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A PARALLEL QR-FACTORIZATION/SOLVER OF QUASISEPARABLE
MATRICES

RAF VANDEBRILT, MARC VAN BAREL', AND NICOLA MASTRONARDI#

Abstract. This manuscriptfocuseson the developmentof a parallel QR-factorizationof structuredrank ma-
trices,which canthenbe usedfor solving systemsof equations.First, we will prove the existenceof two typesof
Givenstransformationspamedrank decreasingndrank expandingGivenstransformationsCombiningthesetwo
typesof Givenstransformationdeadsto differentpatternsfor annihilatingthe lower triangularpart of structured
rank matrices. How to obtaindifferentannihilationpatternsfor computingthe uppertriangularfactorR, suchas
the and patternwill be investigated. Anotherpattern,namelythe -pattern,will be usedfor computingthe
QRfactorizationin aparallelway:.

As an example of sucha parallel QR-factorization,we will implementit for a quasiseparablenatrix. This
factorizationcanberun on 2 processorayith onestepof intermediateeommunicatiorin which onerow needgo be
sentfrom oneprocessoto the otherandback. Anotherexample,shaving how to deducea parallelQR-factorization
for amoregenerakrankstructurewill alsobediscussed.

Numericalexperimentsareincludedfor demonstratingheaccurag andspeedf this parallelalgorithmw.r.t. the
existing factorizatiorof quasiseparablmatrices Also somenumericalexperimenton solvingsystemf equations
usingthis approachwill begiven.
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1. Intr oduction. Dueto the interestnowadaysin structuredrank matricesthe knowl-
edgeon this classof matricesis growing rapidly. A structuredrank matrix is characterized
by thefactthatspeci c partstakenout of the matrix satisfylow rank properties suchasfor
examplequasiseparablesemiseparablajnitary Hessenber matricesand so forth. Various
accurateindfastalgorithmsarealreadyknown for computingfor examplethe QR- andU RV -
factorization 3, 4, 6, 11, 17], the eigervaluedecompositiorf2, 5, 12, 19, thesingularvalue
decompositiorof certaintypesof structuredankmatriceq 18].

In this manuscriptwe will focuson the QR-factorizationof structuredrank matrices.
Currently all the QR-factorizationf structuredrank matricesconsistof two mainsteps.A

rst stepconsistsof remaving the low rank partin the lower triangularpart of the matrix.
This resultsin a generalizedHessenbey matrix, having several subdiagonalslifferentfrom
zero. The secondpart consistsof removing the remainingsubdiagonalsn orderto obtain
an uppertriangularmatrix in this fashion. In the terminologyof this paperthis meanshat
rst a sequencef rank decreasingsivenstransformationds performed,namelythe low
rank part is removed, and this is doneby reducingconsecutiely the rank of this part to
zero.The secondpartconsistof a sequencef rank expandingGivenstransformationsThe
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generalizedHessenbey matrix hasa zeroblock in the lower left cornerandby performing
theserank expandingGivenstransformationshis block of zerorank expandsuntil it reaches
thediagonalandthe matrix becomesippertriangular

In this paperwe will focuson two speci ¢ issues.First we will prove the existenceof
rankexpandingGivenstransformationsn agenerakontet andsecondlywe will investigate
the possibility of interchanginghe mutual position of rank expandingand rank decreasing
Givenstransformationshy meanof a shift throughlemma.

Interchanginghe position of Givenstransformationswill leadto differentpatternsto
annihilatethe lower triangularstructureof matrices.For exampleonecannow rst perform
a sequencef rank expandingGivenstransformationsfollowed by a sequencef rank de-
creasingGivenstransformationsThis orderis differentthanthetraditionalone,but leadsto
asimilar factorization.

In this manuscripwe will rst focusattentionto the mostsimplecase namelythe case
of quasiseparablmatrices. Furtheron in the text alsoindicationsand examplesare given
to shav the applicability of thesetechniquego higherorder quasiseparablmatrices. For
the classof quasiseparablenatricesone sequencef rank decreasingGivenstransforma-
tionsandonesequenc®f rank expandingGivenstransformationss neededo computethe
QR-factorization.Due to our knowledgeon the differentpatternswe know thatwe canin-
terchangehe orderof thesesequencesMoreover, we canconstructa specialpattern(called
an -pattern),suchthat we starton top of the matrix with a descendingequencef rank
expandingGivenstransformationsand on the bottomwith an upgoingrank decreasinge-
quenceGivenstransformationsWhenthesetwo sequencesf Givenstransformationsneet
eachotherin the middle of the matrix, we have to performa speci ¢ Givenstransforma-
tion, afterwhich we have againtwo sequencesf independenGivenstransformationsOne
sequencgoesbackto the top andthe otheronegoesbackto the bottom. After thesetrans-
formations,we have computedhe QR-factorization.

This -patternwas rstly discussedh [7], by DelvauxandVanBarel. Also thegraphical
representatiorleadingto the interpretationin termsof and -shapedatternsof annihila-
tion canbefoundin their manuscript.

This -patternfor quasiseparablmatricesis suitablefor implementatioron a parallel
computer Divide the matrix into two parts. The rst n; rows aresentto a rst processor
andthelastn, n nj rows aresentto anothemrocessar Both processorperformtheir
type of Givenstransformationgithera descendingr anupgoingsequencef Givenstrans-
formations. Thenone stepof communicatioris necessaryndboth processorgan nalize
the process.Finally the rst processohasthe top n; rows of the factor R andthe second
processohasthelastn;, rows of thefactorR of the QR-factorization.

Themanuscripts organizedasfollows. In thesecondsectiorwewill brie y recapitulate
someresultson structuredrank matricesand on the computatiorof the QR-factorizationfor
quasiseparablmatrices.In Section3 we introducethe two typesof Givenstransformations
wewill beworkingwith. NamelytherankexpandingGivensandtherankdecreasingsivens
transformationsThesetwo typesof transformationgorm the basisfor the developmentof
the parallelalgorithm. Section4 discussesomelemmaswhich give us some e xibility for
working with GivenstransformationsBasedon thesepossibilitieswe will beableto change
theorderof consecutie Givenstransformation$eadingto differentpatterndor annihilating
whencomputingthe QR-factorization.In Section5 we will discussthe possibilitiesfor par
allelizing the previously discussedgchemesln Section6 possibilitiesfor developingparallel
algorithmsfor higherorderquasiseparablmatricesmatriceswill bepresentedThe nal sec-
tion of this manuscriptontainsnumericalresultsrelatedto the QR-factorizationandalsoto
solving systemsof equationsnvolving a parallel QR-algorithm. Timings aswell asresults
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ontheaccurag will bepresented.

