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Partial subgradient mappings have a key role in the sensitivity analysis of first-order conditions for
optimality, and their generalized derivatives are especially important in that respect. It is known that
such a mapping is proto-differentiable when it comes from a fully amenable function with compatible
parameterization, which is a common case in applications; the proto-derivatives can be evaluated then
through projections. Here this result is extended to a still broader class of functions than fully amenable,

namely, ones obtained by composing a C? mapping with a kind of piecewise—C2 convex function under a
constraint qualification.
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1. Introduction

Under natural assumptions, many common set-valued mappings in optimization and vari-
ational analysis are proto-differentiable. For example, the mapping that gives the feasible
set in a parametrized optimization problem is typically proto-differentiable, and the same
for the mapping that gives the solution set to a parameterized variational inequality, as
shown in [1]. Proto-derivatives were introduced in that paper and further studied in
[2]-[16]. They arise from graphical geometry in the following manner.
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et be a set-valued mapping, and let . For , the difference
quotient mapping at for is

[ ]

f, as , the graph of in converges in the Painleve- uratows i
sense to some set , one says that is proto-differentiable at  for . The limit mapping
having as its graph is then the proto-deri ati e of at for and is denoted by

t associates with each a sometimes possibly empty set

This paper centers on the proto-differentiability of an important ind of set-valued map-
ping in variational analysis the partial b radient mapping associated with a bivariate

function. For a lower semicontinuous, proper function [ ], the
subgradient mapping gives the set of limiting proximal subgra-
dients to at ,i.e., provided there exists and with
and here denotes the set of proximal subgradients to  at
. hen is written as 9 with , 2 and 2 , subgra-
dients can be ta en in the rst argument alone to get the partial subgradient mapping
, which assigns to each 9 the set of subgradients of

9 at .

uch effort has been devoted to identifying functions that have a proto-differentiable sub-
gradient mapping or partial subgradient mapping. The motivation for such an endeavor
comes mainly from sensitivity analysis. The proto-derivative of the inverse subgradient
mapping which exists if and only if the proto-derivative of the subgradient mapping
exists , or of the inverse partial subgradient mapping, gives information on the rate of
change of quasi-solutions. These motivations are explained in detail by evy and oc -
afellar [1 ]. The purpose of this paper is to provide new examples of functions with
proto-differentiable partial subgradient mapping.
The concept of a function being a enable at a point has been central to examples of
subgradient proto-differentiability. This refers to the existence on some neighborhood of

of a composite representation in which is a mapping,

is a lower semicontinuous, proper, convex function, and the ba 7 on traint
ali ation holds

11

*

ere dom , while is the acobian matrix for at ,
and denotes transpose.  ne says that is Zron [ amenable when the representation

can be chosen with  of class 2, and that is [/ amenable if, in addition, can be
ta en to be pie e i e linear- adrat: p..q. , meaning that dom is the nonempty union
of nitely many polyhedral convex sets, relative to each of which is quadratic with
a ne as a special case .

The class of fully amenable functions is more widespread in variational analysis and op-
timization than its de nition might at rst seem to suggest, c¢f. [ |, [ ], [1 ], [16] its un-
usually favorable properties have therefore attracted interest. The proto-differentiability
of the subgradient mappings associated with fully amenable functions was demon-
strated by Poliquin [ ]. This result has been extended to partial subgradient mappings

in the following way by evy and oc afellar [1 ].
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T eore 1.1. [1 ] ppo e ora n tion and a point 2
t at 9 1 Il a enablein at it o patible para eteri ation in 9 at 9
en or all tentl near to  and or all t e partial b radient
appin 1 proto-differentiable at  or oreo er it
pro
pro pro
ere pro denotes the pro ection mapping from onto . The notion of
a enabilit in  at it o patible para eteri ation in o at 9 adapts the constraint
quali cation in the de nition of amenability to the setting of 9 2 by

modifying 1.1 to

12
*
where 9 is the acobian matrix for 9 with respect to
at . ecause of the convexity of dom , the constraint quali cations 1.1 and 1.2
are equivalent respectively to
int dom for 11
int dom for 12

