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Oneof ournew resultsshows, for any '
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where q is a positive constant,dependingonly on '
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. Also new in this paperis a studyof the cyclical nature of
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. An upperboundfor theapproximatecycle
length,in thiscase,is determinedin termsof
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. All thiscanbeviewedin our InteractiveSupplement, whichshows
thedynamicalmotionof the(normalized)zerosof thepartialsumsof �f andtheirassociateddiscrepancies.
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whereif ³´¯ is theclosedcurve(calledtheSzeg�o curve) in theunit diskwhich is givenby
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thenthereareuniquepositivevalues½‹¯r{»–
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It follows from (1.2) that the function Å

ª

À	Æ�y|{¨–

•

œ	– › ~ would behave, at worst, like Îe{»ŠJ~ , as
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whereÓ is apositiveconstantdependingon –
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and –‹› . It is of interestto notethatSzeg�o [7]
showedthattheassociateddiscrepancy function,but now in the Û -planeunderthemapping
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, theapproximatecyclic length,of whatwe
call theshort-termpattern, is determinedasa functionof
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describedin Section3.)
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into the upperandlower half-planesof the } -plane. In addition,the discrepancy function,
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As de�ned in (2.2), thecurve ³�y is not a closedcurve,sowe make thefollowing mod-
i�cations of (2.2). First, aswill be explainedin the proof of Proposition2.1 in Section5,
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Thecurves /
³�y , for Šr•Ã¸®œ�÷ , and Ð , aregivenbelow in Figure2.1.

We remarkthatit canbeshown that &
y canbeexpressedastheconvergentseries
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With theabove de�nitions, we statethefollowing proposition,whoseproof is sketched
in Section5.

PROPOSITION 2.1. For each positiveinteger Š , thefollowing arevalid:

1Exceptfor discrepancy numbers
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� , which aregiven to four decimaldigits in theInteractiveSup-
plement, we truncate,in thetext, thedisplayedfractionalpartof nonintegernumbersto six decimaldigits.



ETNA
Kent State University 

http://etna.math.kent.edu

THE DYNAMICAL MOTION OFTHE ZEROSOF THE PARTIAL SUMSOF �  
131

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

â

0

/³

•

/³´¯

/
³

�

&

•

&

�

FIG. 2.1. Thecurve >

?

� , for �/�A@

aCB

, and u .

i) Thecurve /
³�y is a simpleclosedcurvein â which is star-shapedwith respectto }+•¦ž ;
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Next, it would appearthat to preciselydetermine¥

�

ŒV}

„z•

yëŽ

y

„f…`•

§

•’‘

6

•

‘

8

�

, onewould
needto know many very precisezeros Œz}

„z•

yëŽ

y

„A…`•

of xzy|{¨Šm}\~ . This, for Š large,would be a
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part ii) of Proposition2.1, thereis a uniquenumber½ y {¨–

•

~ , with ž´Ÿ ½ y {¨–

•

~XŸà¸ , suchthat
}è•S•Ô½ y {»–

•

~

�z¾

‘

6 is a point of /³ y which satis�es(2.6). With J y {»–

•

~ de�ned in (2.7), and,
with thefollowing notation2:

ZTZ\[�]T]

•S•

š®™

Ø

˜

Ù	Ø

À

ÙJª
Á\Ù	Ø

š

Ø

™

Ÿ

[

œ`¹»º

™Õ˜

ÁNÚ

™

Ø

˜

©

[

œ

it follows,from thestrictly increasingnatureof J/y from partiv) of Proposition2.1, that
ZTZ

J€y?{»–

•

~

‡

¢‹¤

]:]

ç^ž5Ä(2.10)

Thisbringsusto thestatementof
PROPOSITION 2.2. Givenany –

•

with ž�Ÿ –

•

Ÿ ¤ , thenumberof zerosof x
y

{¨Šm}\~ in the
sector ²Ç–

• — ˜�™.š

}

—

� –

•

is approximately

¢

ZTZ

J
y

{»–

•

~

‡

¢‹¤

]:]

œ(2.11)

sothat,bysymmetry,

¥ÔÈ®Œz}

„z•

y
Ž

y

„A…`•

Ê

•
‘

6

•

›:^

·

‘
6�Ë

Ä

• Šw²-¢

ZTZ

J
y

{»–

•

~

‡

¢‹¤

]:]

Ä(2.12)

Theproofof Proposition2.2 is givenin Section5.
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{¨Šm}\~fŽ

›

†	†

y

…`•

to anaccuracy of ¢®ž®ž decimaldigits, it turns
out that the �nal numbersof (2.14), i.e., ö�¢ and ö5¸ , areexactly the numberof the zerosof

x

�:_

{

�

	®}N~ and x

�:�

{

�
�

}\~ , respectively, in thesector¤

‡

¢

—

–

• —åß

¤

‡

¢ , withouthaving directly

determinedany zerosof x
y

{¨Šm}\~ . In addition, in the symmetricsectorcaseof –

•

•

¤

¢

and

–‹› •

ß

¤

¢

, it follows from (1.4) that
°

•

•

¤

¢

²

¸

�

and
°

› •

ß

¤

¢

�

¸

�

, sothat

°

›Ç²

°

•

¢�¤

•

¸

¢

�

¸

�

¤

•£ž�Ä ö�¸VøÇž

�
�

œ

2Notethatthis is not the�oor function `badc , which is de�ned asthegreatestinteger
B

a .