2. De nitions and preliminary results. The main focusof this paperis the develop-
mentof a parallelQR-factorizatiorfor quasiseparablmatrices.Let usbrie y introducewhat
is meantwith a quasiseparablmatrix, andhow we cancomputethe QR-factorizatiorof this
guasiseparablmatrix. A rst de nition of quasiseparablmatrices,aswell asaninversion
methodfor them,canbefoundin [10]; seealso[9].

DEFINITION 2.1. A matrix A N M is nameda (lower) quasisepaable matrix (of
quasisepaability rank 1) if any submatrixtakenout of the strictly lower triangular part has
rankat mostl. More preciselythis meanghatfor everyi 2 nt

rankAi:nl:i 1 1

Thematricesconsideredn this manuscriponly have structuralconstraintposedon the
lower triangularpart of the matrix. Quite oftenthesematricesare alsoreferredto aslower
guasiseparablmatrices.

A structuredrank matrix in generalis a matrix for which certainblocksin the matrix
satisfy speci ¢ rank constraints. Examplesof structuredrank matricesare semiseparable
matrices,bandmatrices,Hessenber matrices,unitary Hessenbe&y matrices,semiseparable
plus band matrices,etc. In this manuscriptwe will mainly focus on the developmentof
a parallel QR-algorithm for quasiseparablenatricesof quasiseparabilityank one. In the
sectionbeforethe numericalexperimentswe will brie y indicatehow the presentedesults
arealsoapplicableontohigherorderquasiseparablmatrices.

Let usbrie y repeatthetraditional QR-factorizationof a quasiseparablmatrix. Let us
depictour quasiseparablmatrix asfollows:

The arbitraryelementdn the matrix aredenotedby . The elementssatisfyinga spe-
ci ¢ structurearedenotedoy . Performingnow on this matrix a rst sequencef Givens
transformationgrom bottomto top, onecanannihilatethe completepartof quasiseparability
rank 1, denotedby the elements . Combiningall theseGivenstransformationsnto one
orthogonaimatrix QI this givesusthefollowing result:

QA 0
0 O

0 0 O

Hencewe obtaina Hessenbey matrix, which canbe transformednto an uppertriangular

matrix, by performinga sequencef descendingsivenstransformationsyemoving thereby
the subdiagonal. CombiningtheseGivenstransformationsnto the orthogonalmatrix Q;

1We useM ATLAB-stylenotation.
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givesus

0
QLQA 0 0

0 0 O

0 0 0 O
This leadsin a simple mannerto the QR-decompositiorof the matrix Q in which we rst
performan upgoingsequenc®f Givenstransformationgremoving the low rank part), fol-
lowedby adescendingequencef Givenstransformationgexpandingthe partof rankzero).
All theGivenstransformationsisedin this factorizatiorarezerocreatingGivenstransforma-
tions. Thereexist however also othertypesof Givenstransformationsyhich we will need
for the parallelQR-factorization.

3. Typesof Givenstransformations. Givenstransformationsare commontools for
creatingzerosin matriceg[1, 13]. But Givenstransformationganalsobe usedfor creating
rank 1 blocksin matrices. In this sectionwe will prove the existenceof a rank expanding
Givenstransformationgreatingrank 1 blocksin matrices.

3.1. The Givenstransformation. In this subsectionywe will proposean analyticway
of computinga Givenstransformatiorfor expandingthe rank structure. We will prove the
existenceof a Givenstransformationwhichwill beusedafterwardsin the next subsectiorior
developinga sequencef descendingankexpandingGivenstransformationsln theexample
following thetheoremwe will usethe reductionof a Hessenber matrix to uppertriangular
form asanexampleof adescendingankexpandingsequencef Givenstransformations.

THEOREM 3.1 (Descendingank expandingGivenstransformatiof. Supposehe fol-
lowing2 2 matrixis given

a b

A c d

Thenthere existsa Givenstransformationsud that the secondrow of the matrix G A and
thegivenrow e f are linearly dependent.Thevaluet in the GivenstransformationG as
in (3.1), isde nedas

af be
cf de

undertheassumptionhatcf de 0, otherwiseonecansimpletakeG .
Proof. Supposeve have the matrix A andthe GivenstransformatiorG asfollows:

a b 1 t 1
(3.1) A c d andG T 1 i

Assumec d and e f to belinearly independentptherwisewe could have taken the
Givenstransformatiorequalto theidentity matrix.
Let uscomputethe productG' A:

1 1 a
c

t 1 a ¢ bt d
1 t2 1t

1 12 a c b dt

b
d
Thesecondow beingdependentf e f leadsto thefollowing relation:

f a c¢ e b d O
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Rewriting this equationtowardst givesusthefollowing well-de ned equation:

af be

cf de

This equationis well de ned, aswe assumedc d to beindependentf e f . O

Thistype of Givenstransformatiorwasalreadyusedbeforein [16, 19]. Let usshaw that
the rank expandingGivenstransformationsaswe computedthemherearea generalization
of thetransformationsisedfor bringinganupperHessenbeymatrix backto uppertriangular
form.

ExAMPLE 3.2. Supposewe have a Hessenbe&r matrix H and we want to reduceit
to uppertriangularform. Insteadof usingthe standardGivenstransformationseliminating
the subdiagonaélementsyve will useherethe Givenstransformationgrom Theorem3.1to
expandthe zerorank below the subdiagonalThisis doneby a sequencef Givenstransfor
mationsgoing from top to bottom. Supposeve have, for example thefollowing Hessenbey
matrix:

1
H 1
0

w ‘ [e2] | ol
|

[INY] I |

(AJ|| OJ\|}—‘ (AJ||

Computing,the rst Givenstransformatiorappliedon row 1 and?2 in orderto make part of
thetransformedsecondow dependendf

N
NI

ef 0

ol

givesusthefollowing transformatior{usethe samenotationasin Theorem3.1):

af be a

tcfdec

Henceour Givenstransformationwill be of thefollowing form:

T 11
G 11

|\>|‘ =

Applying the transformationGI (the2 2 GivenstransformationGI is embeddednto a
3 3GivenstransformatiorG]) ontothematrixH annihilateghe rst subdiagonatlement,
therebyexpandingthe zerorank structurebelon the subdiagonal.One caneasily continue
this procedureand concludethatthe rank expandingGivenstransformationdift up the zero
structureandhencecreateanuppertriangularmatrix. In this example we canclearly seethat
azerocreatingGivenstransformationcanalsobe atthe sametime a rankexpandingGivens
transformation.