The proof of Theorem 1.1 in [1 | relied heavily on [l amenability of and especially
on the fact that the subgradient mapping  of the p.l.q. convex function involved in
representing such a function is piecewise polyhedral its graph is the union of nitely
many polyhedral sets. This was proved by un [1 | see also oc afellar and ets [16].
For that reason, the prospects of extending Theorem 1.1 beyond the class of fully amenable
functions have seemed slim. ut hope has emerged from progress on another front, that
of extending the theory of rst- and second-order epi-derivatives of a fully amenable
functions to some inds of functions that are only strongly amenable. Ithough we will
not go into that theory here, such epi-derivatives of ~were instrumental originally in | |
in getting the proto-differentiability of . The proof of their existence in [1 ] hinged on
the fact that second-order epi-derivatives of a p.l.q. function can be expressed through
pointwise convergence as well as through epi-convergence in their de nition. ut ze
and Poliquin [1 ] have revealed that crucial aspects of the second-order epi-derivatives of
p.L.q. functions carry over to the broader class of piecewise- 2 functions with polyhedral
pieces.

e nition 1. . proper function is pie e 7 e- if dom is the
nonempty union of a nite collection of closed sets for 1 , and on each
one has for some function de ned on an open set that includes . wuch

a function is said to have pol edral pie e if, in addition, the sets are polyhedral.

very p.l.q. function is obviously piecewise- 2 with polyhedral pieces. ze and Poliquin
showed in [1 ] that the functions obtainable through the composition of a 2 mapping
with a convex function that is piecewise- 2 with polyhedral pieces, under the basic
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constraint quali cation 1.1 , are twice epi-differentiable. The subgradient mapping
for such a strongly amenable function is proto-differentiable cf. [1 , orollary .12].
This is due to [6, Theorem 2.2] which says that the pri al-lo er-ni e function is twice
epi-differentiable at  for if and only is proto-differentiable at  for
this class of functions includes all strongly amenable functions. For lsc, proper, convex
functions, which are strongly amenable in particular, the equivalence between second-
order epi-differentiability of and proto-differentiability of was established earlier in
[2]. This result was recently extended to the larger class of pro -re lar functions in
Poliquin and oc afellar [12, Theorem 6.1].

These developments, while encouraging, have not answered the question of what might be
said about partial subgradient mappings of functions that are strongly amenable but not
fully amenable. ur main result lies in this direction. e state it after another de nition,
which will be needed in the theorem s hypothesis.

e nition 1. . set will be said to have a re lar 2 on traint repre en-
tation at a point if there is a neighborhood of along with ? functions  for
1 and an integer [ ] such that is the set of points such that
for 1 ,
for 1 ,

and this system satis es the angasarian-Fromovitz constraint quali cation at i.e.,
that the only with for 1 and is

2

ny polyhedral set has a regular constraint representation indeed, the constraint

functions can be chosen to be linear.

T eore 1. . ppo e ora n tion ~ and a point o t al
9 1 tronl a enablein at it o patible para eteri ation in 9 at o
it te one n tion int e a o iated repre entation bein pie e 1 e- 2

e rtert at

a dom a are lar 2 on traint repre entation at
b 1 proto-differentiable at  or e er
t e e propertie old in parti lar en i piee ie % it pol edral pie e
en or all tentl near to  and or all t e partial b radient
appin 1 proto-differentiable at  or it
pro * 1
pro pro 1

