, becausehe amgumentof the next termin turn is always

positive, thenthis term canbe no morethan -. Hence,asthe third termin bracesof (2.16
tendsto ,as , then(2.19 of Theorem2.5follows.
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Proof of Theoem 3.1 Givenary  with , assumehat ,
sothatthe sector of (1.1) is symmetricaboutthe real axis. To estimatethe numbe
of zerosof in , we usethe fact that the numbers , are,from
(2.9), closeto theactualzeros of . In particular considetthe uniquepoints

of ,forwhich(cf. (2.8)

(5.19)

sothat,from (2.6),

(5.20) _

Then,in placeofthe points , weconsidethefollowing uniformly
spacedin angle)points de ned as

(5.21) with —— for all

We remarkthataskingif theapproximatezero of isin thesector is equiv-
alentto askingif of (5.20 satis es

(5.22) _ _

We furtherremarkthat,as canbeexpresseas

we directly see,on letting , how the Szego curve of (1.3) playsa majorrolein
theresultof (1.2). We alsoshaw, in Figure5.1, thenumbers from (5.210).

Next, we order the approximatezeros of by their increasingargu-
ments,.e.,
(5.23)
The“fanningout” of the exactzerosof , aboreandbelow therealaxisas increases,

ascanbeseenin moredetailin the Interactive Supplementimpliesthat,in the closedupper
half-plane,

(5.24) for all —_—

andthat,in the openlower half-plane we have thereverse:

(5.25) for all

As the nonrealzerosof the real polynomial occurin conjugatecomple pairs, it is
sufcient to considerthe motion(with respecto ) of thezerosonly in the upperhalf-plane
of (5.24). Now, asthe approximatezeros of , werederived (cf. (5.249)
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FiG.5.1. as 'sandthezewosof as 's.
asspeci ¢ points of thecurve , thenthe following analogof (5.249)

necessarihholds,i.e.,from (5.21),

(5.26) _ for all —_—
In addition,we seefrom (2.1) that

(5.27) if andonly if —  —

or, equivalentlyfrom (5.21),

(5.28) if andonly if
We note,for anoddpositive integer, say , thatfrom (5.21) we have
(5.29)
This meanghat , which hasexactly one(hegative) realzero,corresponds
to the point , Whichis alsorealandnegative, from (5.21).
Next, supposehat is exactly on the boundaryof the symmetricsector in the

upperhalf-plane;j.e.,

(5.30) —_— where _—
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If satises —, then

(5.31)

which implies that is alsoin the upperhalf-planeof . It is thenevident, from
(5.31), thatthenumbers areall in theupperhalf-planewith strictly decreasing

argumentsas increases(Thisis the analog,in the -plane,of the “fanningout” of the
zerosof , in theupperhalf-plane.)

Next, whatwe seek from this fanningout of thenumbers , isthesmallest
nonngative integer sothat areall in the upperhalf-plane
of , while is out of this sector Thisimpliesfrom (5.30 that
(5.32)
sothat
(5.33) —_—

From(5.30), we canwrite thesenequalitiesas
(5.34)
Next, it followsfrom (2.7) and(1.4) that
(5.35) —_—
where lieson . Then,as(5.30 impliesthat

(5.36)

we seeassuminghat is large,from (5.35 and(2.7) that

Moreover, (5.36), coupledwith thelastinequalityof (5.33), givesapproximatelythat
(5.37) —

Thus, (5.37) saysthat is a good approximationof the positve in (5.33, when
is large, but, asthe Interactive Supplemenshows, it canalsobe quite goodfor small as
well. Furthermorethisimpliesthatthe maximurmonneativeinteger suchthat

when , Is givenapproximatelyby

(5.38) —

whichis independentf , andthisis thedesiredresultof (3.2) of Theoren3.1



ETNA
Kent State University
http://etna.math.kent.edu

THE DYNAMICAL MOTION OF THE ZEROSOF THE PARTIAL SUMSOF 143
We returnto the assumptiorthat is exactly on the boundaryof in the upper
half-plane.Supposeow that is outsidethesector , while isin . This

givestheinequalities

Thenon seekingthe smallestnonngyative integer  suchthat isin , while
is not, it similarly follows that , Where satis es(5.33.
Proof of Theoem4.1. Theresultsof (4.1) - (4.3) shaw in thesecaseshow
canbe expressedn termsof discrepanciegor symmetricsectors.In particular for any
with , With , it follows from Proposition®2.3and2.4 that

(5.39)
But, it canbeveri ed thatthefunction

(5.40)

is strictly deceasing from +1to-1,in , sothat,from (4.1) - (4.3, we see,in all casesthat
, Where is dependenbnlyon and
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