For theimplementatiorof this speci ¢ Givenstransformationye adaptedhe standard
implementatiorof a zerocreatingGivenstransformationWe obtainedthe following codein
MATLAB stylenotationby changingheonefrom [13]. Thematrix A correspondso thetwo
by two matrix the Givenstransformatioris actingon andthevectorV containghe elements

e f . Theoutputconsistof the cosinec andthe sines of thetransformationaswell asthe
transformedmatrix A.
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function [c,s,A] = Givensexp(A,V);

x=-(A(1,1)*V(2)-A(1,2)*V(1));
y=V(1)*A(2,2)-A(2,1)*V(2);

if (x == 0)
% In case this is zero, we obtain immediately G=l
c =1 s =0

else
if (abs(x) >= abs(y))
t = yix; r =sqrt(l  + t});
c =1, s =t r = X,
else
t =xly; r =sqrt(l + t});
s =1, ¢ = t*s;
end
A(1:2,))=[c,s;-conj(s),c]*A(1:2,: );
end

We remarkthatin the presenteatodethe criterionx==0, canbe maderelatively depending
onthemachineprecision.

3.2. A sequenceof thesetransformations. In the previous subsectioralreadyan ex-
ampleof a sequencef descendingank expandingtransformationsvaspresented.

In generalwhenhaving arank 1 partin a matrix oneis alwaysableto lift up this part,
suchthatit includesat mostthe maindiagonal.For example startfrom thefollowing matrix.
The elements denotethe elementsbelongingto the rank one part. After performinga
sequencef descendingank expandingGivenstransformationspne obtainsthe matrix on
theright (seethenext paragraptor moredetails),

3.2) resultingin

REMARK 3.3. Theexpansiorof arankl structureneverincludesary of the superdiago-
nals,unlessthe matrixis singular This remarkcanbeveri ed easilyasotherwisethe global
matrix rank otherwisechangesWe will comebackto this remarklateronin the sectionon
moregeneraktructures.

Let us presentin moredetail how to lift up the rank structurein the strictly lower tri-
angularpart. Therepresentatiomisedfor the quasiseparablmatrix doesnot play ary role,
only few elementsof the structuredrank part needto be computed. The expandingGivens
transformatiorcan easily be performedfor eitherthe Givens-weightthe quasiseparabler
thegeneratorepresentation.

Startingwith theleft matrixin (3.2), theupperleft 3 2 submatrixis marked,
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Within themarked3 2 matrix, theupper2 2 matrix of coincideswith the matrix A from

Theorem3.1andthebottomrow coincideswith e f . Theideais now to performthe Givens
transformatiorcomputedvia Theorem3.1 ontorow 1 and2 of the matrix suchthatthe fol-

lowing resultis obtained(without lossof structureonecanincludethe upperleft elementn

thelow rankstructure),

In the next gure (left) againa3 2 submatrixis marked. (Note alsothat without loss of
generalityonecanincludethe elementin the lower right cornerinto the low rank structure.)
Again onecanperformarank expandingGivenstransformationactingon rows 2 and3. As
aresultwe obtaintheright matrix structure,

transformsnto

A nal transformatioractingon rows 4 and>5 is neededo obtainthe desiredstructure.

REMARK 3.4. Thegraphicalrepresentatiodescribesvhich elementf the matrix is
necessaryn orderto computethe rank expandingGivenstransformation Whenperforming
the transformationonto the quasiseparableatrix, one needsto updatethe representation.
In Section7 more detailson the actualimplementationusing a speci ¢ representatiomare
given.

For the developmentof the parallel QR-algorithm for quasiseparableatrices,which
is the mainfocusof this manuscriptthe expansionof therank 1 partasshowvn in the gure
aboveis sufcient. Forthedevelopmenbf aparallelQR-algorithmfor higherorderstructured
rankmatricegsuchasquasiseparabimatricespnealsoneedgo beableto lift upfor example
partsof matricesof rank2. Thiswill bediscussedbrie y in aforthcomingsection.

3.3. Rank decreasingsequenceof transformations. A sequencef Givenstransfor
mations,remaoving a rank 1 structurein a matrix is called a sequencef rank decreasing
Givenstransformationssimply becausét reducegherankfrom 1 to 0.

We will include one stepof the procesdor completeness Assumethe matrix we are
working with to be of theform,

Applying a rst Givenstransformatioron the bottomtwo rows, will completelyannihilate
thebottomrow, dueto the connectiorin rankstructure We obtain
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An extra subdiagonatlements createdn the processAfter performingall Givenstransfor
mationsthefollowing Hessenbey structureis created:

resultingin 0
0 O
0 0 O

Similarly asin the previous casewe remarkthat the existenceof sucha sequences
discussedhereis sufcient for thedevelopmenbf the parallelQR-factorizatiorfor quasisep-
arablematrices.Furtheronin thetext we will brie y reconsideothercases.

Letusnow rst discusshetraditional QR-factorizationof a quasiseparablmatrix, and
thenwe will discusshow we canchangethe consideredannihilationpatternto obtaina dif-
ferentorderin the Givenstransformations.

4. Differentannihilation patterns. To be ableto designdifferentpatternsof annihila-
tion, andto characterizéhem,we introducea new kind of notation. For example,to bring
a semiseparablenatrix to uppertriangularform, we useone sequencef Givenstransfor
mationsfrom bottomto top. This meansthatfor a5 5 matrix the rst applied Givens
transformatiorworks on thelasttwo rows, followed by a Givenstransformatiorworking on
row 3 and4 andsoon.

To depictgraphicallytheseGivenstransformationsy.r.t. their orderandthe rows they
areactingon, we usethefollowing gure:

- = =M m

4 3 21

Thenumberectircleson theverticalaxis depictthe rows of the matrix, to indicateon which
rows the Givenstransformationsill act. The bottomnumbersrepresenin somesensea
time line to indicatein which orderthe Givenstransformationgre performed.The braclets
in the tablerepresengraphicallya Givenstransformatioracting on the rows in which the
arrows of the bracletsarelying. Let usexplain morein detail this scheme.First, a Givens
transformationis performedactingon row 5 androw 4. Seconda Givenstransformatioris
performedactingonrow 3 androw 4 andthis processontinues Sothe schemeagivenabove
justrepresentin a graphicalway the orthogonafactorQ" andafactorizationof this matrix
in termsof Givenstransformations.