ETNA
Kent State University 

http://etna.math.kent.edu

THE DYNAMICAL MOTION OFTHE ZEROSOF THE PARTIAL SUMSOF �  
133

whichgivesusfrom (1.5) and(2.14) that

Å

ª

À	Æ

�:_

Ì

¤

¢

œ

ß

¤

¢ Í

•e�l¸®ÄS÷®¢

Þ

¢

ß®ß

œ

˜

Á

Å•Å

ª

À.Æ

�I�

Ì

¤

¢

œ

ß

¤

¢ Í

•“²Xž5Ä ž

�

¢�	�ö®ö�Ä(2.15)

The two numericaldiscrepanciesof (2.15) agreewith the roundednumbers,in thesecases,
of theInteractiveSupplementof this paper.

Weremarkthatusingtheexpressionin (2.11) to estimatethenumberof zerosof x y {¨Šm}\~ ,
in thesector²Ç–

•X—å˜�™.š

}

—

� –

•

, is generallyveryaccurate,but it is evidentthatthisestimate
canbe faulty when J y {»–

•

~

‡

¢�¤ is exceedinglycloseto an integer, andthis canchangethe
estimatein (2.12) by f?¢ . This will beconsideredin moredetail in Section5.

Ournext resultgivesanequivalentrepresentationfor Å

ª

À.Æ y {»–

•

œ.¢‹¤l² –

•

~ , whereits proof
is givenin Section5.

PROPOSITION 2.3. Givenany –

•

with ž^Ÿ –

•

Ÿµ¤ , assumethat –‹›Ü• ¢�¤1²^–

•

, the
symmetriccase. Then,for anypositiveinteger Š ,

Å

ª

À.ÆAym{¨–

•

œ:–
›

~á•
0

J
y

{¨–

•

~

¤

²-¢

Z:Z

J
y

{»–

•

~

¢‹¤

]:]

4

²
0

–

•

¤

�

¸

¤

Ù

˜

Á

·m•

Ì

½
y

{»–

•

~eÀ

ª«Á

–

•

¸Ç²1½�ym{¨–

•

~eÆ�º�Àe–

•

Í

4

��0

Š/À

ª«Á

–

•

¤

ê

½
y

{¨–

•

~Õ²1½
¯

{¨–

•

~ î

4

Ä

(2.16)

Weremarkthateachof thethreequantitiesin braces,in (2.16), canbeseento bepositive.
For example,the�rst termin bracesin (2.16) canbeseen,using(2.10), to satisfy

ž�Ÿ
0

J€y|{»–

•

~

¤

²-¢

Z:Z

J€y|{¨–

•

~

¢�¤

]:]

4

—

¢eœ

˜

ÁNÚ

–

•hg

ª ÙIi

žòŸ –

•

Ÿ^¤Cœ

˜

ÁNÚ

Š çà¸®Ä(2.17)

Next, wehave theresultof Proposition2.4, whoseproof is againgivenin Section5.
PROPOSITION 2.4. Givenany�xed –

•

with žòŸ^–

•

Ÿ ¤ ,

Š?À

ª
Á

–

•

¤

ê

½�yJ{»–

•

~Õ²1½z¯Ü{»–

•

~9î|Ò

©

º

š

{H¢�¤|ŠJ~

¢‹¤

Ì

½
¯

{»–

•

~eÀ

ª
Á

–

•

¸Ç²1½
¯

{¨–

•

~eÆ�º�Àe–

•

Í

œ

˜

À`ŠÜÏ Ð Ä(2.18)

Then,becauseof thepropertiesof thetermsin bracesin (2.16), we have
THEOREM 2.5. Givenany –

•

with žòŸ^–

•

Ÿ ¤ , assume–
›

••¢‹¤w²1–

•

. Then,

Å

ª

À.Æ
y

{»–

•

œ:–‹›�~’Ò¦Ó

©

º

š

ŠCœjXex1ŠrÏ Ð¦œ(2.19)

where Ólkåž is dependentonlyon –

•

.
To numericallyillustrateherethe resultof (2.19) we have, in thecase–

•

•

¤

¢

, that,as

shown in Section5,

Š/À

ª
Á

–

•

¤ m

½�y
È

¤

¢

Ë
²è½V¯

È

¤

¢

Ëon
•

Š

¤�p

½�y
È

¤

¢

Ë
²

¸

��q

Ò

©

º

š

{H¢�¤|ŠJ~

¢

�

¤

œ(2.20)

as ŠÜÏÿÐ . Thismeansthatthelasttermin bracesin (2.16) tendsslowly to �/Ð as ŠÜÏÑÐ ,
while theothertwo termsin bracesin (2.16) canbeseento bebounded.Moreconcretely, we
havethatfor –

•

•

¤

¢

,

Š

¤�p

½
y

È

¤

¢

Ë

²

¸

��q

•v¸V¢eÄ

ß

÷�öX÷\ø�÷�œE¹»º

™

ŠÜ•v¸zž

�	†

Ä(2.21)
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3. The interesting oscillations of r�s7x�t�y|{»–

•

œ:– › ~ in the symmetric case. One of the
mostintriging results,from this research,is thatactualcalculationsof ŒzÅ

ª

À.ÆVy?{»–

•

œ:– › ~fŽ

¯

y

…`•

,
in the symmetriccase,producepatternsof two distinct types,which likely could not have
beenconjecturedpurelyfrom theoreticalresults.For thesymmetriccase,thesepatternscan
beclassi�edas

0

short-termpatternsof increasesof the Å

ª

À.Æ y {¨–

•

œ:–‹›z~fœ and
long-termpatternsof increasesor decreasesof the Å

ª

À.Æ y {»–

•

œ	–‹›�~fÄ

(3.1)

Both of thesepatternscanbeimmediatelyseenfrom our InteractiveSupplement, which was
writtenin Javaby ourthird author. Onsetting–

•

•¦¤

‡

¢ , onesees,at thebottomof thescreen,
a short-termpatternof a sequenceof four or � ve successive increasesin Å

ª

À	ÆVym{»¤

‡

¢eœ

ß

¤

‡

¢�~ ,
wheretheincreasesat eachstepareapproximatelyž�Ä

ß

	\¢

�

, followedby a long-termpattern,
in which the short-termpatternsaresuccessively slightly increasingor slightly decreasing
from stepto step. This canalsobe seento be the casein otherchoicesof –

•

, aswell. We
remarkthattheseshort-termandlong-termpatternsarevalid only for symmetricsectors.

