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A PARALLEL QR-FACTORIZATION/SOLVER OF QUASISEPARABLE
MATRICES

�

RAF VANDEBRIL†, MARC VAN BAREL†, AND NICOLA MASTRONARDI‡

Abstract. This manuscriptfocuseson the developmentof a parallelQR-factorizationof structuredrank ma-
trices,which canthenbeusedfor solvingsystemsof equations.First, we will prove theexistenceof two typesof
Givenstransformations,namedrankdecreasingandrankexpandingGivenstransformations.Combiningthesetwo
typesof Givenstransformationsleadsto differentpatternsfor annihilatingthe lower triangularpart of structured
rank matrices.How to obtaindifferentannihilationpatterns,for computingthe uppertriangularfactorR, suchas
the

�

and � patternwill be investigated.Anotherpattern,namelythe � -pattern,will be usedfor computingthe
QR-factorizationin aparallelway.

As an exampleof sucha parallel QR-factorization,we will implementit for a quasiseparablematrix. This
factorizationcanberunon2 processors,with onestepof intermediatecommunicationin whichonerow needsto be
sentfrom oneprocessorto theotherandback.Anotherexample,showing how to deduceaparallelQR-factorization
for amoregeneralrankstructurewill alsobediscussed.

Numericalexperimentsareincludedfor demonstratingtheaccuracy andspeedof thisparallelalgorithmw.r.t. the
existing factorizationof quasiseparablematrices.Also somenumericalexperimentsonsolvingsystemsof equations
usingthisapproachwill begiven.

Keywords. parallelQR-factorization,structuredrankmatrices,quasiseparablematrix

AMS subject classi�cations. 65F05

1. Intr oduction. Due to the interestnowadaysin structuredrankmatrices,theknowl-
edgeon this classof matricesis growing rapidly. A structuredrankmatrix is characterized
by thefact thatspeci�c partstakenout of thematrix satisfylow rankproperties,suchasfor
examplequasiseparable,semiseparable,unitary Hessenberg matricesandso forth. Various
accurateandfastalgorithmsarealreadyknown for computingfor exampletheQR- andURV-
factorization[3, 4, 6, 11, 17], theeigenvaluedecomposition[2, 5, 12, 19], thesingularvalue
decompositionof certaintypesof structuredrankmatrices[18].

In this manuscriptwe will focuson the QR-factorizationof structuredrank matrices.
Currently, all theQR-factorizationsof structuredrankmatricesconsistof two mainsteps.A
�rst stepconsistsof removing the low rank part in the lower triangularpart of the matrix.
This resultsin a generalizedHessenberg matrix, having severalsubdiagonalsdifferentfrom
zero. The secondpart consistsof removing the remainingsubdiagonalsin order to obtain
an uppertriangularmatrix in this fashion. In the terminologyof this paperthis meansthat
�rst a sequenceof rank decreasingGivenstransformationsis performed,namelythe low
rank part is removed, and this is doneby reducingconsecutively the rank of this part to
zero.Thesecondpartconsistsof asequenceof rankexpandingGivenstransformations.The

�
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generalizedHessenberg matrix hasa zeroblock in the lower left cornerandby performing
theserankexpandingGivenstransformationsthis block of zerorankexpandsuntil it reaches
thediagonalandthematrixbecomesuppertriangular.

In this paperwe will focuson two speci�c issues.First we will prove theexistenceof
rankexpandingGivenstransformationsin ageneralcontext andsecondlywe will investigate
the possibility of interchangingthe mutualpositionof rank expandingandrank decreasing
Givenstransformations,by meansof ashift throughlemma.

Interchangingthe positionof Givenstransformationswill leadto differentpatterns,to
annihilatethe lower triangularstructureof matrices.For exampleonecannow �rst perform
a sequenceof rank expandingGivenstransformations,followed by a sequenceof rank de-
creasingGivenstransformations.This orderis differentthanthetraditionalone,but leadsto
asimilar factorization.

In this manuscriptwe will �rst focusattentionto themostsimplecase,namelythecase
of quasiseparablematrices. Furtheron in the text also indicationsandexamplesaregiven
to show the applicability of thesetechniquesto higherorderquasiseparablematrices. For
the classof quasiseparablematricesone sequenceof rank decreasingGivenstransforma-
tionsandonesequenceof rankexpandingGivenstransformationsis neededto computethe
QR-factorization.Due to our knowledgeon thedifferentpatterns,we know thatwe canin-
terchangetheorderof thesesequences.Moreover, we canconstructa specialpattern(called
an � -pattern),suchthat we start on top of the matrix with a descendingsequenceof rank
expandingGivenstransformations,andon the bottomwith an upgoingrank decreasingse-
quenceGivenstransformations.Whenthesetwo sequencesof Givenstransformationsmeet
eachother in the middle of the matrix, we have to perform a speci�c Givenstransforma-
tion, afterwhich we have againtwo sequencesof independentGivenstransformations.One
sequencegoesbackto thetop andtheotheronegoesbackto thebottom. After thesetrans-
formations,we havecomputedtheQR-factorization.

This � -patternwas�rstly discussedin [7], by DelvauxandVanBarel.Also thegraphical
representation,leadingto the interpretationin termsof � and � -shapedpatternsof annihila-
tion canbefoundin theirmanuscript.

This � -patternfor quasiseparablematricesis suitablefor implementationon a parallel
computer. Divide the matrix into two parts. The �rst n1 rows aresentto a �rst processor
andthe last n2 	

n 
 n1 rows aresentto anotherprocessor. Both processorsperformtheir
typeof Givenstransformation,eithera descendingor anupgoingsequenceof Givenstrans-
formations.Thenonestepof communicationis necessaryandboth processorscan�nalize
the process.Finally the �rst processorhasthe top n1 rows of the factorR andthe second
processorhasthelastn2 rowsof thefactorR of theQR-factorization.

Themanuscriptis organizedasfollows. In thesecondsectionwewill brie�y recapitulate
someresultson structuredrankmatricesandon thecomputationof theQR-factorizationfor
quasiseparablematrices.In Section3 we introducethetwo typesof Givenstransformations
wewill beworkingwith. NamelytherankexpandingGivensandtherankdecreasingGivens
transformations.Thesetwo typesof transformationsform thebasisfor thedevelopmentof
theparallelalgorithm. Section4 discussessomelemmaswhich give ussome�e xibility for
working with Givenstransformations.Basedon thesepossibilitieswe will beableto change
theorderof consecutiveGivenstransformationsleadingto differentpatternsfor annihilating
whencomputingtheQR-factorization.In Section5 we will discussthepossibilitiesfor par-
allelizing thepreviouslydiscussedschemes.In Section6 possibilitiesfor developingparallel
algorithmsfor higherorderquasiseparablematricesmatriceswill bepresented.The�nal sec-
tion of this manuscriptcontainsnumericalresultsrelatedto theQR-factorizationandalsoto
solvingsystemsof equationsinvolving a parallelQR-algorithm. Timings aswell asresults
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on theaccuracy will bepresented.