Let usillustratethis graphicalrepresentatiowith a secondexample.Supposeve have a
quasiseparablmatrix. To make this matrix uppertriangular we rst performa sequencef
Givenstransformationgrom bottomto top to remove thelow rank partof the quasiseparable
matrix. Second,we performa sequencef Givenstransformationgrom top to bottomto
remove the subdiagonaklementsof the remainingHessenbeay matrix. This processwas
alreadydiscussedeforein theintroduction.Graphicallythisis depictedasfollows (involving
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sevenGivenstransformationgctingona5 5 quasiseparablmatrix):

— = =T M

76 5 4 3 21

The rst four transformationglearly go from bottomto top, whereaghe lastfour transfor
mationsgo from top to bottom.

Using this notation, we will constructsometypes of different annihilation patterns.
Basedon the sequencesf Givenstransformationssinitially designedor bringingthe ma-
trix to uppertriangularform, it is interestingto remarkthat we canderive other patternsof
Givenstransformationdeadingto the sameQR-factorization. For someof the newly de-
signedpatternsve will illustratethe effect of thesenew annihilationsequencesn the matrix
onwhichthey act.

4.1. Theorems connectedto Givens transformations. In the next subsectionsywe
needto have more e xibility for working with Givenstransformations.In orderto do so,
we needtwo lemmas.The rst lemmashaows usthatwe canconcatenatéwvo Givenstrans-
formationsacting on the samerows. The secondlemmashaws us that, undersomemild
conditionswe canrearrangeheorderof someGivenstransformations.

LEMMA 4.1. Supposeéwo Givenstransformationss; and G, are givenby

C1 S1 andG, C2 S

Gy
Sil C1 S Co

ThenwehavethatG1G,  G3 is again a Givenstransformation We will call this the fusion
of Givenstransformationsn theremainderof thetext.
Theproofis trivial. In our graphicalschemesywe will depictthis asfollows:
E E
E resultingin E

The next lemmais slightly more complicatedand changegshe order of three Givens
transformations.

LEMMA 4.2 (Shiftthroughlemmg. Supposéhree3 3 Givenstransformation$s; G,
and Gg are given,sud that the Givenstransformationss; and Gz actonthe r sttwo rows
of a matrix,and G, actsonthe secondandthird row (whenappliedontheleft to a matrix).

Thenwehavethat

Gi1G:Gs  G1GoG3

whee G; and G; work onthe secondandthird row and G,, worksonthe r sttwo rows.
Proof. The proof is straightforvard, basedon the factorizationof a3 3 orthogonal
matrix. Supposeve have anorthogonalmatrixU. We will now depicta factorizationof this
matrixU into two sequencesf Givenstransformationsasdescribedn thelemma.
The rst factorizatiorof this orthogonamatrix makesthe matrix uppertriangularin the
traditionalway. The rst GivenstransformationG] actson row 2 and3 of the matrix U,
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creatingtherebya zeroin thelower-left position,

The secondGivenstransformatiomactson the rst andsecondrow to createa zeroin the
secondositionof the rst column,

o)
N

(0)
=3

cC

[eoNe]

Finally, the Iasttransformatiorég createghelastzeroto make the matrix of uppertriangular
form,

GIGJGIU 0
0 0

Supposeve have choserall Givenstransformationgn suchamannethattheuppertriangular
matrix haspositive diagonalelementsDueto thefactthattheresultinguppertriangularma-
trix is orthogonalt hasto betheidentity matrix. Hence we have the following factorization
of theorthogonamatrixU,

(4.1) U GiG,Gs

Let usconsidemow a differentfactorizationof the orthogonalmatrixU. Performa rst
Givenstransformatiorio annihilatetheupperright elemenbf thematrixU, wheretheGivens
transformatioractson the rst andsecondow,

GJU

Similarly asabore, onecancontinueto reducethe orthogonamatrix to lower triangularform
with positive diagonalelementsHenceoneobtainsa factorizationof the following form:

(4.2) U G1G:Gs

Combining(4.1) and(4.2), leadsto thedesiredresult.O

REMARK 4.3. Two remarkshave to bemade.
We remarkthatin factthereis moreto the proof thanwe mentionhere. The rst
Givenstransformatioractingon the orthogonalmatrix, reducingit to uppertriangu-
larform hasalsoaspeci c effectontheuppertriangularpart. Lookingin moredetail
atthestructureonecanseethatthe rst Givenstransformationcreatesa?2 2rank
1 blockin the upperright cornerof the orthogonalmatrix. We obtainthe following
resultafter performingthe rst Givenstransformation:

Gju
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in whichthe denotearank1 partin the matrix. Continuingnow by performing
the secondGivenstransformationye obtain

GIGIu 8

We clearly seethat this transformationcreatesa lot of zeros,due to the original
rank1 structure.

In somesens@necanconsideithefusionof two Givenstransformationsisaspecial
caseof the shift throughlemma. Insteadof directly applyingthe fusion, thereader
can put the identity Givenstransformationn betweenthesetwo transformations.
Thenhe canapply the shift throughlemma. The nal outcomewill beidenticalto
applyingdirectly the fusionof thesetwo Givenstransformations.

Whentheshift throughlemmawill beapplied therebyinterchangingheorderof Givens
transformationsye will indicatethis changingoy puttingthe or  arrow in thescheme.
In acertainsenseghearrov  indicatesthatthe Givenstransformatiorwhich canbe found
on the left of this arrov canbe draggedthroughthe othertwo Givenstransformationsand
popsupin the rst positionactingon thetop two rows. Graphicallywe denotethis as

E E
E N =
i resultingin i
|3 2 1 |3 2 1
andin the otherdirectionthis becomes
E E
E .. E
i resultingin i
|3 2 1 |3 2 1

We remarkthat, if we cannotplacethe or  arrow atthatspeci ¢ position,thenwe
cannofapplytheshift throughlemma.Thereadercanverify that,for examplein thefollowing
graphicalschemewe cannotusethelemma.

To applythe shift throughlemma,in somesensewe needto have someextra placeto per
form the action. Basedon theseoperationswe can interchangethe order of the upgoing
anddescendingequencesf GivenstransformationsLet us mentionsomeof the different
patterns.

4.2. The -pattern. The -patternfor computingthe QR-factorizationof a structured
rankmatrixis in factthestandargatternasdescribedn theintroductionandusedthroughout
mostof the papers;see,e.g.,[11, 17]. First, we remove the rank structureby performing
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sequencesf Givenstransformationgrom bottomto top. This givesusin factthefollowing
sequencesf Givenstransformationge.g. two in this case) . Dependingon the numberof
subdiagonal# the resultingmatrix, we needto performsomerank expandingsequencesf
Givenstransformationsfrom top to bottom (two in this case). CombiningtheseGivens
transformation$rom both sequencegivesusthefollowing pattern , whichwe brie y call
the -pattern.