Ournext theoreticalresultherehasto dowith theshort-termpatterns.
THEOREM 3.1. Givenany –

•

with ž�Ÿ^–

•

Ÿ ¤ , assumethat –�› •¦¢�¤ ²ò–

•

, thesymmetric
sectorcase, andlet

°

•

bedeterminedfrom(1.4). Then,thelength P

u

of eachshort-termpattern
is at most

P

u

•‚•v¸v�xw

¢�¤

°

•oy

œ(3.2)

for all Š suf�ciently large, wherethe�oor function z

[|{

is de�nedasthegreatestinteger
—

[

.
As anexampleof theresultof (3.2), considerthecaseof –

•

•

^ } and –
›

•

�

^} . It follows
from (1.4) that ½V¯r{»¤

‡‹Þ

~;•àž�ÄS÷

ß

	€¢\ø;	 , and
°

•

•“ž�Ä

Þ

ž

Þ

ø®ø
	 . In this case, ›I^

~

6

•Ô¸V÷eÄS÷®¢�¢ ÷

Þ�Þ

,
sothatfrom (3.2),

P

u

•v¸��xw

¢�¤

°

•oy

•v¸�ö�Ä

In this case,theshorttermpatternconsistsof at most ¸zö steps.This canbeseen,from our
InteractiveSupplement, with –

•

•

^
} , to be correct. Similarly, for –

•

•

^

›

and –
›

•

�

^

›

,
½

¯
{»¤

‡

¢�~••

••

•£ž�Ä

ß

öNø 	\ø

�

, and
°

•

•Ã¸®ÄS¢�ž\¢

�

¸zö , sothat ›I^

~

6

•£÷eÄS¢®¢

ß

¢

�

¸ , sothat

P

u

•v¸��xw

¢‹¤

°

•oy

•£ö�Ä

In thiscase,theshorttermpatternconsistsof atmost6 steps.Again,thiscanbeveri�ed from
our InteractiveSupplement.

4. Extensions. With –

•

satisfying ž£Ÿ –

•

Ÿ ¤ , and with –
›

•‚•ä¢‹¤@² –

•

, we have
consideredonly symmetricsectors in theprevioussections,andwe now extendtheseresults
to generalsectors•

‘
6

•

‘
8 , of (1.1), where ž1ŸÃ–

•

Ÿ�–‹›wŸÔ¢�¤ . Notehowever that sincethe
zeros,of the real polynomial x

y
{¨Šm}\~ , occur in conjugatecomplex pairs,we may assume,

without lossof generality, that ž¦Ÿ –

•

Ÿ ¤ . Then, –�› eithersatis�es ¤

—

–‹›ÝŸ ¢�¤ , or
ž�Ÿ@–

•

Ÿ^–‹›

—

¤ .
With /

–

•

•S•£¢‹¤g²è–

•

and /
–‹›/•S•£¢‹¤g²1–V› , we considerthefollowing threecases.

Case1. ž�Ÿ^–

•

Ÿ ¤ , ¤

—

–‹›?Ÿ ¢‹¤ , and ž�Ÿ –

•

Ÿ
/

–‹›

—

¤ , which is shown in Figure4.1.
It is thengeometricallyevident,from Figure4.1, that

¥
È

ŒV}

„z•

y
Ž

y

„f…ì•

Ê

•
‘

6

•

‘
8

Ë

•

¥
È

Œz}

„V•

y&Ž

y

„f…`•

§

•

‘
6

•%€

‘
6

Ë
� ¥

È
Œz}

„z•

yëŽ

y

„A…`•

§

•

€

‘
8

•

‘
8

Ë

¢

œ
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%

*�2 , 2

B

'
(

* 0�2 , and )=* '

%

*K> '
(

B

2 .

and,onusingthede�nition of (1.5), it canbeveri�ed that

Å

ª

À	Æ
y

{»–

•

œ	–‹›�~••

m

Å

ª

À.Æ
y

{¨–

•

œG/ –

•

~.�ÝÅ

ª

À.Æ
y

{�/ –‹›�œ:–‹›�~
n

‡

¢eÄ(4.1)

Case2. ž�Ÿ –

•

Ÿ@¤ , ¤èŸ^–‹›?Ÿå¢�¤ , and ž�Ÿ
/

–‹›/Ÿ –

•

Ÿ@¤ , which is shown in Figure4.2.
Similarly, we obtain

Å

ª

À.Æ�y|{¨–

•

œ:–
›

~••

m

Å

ª

À	Æ�y|{�/ –
›

œ:–
›

~•�@Å

ª

À	Æ�ym{»–

•

œ‚/ –

•

~
n

‡

¢eœ(4.2)

The�nal caseto beconsideredis
Case3. žòŸ^–

•

Ÿ^–
›

—

¤ , which is shown in Figure4.3, andit similarly follows that

Å

ª

À.Æ
y

{¨–

•

œ:–‹›z~••

m

Å

ª

À	Æ
y

{»–

•

œ�/ –

•

~Õ²,Å

ª

À	Æ
y

{»–‹›�œ‚/ –‹›�~
n

‡

¢eœ(4.3)

Thus,wehaveshownhow thegeneralfunction Å

ª

À.Æ
y

{¨–

•

œ	–V›z~ canbeexpressedin termsof
symmetricsectors.Thiswill beusedbelow to extendtheresultof Theorem2.5, onsymmetric
sectors,to generalsectors.Its proof is givenin Section5.