2. De�nitions and preliminary results. The main focusof this paperis the develop-
mentof aparallelQR-factorizationfor quasiseparablematrices.Let usbrie�y introducewhat
is meantwith a quasiseparablematrix,andhow we cancomputetheQR-factorizationof this
quasiseparablematrix. A �rst de�nition of quasiseparablematrices,aswell asan inversion
methodfor them,canbefoundin [10]; seealso[9].

DEFINITION 2.1. A matrix A �
�

n � n is nameda (lower) quasiseparable matrix (of
quasiseparability rank1) if anysubmatrixtakenout of thestrictly lower triangular part has
rankat most1. Morepreciselythismeansthat for everyi

	

2 ��������� n1

rankA � i : n � 1 : i 
 1��� 1 �

Thematricesconsideredin this manuscriptonly havestructuralconstraintsposedon the
lower triangularpart of the matrix. Quiteoften thesematricesarealsoreferredto aslower
quasiseparablematrices.

A structuredrank matrix in generalis a matrix for which certainblocks in the matrix
satisfy speci�c rank constraints. Examplesof structuredrank matricesare semiseparable
matrices,bandmatrices,Hessenberg matrices,unitary Hessenberg matrices,semiseparable
plus bandmatrices,etc. In this manuscriptwe will mainly focus on the developmentof
a parallel QR-algorithm for quasiseparablematricesof quasiseparabilityrank one. In the
sectionbeforethenumericalexperimentswe will brie�y indicatehow the presentedresults
arealsoapplicableontohigherorderquasiseparablematrices.

Let usbrie�y repeatthe traditionalQR-factorizationof a quasiseparablematrix. Let us
depictourquasiseparablematrixasfollows:

A
	

��

�

�

�

�

� � � � �

�

� � � �

� �

� � �

� � �

� �

� � � �

�

���

�

�

�

 

�

The arbitraryelementsin thematrix aredenotedby � . The elementssatisfyinga spe-
ci�c structurearedenotedby

�

. Performingnow on this matrix a �rst sequenceof Givens
transformationsfrom bottomto top,onecanannihilatethecompletepartof quasiseparability
rank 1, denotedby the elements

�

. Combiningall theseGivenstransformationsinto one
orthogonalmatrix QT

1 this givesusthefollowing result:

QT
1 A

	

�
�

�

�

�

�

� � � � �

� � � � �

0 � � � �

0 0 � � �

0 0 0 � �

�
�

�

�

�

 

�

Hencewe obtaina Hessenberg matrix, which canbe transformedinto an uppertriangular
matrix, by performinga sequenceof descendingGivenstransformations,removing thereby
the subdiagonal.CombiningtheseGivenstransformationsinto the orthogonalmatrix QT

2

1WeuseMATLAB-stylenotation.
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givesus

QT
2 QT

1 A
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0 0 0 0 �

���

�

�

�

 

�

This leadsin a simplemannerto the QR-decompositionof the matrix Q in which we �rst
performan upgoingsequenceof Givenstransformations(removing the low rank part), fol-
lowedby adescendingsequenceof Givenstransformations(expandingthepartof rankzero).
All theGivenstransformationsusedin this factorizationarezerocreatingGivenstransforma-
tions. Thereexist however alsoothertypesof Givenstransformations,which we will need
for theparallelQR-factorization.

3. Types of Givens transformations. Givenstransformationsare commontools for
creatingzerosin matrices[1, 13]. But Givenstransformationscanalsobeusedfor creating
rank 1 blocksin matrices. In this sectionwe will prove the existenceof a rank expanding
Givenstransformation,creatingrank1 blocksin matrices.

3.1. The Givenstransformation. In this subsection,we will proposeananalyticway
of computinga Givenstransformationfor expandingthe rank structure.We will prove the
existenceof aGivenstransformation,whichwill beusedafterwardsin thenext subsectionfor
developingasequenceof descendingrankexpandingGivenstransformations.In theexample
following thetheorem,we will usethereductionof a Hessenberg matrix to uppertriangular
form asanexampleof adescendingrankexpandingsequenceof Givenstransformations.

THEOREM 3.1 (Descendingrank expandingGivenstransformation). Supposethe fol-
lowing2 � 2 matrix is given

A
	"!

a b
c d #

�

Thenthere existsa Givenstransformationsuch that the secondrow of thematrix GTA and
the givenrow $ e� f % are linearly dependent.Thevaluet in the GivenstransformationG as
in (3.1), is de�nedas

t
	

af 
 be
cf 
 de

�

undertheassumptionthatcf 
 de &

	

0, otherwiseonecansimpletakeG
	

I2.
Proof. Supposewehave thematrix A andtheGivenstransformationG asfollows:

(3.1) A
	

!

a b
c d #

andG
	

1
'

1 ( t2 !

t 
 1
1 t #

�

Assume $ c � d % and $ e� f % to be linearly independent,otherwisewe could have taken the
Givenstransformationequalto theidentity matrix.

Let uscomputetheproductGTA:

1
'

1 ( t2 !

t 1

 1 t #

!

a b
c d #

	

1
'

1 ( t2 !

at ( c bt ( d

 a ( ct 
 b ( dt #

�

Thesecondrow beingdependentof $ e� f % leadsto thefollowing relation:

f �)
 a ( ct �*
 e��
 b ( dt �

	

0 �
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Rewriting thisequationtowardst givesusthefollowing well-de�ned equation:

t
	

af 
 be
cf 
 de

�

Thisequationis well de�ned,asweassumed$ c � d % to beindependentof $ e� f % .
This typeof Givenstransformationwasalreadyusedbeforein [16, 19]. Let usshow that

the rank expandingGivenstransformationsaswe computedthemherearea generalization
of thetransformationsusedfor bringinganupperHessenberg matrixbackto uppertriangular
form.

EXAMPLE 3.2. Supposewe have a Hessenberg matrix H and we want to reduceit
to uppertriangularform. Insteadof usingthestandardGivenstransformations,eliminating
thesubdiagonalelements,we will useheretheGivenstransformationsfrom Theorem3.1 to
expandthezerorankbelow thesubdiagonal.This is doneby a sequenceof Givenstransfor-
mationsgoingfrom top to bottom.Supposewehave, for example,thefollowing Hessenberg
matrix:

H
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�

1 +

1
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�

Computing,the �rst Givenstransformationappliedon row 1 and2 in orderto make partof
thetransformedsecondrow dependentof

$ e� f %

	.-

0 �

2
'

2
'

3 /

�

givesusthefollowing transformation(usethesamenotationasin Theorem3.1):

t
	

af 
 be
cf 
 de 	

a
c 	

1 �

HenceourGivenstransformation,will beof thefollowing form:

�GT
1 	

1
'

2
!

1 1

 1 1 #

�

Applying the transformationGT
1 (the 2 � 2 Givenstransformation �GT

1 is embeddedinto a
3 � 3 GivenstransformationGT

1 ) ontothematrixH annihilatesthe�rst subdiagonalelement,
therebyexpandingthe zerorank structurebelow the subdiagonal.Onecaneasilycontinue
this procedureandconcludethat therankexpandingGivenstransformationslift up thezero
structureandhencecreateanuppertriangularmatrix. In thisexample,wecanclearlyseethat
a zerocreatingGivenstransformation,canalsobeat thesametimea rankexpandingGivens
transformation.