Supposee.g.,that we have a quasiseparablmatrix of rank 1. Performingthe Givens
transformationsas describedbefore, we get the following graphicalrepresentatiorof the
reduction:

- — —m:m

76 5 4 3 21

Thisis calleda -pattern.
Thereadercanobsenethatthetop threeGivenstransformationsdmitthe shift through

lemma. In this way we candragthe Givenstransformatiorin position5 throughthe Givens

transformationén position4 and3. Let usobsene whatkind of patternswve getin this case.

4.3. The -pattern. We will graphicallyillustrate what happensf we apply the shift
throughlemmaasindicatedin the previoussection.Supposeve have thefollowing graphical
reductionschemefor reducingour matrix to uppertriangularform. For estheticateasonsn
the gures, we assumehere,our matrix to be of size6 6. Firstwe apply the shift through
lemmaat positions6, 5, and4.

— = = = M M
—t e m

987 6 5 4321 9 87 654321

Rearrangingslightly the Givenstransformationgrom positions,we canagainre-applythe
shift throughlemma.We canchangethe orderof someof the Givenstransformationsin the
schemebove 7 and6 (and4 and3), asthey acton differentrows andhencedo notinterfere

with eachother

— = = = MMy
— = = mE

9 87 6 5 4321 9 87 6 54321
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Let uscompresshe aborverepresentation.

— = = = M M

54 3 21

This shows us anotherpatternof performingthe Givenstransformationspamelythe -
pattern.Continuingto applytheshift throughlemmagivesusanothepattern.

4.4. The -pattern. Continuingthisprocedurenow, by applyingtheshiftthroughlemma
two moretimes,givesusthefollowing graphicalrepresentationf a possiblereductionof the
matrix to uppertriangularform.

— = = =M m

9 87 6 54321

This presentdo us clearly the -patternfor computingthe QR-factorization. In case
therearemore upgoinganddescendingequencesf Givenstransformationspne canalso
shift throughall of the descendingequencesin factthis createsan incrediblenumberof
possibilities,asshavn in the next example.

EXAMPLE 4.4. Supposewe have a matrix broughtto uppertriangularform by per
forming two upgoingsequencesf Givenstransformationsndtwo descendingequencesf
transformationge.g., a quasiseparablenatrix of quasiseparabilityank 2). The following
incompletelist shavs somepossibilitiesof combinationf thesesequencefor makingthe
matrix uppertriangular We startwith the -patternandchangecontinuoushtheorderof the
involvedtransformationsto arrive atthe -pattern.

Thestandard -patterngiving usbrie y thefollowing sequences:
In themiddle we cancreateone -pattern:
In themiddlewe canhave one -pattern:
Combinationswith -patterns: or or .
Combinationgollowing from the previouspatterns: and
In themiddleonecanhave one -pattern:
In themiddle we cancreateanother -pattern:
The -pattern:
Clearlytherearealreadynumerougpossibilitiesfor 2 upgoingand2 descendingequences.

In thefollowing sectionwe will take alook atthe effect of the rst sequencef Givens
transformationsnthematrixin caseveapplya -patterrfor computingheQR-factorization
of a structuredank matrix.

4.5. More on the Givens transformations in the -pattern. We investigatethis
-patternvia reverseengineering.Supposeve have a -patternfor makinga5 5 lower
guasiseparablmatrix uppertriangular assuminghe matrix to be of quasiseparabilityank
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1. We will now investigatewvhatthe effect of the rst sequencef descendingsivenstrans-
formationson this matrix A needgo be. We have thefollowing equation,

(4.3) GIGIGIGIGIGIGIA R

whereRisa5 5 uppertriangularmatrix. Moreover, the rst appliedsequencef Givens
transformationss] G1 GI, works on the matrix A from top to bottom. More preciselyG]
actsonrow 1 androw 2, G} actsonrow 2 and3 andsoon. Thesequencef transformations
G] GIGL G} works from bottomto top, where G}, actson row 4 and5, GJ actson row 3
and4, andsoon. Rewriting (4.3 by bringingtheupgoingsequencef transformationso the
right givesus

GIGIGIA G4G3GyGiR
S

Becausehe sequencef transformationgppliedon the matrix R goesfrom top to bottom,
we know that thesetransformationgransformthe matrix R into a matrix having a lower
triangularpart of semiseparabléorm. Hencewe have thatthe transformationgrom top to
bottom,namelyGEGEG{, lift up in somesensehe strictly lower triangularsemiseparable
structureto a lower triangularsemiseparablstructure. The following gures denotemore
preciselywhatis happening.We starton the left with the matrix A, andwe depictwhatthe
impactof the transformationss] G] G needsto be on this matrix to satisfy the equation
above. Assumedy A. To seemoreclearlywhathappenswe includealreadythe upperleft
andlowerright elemenin thestrictly lower triangularsemiseparablstructure,

G Ao

T
Ao G170 Ay

As the completeresultneedgo be of lower triangularsemiseparabléorm, the transfor

mationG] needgo addonemoreelemeninto thesemiseparablstructure Thisresultsin an

inclusionof diagonalelement in thelower triangularrank structure Givenstransformation
G; causesheexpansionof thelow rankstructuretowardsdiagonalelement3,

GIA

T
Al G2A1 A2

Finally the IastGivenstransformatiorG§ createghefollowing structure,
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GiA2

T
Ay Gs

A
? As
Hencetheresultof applyingthis sequencef Givenstransformationgrom top to bottom
is a matrix which hasthe lower triangularstructureshiftedupwardsoneposition. In factwe
have performedarankexpandingsequencef Givenstransformations.

5. A parallel QR-factorization for quasiseparablematrices. In the previous subsec-
tionaspecic shapedatternwasshavn. This patterncanperformtwo Givenstransforma-
tionssimultaneouslyn the rst step,seethegraphbelow.

— = = =M M

54 3 21

The extra horizontalline shavs the actionradiusof the two processorsThe rst processor
canonly work on the top threerows and the secondprocessoion the bottom threerows.
The algorithmstartsby performinga rank expandingGivenstransformatioron the top two
rows and a rank decreasingsivenstransformatioron the bottomtwo rows. Thenonecan
againcontinueby performingsimultaneoushGivenstransformation®n the top partandon
the bottompart, until onereachegshe sharedGivenstransformationin the middle, which is
intersectedy the horizontalline (thisis thetransformatiorat position3). This indicateshat
informationhasto beexchangedrom oneprocessoto theother After having performedhis
intermediateGivenstransformationone canagainperform several Givenstransformations
simultaneouslyn bothprocessorsi-or higherorderquasiseparablmatriceswe will present
anotherschemen aforthcomingsection.
Let uspresensomeinformationon possibletuningsof this algorithm.