Theorem 1. obviously implies Theorem 1.1, since p.l.q. functions are piecewise- 2 with
polyhedral pieces. Theorem 1. will be proved in the next section after some preliminaries.
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Proof e elo ent

fact about subgradients of piecewise-  convex functions needs to be developed rst.
Pro o ition .1. et ~ be on e andpiee i e- and let bet ea ne

llo te one et dom ee pre tonin e nition 1.2 ant enbe o0 en o
t at cl int or all ere int denote t e interior relati e to ntat ae
one a ate er point t at

co ere

Proof. The set , expressible by e nition 1.2 as the union of nitely many closed
sets , is closed. y a translation of in , we can arrange that , so that
is a subspace. From convex analysis we now then that for all

. Thus the claimed subgradient formula, along with the proposed improvement in
the pieces that represent , depends only on the restriction of to the subspace
ithout loss of generality, therefore, we can reduce to the case where is -dimensional,
or in other words where .

n that setting we invo e the aire category theorem with respect to sets for balls
with int int it is impossible for to be expressed as the union of countably
many sets that are nowhere dense in , S0 at least one of the sets must meet
the interior of , which by convexity is int int . This tells us that must
meet int  for at least one . et cl int and organize the indices so that the
nonempty sets among these are the ones for 1 . Then , with

and cl int | and these sets therefore furnish the desired improvement.
uppose henceforth that the s themselves satisfy clint . very point of
is then the limit of points in the interior of some . ecause is convex, the gradient
mapping is continuous relative to its domain of existence cf. [2 , Thm. 2 . ], which

includes the open sets int . n addition we now from the de nition of a piecewise-

function, that the gradient mapping for each function is continuous on an open set that
includes . ence, whenever exists, we have for some .
The claimed formula is immediate then from the formula for  in terms of provided
in [2 , Thm. 2 .6]. O

ext we loo more closely at proto-differentiation. For a set-valued mapping
and elements , the proto-derivative has been de ned by gph lim gph
, when this limit exists. ore generally, we de ne the mapping

by gph lim sup gph

Pro o ition . . or a Iti n tion let pro
a ©ntoea tet aeo nder t e pro e tion pro

et pro and a et at ene er pro or o e
tereetit 1t 2 9
it onerin to and % onerin to o e , ndertee

a ption one a or all t at

pro pro pro
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Proof. mmediate from the de nitions. O
orollar . . nder t e a ption o Proposition 2.2 i t proto-di erentiable
at or o e it pro t en pro i proto-differentiable at or
and or all one a
pro pro pro
Proof. This follows from Prop. 2.2 and [1 , Prop. 2.2]. O

Proof of T eore 1. . ecause of the constraint quali cation built into the amenabil-
ity assumption, the partial subgradient formula 1. holds on the basis of the gen-

eral calculus in [ |. To obtain the desired proto-differentiability of and the for-
mula 1. , we can utilize orollary 2. and concentrate simply on verifying that the
assumptions of Proposition 2.2 are ful lled by . This amounts to producing,
for arbitrary , , and , elements ,
and 9 and 9 with 9 such that ,
and o 2 converges to some .

n ta ing , we automatically have by de nition the existence of ,

and such that and . From
1. , wecan nd with * . The set gph is closed, and
the constraint quali cation 1.2 guarantees that the sequence of vectors  is bounded,
so we may assumewithout loss of generality that for a vector . Then

*oet , so that . e have
* *
* *

where the matrix quotient converges to a certain matrix  depending only on and |
inasmuch as  is 2. This tells us that

e where
Further, the analysis reveals that for an sequence of vectors with
and lim o

the vectors *  converge to  while converges to

ecall that the set dom has a regular 2 representation at . This means that there
exist a neighborhood of along with 2 functions  for 1 and an integer