For the implementationof this speci�c Givenstransformation,we adaptedthestandard
implementationof a zerocreatingGivenstransformation.We obtainedthefollowing codein
MATLAB stylenotationby changingtheonefrom [13]. ThematrixA correspondsto thetwo
by two matrix theGivenstransformationis actingon andthevectorV containstheelements

$ e� f % . Theoutputconsistsof thecosinec andthesines of thetransformation,aswell asthe
transformedmatrixA.
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function [c,s,A] = Givensexp(A,V);

x=-(A(1,1)*V(2)-A(1,2)*V(1));
y=V(1)*A(2,2)-A(2,1)*V(2);

if (x == 0)
% In case this is zero, we obtain immediately G=I
c = 1; s = 0;

else
if (abs(x) >= abs(y))

t = y/x; r = sqrt(1 + t*t);
c = 1/r; s = t*c; r = x*r;

else
t = x/y; r = sqrt(1 + t*t);
s = 1/r; c = t*s;

end
A(1:2,:)=[c,s;-conj(s),c]*A(1:2,: );

end
We remarkthat in thepresentedcodethecriterionx==0 , canbemaderelatively depending
on themachineprecision.

3.2. A sequenceof thesetransformations. In the previoussubsectionalreadyan ex-
ampleof a sequenceof descendingrankexpandingtransformationswaspresented.

In general,whenhaving a rank1 part in a matrix oneis alwaysableto lift up this part,
suchthatit includesatmostthemaindiagonal.For example,startfrom thefollowing matrix.
The elements

�

denotethe elementsbelongingto the rank one part. After performinga
sequenceof descendingrank expandingGivenstransformations,oneobtainsthe matrix on
theright (seethenext paragraphfor moredetails),

(3.2)
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REMARK 3.3. Theexpansionof arank1 structureneverincludesany of thesuperdiago-
nals,unlessthematrix is singular. This remarkcanbeveri�ed easilyasotherwisetheglobal
matrix rankotherwisechanges.We will comebackto this remarklateron in thesectionon
moregeneralstructures.

Let us presentin moredetail how to lift up the rank structurein the strictly lower tri-
angularpart. The representationusedfor the quasiseparablematrix doesnot play any role,
only few elementsof thestructuredrankpart needto be computed.The expandingGivens
transformationcaneasilybe performedfor either the Givens-weight,the quasiseparableor
thegeneratorrepresentation.

Startingwith theleft matrix in (3.2), theupperleft 3 � 2 submatrixis marked,
��
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Within themarked3 � 2 matrix, theupper2 � 2 matrix of coincideswith thematrix A from
Theorem3.1andthebottomrow coincideswith $ e� f % . Theideais now to performtheGivens
transformationcomputedvia Theorem3.1 onto row 1 and2 of thematrix suchthat the fol-
lowing resultis obtained(without lossof structureonecanincludetheupperleft elementin
thelow rankstructure),
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In the next �gure (left) againa 3 � 2 submatrixis marked. (Note alsothat without lossof
generalityonecanincludetheelementin thelower right cornerinto thelow rankstructure.)
Again onecanperforma rankexpandingGivenstransformation,actingon rows2 and3. As
a resultweobtaintheright matrix structure,
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transformsinto
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A �nal transformationactingon rows4 and5 is neededto obtainthedesiredstructure.
REMARK 3.4. The graphicalrepresentationdescribeswhich elementsof the matrix is

necessaryin orderto computetherankexpandingGivenstransformation.Whenperforming
the transformationonto the quasiseparablematrix, oneneedsto updatethe representation.
In Section7 moredetailson the actualimplementation,usinga speci�c representationare
given.

For the developmentof the parallel QR-algorithm for quasiseparablematrices,which
is themainfocusof this manuscript,theexpansionof therank1 partasshown in the�gure
aboveis suf�cient. For thedevelopmentof aparallelQR-algorithmfor higherorderstructured
rankmatrices(suchasquasiseparablematrices)onealsoneedsto beableto lift upfor example
partsof matricesof rank2. This will bediscussedbrie�y in a forthcomingsection.

3.3. Rank decreasingsequenceof transformations. A sequenceof Givenstransfor-
mations,removing a rank 1 structurein a matrix is called a sequenceof rank decreasing
Givenstransformations,simplybecauseit reducestherankfrom 1 to 0.

We will includeonestepof the processfor completeness.Assumethe matrix we are
working with to beof theform,
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Applying a �rst Givenstransformationon the bottomtwo rows, will completelyannihilate
thebottomrow, dueto theconnectionin rankstructure.We obtain
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An extrasubdiagonalelementis createdin theprocess.After performingall Givenstransfor-
mationsthefollowing Hessenberg structureis created:

resultingin

��

�
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0 0 � � �

0 0 0 � �

���

�

�

�

 

�

Similarly as in the previous casewe remarkthat the existenceof sucha sequenceas
discussedhereis suf�cient for thedevelopmentof theparallelQR-factorizationfor quasisep-
arablematrices.Furtheron in thetext wewill brie�y reconsiderothercases.

Let usnow �rst discussthetraditionalQR-factorizationof a quasiseparablematrix, and
thenwe will discusshow we canchangetheconsideredannihilationpatternto obtaina dif-
ferentorderin theGivenstransformations.

4. Differ ent annihilation patterns. To beableto designdifferentpatternsof annihila-
tion, andto characterizethem,we introducea new kind of notation. For example,to bring
a semiseparablematrix to uppertriangularform, we useonesequenceof Givenstransfor-
mationsfrom bottom to top. This meansthat for a 5 � 5 matrix the �rst appliedGivens
transformationworkson thelasttwo rows, followedby a Givenstransformationworking on
row 3 and4 andsoon.

To depictgraphicallytheseGivenstransformations,w.r.t. their orderandtherows they
areactingon,we usethefollowing �gure:

Ê 0

Ë 120

Ì 130

Í 1

0

Î 1

4 3 2 1

Thenumberedcircleson theverticalaxisdepicttherowsof thematrix, to indicateon which
rows the Givenstransformationswill act. The bottomnumbersrepresentin somesensea
time line to indicatein which ordertheGivenstransformationsareperformed.Thebrackets
in the tablerepresentgraphicallya Givenstransformationactingon the rows in which the
arrows of thebracketsarelying. Let usexplain morein detail this scheme.First, a Givens
transformationis performed,actingon row 5 androw 4. Second,a Givenstransformationis
performedactingon row 3 androw 4 andthis processcontinues.Sotheschemegivenabove
just representsin a graphicalway theorthogonalfactorQT anda factorizationof this matrix
in termsof Givenstransformations.

Let usillustratethisgraphicalrepresentationwith asecondexample.Supposewehavea
quasiseparablematrix. To make this matrix uppertriangular, we �rst performa sequenceof
Givenstransformationsfrom bottomto top to removethelow rankpartof thequasiseparable
matrix. Second,we performa sequenceof Givenstransformationsfrom top to bottomto
remove the subdiagonalelementsof the remainingHessenberg matrix. This processwas
alreadydiscussedbeforein theintroduction.Graphicallythisis depictedasfollows(involving
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sevenGivenstransformationsactingona 5 � 5 quasiseparablematrix):

Ê 0

Ë 0

1

0

Ì 0 1 1 0

Í 0

1 1

0

Î 1 1

7 6 5 4 3 2 1

The �rst four transformationsclearlygo from bottomto top, whereasthe last four transfor-
mationsgo from top to bottom.