5.1. Someparameters of the algorithm. Whendesigninga parallel algorithmthere
are several importantconceptswhich have to be taken into consideration. First of all the
simultaneousvork hasto be balanced Onewantsto load both of the active processorsvith
the sameamountwork, suchthatboth processorslo have to wait aslittle aspossiblefor the
communication.Secondlywe want submitaslittle informationaspossible.In this section
we provide someinformationon how to tunetheloadbalanceof bothprocessors.

The -patternwe shaved dividesthe matrix A into two equallydistributed parts,each
containingthesame( 1) amountof rows. Due to the quasiseparablstructurehowever, the
bottomn, rows aremuchmore structuredthanthe uppern; rows. The top matrix contains
nin nf 2 5n; 2 1 elementsto be stored, whereasthe bottom matrix containsonly

2Thenumberof elementstored dependslsoon therepresentationf thequasiseparableartof thematrix. We
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n3 2 5n, 2elementsConsideringnow the performanceof the Givenstransformationsn
both matriceswe seethatapplyingthe two sequencesf Givenstransformation®n the top
costsapproximatelyl2nin 6n§ operationswhereashis costsonly 6n§ operationgfor the
bottompart. This meanghatwhenbothprocessorsbtainthe samenumberof rowsn;  ny,
processoonehasto do muchmorework thanprocessotwo.

Looking back, however, at the intermediatestepsto reducethe -patterninto the -
patternwe seethatit is possibleto obtainverticallynonsymmetric -patternsseefor example
someof the patterndgn Section4.3. This meanghatwe canchooseary matrix division, as
longasn; ny n. Thisleadsto a e xible way for dividing the matrix, suchthatprocessing
thetop matrix parttakesaslong asprocessinghe bottompart. A naturalchoiceof division
might be suchthat 12n;n 6n§ 6n§. This is goodchoicein caseboth processorare of
the sametype. If both processorslo not have the samearchitecturethis division doesnot
necessarilyeadto anequallydistributedtime for processinghe matricesandhenceneedgo
betakencasedependent.

As theamountof datasubmittedthroughthe network is only dependenbn the position
of n; andn,, we cannotchangethis. The amountof datasubmittedis of the order2n,. In
the next subsectiorwe will present high level algorithmfor computingQR-factorizationin
parallel.

5.2. Theimplementation. Letusbrie y describeahigh-levelimplementatiorof a par
allel QR-factorization/soler of a quasiseparablenatrix. The actualalgorithmwasimple-
mentedn MATLAB, usingtherebytheMatlabMPlpackagefor runningthe parallelalgorithm
ondifferentmachines.

We assumehatwe divided initially the work load of both machinesandmoreorer we
assumehatthe local processorcontainsthe top n; rows andthe remoteprocessorcontains
thebottomn; rows. Theitemsin italics only needto be performedn caseonewantsto solve
a systemof equationsby the implementedQR-factorization. In caseonewantsto solve a
systemof equationsalsotheright-handsideneedsto be dividedinto two parts,the top part
for thelocalandthebottompartfor theremoteprocessarThe mainalgorithmconsistsof the
following steps:

Performin parallel:
— Performthe rank expanding,descendingsivenstransformation®n the local
processar
Performthe Givenstransformationsimultaneouslpn theright-handside
— Performthe rank annihilating,upgoingGivenstransformation®n the remote
processar
Performthe Givenstransformationsimultaneouslpn theright-handside
Sendthetop row of the matrix from theremoteto thelocal processar
Sendhetop elemenfromtheright-handsidefromtheremoteto thelocal processar
PerformtheintersectingGivenstransformation.
Performthis Givenstransformationslsoon theright-handside
Sendtherow backfrom thelocalto theremotemachine.
Sendhebottomelemenfromtheright-handsidebadk.
Performin parallel:
— PerformtherankannihilatingupgoingGivenstransformationsnthelocal pro-
cessar
Performthis Givenstransformationsimultaneouslyn theright-handside

silentlyassumedur quasiseparablmatrixto begeneratorepresentablel his meanghatits strictly lower triangular
partcanbewritten asthestrictly lower triangularpartof arank 1 matrix.
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— Performtherankexpandingdescendingsivenstransformation®ntheremote

processar

Performthis Givenstransformationsimultaneouslyn theright-handside
Onehasnow computedhetop partof the R factoron the local andthe bottompart
of theR factoron theremoteprocessar
Solvethe bottompart of the systenof equationson the remoteprocessor
Transmitthis solutionto thelocal macine
Solvethetop part of theremaininguppertriangular systenon thelocal madine
Thesolutionis nowavailableat thelocal madine

Soonecanclearly seethatonly the computatiorof the QR-factorizationcanbe donein
parallel. Solvingthe systemof equationssia backward substitutionneedso bedone rst at
theremoteprocessqgrandthenthisresultneeddo besentto thelocal processofor computing
the completesolution.

Thebackwardsubstitutiorstepis of theorderO n? , justlike computingtheQR-factoriz-
ationitself. Eventhoughit is possibleto parallellizethe backward substitutionwe do notdo
so,becausét becomedoo ne grained.To parallelizeit, onehasto sendimmediatelyevery
computedvaluex; from theremoteprocessoto thelocal processamwho canthenalreadyus
this to computethe solutionof the upperpart, by makingthe appropriatesubtraction.Being
ableto halve the compleity of computingthe QR-factorizationhasanimportantimpacton
the compleity of the global solver, asthe computationof the QR-factorizationis the most
time consumingoperationaswe will seein the numericalexperiments.

6. Higher order quasiseparablematrices. Inthissectionwewill brie y illustratewhat
happensvith a quasiseparablmatrix of rank2 if we wantto implementhe QR-factorization
in a parallelway. The standardQR-factorizationof a quasiseparablenatrix of rank 2 is
computedvia the -pattern;seeExample4.4. Usingthe shift throughlemmaa few times,
onecanobtainthefollowing pattern.

(6.1)

— = = =M M

10 9 8 7 6 54 3 21

It is clearthatthis schemecanalsobe parallellized,usingtherebytwo processorsone
actingon the upperpart, one acting on the lower part. Obviously more communicatioris
neededv.r.t. therank 1 quasiseparablease.