THEOREM 4.1. Givenanyangles–

•

and –‹› with žòŸ^–

•

Ÿ –‹›?Ÿ ¢‹¤ , then,

Å

ª

À.ÆAym{»–

•

œ:–
›

~’Ò¦Ó

©

º

š

ŠCœjXex1ŠrÏ Ð¦œ(4.4)

where Ólkåž is dependentonlyon –

•

and –‹› .
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5. Proofs. Proof of Proposition2.1. For eachpositive integer Š , let &ëy be the largest
positivenumbersuchthat �‹¾%"�$ is a pointof /³�y , i.e., from (2.4),

�

y

F

•�·�ƒ…„:†

"�$

H

•¦ý�y

ï

¢�¤|ŠÕ{o¢€²,¢•ÆAº�À‡&5y�~

•T9

›

••¢‹ý�y

ï

¤|Š•{:¸Ç²1Æ�º�Ào&$y5~

•:9

›

Ä(5.1)

With ˆ�yw•‚•£¢�Š•{7¸;²,ÆAº�À‡&5y5~ , thesquaringof theexpressionin (5.1) gives

�d‰

$

•£¢‹¤|ý

›

y

ˆ�y|Ä(5.2)

Then, the largestof the two positive solutionsof (5.2), called ˆ�y , canbe expressedasthe
convergentexpression

ˆ y •£¢�Ä

�

ž

ß��

Þ

	M�

ž5Ä ¢�÷

Þ

¢®ž

Þ

Š

²

ž5Ä ž�ž�÷�	

Þ

ß

Š

›

��� Ì

¸

Š

�

Í

œ

˜

À`ŠrÏ Ð¦Ä(5.3)

From(5.2) and ˆ y •S•£¢‹Š•{:¸Ç²1Æ�º�Ào& y ~ , it canthenbeveri�ed that

&
y

• Æ�º�À

·|•hŠ

¸Ç²

ˆ�y

¢‹Š2‹

•

¸�ÄSø�ž

Þ

ž

�

ø

ï

Š

�

ž�ÄS¢
	®ž€ø®ø;	

Š

�I9

›

���ÔÌ

¸

Š

�I9

›

Í

œ

˜

ÀJŠÜÏ Ð¦œ(5.4)

which wasstatedin (2.5). Then, improving slightly on the discussionin [2, Section3], it
follows that, for any – with &ëy-ŸÃ–èŸ�¢‹¤Ü²�&$y , thereis a uniquepositive ½Vy|{»–�~lŸ ¸ such
that ½�ym{¨–�~

�V¾

‘ is apoint on /
³òy . Thus,having annexedthecirculararc ŒV}+•

��¾

‘

•�²*&$y

—

–

—

�,&5yëŽ to form thecurve /
³�y , then /

³�y is asimpleclosedcurvein â which is star-shapedwith
respectto }è•±ž , giving part i) of Proposition2.1. Part ii) of Proposition2.1 thenfollows
from equations(3.12)and(3.13)of [2].

It canbeveri�ed from (5.4) and(2.7) that J

•

{O&

•

~••

Þ

Ä ž\¢®¢

�

¢®¢ radians,andthat J?y|{C&5y5~

is strictly decreasingin Š to ¤

‡

¢¡•“¸�Ä ÷\ø‹ž ø

�

ö , as ŠÜÏ Ð . Thus,

J
y

{C&
y

~=Ÿå¢�¤r•£ö�ÄS¢
	

ß

¸�	�÷�œ for eachŠèçà¸®œ(5.5)

from whichpartiii) of Proposition2.1follows.
Next, for any �x ed ŠÝç�¸ , it wasstatedin [2, p. 118] that J

y
{»–�~ is a strictly increasing

functionof – ontheinterval Œ‚Æ�º�À

·m• �

y

·

›

y•�

œ�¢‹¤g²1Æ�º�À

·|• �

y

·

›

y1�•Ž

, wheretheend-pointsof this
intervalcomefrom thede�nition of thecurve ³

y in (2.2). Recallingthatthecurve
/

³
y of (2.4)

is justanextensionof thecurve ³
y to theboundaryof â , theproof from [2] similarly shows

that J
y

{»–�~ is a strictly increasingfunctionof – on the longerinterval

ê

&
y

œ.¢‹¤ ²=&
y

î , where
&

y is thelargestnumbersuchthat �

¾#"�$ is apointof /³
y , andthisgivesiv) of Proposition2.1.