Using this notation, we will constructsometypes of different annihilation patterns.
Basedon thesequencesof Givenstransformationsasinitially designedfor bringingthema-
trix to uppertriangularform, it is interestingto remarkthatwe canderive otherpatternsof
Givenstransformationsleadingto the sameQR-factorization. For someof the newly de-
signedpatternswewill illustratetheeffectof thesenew annihilationsequenceson thematrix
onwhich they act.

4.1. Theorems connectedto Givens transformations. In the next subsections,we
needto have more �e xibility for working with Givenstransformations.In order to do so,
we needtwo lemmas.The�rst lemmashows us thatwe canconcatenatetwo Givenstrans-
formationsactingon the samerows. The secondlemmashows us that, undersomemild
conditions,we canrearrangetheorderof someGivenstransformations.

LEMMA 4.1. Supposetwo GivenstransformationsG1 andG2 aregivenby

G1 	

!

c1 
 s1
s1 c1 #

andG2 	

!

c2 
 s2
s2 c2 #

�

Thenwehavethat G1G2 	

G3 is again a Givenstransformation.We will call this thefusion
of Givenstransformationsin theremainderof thetext.

Theproof is trivial. In our graphicalschemes,we will depictthis asfollows:

Ê 0

4 5

0

Ë 1 1

2 1
resultingin

Ê 0

Ë 1

1
�

The next lemmais slightly more complicatedand changesthe order of threeGivens
transformations.

LEMMA 4.2 (Shift throughlemma). Supposethree3 � 3 GivenstransformationsG1 � G2
andG3 are given,such that theGivenstransformationsG1 andG3 act on the�r st two rows
of a matrix,andG2 actson thesecondandthird row (whenappliedon theleft to a matrix).

Thenwehavethat

G1G2G3 	

Ĝ1Ĝ2Ĝ3 �

where Ĝ1 andĜ3 workon thesecondandthird row andĜ2, workson the�r st tworows.
Proof. The proof is straightforward, basedon the factorizationof a 3 � 3 orthogonal

matrix. Supposewe haveanorthogonalmatrixU. We will now depicta factorizationof this
matrixU into two sequencesof Givenstransformationsasdescribedin thelemma.

The�rst factorizationof this orthogonalmatrix makesthematrix uppertriangularin the
traditionalway. The �rst GivenstransformationĜT

1 actson row 2 and3 of the matrix U,
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creatingtherebyazeroin thelower-left position,

ĜT
1U

	

�

�

� � �

� � �

0 � �

�

 

�

The secondGivenstransformationactson the �rst andsecondrow to createa zero in the
secondpositionof the�rst column,

ĜT
2 ĜT

1U
	

�

�

� � �

0 � �

0 � �

�

 

�

Finally, thelasttransformationĜT
3 createsthelastzeroto makethematrixof uppertriangular

form,

ĜT
3 ĜT

2 ĜT
1U

	

�

�

� � �

0 � �

0 0 �

�

 

�

Supposewehavechosenall Givenstransformationsin suchamannerthattheuppertriangular
matrix haspositivediagonalelements.Dueto thefactthattheresultinguppertriangularma-
trix is orthogonalit hasto betheidentity matrix. Hence,we have thefollowing factorization
of theorthogonalmatrixU,

(4.1) U
	

Ĝ1Ĝ2Ĝ3 �

Let usconsidernow a differentfactorizationof theorthogonalmatrixU. Performa �rst
Givenstransformationto annihilatetheupper-rightelementof thematrixU, wheretheGivens
transformationactson the�rst andsecondrow,

GT
1U

	

�

�

� � 0
� � �

� � �

�

 

�

Similarly asabove,onecancontinueto reducetheorthogonalmatrix to lowertriangularform
with positivediagonalelements.Henceoneobtainsa factorizationof thefollowing form:

(4.2) U
	

G1G2G3 �

Combining(4.1) and(4.2), leadsto thedesiredresult.
REMARK 4.3. Two remarkshave to bemade.

6 We remarkthat in fact thereis moreto the proof thanwe mentionhere. The �rst
Givenstransformationactingon theorthogonalmatrix,reducingit to uppertriangu-
lar form hasalsoaspeci�c effectontheuppertriangularpart.Lookingin moredetail
at thestructureonecanseethatthe�rst Givenstransformation,createsa 2 � 2 rank
1 block in theupperright cornerof theorthogonalmatrix. We obtainthefollowing
resultafterperformingthe�rst Givenstransformation:

ĜT
1U

	

�

�

�

� �

�

� �

0 � �

�

 

�
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in which the
�

denotea rank1 part in thematrix. Continuingnow by performing
thesecondGivenstransformation,we obtain

ĜT
2 ĜT

1U
	

�

�

� 0 0
0 � �

0 � �

�

 

�

We clearly seethat this transformationcreatesa lot of zeros,due to the original
rank1 structure.

6 In somesenseonecanconsiderthefusionof two Givenstransformationsasaspecial
caseof theshift throughlemma.Insteadof directly applyingthefusion,thereader
canput the identity Givenstransformationin betweenthesetwo transformations.
Thenhecanapply theshift throughlemma.The�nal outcomewill be identicalto
applyingdirectly thefusionof thesetwo Givenstransformations.

Whentheshift throughlemmawill beapplied,therebyinterchangingtheorderof Givens
transformations,we will indicatethis changingby puttingthe 7 or 8 arrow in thescheme.
In a certainsensethearrow 8 indicatesthat theGivenstransformationwhich canbefound
on the left of this arrow canbe draggedthroughthe othertwo Givenstransformationsand
popsup in the�rst positionactingon thetop two rows. Graphicallywedenotethis as

Ê 0

Ë 0

1

0

Ì 128 1

3 2 1

resultingin

Ê 0 0

Ë
1

0

1

Ì 1

3 2 1

�

andin theotherdirectionthis becomes

Ê 0
7

0

Ë 1
0

1

Ì 1

3 2 1

resultingin

Ê 0

Ë 0
1

0

Ì 1 1

3 2 1

�

We remarkthat, if we cannotplacethe 7 or 8 arrow at thatspeci�c position,thenwe
cannotapplytheshift throughlemma.Thereadercanverify that,for examplein thefollowing
graphicalscheme,we cannotusethelemma.

Ê 0

Ë 0
1

0

Ì 13021

Í 1

3 2 1

To apply theshift throughlemma,in somesense,we needto have someextra placeto per-
form the action. Basedon theseoperationswe can interchangethe order of the upgoing
anddescendingsequencesof Givenstransformations.Let usmentionsomeof thedifferent
patterns.

4.2. The 9 -pattern. The 9 -patternfor computingtheQR-factorizationof a structured
rankmatrixis in factthestandardpatternasdescribedin theintroductionandusedthroughout
mostof the papers;see,e.g., [11, 17]. First, we remove the rank structureby performing
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sequencesof Givenstransformationsfrom bottomto top. This givesus in factthefollowing
sequencesof Givenstransformations(e.g. two in this case): . Dependingon thenumberof
subdiagonalsin theresultingmatrix,we needto performsomerankexpandingsequencesof
Givenstransformations,from top to bottom ; (two in this case).CombiningtheseGivens
transformationsfrom bothsequencesgivesusthefollowing pattern;<: , whichwebrie�y call
the 9 -pattern.