[ ] such that dom is the set of points such that
for 1 ,

for 1 ,
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and this system satis es the angasarian-Fromovitz constraint quali cation at ie.,
that the only with for 1 and
is .
t is well nown, see for example [21, Thm. . |, that for dom we have
for 1 with
for 1 with
y Proposition 2.1, there exist for 1 , 1 ,and each |, scalars [ 1]
with 1 and with for 1 such that
21
e may assume without loss of generality that as , with [ 1],
1. e may also assume that as . f not we, could divide
2.1 by max . bviously . n the limit we would therefore have
a sum of multiples of the s equaling and with the coe cient of
for 1 nonnegative. ut by the angasarian-Fromovitz constraint quali cation,

all coe cients must be , a contradiction. Therefore

Under our assumptions, the vectors

converge to a certain vector . ote that only dependson , ,the sandthe s.
onsequently,
lim *
22
ur goal is to replace by with converging to , and by with

ith
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we will choose and so that

n addition we 1l have as in 2.2

lim

oreover we will show that

converges to some vector we then have * .t follows that
. Then with *  for 1 2 we Il have of course
and with o 2 * it is absolutely elementary to show that o 2 converges
to some ,. The proof will therefore be completed once we show that we can nd and
with the above properties.
The proof now proceeds by induction on the number of indices with or
unbounded as . et be the number of such indices. et
* %
and

ote that by our assumptions

2
is bounded as by 2.2 it actually converges to . lso note that

2
because 1 .

1 From 2. we can not have only one unbounded if this is the case assume
without loss of generality that is unbounded.  hen we divide 2. by , in the
limit we have that 1 hmm . ince there is only a nite number of indices, me may
assume by relabeling if necessary that is unbounded. From 2. we conclude that

. Therefore simply let
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ssume true 12 1. et . et
max  max max
ssume without loss of generality that and that . ote
that equals when is bounded and that equals when is bounded. From

2. and 2. we have

2
and
26
et
min 1 min — 1
f there is with 1 and then let
. 1
min
if not let . et
2 min 1min — 1
Finally let
min 2
ote that 1. n addition note that if 1 for all 1 with and
for 1 with then 2 1 this will be important
in laim 2.
For 1 let
and for 1 let
e may assume without loss of generality that and because there is a
only a nite number of indices and , there exists either some with
for all in an in nite subset of or some with for all in an

in nite subset of  in either case a subsequence of converges to
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The role of  is to ensure that

2
e rst show
lai .. orall lareeno and orall [ 1] andi t en
Proof of lai . . First note that if for all large, then , and
for all large.

f then . o assume that . f 1 then eventually 1
because and .

f then for large if for all large, then a
contradiction so that recall that converges to 1 . Therefore by the
choice of |

learly in this case 1 because so that .
f 1 then for large | 1 if 1 for all large, then
a contradiction so that . This shows that . n the other hand
1
1
o
lai .. 1
Proof of lai
1 from 2.6
1
O

lai .. or all lar e eno and or all 1 and 1 t en
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Proof of lai . . First note that if for all large, then , and
for large
f then . 0 assume that . f then eventually
because and
f then if for all  large, then a
contradiction so that . Therefore
O
y our subgradient assumptions on , the combination of laims 2. , 2. and 2.6 shows
that 2. is valid. ndeed by our choice of we have
co
because 1, [ 1] and precisely when in other words
when potentially . n the other hand
because for 1 and precisely when i.e. when potentially
lai

Proof of lai

cf. 2.
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lai .. o tan lo o eneralit e a a etatt ereett o e it
orall or o e it or all

Proof of lai . . Fix . f

for some with and ,

then for such |

f for some with , 1 , and , then for such ,
1 :
f for some with 1 and , then
1
1

f any of the three cases mentioned above is true for all in an in nite subset of , then
we are done because there is only a nite number of indices and  some index or
would be repeated in nitely often, then ta e an appropriate subsequence . f not this

means that 1forall su ciently large see the comment made after the introduction
of the s . gain because there is only a nite number of indices we may assume by
ta ing a subsequence if necessary that there exists some with for all or
there exists some with forall . f then because
, and

for all . fon the other hand , then by a similar argument for all .

O

o nally we have produced and with , and

y laim 2. | for all
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nd the number of indices with or
laim 2. . This completes the proof.
Reference
2
2
2 22
2 2 2
2
2 2
22

2

unbounded is strictly less than
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