Finally, theproof of v) of Proposition2.1 againcomesdirectly from [2, p. 118], com-
pletingtheproof. •

Proof of Proposition2.2. With Proposition2.1, assumethat &$y

—

–

•

Ÿ ¤ , and let
}+• ½zy|{»–

•

~

�V¾

‘
6 betheassociateduniquepoint of /

³òy , i.e.,

þ

þ

þ

þ

þ

}

�

}

�

•�·

�

�

y

ý�y

ï

¢‹¤|Š•{7¸Ç²,}N~

þ

þ

þ

þ

þ

•v¸®œ

whichmeanssolvingthefollowing equationfor ½‹y|{¨–

•

~ :

½
y

{»–

•

~
Œ

½
y

{»–

•

~

�

•f·�‘

$
F

‘

6

H

ƒ…„:†

‘

6

Ž

y

ý�y

ï

¢‹¤|ŠlŒ�¸Ç²-¢‹½zy|{»–

•

~eÆ�º�Àe–

•

�Ý½

›

y

{»–

•

~fŽ

•:9

›

•Ã¸®Ä(5.6)

Thenfrom (2.7), computeJ
y

{»–

•

~ , aswell as
ZTZ

J
y

{¨–

•

~

‡

¢‹¤

]:]

. This latternumberthenesti-
matesthenumberof zerosof x

y
{»Šm}N~ in thesectorž

—

–´Ÿ^–

•

, and,as x
y

{¨Šm}\~ , with positive
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coef�cients, hasno zeroson the positive real axis, the even number ¢

ZTZ

J¡y|{»–

•

~

‡

¢�¤

]T]

esti-
matesthe total numberof zerosof xVy|{»Šm}N~ in the symmetricsector ²Ç–

• —

–

—

–

•

. Thus,
Š,²å¢

ZTZ

J y {»–

•

~

‡

¢�¤

]T]

estimatesthe total numberof zerosof x y {¨Šm}\~ in the complementary
symmetricsector

ê

–

•

œ.¢�¤ ²1–

•

î , which is statedin (2.12). •

This leadsusto the
Proofof Proposition2.3. From(2.12) and(1.5), we havethat

Å

ª

À	Æ y {»–

•

œ�¢‹¤w²è–

•

~•• Šw²-¢

ZTZ

J y {»–

•

~

¢‹¤

]T]

²1Š¡Ì’°

›X²

°

•

¢‹¤ Í

Ä(5.7)

Since–‹› ••¢‹¤/²´–

•

, it followsfrom (1.3) and(1.4) that ½ ¯ {¨–‹›�~’• ½ ¯ {¨–

•

~ and
°

› •£¢�¤/²

°

•

.

Thus, °

›X²

°

•

¢‹¤

•Ã¸Ç²“°

•

¤

. Substitutingthis in (5.7) gives

Å

ª

À	Æ y {»–

•

œ.¢‹¤w²1–

•

~’•

Š

°

•

¤

²-¢

Z:Z

J y {¨–

•

~

¢�¤

]:]

Ä(5.8)

Next, wecanrewrite (2.7) as

J
y

{»–

•

~’•åŠ

ê

–

•

²è½
¯

{»–

•

~�À

ª
Á

–

•

î\� –

•

�

Ù

˜

Á

·|•

Ì

½�y|{¨–

•

~eÀ

ª«Á

–

•

¸Ç²1½
y

{»–

•

~�ÆAº�À�–

•

Í

� Š/À

ª
Á

–

•

{»½
¯

{»–

•

~ì²è½
y

{»–

•

~:~&œ

which from (1.4) gives

J€y|{»–

•

~••¦Š

°

•

�-–

•

�

Ù

˜

Á

·|•

Ì

½�y|{¨–

•

~eÀ

ª
Á

–

•

¸Ç²è½
y

{»–

•

~eÆAº\Àe–

•

Í

�ÝŠ?À

ª
Á

–

•

{H½z¯g{¨–

•

~Õ²1½�y|{¨–

•

~	~&œ

or equivalently,

Š

°

•

•WJ€y|{»–

•

~C²è–

•

²

Ù

˜

Á

·|•

Ì

½
y

{¨–

•

~eÀ

ª«Á

–

•

¸Ç²è½
y

{»–

•

~�ÆAº�À�–

•

Í

²èŠ/À

ª«Á

–

•

{H½z¯g{¨–

•

~Õ²1½�y|{¨–

•

~:~|Ä(5.9)

Substitutingtheaboveexpressionfor Š

°

•

‡

¤ in (5.8) thengives

Å

ª

À.Æ
y

{»–

•

œ.¢�¤ ²1–

•

~•• 0

J€y|{»–

•

~

¤

²,¢

ZTZ

J€y|{»–

•

~

¢‹¤

]T]

4

²
0

–

•

¤

�

¸

¤

Ù

˜

Á

·|•

Ì

½�yJ{»–

•

~eÀ

ª
Á

–

•

¸Ç²è½
y

{»–

•

~eÆAº\Àe–

•

Í

4

�
0

Š/À

ª
Á

–

•

¤

ê

½zym{»–

•

~C²è½V¯r{»–

•

~9î

4

œ

(5.10)

whichgivesthedesiredresultof (2.16) of Proposition2.3. •

As previouslyremarked,thetermsin thethreebracesof (5.10) areall positive. Moreover,
the�rst termin bracketssatis�es,from thede�nition in (2.10), theinequalitiesof (2.17), for
any Šèçà¸ .