Suppose,e.g.,that we have a quasiseparablematrix of rank 1. Performingthe Givens
transformationsas describedbefore,we get the following graphicalrepresentationof the
reduction:

Ê 0

Ë 03120

Ì 0

1 1

0

Í 0 1 1 0

Î
1 1

7 6 5 4 3 2 1

This is calleda 9 -pattern.
Thereadercanobservethatthetop threeGivenstransformationsadmittheshift through

lemma.In this way we candragtheGivenstransformationin position5 throughtheGivens
transformationsin position4 and3. Let usobservewhatkind of patternswe getin this case.

4.3. The � -pattern. We will graphicallyillustratewhat happensif we apply the shift
throughlemmaasindicatedin theprevioussection.Supposewehavethefollowing graphical
reductionschemefor reducingour matrix to uppertriangularform. For estheticalreasonsin
the �gures, we assumehere,our matrix to beof size6 � 6. First we apply theshift through
lemmaatpositions6, 5, and4.

Ê 0

Ë 0
1

0

Ì 031
8

120

Í 021 130

Î 0

1 1

0

Ï 1 1

9 8 7 6 5 4 3 2 1

=

Ê 0 0

Ë 1 021

Ì 0

1

0

Í 0
1 1

0

Î 0

1 1

0

Ï 1 1

9 8 7 6 5 4 3 2 1

Rearrangingslightly the Givenstransformationsfrom positions,we canagainre-applythe
shift throughlemma.We canchangetheorderof someof theGivenstransformations,in the
schemeabove7 and6 (and4 and3), asthey actondifferentrowsandhencedo not interfere
with eachother.

Ê 0 0

Ë 1

0

1

Ì 0
1

0

Í 0
1

8
1

0

Î 031 120

Ï 1 1

9 8 7 6 5 4 3 2 1

=

Ê 0 0

Ë 1
0 0

1

Ì 1 021

Í 0 1 0

Î 0

1 1

0

Ï 1 1

9 8 7 6 5 4 3 2 1
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Let uscompresstheaboverepresentation.

Ê 0 0

Ë 1

0 0

1

Ì 1

0

1

Í 0 1 0

Î 0

1 1

0

Ï 1 1

5 4 3 2 1

This shows us anotherpatternof performing the Givens transformations,namely the � -
pattern.Continuingto applytheshift throughlemmagivesusanotherpattern.

4.4. The � -pattern. Continuingthisprocedurenow, byapplyingtheshift throughlemma
two moretimes,givesusthefollowing graphicalrepresentationof apossiblereductionof the
matrix to uppertriangularform.

Ê 0 0

Ë 1
0 0

1

Ì 1
0 0

1

Í
1

0 0

1

Î 13021

Ï 1

9 8 7 6 5 4 3 2 1

This presentsto us clearly the � -patternfor computingthe QR-factorization. In case
therearemoreupgoinganddescendingsequencesof Givenstransformations,onecanalso
shift throughall of the descendingsequences.In fact this createsan incrediblenumberof
possibilities,asshown in thenext example.

EXAMPLE 4.4. Supposewe have a matrix broughtto uppertriangularform by per-
forming two upgoingsequencesof Givenstransformationsandtwo descendingsequencesof
transformations(e.g.,a quasiseparablematrix of quasiseparabilityrank 2). The following
incompletelist shows somepossibilitiesof combinationsof thesesequencesfor makingthe
matrixuppertriangular. Westartwith the 9 -pattern,andchangecontinuouslytheorderof the
involvedtransformations,to arriveat the � -pattern.

6 Thestandard9 -patterngiving usbrie�y thefollowing sequences:;<: .
6 In themiddlewecancreateone � -pattern: > .
6 In themiddlewecanhaveone � -pattern: 9?9 .
6 Combinationswith � -patterns:�@9 or 9<� or ��� .
6 Combinationsfollowing from thepreviouspatterns:AB;CA and DB:CD .
6 In themiddleonecanhaveone 9 -pattern: �<� .
6 In themiddlewecancreateanother� -pattern: E .
6 The � -pattern: :<; .

Clearlytherearealreadynumerouspossibilitiesfor 2 upgoingand2 descendingsequences.
In thefollowing sectionwe will take a look at theeffect of the�rst sequenceof Givens

transformationsonthematrixin caseweapplya � -patternfor computingtheQR-factorization
of a structuredrankmatrix.

4.5. Mor e on the Givens transformations in the � -pattern. We investigatethis
� -patternvia reverseengineering.Supposewe have a � -patternfor makinga 5 � 5 lower
quasiseparablematrix uppertriangular, assumingthe matrix to be of quasiseparabilityrank
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1. We will now investigatewhat theeffect of the �rst sequenceof descendingGivenstrans-
formationson this matrixA needsto be.We have thefollowing equation,

(4.3) ĜT
1 ĜT

2 ĜT
3 ĜT

4 GT
3 GT

2 GT
1 A

	

R�

whereR is a 5 � 5 uppertriangularmatrix. Moreover, the �rst appliedsequenceof Givens
transformationsGT

3 GT
2 GT

1 , works on the matrix A from top to bottom. More preciselyGT
1

actsonrow 1 androw 2, GT
2 actsonrow 2 and3 andsoon. Thesequenceof transformations

ĜT
1 ĜT

2 ĜT
3 ĜT

4 works from bottomto top, whereĜT
4 actson row 4 and5, ĜT

3 actson row 3
and4, andsoon. Rewriting (4.3) by bringingtheupgoingsequenceof transformationsto the
right givesus

GT
3 GT

2 GT
1 A

	

Ĝ4Ĝ3Ĝ2Ĝ1R

	

S�

Becausethesequenceof transformationsappliedon thematrix R goesfrom top to bottom,
we know that thesetransformationstransformthe matrix R into a matrix having a lower
triangularpart of semiseparableform. Hencewe have that the transformationsfrom top to
bottom,namelyGT

3 GT
2 GT

1 , lift up in somesensethe strictly lower triangularsemiseparable
structureto a lower triangularsemiseparablestructure. The following �gures denotemore
preciselywhat is happening.We starton the left with thematrix A, andwe depictwhat the
impactof the transformationsGT

3 GT
2 GT

1 needsto be on this matrix to satisfy the equation
above. AssumeA0 	

A. To seemoreclearlywhathappens,we includealreadytheupperleft
andlower right elementin thestrictly lower triangularsemiseparablestructure,

��

�

�

�

�

�

�

�

� �

�

� � �

�

� � � � �

���

�

�

�

 

GT
1 A0


)
*


5

��

�

�

�

�

�

� �

� �

�

� � �

�

� � � � �

���

�

�

�

 

F

A0
GT

1 A0

)
*


5 A1 �

As thecompleteresultneedsto beof lower triangularsemiseparableform, thetransfor-
mationGT

1 needsto addonemoreelementinto thesemiseparablestructure.This resultsin an
inclusionof diagonalelement2 in thelower triangularrankstructure.Givenstransformation
GT

2 causestheexpansionof thelow rankstructuretowardsdiagonalelement3,

�
�

�

�

�

�

�

� �

� �

�

� � �

�

� � � � �

�
�

�

�

�

 

GT
2 A1


)
*


5

�
�

�

�

�

�

�

� �

� � �

� � �

�

� � � � �

�
�

�

�

�

 

F

A1
GT

2 A1

)
*


5 A2 �

Finally thelastGivenstransformationGT
3 createsthefollowing structure,
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��

�

�

�

�

�

� �

� � �

� � �

�

� � � � �

���

�

�

�

 

GT
3 A2


�
G


5

��

�

�

�

�

�

� �

� � �

� � � �

� � � � �

���

�

�

�

 

F

A2
GT

3 A2

�
G


5 A3 �

Hencetheresultof applyingthissequenceof Givenstransformationsfrom top to bottom
is a matrix which hasthelower triangularstructureshiftedupwardsoneposition. In factwe
haveperformeda rankexpandingsequenceof Givenstransformations.

