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Applications of Pompeiu areolary derivative
in expressing of the Gauss total negative
curvature
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Abstract

This paper expresses the error of approximation of some surface
with negative Gauss curvature using the areolary derivative of D.

Pompeiu. New interpretations for this derivative are given.
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1 Introduction
We consider a surface with Gauss negative curvature [1] of the form:

(1) (Sg) : T = (F(t), M(t,v), N(t,v)); (t,v) (DR}
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D™ simple connected domain functions f(t), M(t,v), N(t,v) CQ? DY

Using a transformation of the form:

L1
L t(x,y)
L V(X,Y)

in D — simple connected domain.

D(t,v)

D(x,y) =0

(2) with (x,y) [ CRY and

In the case of surfaces of form (1), we note:

(3) y =*1(1)

and in the case of the existence of the inverted function from relation (3),
with [f72(y)]” B 0 in D, we will obtain from the transformation (2) the
functions M (t,v) and N (t,Vv) of the form:

M(t,v) = M(F7H(y), v(x,T7H(y))) =U(xy)

(4)
N(t,v) = N(FH(y), v(x,T(y)) =V (xy)

In our paper [1], we determined the function v(X, f~1(y)) by imposing the
Cauchy-Riemann monogenity conditions on functions U(X,y) and V (X,Y)

from (4).
(5) Ux =Vy and Uy =—Vy

System (5) allows the determination of partial derivatives vy,Vy and
the determination of function v (X,y) is reduced to the determination of a
function when its partial derivatives are known. System (5) will also give
an expression of function y = fHt), generally different from its expression
given in (1) and (3). Analyzing this situation constitutes the objective of

the paper [1].
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In the case f(t) = ft) when .obtained by applying the monogenity
conditions (5) , then surface (1) is transformed into a surface we called

monogenous of the form (Sp,):

(6) (Sm):T=(F (), Uxy), V(Xy))

with y = f(t) = ft). Surfaces (1) and (6) have the same negative Gauss
curvature. In this situation, the following monogenous function can be

attached to surface (6):
(7) F(z)=UXxy)+iV(xy)

If from the imposing of monogenity conditions to functions U (X,y) and
V (X,y) given in relation (4) we obtain Vx, vy, but y = f(t) 8 ft), where

T (t) is initially given in relation (1), then we’ll say that the surface of form:

(8) (Se):T=(FH1), U(x,FHY), V(x,fiY)) with y=7F1)

is the surface which approximates the given surface (1).
In paper [1], the approximation error was calculated using the Euclidian

distance between surfaces (1) and (8).

2 The areolary derivative of D. Pompeiu

In this paper we will evaluate the approximation error of a surface with
negative Gauss curvature of form (1) through a monogenous surface of form
(8). This subject was first introduced in [1] and [2].

In this case we’ll evaluate the approximation error using the areolary

derivative of Pompeiu, but also a geometric point of view.
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The given surface (1), having the negative Gauss curvature (Sg) (Sg) :
r = (f(t),M(t,v),N(t,v)),with (t,v) CDY[RP, D™ simple connected
domain and the functions: f(t), M (t,v), N(t,v) [CCP(DYare approximated

with the monogenous surface of form (8)

T = (F), M(t5V), N(t5V)),

where we noted t== £ (y).
The function y = fXt) was determined from the Cauchy-Riemann
monogenity conditions applied to functions U and V, with the notations:
M(t5V) = MET(y),vix, F7(y) = U(xy)
N@E5Y) = NET ), vxF7 () =V (xy)
It is known [2] that the areolary derivative of D. Pompeiu expresses the

distance of monogenity of a complex function and, for a function F(z) , it

has the expression:

III%F
F(z)dz 2i dxdy 101
oi F

oo — _‘ED; =
9) %IE% dxdy %lf% dxdy 0z b

D D

where D — simple connected domain; y— frontier of D, y — omotop with
zero, and § = sup d(M,P)

M -
I—rl_“? }ﬁifﬁlequahty from (9) will give the value of the areolary derivative