Dueto therank 2 structurethe computationof the rank expandingtransformationgthe
top Givenstransformationsn position 1 and 2) is not straightforvard anymore. How to
computethe rank expandingtransformationss discussedn detailin [21], but is beyondthe
scopeof this manuscript.In the remainderof this sectionwe only brie y indicatewhatwill
happerwith the structureof the matrix.

Whentakinga closerlook atthe patternabove, onecanseethatapplyingthetransforma-
tionsin position5 to 1 ontothe quasiseparablematrix of rank 2, transformghis matrixinto a
guasiseparablmatrix of rank 1. Hencethe nal vetransformationsfoundin positions6 to
10 coincidewith the onesfrom therank 1 quasiseparablease.

More detailson how to performtherankexpandingGivenstransformationandinforma-
tion ondifferentpatternsanbefoundin [6, 8, 11, 21]. Whendesigningsuchanalgorithmfor
higherorderstructuredankmatrices onealsoneedshefollowing fact. Every rankr matrix
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canbewritten asthesumof r rank1 matricesandsimilarly amatrix of semiseparabilityank
r canbewritten asthesumof r matricesof semiseparabilityank1. Moreinformationonthis
subjectcanbefound,e.g.,in [22].

In the upcomingsectionnumericalexperimentson the quasiseparableank 1 casewill
bepresented.

7. Numerical examples. In thenext subsectionsomeresultsarepresented¢oncerning
theaccurag andspeedf the QR-factorizationandthe solver basedon this factorizationfor
theclassof quasiseparablmatricesof rank 1.

7.1. Theimplementation. TheparallelQR-factorizatioraspresentedh thismanuscript
canbeimplementedor all kinds of representationsncluding Givens-\ector andgenerator
representatiof2(] aswell asthequasiseparablepresentatiofil(]. In theremaindermve will
assumehe matrix to be of generatorepresentabléorm. (Thisis notthe mostgeneraklass,
but thereis no lossof generalityasthe resultspresentedanbe adaptedn a straightforvard
way to the quasiseparablorm.)

Thismeandhatthestrictly lowertriangulampartof thematrix A is comingfrom thelower
triangularpartof thematrix uv, with u andv bothof sizesn 1. Theright-handsideis b.

Assumefor simplicity that both processordave their part of the dataand the actual
computatiorof theparallelQR-solver starts.Thelocal processodealswith nl rows,whereas
theremoteprocessodealswith n2 rows. Thevariablesavailablefor thelocal processoare
ul ul:nl 1%vl v1:nl andRl R1:nl:,thevariablesortheremoteprocessor
areu2 unl:n 1,v2 vnl:nl 1 andR2 Rnl 1:nnl 1:n.Alsotheright-
handsideis dividedintobl b 1:n1 andb2 bnl 1:n.A comment:Thevectorvl
alsocontaingheelementv nl , thisis essentiafor performingthe n 1 th rankexpanding
Givenstransformation.

The code presented MATLAB-like) belon only depictsthe computationof the QR-
factorization.Computingthe nal solutioncannotbedonein parallelandusessimply back-
ward substitution.

if (processor==local)
ul=[R1(1,1)./;v1(1);ul];

% Perform the descending sequence of Givens transformations
for i=1:n1l-1
M=[R21(i,i:n);ul(i+1)*v1(i),R1(i+1, i+1:n )];
[c,s,M] = Givensexp(M,v1(iii+1));
bl(i:i+1)=[c,s;-conj(s),c]*b1(i:i+ 1);
% Update the representation of the matrices R and u
ul(i;i+1)=M(1:2,1)./v1(i);
R1(i,)=M(1,1);
R1(i:i+1,i+1:n)=M(1:2,2:end);
end
end

if (processor==remote)
% Perform the ascending annihilating sequence of Givens
% transformations.
for i=n2:-1:2
[c,s,r]=Givens(u2(i-1),u2(i));

3We usethe colonnotation.
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u2(i-1)=r; G=[c,s;-conj(s),c];
b2(i-1:i)=G*b2(i-1:i);
R2(i-1:i,i-1:n2)=G*[R2(i-1,i-1:n2); u2(i) *v2(@ ),R2(i ,i:n2 )]
end

% Send the first row, r and b2(1) to the local processor
MPI_Send(Messagel,R2(1,1:n2),r,b2(1)) ;
end

if (processor==local)
% Now we have to receive data from processor 2
[R2(1,1:n2),r,b2(1)]= MPI_Recv(Messagel);

% Perform annihilating transformation

[c,s,r]=Givens(ul(nl),r);

ul(nl)=r; G=[c,s;-conj(s),c];

[R1(n1,n1+1:n);R2(1,1:n2)]=G*[R1(n1,n 1+1:n );R2( 1,1:n2 )];
[01(n1);b2(1)]=G*[b1(n1);b2(1)];

% Send information back
MPI_Send(Message2,R2(1,1:n2),b2(1));

% Perform the ascending rank annihilating sequence of Givens
% transformations.
for i=nl:-1:2
[c,s,r]=Givens(ul(i-1),ul());
ul(i-1)=r; G=[c,s;-conj(s),c];
b1(i-1:i)=G*b1(i-1:i);
R1(i-1:i,i:n)=G*[R1(i-1,i:n);ul (i)* vi(i) ,R1( ,i+1:n )];
end

% Assign the top left element
R1(1,1)=ul(1)*v1(1);
end

if (processor==remote)
% Receive the changed first row back
[R2(1,1:n2),b2(1)]=MPI_Recv(Message?2) ;

% Perform the descending sequence of Givens transformations.
for i=1l:n2-1
[c,s,r]=Givens(R2(i,i),R2(i+1,i)); G=[c,s;-conj(s),c];
b2(i:i+1)=G*b2(i:i+1);
R2(i:i+1,i:n2)=G*R2(i:i+1,i:n2);
end
end

Theresultof this partof the codeis anuppertriangularmatrix R, whose rst nl rows canbe
foundonthelocal processagmwhereaghelastn2 rows canbefoundontheremoteprocessar
Also the vectorb is updated,and henceone cansolve the remainingsystemvia backward
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substitution.Adjusting the above codeto make the solver applicablefor the quasiseparable
representatioaspresentedn [10] is straightforvard.