5. A parallel QR-factorization for quasiseparablematrices. In theprevioussubsec-
tion aspeci�c � shapedpatternwasshown. Thispatterncanperformtwo Givenstransforma-
tionssimultaneouslyin the�rst step,seethegraphbelow.

Ê 0 0

Ë 1
0 0

1

Ì
1

0

1

Í 0

1

0

Î 0
1 1

0

Ï 1 1

5 4 3 2 1

Theextra horizontalline shows theactionradiusof the two processors.The �rst processor
can only work on the top threerows and the secondprocessoron the bottom threerows.
Thealgorithmstartsby performinga rankexpandingGivenstransformationon the top two
rows anda rank decreasingGivenstransformationon the bottomtwo rows. Thenonecan
againcontinueby performingsimultaneouslyGivenstransformationson thetop partandon
thebottompart,until onereachesthesharedGivenstransformationin themiddle,which is
intersectedby thehorizontalline (this is thetransformationatposition3). This indicatesthat
informationhasto beexchangedfrom oneprocessorto theother. After having performedthis
intermediateGivenstransformation,onecanagainperformseveral Givenstransformations
simultaneouslyonbothprocessors.For higherorderquasiseparablematrices,wewill present
anotherschemein a forthcomingsection.

Let uspresentsomeinformationonpossibletuningsof this algorithm.

5.1. Someparameters of the algorithm. Whendesigninga parallel algorithmthere
are several importantconceptswhich have to be taken into consideration.First of all the
simultaneouswork hasto bebalanced.Onewantsto loadbothof theactive processorswith
thesameamountwork, suchthatbothprocessorsdo have to wait aslittle aspossiblefor the
communication.Secondlywe want submitaslittle informationaspossible.In this section
we providesomeinformationonhow to tunetheloadbalanceof bothprocessors.

The � -patternwe showed dividesthe matrix A into two equallydistributedparts,each
containingthesame( H 1) amountof rows. Dueto thequasiseparablestructurehowever, the
bottomn2 rows aremuchmorestructuredthantheuppern1 rows. The top matrix contains
n1n 
 n2

1 D 2 ( 5n1 D 2 
 1 elementsto be stored2, whereasthe bottom matrix containsonly

2Thenumberof elementsstored,dependsalsoontherepresentationof thequasiseparablepartof thematrix. We
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n2
2 D 2 ( 5n2 D 2 elements.Consideringnow theperformanceof theGivenstransformationson

bothmatriceswe seethatapplyingthe two sequencesof Givenstransformationson the top
costsapproximately12n1n ( 6n2

1 operations,whereasthis costsonly 6n2
2 operationsfor the

bottompart.Thismeansthatwhenbothprocessorsobtainthesamenumberof rowsn1 I

n2,
processoronehasto domuchmorework thanprocessortwo.

Looking back, however, at the intermediatestepsto reducethe 9 -patterninto the � -
patternweseethatit is possibleto obtainverticallynonsymmetric� -patterns;seefor example
someof thepatternsin Section4.3. This meansthatwe canchooseany matrix division, as
longasn1 ( n2 	

n. This leadsto a �e xible way for dividing thematrix,suchthatprocessing
thetop matrix part takesaslong asprocessingthebottompart. A naturalchoiceof division
might be suchthat 12n1n ( 6n2

1 I

6n2
2. This is goodchoicein caseboth processorsareof

the sametype. If both processorsdo not have the samearchitecture,this division doesnot
necessarilyleadto anequallydistributedtimefor processingthematricesandhenceneedsto
betakencasedependent.

As theamountof datasubmittedthroughthenetwork is only dependenton theposition
of n1 andn2, we cannotchangethis. The amountof datasubmittedis of theorder2n2. In
thenext subsectionwe will presenta high level algorithmfor computingQR-factorizationin
parallel.

5.2. The implementation. Let usbrie�y describeahigh-level implementationof apar-
allel QR-factorization/solver of a quasiseparablematrix. The actualalgorithmwas imple-
mentedin MATLAB, usingtherebytheMatlabMPIpackage,for runningtheparallelalgorithm
ondifferentmachines.

We assumethatwe divided initially thework loadof bothmachines,andmoreover we
assumethat the local processorcontainsthe top n1 rows andthe remoteprocessorcontains
thebottomn2 rows. Theitemsin italicsonly needto beperformedin caseonewantsto solve
a systemof equationsby the implementedQR-factorization. In caseonewantsto solve a
systemof equations,alsotheright-handsideneedsto bedividedinto two parts,thetop part
for thelocalandthebottompartfor theremoteprocessor. Themainalgorithmconsistsof the
following steps:

6 Performin parallel:
– Performthe rankexpanding,descendingGivenstransformationson the local

processor.
PerformtheGivenstransformationssimultaneouslyon theright-handside.

– Performtherankannihilating,upgoingGivenstransformationson theremote
processor.
PerformtheGivenstransformationssimultaneouslyon theright-handside.

6 Sendthetop row of thematrix from theremoteto thelocal processor.
Sendthetopelementfromtheright-handsidefromtheremoteto thelocal processor.

6 PerformtheintersectingGivenstransformation.
PerformthisGivenstransformationsalsoon theright-handside.

6 Sendtherow backfrom thelocal to theremotemachine.
Sendthebottomelementfromtheright-handsideback.

6 Performin parallel:
– PerformtherankannihilatingupgoingGivenstransformationsonthelocalpro-

cessor.
Performthis Givenstransformationssimultaneouslyon theright-handside.

silentlyassumedourquasiseparablematrixto begeneratorrepresentable.Thismeansthatits strictly lower triangular
partcanbewritten asthestrictly lower triangularpartof a rank1 matrix.
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– PerformtherankexpandingdescendingGivenstransformationson theremote
processor.
Performthis Givenstransformationssimultaneouslyon theright-handside.

6 Onehasnow computedthetop partof theR factoron thelocal andthebottompart
of theR factoron theremoteprocessor.

6 Solvethebottompart of thesystemof equationson theremoteprocessor
6 Transmitthis solutionto thelocal machine.
6 Solvethetoppart of theremaininguppertriangular systemon thelocal machine.
6 Thesolutionis nowavailableat thelocal machine.