.
0X

2i 37 in an arbitrary point P [C°.

ay '3z 2 ox oy

1
Using the derivati tors — = —
sing the derivation operators 37

in the case of a function
F(z) = UXy)+iV(Xy)=M(tvVv)+iN(tv) =

= M (F7L(y), v(x, F7Hy) + iN(FL(y), v(x, F(y))
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we obtain:
= — Mv " Vx
=au
> y - Mt ' ty —|‘ MV . Vy — Mt ' [f_l(y)]D+ MV 'Vy
(10)
3/
= NV . VX
B Nt Ny = N N,
and thus
OF 1 1 ] = 1 ] =l [(T11

37 5 Mvo v N FHy) =Ny vy+i Ny -v+M; FHy) +M, vy
We mention that functions M (t,v) ; N(t,v) are given, and t = f71(y)
supposedly exists having the derivative [f_l(y)]DE 0in D [CI]
Relation (11), which expresses the areolary derivative of the complex
function with complex variable F(z) = F(X,y) = U(X,y) + iV (X,y), is
not null in the case when .y = f(t) 2 fXt). It expresses analytically the

monogenity distance of the complex function with complex variable F (z)

(12)  F(2) =F(xy) =M(F(y) v(xy) +iNF(y) v(xy))
attached to surface (1) having negative Gauss curvature.

oF
In the case when the derivative — = 0, the surface (1) is identically

0z
transformed into the monogenous surface (Sp)
(13) (Sm) : T = (y,M(F7H(y),v(x,y)), N(F(y), v(x,y)))

Surfaces (1) and (13) have the same negative Gauss curvature when fHt) =

f(t).



146 Lidia Elena Kozma

3 The geometric interpretation of the situa-
tion y = ft) & f(t).

We consider again surfaces (1) and (8) in the system
1
L—&50)  7(F(t), M(t,v),N(t, V), y = f(t)

(14)
L) : P(FTE), M(E5V), N(t5V));  t7L F54(y) and y = F'{})

The parameter x is the same in both cases of surfaces from (14), only y
differs from (Sg) to (Sm). The expressions of functions M and N are the
same in the system of surfaces (14).

From geometric point of view, for each X = Xy = constant, the surfaces
from (14) have the same curve of coordinates, which we obtain by replacing
X with Xg in (14)

(15—
Lt (x0,y) = Ta(y) = (v, M(FLY), V(X0, ), N (FL(y), V(X0,Y)))
Crd (%0, y) = Tn(y) = (v, M(FEL(Y), v (%6, ), N (F2(Y), V(%o,¥)))

Geometrical characteristics (see [1], [2], [3]-it verifies immediately)
1. The surfaces from (14) have different negative Gauss curvature.
2. The coordinate curves of surfaces from relation (15) are rectangular.
3. The coordinate curve X = Xq is plane (respectively).

In the figure below, we sketched the surfaces (Sg) and (Sp) in a plane
section. In the plane of the sketch, the coordinate curvatures from relation

(15) appear, noted with Tg(y). respectively Tm(Yy).
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The approximation error of surface (Sg) through a monogenous sur-

face (Sm) will be evaluated as follows by comparing the curvatures of the

coordinate curves from system (15).

Generally [4], for a curvature in space of form

(16) T =T(x(t),y(t),z(t)), t 1

the curvature can be calculated using the known formula:

(17) K_ L _ AP+BZ+C?
- RZ (X2 yR 47222

In the case of coordinate curves X = Xy = constant, we will replace
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(X,Y,2) from (16) with
L1

XY
(18) y.—» M(f1(y) respectively M (f=(y)
z5 N(f7Y(y)), respectively N (=L (y)

and thus system (15) becomes of form:

1
L—Fa(y) = (v, M(F1(y)), N (FL(y))), with t = F71(y)

(19)
Lrad(y) = (v, M(FELy)), N (FEL(y))), with t7= £ 5 (y)