We next turn to the
Proofof Proposition2.4. Givenany �x ed –

•

with ž�Ÿ@–

•

Ÿ ¤ , thequantityin thebraces
of (2.18) satis�es

Š/À

ª
Á

–

•

¤

ê

½
y

{»–

•

~C²è½
¯

{»–

•

~9î’k^ž�œ ¹»º

™ì˜

Á\Ú

Š1çà¸®œ(5.11)

since½
y

{»–

•

~�k@½
¯

{»–

•

~ for any Š1ç£¸ . Next, set

“

y
{¨–

•

~=•‚•

Š/À

ª«Á

–

•

¤

ê

½
y

{¨–

•

~Õ²1½
¯

{¨–

•

~ î9Ä(5.12)
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It follows from (5.6) that

½�ym{¨–

•

~

(

½�ym{¨–

•

~

�

•f·�‘

$GF

‘ 6 H

ƒ…„I†

‘ 6

-

y

• ý�y

ï

¢‹¤|Š

(

¸Ç²-¢‹½zy|{»–

•

~eÆAº\Àe–

•

�-½

›

y

{»–

•

~ -

•T9

›

œ

g

ª ÙIi

½ ¯ {»–

•

~

�

•f·�‘

õ F

‘ 6 H

ƒ…„:†

‘ 6

• ¸�Ä

(5.13)

Setting

½ y {¨–

•

~=•S•¦½ ¯ {»–

•

~•�=� y {¨–

•

~Aœ(5.14)

sothat ��y|{¨–

•

~ k ž for all Š1ç£¸ , thenthe�rst equationof (5.13) canbeexpressedas

Ì|¸��

� y {¨–

•

~

½V¯r{»–

•

~‹Í

0òÌm¸��

� y {¨–

•

~

½V¯r{»–

•

~‹Í

�

·

�

$GF

‘ 6 H

ƒ…„:†

‘ 6

4

y

•

ý�y

ï

¢‹¤|Š

(

¸Ç²-¢‹½ y {»–

•

~eÆ�º�Àe–

•

�Ý½

›

y

{»–

•

~ -

•:9

›

½
¯

{»–

•

~

Ä(5.15)

On takinglogarithmsanddividing by Š , we have
©

º

š

Ì|¸��

�
y

{»–

•

~

½z¯g{¨–

•

~‹Í

²3�
y

{¨–

•

~eÆ�º�Àe–

•

•

©

º

š

{o¢‹¤|ŠJ~

¢‹Š

�

©

º

g

Ø

™

º

™

Å

Ø

™

Ù.Ø

™

¬

À

ª
Á

ŠCÄ(5.16)

Hence,for Š large,weseethat �zy|{»–

•

~ is smallandpositive,sothat
©

º

š

Ì
¸��

�
y

{»–

•

~

½
¯

{¨–

•

~®Í

•

�
y

{»–

•

~

½
¯

{¨–

•

~

�

©

º

g

Ø

™

º

™

Å

Ø

™

Ù.Ø

™

¬

À�Ä

Thisgivesfrom (5.16) that

�
y

{»–

•

~
0

¸

½V¯r{»–

•

~

²1Æ�º�Àe–

•

4

•

©

º

š

{H¢‹¤|ŠJ~

¢�Š

�

©

º

g

Ø

™

º

™

Å

Ø

™

Ù	Ø

™

¬

À

ª
Á

ŠCœ

whichwecanwrite as

��y|{¨–

•

~•Ò

©

º

š

{o¢‹¤|ŠJ~

¢‹Š

Ì

½
¯

{»–

•

~

¸Ç²1½
¯

{»–

•

~eÆ�º�Àe–

•

Í

œ

˜

À`ŠrÏ Ð¦Ä(5.17)

Thus,from (5.12) and(5.14),

“

y|{¨–

•

~•Ò

©

º

š

{o¢‹¤|ŠJ~

¢‹¤

Ì

½z¯r{¨–

•

~eÀ

ª«Á

–

•

¸Ç²1½
¯

{»–

•

~eÆ�º�Àe–

•

Í

œ

˜

À`ŠgÏÑÐ¦œ(5.18)

sothat
“

y
{»–

•

~ is unboundedas ŠÜÏ Ð . •

Weremarkthatfor Š very large,theaccuracyof theapproximationof (5.18) is alsovery
large. We estimatethat the resultof (2.21), for Š“•ä¸�ž

�:†

, is accurateto over 	®ž decimal
digits!

Proof of Theorem2.5. This is an easyconsequenceof Propositions2.3 and2.4. The
�rst termin bracesof (5.10) alwayslies in theinterval {¨ž�œ�¢Vî , from (2.17). Next, thenegative
secondtermin (5.10), for žòŸ^–

•

Ÿ ¤ , clearlyalwayslies in theinterval

ê

²

�

›

œ.ž‹î , since–

•

‡

¤ ,
by hypothesis,lies in {¨ž5œ�¸V~ , and,becausethe argumentof the next term in turn is always
positive, thenthis termcanbeno morethan

•

›

. Hence,asthe third term in bracesof (2.16)
tendsto �/Ð , as ŠÜÏ Ð , then(2.19) of Theorem2.5follows. •
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Proof of Theorem3.1. Given any –

•

with ž Ÿ –

•

Ÿ ¤ , assumethat – › • ¢�¤-²å–

•

,
so that the sector •’‘

6

•

‘

8 of (1.1) is symmetricaboutthe real axis. To estimatethe number
of zerosof x y {»Šm}N~ in • ‘ 6

•

‘ 8 , we usethe fact that the numbersŒ”P }

„z•

y Ž

y

„A…`•

�•� �

, are, from
(2.9), closeto theactualzerosŒV}

„z•

y Ž

y

„f…ì•

of x y {»Šm}N~ . In particular, considertheuniquepoints
Š

P}

„z•

yE•1P ½

„z•

y

�V¾ R

‘:S<U

$

‹

y

„f…`• of /³�y , for which (cf. (2.8))