Soonecanclearlyseethatonly thecomputationof theQR-factorizationcanbedonein
parallel. Solvingthesystemof equationsvia backwardsubstitutionneedsto bedone�rst at
theremoteprocessor, andthenthisresultneedsto besentto thelocalprocessorfor computing
thecompletesolution.

Thebackwardsubstitutionstepisof theorderO � n2
� , justlikecomputingtheQR-factoriz-

ationitself. Eventhoughit is possibleto parallellizethebackwardsubstitution,we donotdo
so,becauseit becomestoo �ne grained.To parallelizeit, onehasto sendimmediatelyevery
computedvaluexi from theremoteprocessorto thelocalprocessor, whocanthenalreadyus
this to computethesolutionof theupperpart,by makingtheappropriatesubtraction.Being
ableto halve thecomplexity of computingtheQR-factorizationhasan importantimpacton
the complexity of the global solver, asthe computationof the QR-factorizationis the most
timeconsumingoperation,aswe will seein thenumericalexperiments.

6. Higher order quasiseparablematrices. In thissectionwewill brie�y illustratewhat
happenswith aquasiseparablematrixof rank2 if wewantto implementtheQR-factorization
in a parallel way. The standardQR-factorizationof a quasiseparablematrix of rank 2 is
computedvia the 9 -pattern;seeExample4.4. Using the shift throughlemmaa few times,
onecanobtainthefollowing pattern.

(6.1)

Ê 0 020 0

Ë 1
0 0

1J1
0 0

1

Ì
1

0

1 1

0

1

Í 0

1

0 0

1

0

Î 0
1 1

020
1 1

0

Ï
1 1J1 1

10 9 8 7 6 5 4 3 2 1

It is clearthat this schemecanalsobe parallellized,usingtherebytwo processors,one
actingon the upperpart, oneactingon the lower part. Obviously morecommunicationis
neededw.r.t. therank1 quasiseparablecase.

Dueto therank2 structurethecomputationof the rankexpandingtransformations(the
top Givenstransformationsin position 1 and 2) is not straightforward anymore. How to
computetherankexpandingtransformationsis discussedin detail in [21], but is beyondthe
scopeof this manuscript.In theremainderof this sectionwe only brie�y indicatewhatwill
happenwith thestructureof thematrix.

Whentakingacloserlook at thepatternabove,onecanseethatapplyingthetransforma-
tionsin position5 to 1 ontothequasiseparablematrixof rank2, transformsthismatrix into a
quasiseparablematrix of rank1. Hencethe�nal � ve transformations,foundin positions6 to
10coincidewith theonesfrom therank1 quasiseparablecase.

Moredetailsonhow to performtherankexpandingGivenstransformation,andinforma-
tion ondifferentpatternscanbefoundin [6, 8, 11, 21]. Whendesigningsuchanalgorithmfor
higherorderstructuredrankmatrices,onealsoneedsthefollowing fact.Every rankr matrix
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canbewrittenasthesumof r rank1 matricesandsimilarly amatrixof semiseparabilityrank
r canbewrittenasthesumof r matricesof semiseparabilityrank1. Moreinformationonthis
subjectcanbefound,e.g.,in [22].

In the upcomingsectionnumericalexperimentson the quasiseparablerank 1 casewill
bepresented.

7. Numerical examples. In thenext subsectionssomeresultsarepresentedconcerning
theaccuracy andspeedof theQR-factorizationandthesolver basedon this factorizationfor
theclassof quasiseparablematricesof rank1.

7.1. The implementation. TheparallelQR-factorizationaspresentedin thismanuscript
canbeimplementedfor all kindsof representations,includingGivens-vector, andgenerator
representation[20] aswell asthequasiseparablerepresentation[10]. In theremainderwewill
assumethematrix to beof generatorrepresentableform. (This is not themostgeneralclass,
but thereis no lossof generalityastheresultspresentedcanbeadaptedin a straightforward
way to thequasiseparableform.)

Thismeansthatthestrictly lowertriangularpartof thematrixA is comingfrom thelower
triangularpartof thematrix uvT , with u andv bothof sizesn 
 1. Theright-handsideis b.

Assumefor simplicity that both processorshave their part of the dataand the actual
computationof theparallelQR-solverstarts.Thelocalprocessordealswith n1 rows,whereas
theremoteprocessordealswith n2 rows. Thevariablesavailablefor the local processorare
u1

	

u � 1 : n1 
 1�

3, v1
	

v � 1: n1� andR1
	

R� 1 : n1 � : � , thevariablesfor theremoteprocessor
areu2

	

u � n1 : n 
 1� , v2
	

v � n1 : n1 
 1� andR2
	

R� n1 ( 1 : n � n1 ( 1 : n� . Also theright-
handsideis dividedinto b1

	

b � 1 : n1� andb2
	

b � n1 ( 1 : n� . A comment:Thevectorv1
alsocontainstheelementv � n1� , this is essentialfor performingthe � n 
 1� th rankexpanding
Givenstransformation.

The code presented(MATLAB-like) below only depictsthe computationof the QR-
factorization.Computingthe�nal solutioncannotbedonein parallelandusessimply back-
wardsubstitution.

if (processor==local)
u1=[R1(1,1)./v1(1);u1];

% Perform the descending sequence of Givens transformations
for i=1:n1-1

M=[R1(i,i:n);u1(i+1)*v1(i),R1(i+1, i+1:n )];
[c,s,M] = Givensexp(M,v1(i:i+1));
b1(i:i+1)=[c,s;-conj(s),c]*b1(i:i+ 1);
% Update the representation of the matrices R and u
u1(i:i+1)=M(1:2,1)./v1(i);
R1(i,i)=M(1,1);
R1(i:i+1,i+1:n)=M(1:2,2:end);

end
end

if (processor==remote)
% Perform the ascending annihilating sequence of Givens
% transformations.
for i=n2:-1:2

[c,s,r]=Givens(u2(i-1),u2(i));

3Weusethecolonnotation.
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u2(i-1)=r; G=[c,s;-conj(s),c];
b2(i-1:i)=G*b2(i-1:i);
R2(i-1:i,i-1:n2)=G*[R2(i-1,i-1:n2); u2(i) *v2(i ),R2(i ,i:n2 )];

end

% Send the first row, r and b2(1) to the local processor
MPI_Send(Message1,R2(1,1:n2),r,b2(1)) ;

end

if (processor==local)
% Now we have to receive data from processor 2
[R2(1,1:n2),r,b2(1)]= MPI_Recv(Message1);

% Perform annihilating transformation
[c,s,r]=Givens(u1(n1),r);
u1(n1)=r; G=[c,s;-conj(s),c];
[R1(n1,n1+1:n);R2(1,1:n2)]=G*[R1(n1,n 1+1:n );R2( 1,1:n2 )];
[b1(n1);b2(1)]=G*[b1(n1);b2(1)];

% Send information back
MPI_Send(Message2,R2(1,1:n2),b2(1));

% Perform the ascending rank annihilating sequence of Givens
% transformations.
for i=n1:-1:2

[c,s,r]=Givens(u1(i-1),u1(i));
u1(i-1)=r; G=[c,s;-conj(s),c];
b1(i-1:i)=G*b1(i-1:i);
R1(i-1:i,i:n)=G*[R1(i-1,i:n);u1(i)* v1(i) ,R1(i ,i+1:n )];

end

% Assign the top left element
R1(1,1)=u1(1)*v1(1);

end

if (processor==remote)
% Receive the changed first row back
[R2(1,1:n2),b2(1)]=MPI_Recv(Message2) ;

% Perform the descending sequence of Givens transformations.
for i=1:n2-1

[c,s,r]=Givens(R2(i,i),R2(i+1,i)); G=[c,s;-conj(s),c];
b2(i:i+1)=G*b2(i:i+1);
R2(i:i+1,i:n2)=G*R2(i:i+1,i:n2);

end
end

Theresultof this partof thecodeis anuppertriangularmatrix R, whose�rst n1 rowscanbe
foundon thelocal processor, whereasthelastn2 rowscanbefoundon theremoteprocessor.
Also the vectorb is updated,andhenceonecansolve the remainingsystemvia backward
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substitution.Adjusting theabove codeto make thesolver applicablefor thequasiseparable
representationaspresentedin [10] is straightforward.