The variable parameter on the curvature will be noted y instead of t. The
curves of the curvatures given in (19) will be noted with Kg, respectively
Km.
[]
%4 C 9N (152 + Nthp— NATMEES? + M7 t“?El_
M O, tqz 4 NtEI. (tqz]z —
ﬂqz % 2 —N wtuq + thMtD' Ne= N MEB_
9 (M¢ + N¢Z2J? N
2 NE'— NP Mg DIE

= = of form

A
ItEI][ e + Ng? B |t]
The structure of curvature Ky, expression will be of form

A
B[t

because the expressions of functions M, N are the same

(22) - @(IH

Ratio (22) will give an image of the "distances” of the coordinate curves

Ke =

(21) Km =

from the surfaces in a point of contact (figure 1). Formula (22) is useful for
evaluating the approximation error of a surface (Sg) through a monogenous

surface (Sm). We can formulate theorems:
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Theorem 1 For any surface having the Gauss negative curvature of form
(Se) : 7= (F(1),M(t,v),N(t,v)), (tv) (D’ CRY, t="F"'(y)
approximated with a monogenous surface of form
(Sm) : T = (FH(H), M(t5V), N(t5V)), (t5V) [D° CRE, t=F"(y)

the coordinate curves X = Xo have the ratio of curvatures given by relation
Km -to

4 The areolary derivative in a particular case:
X = Xp

We consider the difference function @(z) = F(X,y) — F¥X,y), where the

complex functions of complex variable F and F ™ are respectively:

FXy)=UXy) +iV(xy), y=TF({)

(23) _
FHy) =U0Gy)+iv(xyh, y=TiY)
(]
Function F HX, y) is monogenous and 57 = 0 in all the points of mono-
genity.

We remind that the determination of function .ft) was done by impos-
ing the monogenity conditions. Relations (10) and (11) for the evaluation
of the areolary derivative in the general case are laborious. In the particu-
lar case of the difference function @(X,y), we will use the advantage of the

common expressions of functions M and N form (19).
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For the case X = Xo = constant, the areolary derivative of function @

2% 19 o' ] id

0z 2 ax 'ay YT 25y

(2
%E: % @l%tyu— ) + NYt* — tyE'l)B:

Relation (25) is especially interesting. We can formulate the following the-

becomes:

(24)

IM™+ N Efy_l—tyE”)E

N | —

oremnl:

Theorem 2 Let there be surfaces (Sg) and (Sn) having negative Gauss

curvatures
(Sg) : T = (F(t),M(t,v),N(t,v)), (t,v) COYCRE, t=f(y)

(Sm) : T = (Fb), M(t5V), N(t5V)), t== F=H(y) , (t5V) [D-CRE

The complex function of complex variable, attached to surface (Sg) dif-
fers from the monogenous function attached to surface (Sy,) along a curve
of coordinates X = X, (not the same on (Sy,) and (Sg)). The error of mono-
genity distance along the curvature X = Xq is evaluated with the module of

H H H i i H 1__ Elg
the areolary derivative, being directly proportional with Eyr t,

@;"Eféuvl% N -

Conclusion:
The evaluations of the approximation error of surface (Sg) through
monogenous surfaces (Spm) depend, in both cases, on the approach, on the

derivatives of functions t = f71(y), tt= 5 (y).
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Example

The surfaces (Sg) and (Sp,) are figured in a particular case, of the form:
v
(Sg) : T = (alog(t+ t>—a?),tcosx,tsinx),a>0

or using

v
y=Ff(t) =alog(t+ t>—a?)
|:|1|jy| y% 1@ _3_/:' L1

(Sg):T= Yy, 5 ed +a% a cosx, 5 ed +a’ a sinx
(I L]
(Sm) : T = y,ef Y™K cog(—Kix +b), eV 2 gin(—Kyx + b )

(Sm) is the monogenous surface which approximates surface (Sg).

The representations, noted with M for (Sg) and respectively with N for
(Sm), were realized by my colleague, computer expert Gheorghe Ardelean,
from the Department of Mathematics — Informatics from the North Univer-

sity of Baia Mare, whom I wish to offer my gratitude for his cooperation.
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