J y {

P

–

„z•

y ~;•‚•¦¢�¤

ˆ

œ ¹»º

™C˜

©
©

¸

—

ˆ

—

ŠCœ(5.19)

sothat,from (2.6),

P}

„z•

y|{�P }

„z•

y

�

•f·

R

�

S<U

$

~

y

ý y

ï

¢‹¤|Š•{:¸Ç²–P }

„z•

y ~

•“¸�Ä(5.20)

Then,in placeof the Š points
Š

P}

„z•

y •—P ½

„V•

y

�V¾ R

‘:S<U

$

‹

y

„f…`• , weconsiderthefollowing Š uniformly

spaced(in angle)points, de�ned as

¶;P Û

„V•

y
¶®•Ã¸®œ with

˜�™.š

PÛ

„z•

y
•

¢‹¤

ˆ

Š˜� ¸

œ for all ¸

—

ˆ

—

ŠCÄ(5.21)

We remarkthataskingif theapproximatezero P}

„z•

y of xzy|{»Šm}N~ is in thesector•’‘

6

•

‘

8 is equiv-
alentto askingif PÛ

„z•

y of (5.20) satis�es

J€y|{¨–

•

~

Š˜�£¸

—å˜�™.š

PÛ

„z•

y

—

¢�¤ ²

J€y|{»–

•

~

Š™�¦¸

Ä(5.22)

We furtherremarkthat,as PÛ

„V•

y canbeexpressedas

PÛ

„z•

yE•—P }

„z•

y

�

•f·

R

�

S<U

$Yš

�

R

�

S<U

$

·|•

ý
y

ï

¢‹¤|Š•{:¸Ç²–P }

„z•

y
~
›

•T9

F

y
œ

•

H

œ

we directly see,on letting Š Ï Ð , how theSzeg�o curve ³ ¯ of (1.3) playsa major role in
theresultof (1.2). We alsoshow, in Figure5.1, thenumbersŒ*P Û

„z• •T•

Ž

•T•

„A…`•

from (5.21).
Next, we order the approximatezeros Œ�P }

„z•

y
Ž

y

„f…ì•

of x
y

{»Šm}N~ by their increasingargu-
ments,i.e.,

ž�Ÿ

˜®™	š

P}

•f•

y
Ÿ

˜�™.š

P}V›

•

y
Ÿž������Ÿ

˜�™.š

P}
y

•

y
Ÿå¢�¤CÄ(5.23)

The“f anningout” of theexactzerosof x
y

{¨Šm}\~ , aboveandbelow therealaxisas Š increases,
ascanbeseenin moredetail in theInteractiveSupplement, impliesthat,in theclosedupper
half-plane,

˜�™.š

P}

„V•

y
k

˜�™.š

P}

„z•

y
œ

•

œ for all ¸

—

ˆ

—

Š˜�¦¸

¢

œ(5.24)

andthat,in theopenlowerhalf-plane,we havethereverse:

˜�™.š

P}

„z•

y Ÿ

˜®™	š

P}

„z•

y
œ

•

œ for all
Š˜� ¸

¢

Ÿ

ˆ

—

ŠCÄ(5.25)

As the nonrealzerosof the real polynomial x
y

{»Šm}N~ occurin conjugatecomplex pairs, it is
suf�cient to considerthemotion(with respectto Š ) of thezeros,only in theupperhalf-plane
of (5.24). Now, as the approximatezeros Œ�P }

„V•

y
Ž

y

„f…`•

of x
y

{¨Šm}\~ , werederived (cf. (5.24))
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asspeci�c points P}

„z•

y
•§P ½

„z•

y

�z¾
R

‘TS¨U

$ of the curve
/

³
y , then the following analogof (5.24)

necessarilyholds,i.e., from (5.21),

˜�™.š

PÛ

„z•

yE•

¢‹¤

ˆ

Š©�¦¸

k

¢�¤

ˆ

Š˜�@¢

•

˜�™.š

PÛ

„z•

y
œ

•

œ for all ¸

—

ˆ

—

Š˜�¦¸

¢

Ä(5.26)

In addition,we seefrom (2.1) that

P}

„V•

y ” ••‘

6

•

‘

8 if andonly if
J

y
{»–

•

~

Š™�¦¸

— ˜�™.š

PÛ

„z•

y

—

J
y

{¨–‹›z~

Š©�¦¸

œ(5.27)

or, equivalentlyfrom (5.21),

P}

„z•

y
”r•

‘
6

•

‘
8 if andonly if

J
y

{»–

•

~

Š™�¦¸

—

¢‹¤

ˆ

Š©�¦¸

—

J
y

{»–‹›z~

Š™�¦¸

Ä(5.28)

We note,for Š anoddpositive integer, say Šg••¢;ª•� ¸ , thatfrom (5.21) wehave

˜�™.š

PÛ�«
œ

•�•

›I«
œ

•

•

¢�¤•{¬ª��¦¸z~

¢;ª�� ¢

•¦¤CÄ(5.29)

Thismeansthat xz›I«
œ

•

{:{o¢;ª��¦¸z~:}\~ , whichhasexactlyone(negative)realzero,corresponds
to thepoint PÛ�«

œ

•f•

›I«
œ

•

, which is alsorealandnegative,from (5.21).
Next, supposethat P}

„V•

y is exactlyon theboundaryof thesymmetricsector•
‘

6

•

‘
8 in the

upperhalf-plane,i.e.,

˜®™	š

PÛ

„V•

y´•

¢�¤

ˆ

Š˜� ¸

•

J
y

{»–

•

~

Š˜�¦¸

œ where ¸

—

ˆ

—

Š˜�¦¸

¢

Ä(5.30)
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If
ˆ

satis�es ¸

—

ˆ

—

y

·m•

›

, then

˜�™.š

PÛ

„z•

y Ÿ

˜®™	š

PÛ

„

œ

•f•

y •

¢�¤•{

ˆ

�¦¸z~

Š˜�¦¸

—

¤Cœ(5.31)

which implies that P}

„

œ

•f•

y is alsoin theupperhalf-planeof • ‘ 6

•

‘ 8 . It is thenevident, from
(5.31), thatthenumbersŒMP Û

„

œ

•f•

«lŽ

«®­ y

areall in theupperhalf-plane,with strictly decreasing
arguments,as ª increases.(This is the analog,in the Û -plane,of the “f anningout” of the
zerosof x y {»Šm}N~ , in theupperhalf-plane.)