7.2. Accuracy of the QR-factorization. Beforeshowing the paralleltimings,we will
�rst presentsomeresultsconcerningthe accuracy of this new � -patternfor computingthe
resultingQR-factorization. We ran exampleson arbitrary randomquasiseparablematrices
for which thesizesrangefrom 1000until 9000. Thecaseof n

	

9000reachedthememory
limit of our machine,taking into considerationthatalsotheoriginal matrix hadto bestored
to comparethebackwarderror. We will seein upcomingnumericalexamples,thatwecango
beyondn

	

9000whencomputingin parallel.Thevectorsandtheuppertriangularpartwas
generatedusingTRIU(RAND()).

For every problemdimension� ve exampleswere considered.The backward relative
errormeasureconsideredwasthefollowing one,

K

A 
 QR
K

1 D

K
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K

1 �

in which theQRfactorizationwascomputedbasedon the � -pattern.In Figure7.1 (left), the
line representstheaverageerror, whereastheseparatestarsrepresentthe independenterrors
of eachexperimentseparately.

Figure 7.1 clearly illustratesthe numericalbackward stability of computingthe QR-
factorization.Thefull line in thegraphdepictstheaverageamongall theexperiments.
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FIGURE 7.1. Backward error of theQR-factorizationandforward error of thesolver.

7.3. Accuracy of the solver. Upper triangularrandommatricesareknown to be ex-
tremelyill conditioned[14, 15], astheuppertriangularpartof thequasiseparablematrix is
randomin our examples,this alsohasa largein�uence on theconditioningof thequasisepa-
rablematrix.

To reducetheill-conditioning of thesematriceswe includeda kind of smoothingfactor,
suchthat the elementsfurther away from the diagonalgraduallybecomesmaller. We used
the following factoralpha

	

exp ��
 1DL� n 
 1� log � n��� andwe adaptedour randomvectorsu
andv asfollows:

for i=1:n-1
u(i)=alphaˆi*u(i);
v(i)=alphaˆ(-i)*v(i);

end;
A betterway of computinglessill-conditioneduppertriangularmatricesis computingthe
QR-factorizationof a randommatrix, andusingthentheR-factor. Unfortunatelythis is too
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time consumingfor our purposes,sincethe generationof the quasiseparablematrix would
takemoretime thansolvingtheactualproblem.

This procedureboundsthe conditionnumberbetween105 and108. In the upcoming
experimentsweneededto taketheconditionnumberinto considerationandwecomputedthe
forwarderror,

K

x 
 x̃
K

2
K

x
K

2
�

whichshouldbeboundedby themachineprecisionmultipliedwith theconditionnumber.
Dueto thecomputationaloverhead,causedbygeneratingthetestmatricesandcomputing

the conditionnumber, the problemsizesof the problemsinvolved are limited. Figure 7.1
(right) showstheaverageconditionnumberof theexamplesran,theindividual forwarderror
of eachexperimentandanaverageforwarderror.

7.4. Timings. In this section,resultsconcerningthe speed,memorydivision between
theprocessorsandthetotal numberof datato betransmittedareshown.

We know thattheoveralcomplexity of thesolver is of theorderO � n2
� . In Figure7.2we

comparethecostof computingtheQR-factorizationw.r.t. thetimeneededto solvethesystem
via backwardsubstitution.The �gure clearlyshows that the time neededfor computingthe
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FIGURE 7.2. SpeedcomparionsbetweentheQR-factorizationandbackward substitution.

QR-factorizationdominatesthe overall computationalcost. Being able to halve the time
neededfor computingtheQR-factorization,will reducetheoverallcomputingtimewith more
than25%.

In Figure7.3wepresenttimings,relatedto thecputimeneededby oneprocessor, in case
of thestandardQR-factorizationandby two processorsin casethealgorithmis runin parallel.
Thepresentedglobaltimingsdonot includetimingsrelatedto themessagepassing.Because
MATLAB MPI uses�le I/O for communication.This createsfalsetimingsfor messagepass-
ing dependingon themountingtypeof the �le system,thecurrentread/writespeed,andso
on.

Thetimingspresentedherearetheactualcputimeneededby eachof theprocessorsfor
computingtheirpartof theQR-factorization.In Figure7.3threelinesareshown, representing
thecputimeneededby 1 processorin casetheQR-factorizationis computedin thetraditional
way on oneprocessor. The two other lines indicatesthe cputimeof the processorsin case
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themethodis run in parallel. Onecanclearlyseethat thenon-parallelversionneedsmuch
morecomputingtime. Also importantto remarkis that we cansolve muchlarger systems
of equations,whenconsideringa work loaddivision over two processors.In this left �gure
(Figure7.3) we chosea �x edwork loaddivision namelyn1 	

nD 2 � 9 roundedto theclosest,
largerintegerandn2 	

n 
 n1, we canclearlyseein thefollowing graphthattheworkloadis
not equallydistributed.In theright we chosen1 	

nD 4 � 5, andseea moreequallydistributed
workload.
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FIGURE 7.3. Cputimecomparionsn1 M

nN 2 O 9 (left) andn1 M

nN 4 O 5 (right).

Table7.1 presentssomeresultsconcerningglobal problemsize (n), memorydivision
(MemPI andMemPII), sizeof theproblems(n1 andn2), andthenumberof doubleprecision
numbersto be transmitted(transfer) over the network for computingthe QR-factorization.
Thesenumbersarerelatedto thetimingswith theleft �gure of Figure7.3.

8. Concluding remarks. In this manuscriptwe showed the existenceof anothertype
of Givenstransformation,which createsrank1 blocksinsteadof zeros.Basedon theshift-
throughlemmawe showedthat it is possibleto changetheorderof Givenstransformations.
This resultedin thechangeof Givenstransformationsfrom zerocreatingto rankexpanding.
Basedonseveraleliminationpatterns,involving bothzerocreatingandrankexpandingtrans-
formations,we wereableto developa parallelQR-factorizationfor quasiseparablematrices.
Also someindicationsweregivenon how to usetheseresultsfor higherorderquasisepara-
ble matrices.Numericalexperimentswerepresentedshowing thespeedandaccuracy of the
presentedmethod.
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