7.2. Accuracy of the QR-factorization. Beforeshawing the paralleltimings, we will
rst presentsomeresultsconcerningthe accurag of this new -patternfor computingthe
resulting QR-factorization. We ran exampleson arbitrary randomquasiseparablenatrices
for which the sizesrangefrom 1000until 9000. Thecaseof n  9000reachedhe memory
limit of our machinetakinginto consideratiorthatalsothe original matrix hadto be stored
to comparehebackwarderror. We will seein upcomingnumericalexamplesthatwe cango
beyondn 9000whencomputingin parallel. The vectorsandthe uppertriangularpartwas
generatediSingTRIU(RAND()).

For every problemdimension ve exampleswere considered. The backward relative
errormeasureonsideredvasthefollowing one,

A QR:1 A

in which the QR factorizatiorwascomputecbasedon the -pattern.In Figure7.1 (left), the
line representshe averageerror, whereaghe separatestarsrepresenthe independengrrors
of eachexperimentseparately

Figure 7.1 clearly illustratesthe numericalbackward stability of computingthe QR-
factorization.Thefull line in thegraphdepictsthe averageamongall the experiments.

Relative Accuracy of the parallel QR

Forward error of the solver

Relative forward error
—-— Condition number
10° * Individual experiments| |

Relative Accuracy
Relative error
=
S

15 L L L L L L L 10
1 2 3 4 5 6 7 8 9 1 3 4
Problem size *1000 Problem sizes *100

10°

FIGURE 7.1. Backwad error of the QR-factorizatiorandforward error of the solver

7.3. Accuracy of the solver. Uppertriangularrandommatricesare known to be ex-
tremelyill conditioned[14, 15], asthe uppertriangularpartof the quasiseparablmatrix is
randomin our examplesthis alsohasa largein uence on the conditioningof the quasisepa-
rablematrix.

To reducetheill-conditioning of thesematriceswe includeda kind of smoothingfactor,
suchthat the elementdurther away from the diagonalgraduallybecomesmaller We used
thefollowing factoralpha exp 1 n 1log n andwe adaptedur randomvectorsu
andv asfollows:

for i=1:n-1
u(i)=alpha’i*u(i);
v(i)=alpha”(-i)*v(i);
end;
A betterway of computinglessill-conditioned uppertriangularmatricesis computingthe
QR-factorizationof a randommatrix, andusingthenthe R-factor Unfortunatelythis is too
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time consumingfor our purposessincethe generatiorof the quasiseparableatrix would
take moretime thansolvingthe actualproblem.

This procedureboundsthe condition numberbetween10® and 108. In the upcoming
experimentsve neededo take the conditionnumberinto consideratiomndwe computedhe
forwarderror,

X
X

N X
N

which shouldbe boundedy the machineprecisionmultiplied with the conditionnumber

Duetothecomputationabverheadcausedy generatinghetestmatricesandcomputing
the condition number the problemsizesof the problemsinvolved are limited. Figure 7.1
(right) shavs theaverageconditionnumberof the examplesran, theindividual forwarderror
of eachexperimentandan averageforwarderror,

7.4. Timings. In this section,resultsconcerningthe speedmemorydivision between
theprocessorandthetotal numberof datato be transmittedareshown.

We know thatthe overalcompleity of thesolveris of theorderO n? . In Figure7.2we
comparehecostof computingthe QR-factorizationw.r.t. thetime neededo solve thesystem
via backward substitution.The gure clearly shawvs thatthe time neededor computingthe

QR vs backward substitution

25‘

—— QR-factorization
—— Backward substitution|

201

15¢

Cputime

101

0 - = . . . .
0 2 4 6 8 10 12 14 16 18
Problem sizes *500

FIGURE 7.2. Speeccomparionsetweerthe QR-factorizatiorandbadkward substitution.

QR-factorizationdominatesthe overall computationalcost. Being able to halve the time
neededor computingthe QR-factorizationwill reduceheoverallcomputingtime with more
than25%.

In Figure7.3we presentimings,relatedto the cputimeneededy oneprocessqiin case
of thestandard)R-factorizatiorandby two processorg casehealgorithmis runin parallel.
Thepresentedjlobaltimingsdo notincludetimingsrelatedto themessag@assingBecause
MATLAB MPI usesle 1/0O for communicationThis createdalsetimingsfor messag@ass-
ing dependingon the mountingtype of the le systemthe currentread/writespeedandso
on.

Thetimings presentederearethe actualcputimeneededy eachof the processorsor
computingtheir partof the QR-factorizationIn Figure7.3threelinesareshovn, representing
thecputimeneededy 1 processoin casethe QR-factorizatioris computedn thetraditional
way on one processar The two otherlines indicatesthe cputimeof the processorsn case
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the methodis run in parallel. Onecanclearly seethatthe non-paralleiversionneedsmuch
more computingtime. Also importantto remarkis thatwe cansolve muchlarger systems
of equationsywhenconsideringa work load division over two processorsin this left gure
(Figure7.3) we chosea x edwork load divisionnamelyn; n 2 9 roundedto the closest,
largerintegerandn, n nig, we canclearlyseein thefollowing graphthatthe workloadis
not equallydistributed. In theright we chosen;  n 4 5, andseea moreequallydistributed

workload.
CPU Timings CPU Timings
45 T T 25 T T
Processor | Processor |

40— — Processor Il —-— Processor Il

5 One Processor 20} One Processor

300 !

/
15f v
“E’ 251 “E’ ,
5 3 !
& 20 53 /
, 10+ /

15f ’ B ’

10f e 5 o -

5 e e

0 === " " - L L L 0 == - L L L

0 5 10 15 20 25 30 0 5 10 15 20 25
Problem sizes *500 Problem sizes *500
FIGURE 7.3. Cputimecomparionsy; n 29 (left)andn; n 45 (right).

Table 7.1 presentssomeresultsconcerningglobal problemsize (n), memorydivision
(MemPl andMemPll), sizeof theproblemg(n; andny), andthenumberof doubleprecision
numbersto be transmitted(transfe) over the network for computingthe QR-factorization.
Thesenumbersarerelatedto thetimingswith theleft gure of Figure7.3.

8. Concluding remarks. In this manuscriptwe shaoved the existenceof anothertype
of Givenstransformationwhich creategank 1 blocksinsteadof zeros. Basedon the shift-
throughlemmawe shavedthatit is possibleto changethe orderof Givenstransformations.
This resultedn the changeof Givenstransformationgrom zerocreatingto rankexpanding.
Basedon severaleliminationpatternsinvolving bothzerocreatingandrankexpandingtrans-
formations,we wereableto developa parallelQR-factorizationfor quasiseparablmatrices.
Also someindicationswere givenon how to usetheseresultsfor higherorderquasisepara-
ble matrices.Numericalexperimentswverepresentedhaving the speedandaccurag of the
presentednethod.
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