Next, whatweseek,from this fanningoutof thenumbersŒMP Û

„

œ

•�•

« Ž

«®­ y

, is thesmallest
nonnegative integer

u

so that P}

„

œ

•f•

y&œGP }

„

œ

•f•

y
œ

•

œ�������œ‚P }

„

œ

•f•

y
œ�¯ areall in theupperhalf-plane
of ••‘

6

•

‘

8 , while P}

„

œ

•f•

y
œ�¯…œ

•

is outof this sector. This impliesfrom (5.30) that

¢‹¤•{

ˆ

� ¸V~

Š˜�

u

� ¸

ç Ì

J y {¨–

•

~

Š˜� ¸

•

¢�¤

ˆ

Š˜�¦¸ Í

k

¢‹¤•{

ˆ

�¦¸z~

Š˜�

u

� ¢

œ(5.32)

sothat

u

—

Š™�¦¸

ˆ

Ÿ

u

�¦¸®Ä(5.33)

From(5.30), wecanwrite theseinequalitiesas

u

—

¢‹¤

J
y

{»–

•

~

‡

{¨Š™�¦¸z~

Ÿ

u

� ¸�Ä(5.34)

Next, it followsfrom (2.7) and(1.4) that
©
ª«¬

y®­¡¯

J€yë{¨–

•

~

Š˜�¦¸

•¦–

•

²è½V¯g{»–

•

~eÀ

ª
Á

–

•

•l•

°

•

œ(5.35)

where½
¯

{¨–

•

~ lieson ³
¯ . Then,as(5.30) impliesthat

Š™�¦¸

ˆ

•

¢‹¤

J
y

{¨–

•

~

‡

{»Š©� ¸V~

œ(5.36)

we see,assumingthat Š is large,from (5.35) and(2.7) that

J€y|{¨–

•

~

Š˜� ¸±°
°

•

Ä

Moreover, (5.36), coupledwith thelastinequalityof (5.33), givesapproximatelythat

u

—

¢‹¤

°

•

—

u

� ¸�Ä(5.37)

Thus, (5.37) saysthat ¢‹¤

‡

°

•

is a goodapproximationof the positive
u

in (5.33), when Š

is large,but, asthe InteractiveSupplementshows, it canalsobe quite goodfor small Š as
well. Furthermore,this impliesthatthemaximumnonnegativeinteger

u

suchthat P}

„

œ

•f•

y
œ�¯•²
”

•
‘

6

•

‘
8 when P}

„z•

y
• –

•

, is givenapproximatelyby

¸��
w

¢‹¤

°

•|y

œ(5.38)

which is independentof Š , andthis is thedesiredresultof (3.2) of Theorem3.1. •
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We returnto theassumptionthat P}

„z•

y is exactlyon theboundaryof •á‘

6

•

‘

8 in theupper
half-plane.Supposenow that P}

„z•

y is outsidethesector•’‘

6

•

‘

8 , while P}

„

œ

•f•

y is in •’‘

6

•

‘

8 . This
givestheinequalities

˜�™.š

PÛ

„

œ

•f•

y k

J€y&{¨–

•

~

Š©� ¸

k

˜�™.š

PÛ

„V•

y Ä

Thenon seekingthe smallestnonnegative integer ³ suchthat P}

„

œ

•�•

y
œ•´ is in ••‘

6

•

‘

8 , while
P}

„

œ

•f•

y
œ•´�œ

•

is not, it similarly follows that ³

—

u

, where
u

satis�es(5.33).
Proof of Theorem4.1. Theresultsof (4.1) - (4.3) show in thesecaseshow Å

ª

À	Æ y {»–

•

œ:–‹›z~

canbe expressedin termsof discrepanciesfor symmetricsectors.In particular, for any –

•

with ž�Ÿ –

•

Ÿ@¤ , with –‹›?•‚•£¢�¤ ²1–

•

, it follows from Propositions2.3and2.4 that

Å

ª

À	Æ y {»–

•

œ	–‹›�~’Ò

©

º

š

{o¢‹¤|ŠJ~

¢‹¤ p

½ ¯ {»–

•

~�À

ª
Á

–

•

¸Ç²è½V¯r{»–

•

~eÆAº\Àe–

•

q

œ

˜

À`ŠrÏ Ð¦Ä(5.39)

But, it canbeveri�ed thatthefunction

½z¯Ü{»–�~eÀ

ª
Á

–

¸Ç²è½
¯

{»–\~eÆAº\À�–

œgÅ

Ø•µ$Á�Ø

Å+º

Á

{Hž�œ�¢‹¤J~fœ(5.40)

is strictly decreasing, from +1 to -1, in – , sothat,from (4.1) - (4.3), we see,in all cases,that
Å

ª

À	Æ
y

{»–

•

œ	–V›V~•Ò£Ó

©

º

š

Š , whereÓ¶kåž is dependentonly on –

•

and –‹› . •
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